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Summary 

Bar-Hillel and Lambek have outlined a syntactical description where the syn- 
tactical category symbols are written as fractions and where the analysis of 
a given sentence is performed according to rules very similar to common 
arithmetical reduction of fraction expressions with factors that cancel out. 
Are there algorithms for applying such a calculus to normally complexnatur- 
al language structures ? 

1. A i m  

We s e e k  a f o r m a l  r e c o g n i t i o n  p r o c e d u r e  t h a t  w i l l  e n a b l e  u s  to  d e c i d e  f o r  a n y  
g i v e n  s e q u e n c e  of e l e m e n t s  f r o m  a g i v e n  l a n g u a g e  w h e t h e r  o r  n o t  t h e  s e q u e n c e  
is grammatical. 

We consider only one method, named that of a categorial grammar (Bar-Hillel 
and Lambek). 

We m a k e  the  f o l l o w i n g  a s s u m p t i o n s :  

(a) T h e  k n o w l e d g e  w e  w a n t  to  u t i l i z e  f o r  r e c o g n i t i o n  c a n  w i t h o u t  r e s i d u e  b e  
s u m m a r i z e d  in  

a l i s t ,  g i v i n g  f o r  e a c h  w o r d  t he  g r a m m a t i c a l  c a t e g o r i e s  t he  w o r d  
b e l o n g s  t o ;  a s e t  of  c o m b i n a t i o n  r u l e s  f o r  t h e  c a t e g o r y  s y m b o l s .  

(h) A s e q u e n c e  of  e l e m e n t s  i s  g r a m m a t i c a l  i f  t h e r e  e x i s t s  a t  l e a s t  one  w o r d -  
f o r - w o r d  t r a n s l a t i o n  of  i t  i n t o  g r a m m a t i c a l  c a t e g o r y  s y m b o l s  w h i c h  y i e l d s  
a s y m b o l  s e q u e n c e  t h a t  i s  p e r m i t t e d  a c c o r d i n g  to t h e  s e t  of  c o m b i n a t i o n  
r u l e s .  We s a y  t h a t  a s y m b o l  s e q u e n c e  w h i c h  a g r e e s  w i t h  t h e  c o m b i n a t i o n  
r u l e s  i s  a g r a m m a t i c a l  s y m b o l  s e q u e n c e .  

Z. S h r i n k i n g  P r o c e d u r e  

We a s s u m e  t h a t  i t  i s  p o s s i b l e  to  v e r i f y  t he  g r a m m a t i c a l i t y  of  a s y m b o l  s e q u e n c e  
b y  r e d u c t i o n  of  i t  to  s i m p l e r  a n d  s h o r t e r  s e q u e n c e s  s t e p  b y  s t e p .  In e a c h  s t e p  
one  o r  m o r e  s y m b o l s  i n  t he  s e q u e n c e s  a r e  r e p l a c e d  b y  one  n e w  s y m b o l .  

The  s t r i n g  r e p l a c e d  b y  one  o t h e r  s y m b o l  w i l l  - to  b e g i n  w i t h  w i t h o u t  l i n g u i s t i c  
i n t e r p r e t a t i o n  - be  c a l l e d  a s y n t a g r n ;  t h e  r e p l a c i n g  s y m b o l  w i l l  b e  c a l l e d  t he  
n a m e  of t h e  s y n t a g m .  

The  w o r k  r e p o r t e d  in  t h i s  p a p e r  h a s  b e e n  s p o n s o r e d  b y  H u m a n i s t i s k a  f o r s k -  
n i n g s r ~ d e t ,  T e k n i s k a  f o r s k n i n g s r ~ d e t  a n d  R i k s b a n k e n s  J u b i l e u m s f o n d ,  S t o c k -  
h o l m ,  S w e d e n .  



By s u c c e s s i v e  a p p l i c a t i o n  of r e w r i t i n g  r u l e s ,  t h e  o r i g i n a l  s e q u e n c e  i s  s h r u n k  
to a no  l o n g e r  r e d u c i b l e  r e s i d u e j  w h i c h m a y  b e  j u s t  one  s y m b o l .  I f  t h i s  r e -  
s i d u e  i s  c o n t a i n e d  i n  a g i v e n  l i s t  of  p e r m i s s i b l e  s e n t e n c e  p a t t e r n s ,  t he  s e n -  
t e n c e  i s  g r a m m a t i c a l .  

3. S l a n t  G r a m m a r  C a l c u l u s  

T h e  k i n d  of  g r a m m a r  u n d e r  s t u d y  we s h a l l  s i m p l y  c a l l  s l a n t  g r a m m a r  f r o m  
i t s  s a l i e n t  t r a i t ,  t h e  n o t a t i o n .  I t  i s  c h a r a c t e r i z e d  b y  t he  f o l l o w i n g  p r o p e r t i e s :  

a) IThe c a t e g o r y  s y m b o l s  a r e  a l l  of  t he  f o r m  

a (atomic symbols) 
% 

or x/y~ (complex symbols) 
 \xj 

w h e r e  x a n d  y i n  t h e i r  t u r n  h a v e  t h e  s a m e  f o r m  ~ a t o m i c  o r  c o m p l e x )  a s  t he  
categor--y s y m b o l s .  We s h a l l  c a l l  a_ a n d  x n u m e r a t o r s  a n d  X a d e n o m i n a t o r  
i n  s u c h  c a s e s .  

b) Combinatorics is condensed to the following 

a) a sym-bol sequence is a grammatical syntagm Of type t if and only if it 
can be reducedtot by successive application of one of-the following t~o 
cancellation rules for contracting two neighbouring symbols of the - 
original or the so far reduced - sequence into one symbol: 

x / y  y~  x 
y y \x-*  x 

w h e r e  x a n d  Z a r e  a t o m i c  o r  c o m p l e x  s y m b o l s .  

8) a g r a m m a t i c a l  s e n t e n c e  i s  a s y n t a g m  of a t y p e  w h i c h  b e l o n g s  to a s h o r t  1 
- 7  

l i s t  of  p o s s i b l e  t y p e s  of  p a t t e r n s ,  s a y  t y p e  s .  

The categorial notation seems helpful in establishing a recognition calculus. 
Some programmable algorithms will be discussed in this paper. 

I t  i s  e a s i l y  s e e n  t h a t  s l a n t  g r a m m a r s  of  t h e  t y p e  d i s c u s s e d  a r e  e q u i v a l e n t  to  
c o n t e x t - f r e e  p h r a s e  s t r u c t u r e  g r a m m a r s  ( a s  f a r ,  i . e . ,  a s  a n y  g e n e r a t i v e  
g r a m m a r  c a n  be  " e q u i v a l e n t "  to  a r e c o g n i t i o n  g r a m m a r ) .  

T h e  c a n c e l l a t i o n  r u l e s  p r e s u p p o s e  t h a t  i f  t he  s y m b o l s  a / b  a n d  b a r e  r e d u c e d  
to  a0 t h e r e  m u s t  n o t  s t a n d  a n y t h i n g  b e t w e e n  t h e  s y n t a g m s  a / b  a n d  b - i . e . ,  
t h e ~ e  m u s t  b e  n o  h o l e  in  t h e  s y n t a g m  a - a l t h o u g h  t h e  s y m b o l s  a / b - - a n d  b m a y  
in  t h e  o r i g i n a l  s e q u e n c e  s t a n d  w i d e l y  a p a r t .  

A s l a n t  g r a m m a r  f o r  o n e  g i v e n  l a n g u a g e  m a y  b e  w r i t t e n  in  m a n y  d i f f e r e n t  w a y s .  
T h u s  one  m a y  d e s i g n  t h e  g r a m m a r  s o  t h a t  t h e  c a t e g o r y  s y m b o l s  hav__~e a t  t h e  m o s t  
one  ~ d e n o m i n a t o r  a n d  e v e n  so  t h a t  t h e y  h a v e  o n l y  l e f t  d e n o m i n a t o r  o r  o n l y  r i g h t  
denominator (Marcus). 

A natural way to design the grammar would be to let governed syntagms have 
simple symbols (~ and the governingo--~complex symbols x/y, or inversely, 
so that the relation operator/operand would imply dependency relation. 

However, the number of alternative symbols for each word will tend to increase 
if such a priori rules should apply to the whole set of symbols. Given the algo- 



r i t h m  f o r  r e c o g n i t i o n ,  one  m a y  a s k  how the  c a t e g o r i a l  g r a m m a r  s h o u l d  be  d e -  
s i g n e d  so  a s  to g i v e  the  m i n i m u m  n u m b e r  of  o p e r a t i o n s ,  e . g . ,  so  a s  to  y i e l d  
on an a v e r a g e ,  the  m i n i m u m  n u m b e r  of  p o s s i b l e  w o r d - f o r - w o r d  t r a n s l a t i o n s  
i n to  g r a m m a t i c a l  s y m b o l s .  

4.  R e d u c t i o n  P r o c e d u r e  

To b e g i n  w i t h ,  we  s h a l l  inve~s t iga te  s o m e  p r o c e d u r e s  f o r  a n a l y s i s  of  a g i v e n  s e -  
q u e n c e  of c a t e g o r y  s y m b o l s .  T h e n ,  c f .  8 b e l o w ,  we  t u r n  to  t he  p r a c t i c a l l y  m o r e  
i m p o r t a n t  p r o b l e m  w h e n  n o t  a s e q u e n c e  o ~ r - s y m b o l s  b u t  a s e q u e n c e  of w o r d s  i s  
g i v e n ,  e a c h  w o r d  h a v i n g  s e v e r a l  p o t e n t i a l  c a t e g o r i e s .  

5. S u b s t i t u t i n g  C o m p l e x  S y m b o l s  

We m a k e  a p r e l i m i n a r y  s i m p l i f i c a t i o n  of t he  p r o b l e m  by  r e p l a c i n g  e v e r y  c o m -  
p l e x  d e n o m i n a t o r  in  t he  s e q u e n c e  b y  a n e w ,  a r b i t r a r y  a t o m i c  s y m b o l .  S i m u l -  
t a n e o u s l y ,  we  m a k e  c o r r e s p o n d i n g  s u b s t i t u t i o n s  of  n u m e r a t o r s :  i f  we  r e p l a c e  
b / c  b y  x as  a d e n o m i n a t o r ,  we  a l s o  r e p l a c e  b / c  by, x a t  s o m e  o t h e r  p l a c e ,  w h e r e  
b / c  a p p e a r s  a s  a n u m e r a t o r .  

E x a m p l e :  

b/ (c /a )  c /a  b\a/(b/c)  d d\(b/c) = b/y y a/x d d\x. 

N o w ,  i f  b / c  s h o u l d  h a p p e n  to  a p p e a r  in  n u m e r a t o r  p o s i t i o n  m o r e  o f t e n  in  t h e  
g i v e n  s e q u e n c e  t h a n  i t  d o e s  q u a  d e n o m i n a t o r ,  t h i s  r e p l a c e m e n t  c a n  be  p e r -  
f o r m e d  in  m o r e  t h a n  one  w a y .  We t h e n  do p e r f o r m  i t  in  m o r e  t h a n  one  way~ 
t h u s  g e n e r a t i n g  a n u m b e r  of a l t e r n a t i v e  s y m b o l  s t r i n g s  to  be  p r o c e s s e d .  T h r o u g h  
t h i s  a r t i f i c e ,  we  h a v e  s e q u e n c e s  w h e r e  a l l  d e n o m i n a t o r s  a r e  c e r t a i n  to  be  a t o m s ,  
a f a c t  w h i c h  r a d i c a l l y  s i m p l i f i e s  t he  a n a l y s i s .  I n s t e a d  we  h a v e  m a d e  the  s y m b o l  
q e l e c t i o n  p r o c e d u r e  m o r e  d i f f i c u l t .  

S i n c e  n o w  a l l  d e n o m i n a t o r s  a r e  a t o m s  a n d  s i n c e  { b \ a ) / c  i s  e q u i v a l e n t  t o  b / ( a / c )  
a n d  to  b ~ a / c ,  t he  b r a c k e t s  a r e  now r e d u n d a n t  and  c a n  be o m i t t e d .  

The  s y m b o l s ,  t h e n  c o n s i s t  o f  a k e r n e l  a t o m ,  p o s s i b l y  n e i g h b o u r e d  at  one  s i d e  
o r  b o t h  by  a slant__ a n d  a n o t h e r  a t o m ,  in  i t s  t u r n  p o s s i b l y  n e i g h b o u r e d  b y  s l a n t  
p l u s  a t o m ,  a n d  so  on,  a11 s l a n t s  t o  t h e  l e f t  of  t h e  k e r n e l  b e i n g  t i l t e d  to t h e  l e f t  
a n d  t h o s e  to  t he  r i g h t  t i l t e d  in  the  o p p o s i t e  d i r e c t i o n :  

r - -  

a ,  a/c, b \ a l c ,  g \ f \ e \ d \ a l b l c  I . . . .  

If o n e  k n o w s  w h i c h  e l e m e n t  i s  t he  k e r n e l . o n e  d o e s  n o t  e v e n  n e e d  the  s l a n t s  a n d  
we c a n  p r o c e e d  to  s i m p l i f y  o n e  s t e p  f u r t h e r :  

a,  a c ,  b a c ,  gfeda_bc . . . .  

w h e r e  the  u n d e r l i n e d  c h a r a c t e r s  a r e  n u m e r a t o r  a t o m s  a n d  a l l  o t h e r s  a r e  d e -  
n o m i n a t o r  a t o m s .  

(If t he  l a n g u a g e  h a s  no  r u l e s  f o r  the  r e l a t i v e  o r d e r  of  s y n t a g m s ,  g r a m m a t i c a -  
l i t y  i s  r a p i d l y  t e s t e_~ l~Jus t  c h e c k  t h a t  to  e a c h  d e n o m i n a t o r  a t o m  c o r r e s p o n d s  
one  n u m e r a t o r  a t o m  of t he  s a m e  n a m e ,  l e a v i n g  w i t h o u t  a m a t c h  j u s t  one  n u m e r -  
a t 0 r ,  w h i c h  t h e n  d e n o t e s  the  t y p e  of  t he  s y n t a g m .  In t h i s  c a s e  we  a r e  p e r m i t t e d  
to t r e a t  t he  a t o m s  a s  n u m e r a t o r s  a n d  d e n o m i n a t o r s  in t he  a r i t h m e t i c a l  s e n s e .  
If we  a s s i g n  p r i m e  n u m b e r s  to e a c h  a t o m  a n d  r e d u c e  in  t he  s t a n d a r d  a r i t h m e -  
t i c a l  w a y ,  we  e n d  up w i t h  the  n u m e r i c a l  v a l u e  of  the  t y p e  of  t he  s y n ~ a g m .  T h i s  
s i m p l e  t e s t  m a y  be  w o r t h  c o n s i d e r i n g  a s  a f i r s t  c h e c k ,  e v e n  t h o u g h  t h e  s t r U c -  
t u r e  of  the  l a n g u a g e  be  f a r  m o r e  c o m p l e x . )  



6. W a n t e d :  N o n - I n t e r s e c t i n g  V a u l t s  

T h e  t w o  a b o v e - m e n t i o n e d  c a n c e l l a t i o n  r u l e s  a r e ,  r e w r i t t e n  i n  t h e  m o d i f i e d  
( s i m p l e r )  n o t a t i o n ,  f u s e d  i n t o  o n e :  

I f  i n  a s t r i n g  o f  c h a r a c t e r s ,  a n  u n d e r l i n e d  c h a r a c t e r  a n d  a n o n -  
u n d e r l i n e d  c h a r a c t e r  a p p e a r ,  s e p a r a t e d  o n l y  b y  a s p a c e  c h a r a c t e r  
a n d  d e n o t i n g  t h e  s a m e  a t o m ,  e r a s e  a l l  t h r e e  c h a r a c t e r s .  

O u r  t a s k  m a y  a l s o  b e  f o r m u l a t e d  t h u s :  

D r a w  a c o n n e c t i n g  l i n e  f r o m  e a c h  d e n o m i n a t o r  i n  t h e  s t r i n g  t o  a 
n u m e r a t o r  w i t h  t h e  s a m e  n a m e ,  i n  t h e  c o r r e c t  d i r e c t i o n  - i . e . ,  
n o t  o v e r  t h e  n u m e r a t o r  o f  t h e  o w n  s y m b o l  - l i k e  v a u l t s  o v e r  t h e  
s t r i n g s ,  i n  s u c h  a w a y  t h a t  n o  t w o  s u c h  v a u l t s  i n t e r s e c t  a n d  t h a t  
o n e  n u m e r a t o r  - s a y  [ - r e m a i n s  u n t o u c h e d  b y  a n y  v a u l t  n o r  r o o f e d  
b y  o n e .  I f  t h i s  s u c c e e d s ,  t h e  s t r i n g  i s  a g r a m m a t i c a l  s e q u e n c e  o f  
t y p e  t .  

E x a m p l e ' .  

c t  

7.  I d e n t i f i c a t i o n  o f  t h e  C o r r e c t  N u m e r a t o r  

I f  a l l  n u m e r a t o r  s y m b o l s  a r e  d i f f e r e n t  t h e  t a s k  i s  t r i v i a l .  I f  s e v e r a l  n u m e r a -  
t o r  a t o m s  c a r r y  t h e  s a m e  n a m e ,  w e  h a v e  t o  d e c i d e  w h i c h  o n e  i s  i n t e n d e d  b y  
a g i v e n  d e n o m i n a t o r .  H o w  do  w e  do  t h i s  ? 

T h e  p r o b l e m  i s  i n  t h i s  f o r m  a p u r e l y  c o m p u t a t i o n a l  o n e  - and  n o  e a s y  s u c h  
p r o b l e m .  

8.  A l g o r i t h m  w i t h  S t a c k i n g  

O n e  a l g o r i t h m  c a n  b e  s u m m a r i z e d  a s  f o l l o w s :  

W e  h a v e  a g i v e n  s t r i n g  o f  w o r d s  a n d  w a n t  to  a s c e r t a i n  w h e t h e r  i t s  t y p e  i s  o n e  
o f  t h e  s e t  T = I s ,  t . . . .  ] .  F o r  e a c h  w o r d  w e  h a v e  a g i v e n  s e t  o f  a l t e r n a t i v e  
c a t e g o r y  s y m b o l s .  

W e  f i r s t  c o n s i d e r  t h e  s i m p l e r  p r o b l e m  o f  a n a l y z i n g  a g i v e n  s t r i n g  o f  c a t e g o r y  
s y m b o l s  a n d  s e e  i f  i t  c a n  b e  r e d u c e d  t o  s .  

W e  j o i n  t h e  ( n o t  u n d e r l i n e d  s y m b o l )  s f o l l o w e d  b y  s p a c e  t o  t h e  b e g i n n i n g  o f  t h e  
g i v e n  s y m b o l  s t r i n g .  W h e n  t h e  r e d u c t i o n  r u l e s  a r e  a p p l i e d  t h e  r e s u l t a n t  s t r i n g  
s h o u l d  v a n i s h ;  w e  s a y  i t  i s  r e d u c e d  to  u n i t y .  

T h e  s t r i n g  n o w  c o n t a i n s  e x a c t l y  a s  m a n y ,  s a y  n ,  n u m e r a t o r  a n d  d e n o m i n a t o r  
a t o m s .  E v e r y  n u m e r a t o r  s h o u l d  b e  p a i r e d  w i t h  o n e  o t h e r  d e n o m i n a t o r ;  t h e  
w h o l e  p r o b h e f n  i s  to  d e c i d e  w h i c h  d e n o m i n a t o r .  

W h e n e v e r  w e  t h u s  p a i r  t w o  a t o m s ,  t h e  i n t e r v e n i n g  s t r i n g  o f  a t o m s  s h o u l d  v a -  
n i s h  u n d e r  r e d u c t i o n ,  b e  r e d u c i b l e  t o  u n i t y .  T h e  s a m e  h o l d s  f o r  t h e  r e s t  o f  t h e  
o r i g i n a l  s t r i n g ,  a f t e r  t h e  t w o  p a i r e d  a t o m s  a n d  e v e r y t h i n g  b e t w e e n  t h e m  h a s  
b e e n  r e m o v e d :  
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I n  g e n e r a l ,  t h e n ,  w h e n  o n e  w a n t s  to  t e s t  w h e t h e r  a p a i r i n g  i s  a g o o d  m a t c h  
o r  n o t ,  o n e  i s  l e f t  w i t h  t w o  s i m p l e r ,  i s o m o r p h i c  p r o b l e m s ,  t h o s e  o f  r e d u c i n g  
t w o  s t r i n g s  to  u n i t y :  

s a a b f g  g f_; d d e e 

N o r m a l l y  w e  c a n n o t  d e c i d e  b e f o r e h a n d  w h i c h  p a i r i n g  to  t e s t ;  w e  m u s t  t r y  a l t e r -  
n a t i v e s .  F o r  e a c h  a r b i t r a r y  c h o i c e  o f  p r o c e d u r e ,  w e  s t o r e  t h e  a l t e r n a t i v e s  i n  
a n  O R - s t a c k ,  F o r  e a c h  p a i r i n g  w e  p l a c e  t h e  b r a c k e t e d - o u t  s t r i n g  i n  a n  A N D -  
s t a c k ,  to  b e  h a n d l e d  l a t e r  w h e n  a n d  i f  t h e  s t r i n g  o n  o u r  w o r k i n g  t a b l e  v a n i s h e s .  
I f  w e  h a v e  e m p t i e d  t h e  t a b l e  a n d  t h e  A N D - s t a c k ,  t h e  g i v e n  s t r i n g  w a s  r e d u c i b l e  
to  s .  I f  w e  h a v e  a n  i r r e d u c i b l e  r e s i d u e  o n  t h e  t a b l e ,  w e  c l e a r  t h e  t a b l e  a n d  t r y  
t h e  n e x t  a l t e r n a t i v e  i f  t h e r e  i s  o n e  i n  t h e  O R - s t a c k ,  d e l e t i n g  w h a t  h a s  b e e n  
s t o r e d  i n  t h e  A N D - s t a c k  s i n c e  t h e  l a s t  a r b i t r a r y  c h o i c e ;  i f  w e  c a n n o t  r e d u c e  
t o  u n i t y  t h e  s t r i n g  o n  t h e  t a b l e  a n d  t h e  O R - s t a c k  i s  e m p t y ,  w e  m u s t  g i v e  t h e  
t a s k  u p .  

T o  m i n i m i z e  t h e  n u m b e r  o f  p a i r i n g s  to  t e s t  f o r  e a c h  s t r i n g  w e  a n a l y z e ,  w e  
d r a w  u p  a b i n a r y  m a t r i x  M o f  p o t e n t i a l  m a t c h e s ,  w i t h  m . .  = 1, i f  t h e  d e n o m i -  
n a t o r  N o .  i a n d  t h e  n u m e r a t o r  N o .  j a r e  t h e  s a m e  c h a r a c t e r  a n d  a r e  p l a c e d  
i n  p r o p e r  o r d e r  a n d  r e a s o n a b l y  w i d e  a p a r t  i n  t h e  s t r i n g .  ( E . g . ,  i f  i i s  a 
" n o n - r e c u r s i v e "  t y p e  o f  s y n t a g m ,  " r e a s o n a b l y "  p l a c e d  m e a n s  t h a t , - i s  t h e  
n e a r e s t  n u m e r a t o r  w r i t t e n  w i t h  t h e  s a m e  c h a r a c t e r  a s  i a n d  p l a c e d  o n  t h e  
p r o p e r  s i d e  o f  i . )  

I f  a n y  r o w  o r  c o l u m n  i n  M i s  e m p t y ,  t h e  t a s k  i s  h o p e l e s s .  O t h e r w i s e ,  w e  s e -  
l e c t  t h e  a t o m  w h o s e  r o w  o r  c o l u m n  c o n t a i n s  t h e  l e a s t  n u m b e r  o f  1 ~ s .  

To analyze a string of words we assign to each word one symbol of the type 
ABCDE, where C is the set of numerators in all the word ts category sym- 
bols, B is the set of nominator atoms appearing immediately before the 
numerator in any one of the word's category symbols, etc. On the string of 
these new symbols the above procedure, mutatis mutandis, is applied. Thus, 
instead of the condition in (I) above that two atoms should be the "same" 
characters, it is required that one underlined atom A and a non-underlined 
atom B appearing separated only by space should fulfill the condition A n B ~ 0. 
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