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Abstract

This paper introduces ConceptMath, a bilin-
gual (English and Chinese), fine-grained
benchmark that evaluates concept-wise math-
ematical reasoning of Large Language Mod-
els (LLMs). Unlike traditional benchmarks
that evaluate general mathematical reasoning
with an average accuracy, ConceptMath sys-
tematically organizes math problems under a
hierarchy of math concepts, so that mathe-
matical reasoning can be evaluated at differ-
ent granularity with concept-wise accuracies.
Based on our ConcepthMath, we then evaluate
a broad range of LLMs, and we observe ex-
isting LLMs, though achieving high average
accuracies on traditional benchmarks, exhibit
significant performance variations across dif-
ferent math concepts and may even fail catas-
trophically on the most basic ones. Besides,
we also introduce an efficient fine-tuning strat-
egy to enhance the weaknesses of existing
LLMs. Finally, we hope ConceptMath could
guide the developers to understand the fine-
grained mathematical abilities of their models
and facilitate the growth of foundation mod-
els. Code is available at https://github.
com/conceptmath/conceptmath.

1 Introduction

Mathematical reasoning is a crucial capability for
Large Language Models (LLMs). Recent advance-
ments in LLMs, including Anthropic (Anthropic,
2023), GPT-4 (OpenAI, 2023), and LLaMA (Tou-
vron et al., 2023a), have demonstrated impres-
sive mathematical reasoning on existing bench-
marks with high average accuracies on datasets
like GSM8K (Cobbe et al., 2021). Although
these benchmarks are able to measure the overall
mathematical reasoning capabilities of LLMs on
average, they fail to probe the fine-grained fail-
ure modes of mathematical reasoning on specific

* First three authors contributed equally. # Correspond-
ing Author: Jiaheng Liu.

Pow
ers

Num
eri

cal
 ex

prs

Esti
mati

on
 &

 ro
un

din
g

Deci
mals

Ligh
t &

 he
av

y

Tem
pe

rat
ure Rati

o

Patt
ern

s

Cyli
nd

ers

Peri
mete

r

Rati
on

al 
nu

mbe
r

Poly
go

ns

Prob
ab

ilit
y

0

10

20

30

40

50

60

70

80

90

A
cc

ur
ac

y

Weaknesses

Enhancing Weaknesses

LLaMA2
LLaMA2-FT

Figure 1: The concept-wise accuracies of LLaMA2-
13B and the fine-tuned version based on our efficient
fine-tuning method (i.e., LLaMA2-FT).

mathematical concepts. For example, Fig. 1 shows
that the performance of LLaMA2-13B varies sig-
nificantly across different concepts and fails on
simple concepts like Rational number and Cylin-
ders. It is crucial to know these specific failure
modes of the language model, especially in some
practical applications where we need to focus on
specific mathematical abilities. For example, for
financial analysts, calculation, measurement, and
statistics are the concepts of most interest while
others like geometry are not as important.

Moreover, the mathematics system, by its na-
ture, is more fine-grained than holistic. It is
typically organized into distinct math concepts 1,
and humans develop comprehensive mathemat-
ical capabilities through a concept-by-concept,
curriculum-based learning process (Simon, 2011;
Fritz et al., 2013). These issues underscore the
core motivation of this paper: the need for a fine-
grained benchmark that evaluates concept-wise
mathematical reasoning of LLMs.

Therefore, first, we introduce ConceptMath, the

1https://en.wikipedia.org/wiki/Lists_
of_mathematics_topics
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first bilingual (English and Chinese), concept-wise
benchmark for measuring mathematical reasoning.
ConceptMath gathers math concepts from four ed-
ucational systems, resulting in four distinct mathe-
matical concept systems: English Elementary, En-
glish Middle, Chinese Elementary, and Chinese
Middle 2. Each of these concept systems organizes
around 50 atomic math concepts under a three-
level hierarchy and each concept includes approxi-
mately 20 mathematical problems. Overall, Con-
ceptMath comprises a total of 4011 math word
problems across 214 math concepts, and Fig. 2
shows the diagram overview of ConceptMath.

Second, based on our ConceptMath, we per-
form extensive experiments to assess the math-
ematical reasoning of existing advanced LLMs,
including 2 close-sourced LLMs and 17 open-
sourced LLMs. These evaluations were performed
in zero-shot, chain-of-thought (CoT), and few-
shot settings. To our surprise, even though most
of the evaluated LLMs claim to achieve high aver-
age accuracies on traditional mathematical bench-
marks (e.g., GSM8K (Cobbe et al., 2021)), they
fail catastrophically across a wide spectrum of
mathematical concepts.

Third, to make targeted improvements on under-
performed math concepts, we propose an efficient
fine-tuning strategy by first training a concept clas-
sifier and then crawling a set of samples from
a large open-sourced math dataset (Paster et al.,
2023; Wang et al., 2023b) for further LLMs fine-
tuning. In Fig. 1, for LLaMA2-FT, we observe
that the results of these weaknesses improved a lot
after using the efficient fine-tuning method.

In summary, our contributions are as follows:

• We introduce ConceptMath, the first bilingual,
concept-wise benchmark for measuring mathe-
matical reasoning. ConceptMath encompasses 4
systems, approximately 214 math concepts, and
4011 math word problems, which can guide fur-
ther improvements on the mathematical reason-
ing of existing models.

• Based on ConceptMath, we evaluate many
LLMs and perform a comprehensive analysis of
their results. For example, we observe that most
of these LLMs (including open-sourced, closed-
sourced, general-purpose, or math-specialized
models) show significant variations in their per-

2The four concept systems are abbreviated as
Elementary-EN, Middle-EN, Elementary-ZH, and
Middle-ZH.

formance results across math concepts.
• We also evaluate the contamination rate of our

ConceptMath and introduce a simple and effi-
cient fine-tuning method to improve the weak-
nesses of existing LLMs.

2 ConceptMath

ConceptMath is the first bilingual, concept-wise
benchmark for measuring mathematical reasoning.
In this section, we describe the design principle,
dataset collection process, dataset statistics and an
efficient fine-tuning strategy to enhance the weak-
nesses identified by our ConceptMath.

2.1 Design Principle

We created ConceptMath based on the following
two high-level design principles:

Concept-wised Hierarchical System. The pri-
mary goal of ConceptMath is to evaluate the math-
ematical reasoning capacities of language models
at different granularity. Therefore, ConceptMath
organizes math problems within a three-level hier-
archy of mathematical concepts in Fig. 2. This ap-
proach provides concept-wise evaluation for math-
ematical reasoning of language models and makes
targeted and effective improvements possible.

Bilingualism. Most of the current mathemati-
cal benchmark focuses solely on English, leaving
multi-lingual mathematical reasoning unexplored.
As an early effort to explore multi-lingual math-
ematical reasoning, we evaluate mathematical rea-
soning in two languages: English and Chinese. Be-
sides, since cultures and educational systems vary
across different languages, common math con-
cepts can differ a lot. Therefore, we carefully col-
lect concepts in both languages, instead of merely
translating from one language to another. For ex-
ample, measurement metrics (e.g., money, size)
are different for English and Chinese.

2.2 Data Collection

Subsequently, for data collection, we take a two-
step approach to operationalize the aforemen-
tioned design principles: First, we recruit experts
to delineate a hierarchy of math concepts based on
different education systems. Secondly, we collect
problems for each concept from various sources or
design problems manually, which is succeeded by
quality assessment and data cleaning.

6816



Geo
m

et
ry

Po
ly

go
ns

Coordinate Plane

C
alculate

Decimals

Equations

MeasurementPercents

D
ata

P
ro

b
a
b
ility

A
n
g
le

s
A

n
g
le

s

Tw
o-

D
im

Sh
ap

es

C
ir

cl
e
s

Pe
ri

m
et

er

Q
ua

dr
ila

te
ra

ls

Tr
ia

ng
le

s

Three-Dime

Shapes

Cones

Cubes

Cylinders

Spheres

Volume of
3D Shapes

C
a
lcu

la
te&

Pro
p
e
rtie

s

Add

Division

Fractions

M
ixed

O
perations

M
ultiple

N
u
m

e
rica

l

E
xp

re
ssio

n
s

P
la

ce
 V

a
lu

e

Po
w

e
rs

R
a
ti

o
n
a
l

N
u
m

b
e
r

S
u
b
tr

a
ct

io
n

Va
ri
ab

le
Ex

pr
es

si
on

s

Pr
op

er
tie

s

C
om

pa
reCo

un
tEst

im
at

ion

& R
ou

ndin
g

Patte
rns

Money

Coin Names

& Value

Exchanging

Money

WeightLight
& Heavy

Ratio

Proportional

Ratio

Basic Knowledge

Temperature

Time

Size

Area

Length
Volum

e

S
ta

tistics

S
tatistics

C
la

ssifyin
g

&
 S

o
rtin

g
C

la
ssifyin

g

&
 S

o
rtin

g

P
ro

b
a
b
ility

CoordinatePlane

(a) English Elementary (Elementary-EN)
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Figure 2: Diagram overview of four concept systems in ConceptMath. We have provided translated Chinese
concept names in English (See Appendix D).

Math Concept System Construction. Since the
education systems provide a natural hierarchy of
math concepts, we recruited four teachers from el-
ementary and middle schools, specializing in ei-
ther English or Chinese, to organize a hierarchy
of math concepts for different education systems.
This leads to four concept systems: Elementary-
EN, Middle-EN, Elementary-ZH, and Middle-ZH,
with each system consisting of a three-level hierar-
chy of around 50 atomic math concepts (Fig. 2).

Math Problem Construction. Then, we con-
ducted a thorough data acquisition from vari-
ous sources (including educational websites, text-
books, and search engines with specific concepts)
to collect math word problems (including both

questions and answers) for each math concept. To
guarantee a balance across all concepts, approxi-
mately 20 problems were gathered for each math
concept. Following this, both GPT-4 (OpenAI,
2023) and human experts were employed to ver-
ify and rectify the categorization and the solu-
tion of each problem. However, we observed that
for some concepts, the problem count was sig-
nificantly below 20. To address this long-tail is-
sue, manual efforts were undertaken to augment
these categories, ensuring a consistent collection
of 20 problems for each concept. Furthermore, to
broaden the diversity of the dataset and minimize
the risk of data contamination, all gathered prob-
lems were paraphrased using GPT-4. It is impor-
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Benchmark Language Fine-grained Size

GSM8K (Cobbe et al., 2021) EN 7 1319
MATH (Hendrycks et al., 2021c) EN 7 5000

TabMWP (Lu et al., 2023) EN 7 7686
Dolphin18K (Huang et al., 2016) EN 7 1504

Math23K (Wang et al., 2017) ZH 7 1000
ASDiv (Miao et al., 2020) EN 7 2305

SingleOp (Roy et al., 2015) EN 7 562
AddSub (Hosseini et al., 2014) EN 7 395

MultiArith (Roy and Roth, 2015) EN 7 600
MMLU-Math (Hendrycks et al., 2021a) EN 7 906

Bilingual MWPs (Tan et al., 2021) EN&ZH 7 1557

ConceptMath EN&ZH 3 4011

Table 1: A comparison of our ConceptMath with some
notable mathematical datasets. Note that the size is the
number of samples of the test split.
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Figure 3: Length distributions of our ConceptMath.

tant to note that the collection and annotation pro-
cesses were carried out by a team of six members,
each possessing a university degree in an engineer-
ing discipline, to maintain a high level of technical
expertise in executing these tasks.

2.3 Dataset Statistics

Comparison to existing datasets. As shown in
Table 1, our ConceptMath differs from related
datasets in various aspects: (1) ConceptMath is
the first dataset to study fine-grained mathemat-
ical concepts and encompasses 4 systems, 214
math concepts, and 4011 math word problems.
(2) Problems in ConcepthMath are carefully anno-
tated based on the mainstream education systems
for English (EN) and Chinese (ZH).
Details on the hierarchical system. Apart from
Fig. 2, we also provide the details on the hierarchi-
cal system more clearly in Appendix D.
Length distribution. Fig. 3 shows the length dis-
tribution of our ConcepthMath, where number of
tokens is reported 3. The minimum, average and
maximum of the tokens for these questions are 4,
41 and 309, respectively, which shows that they
have lexical richness.

3We use the “cl100k_base” tokenizer from https://
github.com/openai/tiktoken

2.4 Efficient Fine-Tuning
Based on our ConceptMath, we are able to iden-
tify the weaknesses in the mathematical reasoning
capability of LLMs through concept-wise evalu-
ation. In this section, we explore a straightfor-
ward approach to enhance mathematical abilities
towards specific concepts by first training a con-
cept classifier and then curating a set of samples
from a large open-sourced math dataset. Specifi-
cally, first, by additionally collecting extra 10 prob-
lems per concept, we construct a classifier capable
of identifying the concept class of a given ques-
tion. The backbone of this classifier is a pretrained
bilingual LLM, where the classification head is
operated on its last hidden output feature. Then,
we proceed to fine-tune LLMs using this specific
dataset combined with the existing general math
dataset, which aims to avoid overfitting on a rela-
tively small dataset.

3 Experiments

In this section, we perform extensive experiments
to demonstrate the effect of our ConceptMath.

3.1 Experimental Setup
Evaluated Models. We assess the mathemat-
ical reasoning of existing advanced LLMs
on ConceptMath, including 2 close-sourced
LLMs (i.e., GPT-3.5/GPT-4 (OpenAI, 2023))
and 17 open-sourced LLMs (i.e., WizardMath-
13B (Luo et al., 2023), MetaMath-13B (Yu
et al., 2023), MAmmoTH-13B (Yue et al.,
2023), Qwen-14B/72B (Bai et al., 2023b),
Baichuan2-13B (Baichuan, 2023), ChatGLM3-
6B (Du et al., 2022), InternLM2-7B/20B (Team,
2023a), InternLM2-Math-7B/20B (Team, 2023a),
LLaMA2-7B/13B/70B (Touvron et al., 2023b),
Yi-6B/34B (Team, 2023b) and DeepSeekMath-
7B (Shao et al., 2024)). Note that WizardMath-
13B, MetaMath-13B, and MAmmoTH-13B are
specialized math language models fine-tuned from
LLaMA2. InternLM2-Math and DeepSeekMath
are specialized math language models fine-tuned
from corresponding language models. More de-
tails of these models can be seen in Appendix B.

Evaluation Settings. We employ three distinct
evaluation settings: zero-shot, zero-shot with
chain-of-thought (CoT), and few-shot promptings.
The zero-shot prompting assesses the models’ in-
trinsic problem-solving abilities without any prior
examples. The zero-shot with CoT prompting
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Model Elementary-EN Middle-EN Elementary-ZH Middle-ZH Avg.
ZS ZS-COT FS ZS ZS-COT FS ZS ZS-COT FS ZS ZS-COT FS

Yi-6B 67.94 67.56 59.03 65.55 64.59 56.05 34.33 31.91 37.86 36.46 36.19 36.46 49.49
ChatGLM3-6B 60.69 63.10 53.18 51.25 60.17 51.34 46.23 43.63 40.74 44.77 43.32 40.43 49.90

DeepSeekMath-7B 66.92 77.35 73.92 56.53 69.87 66.31 60.47 62.33 64.19 56.50 56.95 56.86 64.02
InternLM2-Math-7B 71.12 72.01 69.59 63.44 62.96 63.05 57.30 58.23 58.60 53.79 53.16 53.88 61.43

InternLM2-7B 68.83 69.97 66.67 37.04 65.83 55.47 47.63 49.02 53.02 45.22 45.40 44.86 54.08
LLaMA2-7B 36.51 42.62 38.68 34.26 39.16 33.69 15.72 17.67 17.58 30.87 32.22 27.80 30.57

MAmmoTH-13B 61.32 52.42 56.49 53.93 45.20 48.08 22.33 33.30 23.81 27.98 43.05 29.15 41.42
WizardMath-13B 41.73 44.78 34.99 36.85 37.72 45.11 10.51 11.26 18.70 12.36 15.52 22.92 27.70
MetaMath-13B 54.45 51.78 47.96 44.24 43.47 47.50 11.44 17.30 27.53 21.21 26.08 29.60 35.21
Baichuan2-13B 68.83 68.58 54.07 67.66 69.67 40.40 57.02 58.23 22.05 55.05 55.32 26.90 53.65
LLaMA2-13B 44.02 49.75 47.07 44.72 46.45 43.09 20.19 24.19 22.14 33.30 35.38 26.17 36.37

Qwen-14B 46.95 65.78 72.65 38.48 59.60 67.85 28.09 65.12 64.47 22.92 58.30 62.09 54.36

InternLM2-Math-20B 74.05 75.32 73.41 64.11 71.21 70.83 62.98 61.95 61.77 55.14 55.78 56.86 65.28
InternLM2-20B 53.31 72.52 73.28 45.11 67.47 56.72 48.19 55.53 59.81 45.13 50.63 56.68 57.03

Yi-34B 74.68 73.66 56.36 72.26 74.66 65.83 50.05 51.16 38.79 45.40 43.95 40.97 57.31
LLaMA2-70B 56.11 60.31 30.53 58.06 60.94 31.67 28.65 26.70 24.37 37.64 34.30 28.43 39.81

Qwen-72B 77.10 75.06 77.23 74.66 69.87 73.99 71.16 68.65 61.86 71.30 65.43 62.45 70.73

GPT-3.5 85.75 92.37 84.35 83.88 90.12 82.73 56.47 53.21 56.93 51.90 53.52 55.69 70.58
GPT-4 86.77 90.20 89.57 84.26 89.83 88.68 67.91 72.28 72.00 63.81 64.26 66.61 78.02

Avg. 63.00 66.59 61.00 56.65 62.57 57.28 41.93 45.35 43.49 42.67 45.72 43.41 52.47

Table 2: Results of different models on our constructed ConceptMath benchmark dataset. Note that “ZS”, “ZS-
COT”, “FS” represents “zero-shot”, “zero-shot w/ chain-of-thought” and “few-shot”, repsectively. Models are
grouped roughly according to their model sizes.

Wiza
rdM

ath
-13

B

LLaM
A2-7

B

Meta
Math

-13
B

LLaM
A2-1

3B

LLaM
A2-7

0B

MAmmoT
H-13

B
Yi-6

B

Cha
tG

LM3-6
B

Baic
hu

an
2-1

3B

Int
ern

LM2-7
B

Qwen
-14

B

Int
ern

LM2-2
0B
Yi-3

4B

Int
ern

LM2-M
ath

-7B

Deep
Seek

Math
-7B

Int
ern

LM2-M
ath

-20
B

GPT-3
.5

Qwen
-72

B
GPT-4

20

30

40

50

60

70

80

90

M
ea

n 
A

cc
ur

ac
y

English
Chinese
Overall

Figure 4: Mean accuracies for English, Chinese, and
overall educational systems.

evaluates the models’ ability to employ a logi-
cal chain of thought. In the few-shot prompting
setting, the model is provided with fixed 5-shot
prompts for different systems (See Appendix E),
which includes five newly created examples with
concise ground truth targets. This approach is
designed to measure the in-context learning abil-
ities. Besides, following MATH (Hendrycks et al.,
2021c), all questions and answers in ConceptMath
have been carefully curated, and each problem
is evaluated based on exact matches. Moreover,
greedy decoding with a temperature of 0 is used.

3.2 Results
Overall Accuracy. We present the overall ac-
curacies of different LLMs on our ConceptMath

benchmark under various prompt settings in Ta-
ble 2. Subsequently, we analyzed the mathe-
matical abilities of these LLMs in both English
and Chinese in Fig. 4. Our analysis led to
the following key findings: (1) GPT-3.5/4 show-
cases the most advanced mathematical reasoning
abilities among LLMs in both English and Chi-
nese systems, and the leading open-source Qwen-
72B model archives comparable performance com-
pared with GPT-3.5. (2) The scores on Chinese
systems of most existing LLMs are lower than En-
glish systems a lot. For example, accuracies on
Middle-ZH and Middle-EN for GPT-4 are 63.81
and 84.26. (3) Several models (e.g., WizardMath-
13B or MetaMath-13B) fine-tuned from LLaMA2-
13B achieve slight improvements on English sys-
tems, but the performance results are lower than
LLaMA2-13B on Chinese systems a lot, which in-
dicates that domain-specific fine-tuning may de-
grade the generalization abilities of LLMs. (4).
The mathematical models (i.e., InternLM2-Math-
7B/20B and DeepSeekMath-7B) by continuing
pretraining on the large-scale math-related dataset
(>=100B tokens) show sufficient improvements
when compared to models with similar size, which
indicates that large-scale pertaining is effective to
improve the mathematical reasoning abilities.

Mean Concept-wised Accuracy. We show the
mean accuracy for each concept on the tested mod-
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Figure 5: Mean concept accuracies on Middle-ZH.

els using zero-shot prompting on Middle-ZH in
Fig. 5 (See Appendix A for results on other con-
cept systems). It shows that the accuracies across
concepts vary a lot for existing LLMs. For ex-
ample, around 18% of concepts of Middle-ZH ex-
hibit an accuracy lower than 30%. These concepts
with significant potential for improvement should
be prioritized to effectively enhance the mathemat-
ical abilities of LLMs.

Concept-wised Accuracy. Fig. 6 shows that
most existing LLMs, whether open-sourced,
closed-sourced, general-purpose, or math-
specialized, exhibit notable differences in their
concept accuracies in the zero-shot prompt setting.
These disparities may stem from variations in
training datasets, strategies, and model sizes,
which suggests that apart from common weak-
nesses, each model possesses its unique areas
of deficiency or shortcomings. The concept
accuracies of other concept systems and results of
all models can be found in the Appendix A.

3.3 Analysis

Contamination. To determine whether a text is
in the pretraining data of a LLM, we provide two
different contamination detection methods (i.e.,
Rouge-based and Prob-based methods) to analyze
our ConceptMath in Table 3. Specifically, for
the Rouge-based method, we just input the first
50% of the question as the input and compute the
Rouge-L score between the generation results and
the ground-truth label of the last 50% of the text,
where a lower Rouge-L score means a lower con-
tamination rate. For the Prob-based method, we
follow (Shi et al., 2023) to use the MIN-K% prob-
ability metric, which first gets the probability for
each token in the test, and selects the K% tokens
with minimum probabilities and calculate their av-
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Figure 6: Concept accuracies on Middle-EN.

erage log-likelihood. If the average log-likelihood
is high, the text is likely in the pretraining data.
Note that we choose K as 10 in our setting. In Ta-
ble 3, we observe that the contaminate rates on our
ConceptMath are very low, which means that our
ConceptMath can provide a reasonable evaluation
for existing LLMs.

Unmastered Concepts. We also highlight the
several unmastered concepts of the LLaMA2-13B
in Table 4, which shows ConceptMath is effective
in guiding further refinement of existing LLMs.

Evaluation Prompting. Different from the few-
shot or cot prompting evaluation that can boost
closed-source models, we find that zero-shot
prompting is more effective for certain open-
source LLMs in Table 2. This disparity may arise
either because the models are not sufficiently pow-
erful to own mathematical CoT capabilities (Yu
et al., 2023; Wei et al., 2022) or because these
models have already incorporated CoT data dur-
ing training (Longpre et al., 2023). Consequently,
to ensure a comprehensive analysis, we have em-
ployed all three prompting methods for evaluation.

Efficient Fine-tuning. To show the effect of effi-
cient fine-tuning, we take the LLaMA2-13B as an
example in Table 5. Specifically, we first select 10
concepts with the lowest accuracies in Elementary-
EN. Then, we crawl 495 samples (about 50 sam-
ples per concept) using the trained classifier as the
Concept-Specific (CS) training data from Open-
WebMath (Paster et al., 2023). Meanwhile, to
avoid overfitting, we introduce the MetaMathQA
(MMQA (Yu et al., 2023) ) data to preserve gen-
eral mathematical abilities. After that, we can fine-
tune LLaMA2-13B by only using MMQA (i.e.,
LLaMA2 (w/ MMQA)), or using both MMQA
and CS data (i.e., LLaMA2 (w/ MMQA & CS)). In
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Model Elementary-EN Middle-EN Elementary-ZH Middle-ZH Avg. ↓
Yi-6B 5.30 / 1.73 5.21 / 1.37 0.04 / 0.20 0.36 / 0.35 2.73 / 0.91

ChatGLM3-6B 7.42 / 0.22 7.55 / 0.23 0.11 / 0.02 0.35 / 0.05 3.86 / 0.13
InternLM2-Math-7B 7.42 / 0.22 7.55 / 0.23 0.11 / 0.02 0.35 / 0.05 3.86 / 0.13

InternLM2-7B 5.36 / 1.03 5.27 / 0.84 0.01 / 0.37 0.33 / 0.49 2.74 / 0.68

MAmmoTH-13B 7.67 / 0.47 7.97 / 0.46 0.00 / 0.03 0.35 / 0.03 4.00 / 0.25
WizardMath-13B 8.41 / 0.35 8.23 / 0.34 0.00 / 0.02 0.55 / 0.02 4.30 / 0.18
MetaMath-13B 7.67 / 0.47 7.97 / 0.46 0.00 / 0.03 0.35 / 0.03 4.00 / 0.25
Baichuan2-13B 7.20 / 1.43 6.58 / 1.18 0.05 / 0.54 0.41 / 0.65 3.56 / 0.95
LLaMA2-13B 6.80 / 0.73 6.36 / 0.64 0.01 / 0.15 0.56 / 0.16 3.43 / 0.42

Qwen-14B 11.04 / 1.58 9.73 / 1.08 1.43 / 1.27 0.70 / 0.93 5.73 / 1.22

InternLM2-Math-20B 5.58 / 1.30 5.51 / 0.99 0.03 / 0.47 0.34 / 0.47 2.86 / 0.81
InternLM2-20B 7.20 / 1.43 6.58 / 1.18 0.05 / 0.54 0.41 / 0.65 3.56 / 0.95

GPT-3.5 9.48 / - 9.21 / - 0.00 / - 0.31 / - 4.75 / -
GPT-4 8.68 / - 8.24 / - 0.15 / - 0.68 / - 4.44 / -

Table 3: Data contamination rate of LLMs. We provide two different contamination detection methods. The values
in the table represent “Rouge / Prob”. Note that the second method based on output probability distributions can
only be applied to the open-source models.

Concept Concept Acc Error Type Example

Perimeter 26.32

Calculation Error Q: Find the perimeter of a 16 by 18 feet rectangle.
A: The perimeter is 16 + 18 + 16 + 18 = 72 feet.

Knowledge Error

Q: The perimeter of a rectangular sticker is 14 centimeters.
The sticker is 2 centimeters wide. How tall is it?
A: The height equals the perimeter subtracts the width.
The height of the rectangle is 14− 12 = 12 centimeters.

Polygons 11.11 Knowledge Error

Q: A regular polygon has an interior angle that measures
120 degrees. How many sides does this polygon have?
A: Let n be the number of sides of the polygon. We have
that n× 120 = 360. Hence: n = 3.

Cylinders 11.76 Calculation Error
Q: How much soup can a cylinder-shaped can store, if the
radius of the can is 3 inches and the height is 5 inches?
A: ... The volume of the can is V = π × 32 × 5 = 30π.

Table 4: Error reasons of several unmastered concepts of LLaMA2-13B.

Table 5, we observe that LLaMA2 (w/ MMQA &
CS) archives significant improvements on the low-
est 10 concepts and preserves well on the other 33
concepts, which shows the effect of efficient fine-
tuning and the advantages of our ConceptMath.

Classifying questions by concept. A key con-
sideration for ConceptMath is whether it is appro-
priate to arrange evaluations by concept in LLMs
because it is clear to humans that a question may
involve one or several concepts. We verify if
LLMs have this same level of understanding by
computing the Mean Reciprocal Rank (MRR) 4

and accuracy of LLMs in classifying each question
by concept. We use secondary categories of our hi-
erarchical system as an example to show the MRR
and accuracy of each knowledge system. There
are approximately 18 concepts in the secondary

4https://en.wikipedia.org/wiki/Mean_
reciprocal_rank

categories for each knowledge system. As shown
in Table 6, open-source and proprietary models
can understand concepts to some degree, and the
ability to understand concepts is positively corre-
lated with the model’s mathematical capabilities.
The calculation method and metrics for each con-
cept system are detailed in the Appendix C.

4 Related Work

Large Language Models for Mathematics.
Large Language Models (LLMs) such as GPT-
3.5 and GPT-4 have exhibited promising capa-
bilities in complex tasks (Du et al., 2024; Guo
et al., 2023b; Liu et al., 2024a; Zhang et al.,
2024; Guo et al., 2024b; Sun et al., 2024).
However, the proficiency of open-source alterna-
tives like LLaMA (Touvron et al., 2023a) and
LLaMA2 (Touvron et al., 2023b) remains notably
inferior on these datasets, particularly in handling
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Model LLaMA2 LLaMA2
(w/ MMQA)

LLaMA2
(w/ MMQA

&CS)

Cones 0.00 17.65 23.53
Spheres 5.88 29.41 35.29

Polygons 11.11 61.11 66.67
Rational Number 11.76 23.53 52.94

Cylinders 11.76 35.29 47.06
Angles 11.76 47.06 58.82

Probability 18.75 25.00 75.00
Perimeter 26.32 42.11 63.16
Volume 27.78 38.89 66.67

Proportional 27.78 33.33 44.44

Avg Acc.
(over 10 concepts)

15.29 36.88 53.36

Avg Acc.
(over 33 concepts)

51.94 58.14 60.67

Overall Acc. 44.02 53.94 59.29

Table 5: Results of fine-tuning models. MMQA and
CS denote MetaMathQA and our constructed Concept-
Specific training datasets, respectively. Introducing
CS data specifically for the bottom 10 concepts sig-
nificantly enhances these concepts’ performance, while
slightly improving the performance across the remain-
ing 33 concepts.

non-English problems. In contrast, models like
Baichuan2 (Baichuan, 2023) and Qwen (Bai et al.,
2023b) pretrained on multilingual datasets (i.e.,
Chinese and English) have achieved remarkable
performance. Recently, many domain-specialized
math language models have been proposed. For
example, MetaMath (Yu et al., 2023) leverages
the LLaMA2 models and finetunes on the con-
structed MetaMathQA dataset. MAmmoTH (Yue
et al., 2023) synergizes Chain-of-Thought (CoT)
and Program-of-Thought (PoT) rationales.

Mathmatical Reasoning Benchmarks. Re-
cently, many mathematical datasets (Roy and
Roth, 2015; Koncel-Kedziorski et al., 2015; Lu
et al., 2023; Huang et al., 2016; Miao et al.,
2020; Patel et al., 2021) have been proposed. For
example, SingleOp (Roy et al., 2015), expands
the scope to include more complex operations
like multiplication and division. GSM8K (Cobbe
et al., 2021) is a widely used dataset, which
requires a sequence of elementary calculations
with basic arithmetic operations.

Fine-Grained Benchmarks. Traditional bench-
marks focus on assessing certain abilities of mod-
els on one task (Guo et al., 2023b; Wang et al.,
2023a; Liu et al., 2020; Guo et al., 2022; Chai
et al., 2024; Liu et al., 2024a; Guo et al., 2024a,

Model MRR Accuracy

LLaMA2-7B 32.91 18.41
LLaMA2-13B 44.35 28.63

DeepSeekMath-7B 57.73 43.52
Qwen1.5-7B 56.58 42.32

Qwen1.5-14B 64.69 51.58
GPT-3.5 69.11 56.86
GPT-4 78.17 68.36

Table 6: The average MRR and accuracy of LLMs for
classifying each question by concept.

2023c; Bai et al., 2023a; Liu et al., 2022; Guo
et al., 2023a; Bai et al., 2024; Li et al., 2024).
For example, the GLUE benchmark (Wang et al.,
2019) combines a collection of tasks, and has wit-
nessed superhuman model performance for pre-
training models (Radford et al., 2019). Hendrycks
et al. (2021b) introduced MMLU, a benchmark
with multiple-choice questions across 57 subjects
including STEM, humanities, and social sciences,
for assessing performance and identifying weak-
nesses. Srivastava et al. (2022) proposed BIG-
bench with over 200 tasks.

5 Conclusion

We introduce a new bilingual concept-wise math
reasoning dataset called ConceptMath to assess
models across a diverse set of concepts. First, Con-
ceptMath covers more than 200 concepts across el-
ementary and middle schools for mainstream En-
glish and Chinese systems. Second, we exten-
sively evaluate existing LLMs by three prompting
methods, which can guide further improvements
for these LLMs on mathematical abilities. Third,
we analyze the contamination rates, error cases
and provide a simple and efficient fine-tuning strat-
egy to enhance the weaknesses.

Limitations

Mathematical concepts may form a network,
where failure to understand a complex concept can
result from deficiencies in simpler foundational
concepts or issues within the complex concept it-
self. Thus, the current hierarchical arrangement
may be insufficient, and introducing an interrelat-
edness network of concepts could provide more
insightful explanations of the mathematical abili-
ties of language models. Building an accurate and
interpretable interrelatedness network within our
hierarchical system is a promising direction for fu-
ture research.
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Ethics Statement

ConceptMath consists of math problems, thus very
few samples contain offensive content or sensitive
personal information. All annotators were fully in-
formed about the entire annotation process.
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A Concept Accuracy

We provide the mean concept accuracies of
Middle-EN, Elementary-EN and Elementary-ZH
of the evaluated models across different concepts
in Fig. 7, Fig. 8 and Fig. 9.

We illustrate the concept accuracies on Middle-
ZH, Elementary-EN and Elementary-ZH for some
selected models in Fig. 10, Fig. 11 and Fig. 12. For
the results of all models, please refer to Fig. 13,
Fig. 14, Fig. 15 and Fig. 16.
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Figure 7: Mean concept accuracies of Middle-EN.
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Figure 8: Mean concept accuracies of Elementary-EN.

B Details on the Evaluated Models

In this section, we offer a detailed overview of
the Large Language Models (LLMs) and present
the corresponding model links in Table 7. For en-
hanced safety and better conversational abilities,
most LLMs undergo alignment techniques (Zhang
et al., 2023; Shen et al., 2023; Zhou et al., 2023,
2024; Liu et al., 2024b) to align with human in-
tents. We include instruction-finetuned models,
math language models and chat models aligned
with human intents in our evaluation.
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Figure 9: Mean concept accuracies of Elementary-ZH.
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Figure 10: Concept accuracies on Middle-ZH.

• GPT-3.5/GPT-4 (OpenAI, 2023): The most pow-
erful closed-model from OpenAI. We utilize its
API: gpt-3.5-turbo and gpt-4.

• LLaMa2-7B/13B/70B (Touvron et al., 2023b):
A set of open-source models developed by Meta.

• Qwen-14B/72B (Bai et al., 2023b): This model
pre-trained on multilingual data, concentrates on
Chinese and English languages. We employ
both the Qwen-Base-14B, and the Qwen-Base-
72B.

• Baichuan2-13B (Baichuan, 2023): This model
demonstrates impressive performance in both
Chinese and English benchmarks.

• MetaMath-13B (Megill and Wheeler, 2019): A
domain-specific language model for mathemat-
ical reasoning, fine-tuned from the LLaMA-2
model using the MetaMathQA 5 dataset.

5https://huggingface.co/datasets/
meta-math/MetaMathQA

6827

https://huggingface.co/datasets/meta-math/MetaMathQA
https://huggingface.co/datasets/meta-math/MetaMathQA


Ang
lesArea

Circ
les

Clas
sif

yin
g &

 so
rtin

g

Coin
 na

mes 
& va

lue
Con

es

Coo
rdi

na
te 

pla
ne
Cub

es

Cyli
nd

ers

Deci
mals

Esti
mati

on
 &

 ro
un

din
g

Exc
ha

ng
ing

 m
on

ey

Frac
tio

ns

Ligh
t &

 he
av

y

Mixe
d o

pe
rat

ion
s

Mult
ipl

e

Num
eri

cal
 ex

prs

Patt
ern

s

Peri
mete

r

Plac
e v

alu
e

Pow
ers

Rati
on

al 
nu

mbe
r

Sph
ere

s

Sub
tra

cti
on

Tim
e

Tria
ng

les

Vari
ab

le 
ex

prs

Volu
me o

f 3
d s

ha
pe

s
Add

Com
pa

re
Cou

nt

Divi
sio

n

Equ
ati

on
s

Len
gth

Stat
ist

ics

Perc
en

ts

Poly
go

ns

Prob
ab

ilit
y

Prop
ort

ion
al

Qua
dri

lat
era

ls
Rati

o

Tem
pe

rat
ure

Volu
me

0

20

40

60

80

100

A
cc

ur
ac

y
MetaMath-13B LLaMA2-70B GPT-4

Figure 11: Concept accuracies on Elementary-EN.
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Figure 12: Concept accuracies on Elementary-ZH.

• WizardMath-13B (Luo et al., 2023): Another
domain-specific language model for mathemat-
ical reasoning, fine-tuned from the LLaMA-2
model using reinforcement learning.

• MAmmoTH-13B (Yue et al., 2023): This
model is specifically designed for general math
problem-solving and has been fine-tuned from
the LLaMA model using the MathInstruct 6

dataset. This dataset features training data
that includes both chain-of-thought (CoT) and
program-of-thought (PoT) rationales.

• Yi-6B/34B (Team, 2023b): This model released
by 01 shows promising performance results in
both Chinese and English.

• ChatGLM3-6B (Zeng et al., 2022): a
lightweight and high-performance pre-trained
dialogue model released by Zhipu AI in both
Chinese and English.

• InternLM-7B/20B (Team, 2023a): A Multilin-
6https://huggingface.co/datasets/

TIGER-Lab/MathInstruct

gual Language Model with Progressively En-
hanced Capabilities released by InternLM team.

• InternLM-Math-7B/20B (Team, 2023a): Well-
performed math reasoning language models.

• DeepSeekMath-7B (Shao et al., 2024): One
powerful mathematical language model released
by DeepSeek.

C Classifying questions by concept

We compute the accuracy and Mean Reciprocal
Rank7 (MRR) of two closed-source LLMs (i.e.,
GPT-3.5 and GPT-4) and five open-source LLMs
(LLaMA2-7B/13B, DeepSeekMath-7B, Qwen1.5-
7B/14B) in classifying each question by concept.

The calculation method is different for closed-
source and open-source methods. Specifically, for
the open-source LLMs, we follow the benchmark
processing on the MMLU dataset in the OpenCom-
pass project (Contributors, 2023) to use options
(i.e., A, B, ...) for labeling each concept and then
calculate the log-likelihood for each option as the
basis for ranking. For the closed-source LLMs
(i.e., GPT-3.5 and GPT-4), as we cannot obtain
the log-likelihood for each option and these closed-
source methods have strong abilities to follow in-
structions, we use a system prompt to make the
model output the relevant concepts the question
belongs to, where the rankings are obtained from
most to least relevant to the corresponding ques-
tion. After getting the ranked concepts using the
above methods, we calculate MRR and accuracy,
which is shown in Table 9 and Table 8.

D Details on the ConceptMath

As shown in Table 10, Table 11, Table 12 and Ta-
ble 13, we have provided the details on the three-
level hierarchical system of our ConceptMath for
better illustration.

E Details on 5-shot Prompts

We provide the 5-shot prompts for our Concept-
Math in Pages 17-20.

7https://en.wikipedia.org/wiki/Mean_
reciprocal_rank
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Figure 13: Concept accuracies on Elementary-EN of more models.
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Figure 14: Concept accuracies on Middle-EN of more models.
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Figure 15: Concept accuracies on Elementary-ZH of more models.
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Figure 16: Concept accuracies on Middle-ZH of more models.
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Models HuggingFace Link / OpenAI Model

ChatGLM3 ChatGLM3-6B https://huggingface.co/THUDM/chatglm3-6b
DeepSeekMath DeepSeekMath-7B https://huggingface.co/deepseek-ai/deepseek-math-7b-instruct
Baichuan2 Baichuan2-13B https://huggingface.co/baichuan-inc/Baichuan2-13B-Chat
MetaMath MetaMath-13B https://huggingface.co/meta-math/MetaMath-13B-V1.0
WizardMath WizardMath-13B https://huggingface.co/WizardLM/WizardMath-13B-V1.0
MAmmoTH MAmmoTH-13B https://huggingface.co/TIGER-Lab/MAmmoTH-13B

InternLM

InternLM-7B https://huggingface.co/internlm/internlm2-chat-7b
InternLM-20B https://huggingface.co/internlm/internlm2-chat-20b
InternLM-Math-7B https://huggingface.co/internlm/internlm2-math-7b
InternLM-Math-20B https://huggingface.co/internlm/internlm2-math-20b

Yi
Yi-6B https://huggingface.co/01-ai/Yi-6B-Chat
Yi-34B https://huggingface.co/01-ai/Yi-34B-Chat

LLaMA2
LLaMA2-7B https://huggingface.co/meta-llama/Llama-2-7b-chat-hf
LLaMA2-13B https://huggingface.co/meta-llama/Llama-2-13b-chat-hf
LLaMA2-70B https://huggingface.co/meta-llama/Llama-2-70b-chat

Qwen
Qwen-14B https://huggingface.co/Qwen/Qwen-14B-Chat
Qwen-72B https://huggingface.co/Qwen/Qwen-72B-Chat

GPT
GPT-3.5 gpt-3.5-turbo
GPT-4 gpt-4

Table 7: Model links.

Model Average Elementart-EN Middle-EN Elementart-ZH Middle-ZH

LLaMA2-7B 18.41 29.60 4.76 25.00 14.29
LLaMA2-13B 28.63 41.26 18.05 27.84 27.38
DeepSeekMath-7B 43.52 39.46 46.37 47.16 41.07
Qwen1.5-7B 42.32 47.98 48.12 38.07 35.12
Qwen1.5-14B 51.58 56.05 58.15 52.84 39.29

GPT-3.5 56.86 56.40 58.80 53.02 59.20
GPT-4 68.36 68.60 72.20 66.05 66.60

Table 8: The average accuracy of LLMs for classifying each question by concept.

Model Average Elementart-EN Middle-EN Elementart-ZH Middle-ZH

LLaMA2-7B 32.91 43.81 17.56 41.35 28.90
LLaMA2-13B 44.35 56.99 32.97 46.60 40.82
DeepSeekMath-7B 57.73 55.48 59.98 61.09 54.36
Qwen1.5-7B 56.58 61.43 58.62 56.57 49.68
Qwen1.5-14B 64.69 70.20 69.06 64.83 54.65

GPT-3.5 69.11 73.95 68.82 64.56 69.10
GPT-4 78.17 81.45 80.14 75.80 75.27

Table 9: The average MRR of LLMs for classifying each question by concept.
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Elementary-EN (5-shot prompts)

Q: For a party, Oscar gets 4 different kinds of soda. He buys a 6-pack of each kind. At home, he
divides the sodas evenly among 3 coolers. How many sodas are in each cooler?
A: Oscar buys 4 different kinds of soda, and he gets a 6-pack of each kind. This means that he
has 4 * 6 = 24 sodas in total. He divides these 24 sodas evenly among 3 coolers. So number of
sodas per cooler is 24 / 3 = 8. Therefore, the answer is 8.
Q: Amazing Animals Zoo is building a new home for its 8 zebras. Each zebra will get 2 acres of
grassy land to roam around in. The zebras will have a pond that covers 1 acre. How big will the
zebras’ new home be?
A: The total required grassland area for the zebras is: 8 zebras * 2 acres per zebra = 16 acres.
Then, we need to add the extra 1 acre for the pond: 16 acres (for the zebras) + 1 acre (for the
pond) = 17 acres. Therefore, the answer is 17.
Q: The state taxes personal income exceeding 3500 yuan (this portion not to exceed 3500 yuan)
at a rate of 3%. If Xiaoming’s father’s monthly salary is 4700 yuan, how much personal income
tax should Xiaoming’s father pay each month?
A: To calculate the amount of personal income tax Xiaoming’s father should pay, we can follow
this simple process: Subtract the tax-free threshold from the monthly salary. Taxable income =
Monthly salary - Tax-free threshold = 4700 - 3500 = 1200 yuan. Apply the tax rate to the amount
that exceeds the threshold. Tax owed = Taxable income ∗ Tax rate = 1200 * 3% = 36 yuan. There-
fore, the answer is 36.
Q: Find the 10th term in the arithmetic sequence where the first term is 3 and the common differ-
ence is 4.
A: To find the nth term in an arithmetic sequence, we can use the formula: an = a1+(n− 1) ∗ d,
where: an is the nth term, a1 is the first term, d is the common difference, n is the term number.
Given that the first term (a1) is 3 and the common difference (d) is 4, we can find the 10th term
(a10) by plugging these values into the formula: a10 = a1+(10−1)∗d = 3+9∗4 = 3+36 = 39.
Therefore, the answer is 39.
Q: A regular polygon has an interior angle of 156 degrees. How many sides does the polygon
have?
A: To find the number of sides of a regular polygon with a given interior angle, we can use the
formula: Interior Angle = [(n - 2) * 180] / n, where n is the number of sides. Given that interior
angle is 156: 156 = [(n - 2) * 180] / n. Solve for n, so we get n = 15. Therefore, the answer is 15.
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Middle-EN (5-shot prompts)

Q: g(x) = x2, f(x) = 3(x− 2)2, h(x) = g(x)− f(x), y = h(23), give me the value of y.
A: First, calculate g(23) and f(23): g(23) = 232 = 529. Next, calculate f(23):
f(23) = 3 ∗ (23 − 2)2 = 3 ∗ (21)2 = 3 ∗ 441 = 1323. Now, we calculate h(23):
h(23) = g(23)− f(23) = 529− 1323 = −794. Therefore, the answer is -794.
Q: What is the slope of the line segment between the two points: (3,1), (5,2)?
A: The slope of a line between two points (x1, y1) and (x2, y2) can be found using the formula:
slope(m) = (y2 − y1)/(x2 − x1). Given the two points (3, 1) and (5, 2), we can substitute these
values into the formula: slope(m) = (2− 1)/(5− 3) = 1/2 = 0.5. Therefore, the answer is 1/2.
Q: In a party, there are 5 cupcakes remaining and 10 children. A mother inserts 10 pieces of
paper into a hat, 5 with a cupcake image and 5 without. The children who draw the cupcake
paper will receive a cupcake. If the first child draws a paper with a cupcake image, what is the
probability that the second child will also draw a cupcake paper?
A: Initially, there are 5 cupcake papers and 5 non-cupcake papers in the hat, making a total of 10
papers. After the first child draws a cupcake paper, there are 4 cupcake papers and 5 non-cupcake
papers left in the hat, with a total of 9 papers. The probability that the second child will draw a
cupcake paper is then the number of cupcake papers left divided by the total number of papers
left: Probability = Number of cupcake papers left / Total number of papers left = 4/9. Therefore,
the answer is 4/9.
Q: What is the total area of an irregular polygon that consists of two squares and two rectangles
where the sides of the squares are 12 cm and 16 cm respectively, and the dimensions of the
rectangles are 13 cm by 20 cm and 10 cm by 7 cm respectively?
A: To find the total area of an irregular polygon consisting of two squares and two rectan-
gles, you would sum up the individual areas of each shape. The area of a square is given
by the formula A = s2, where s is the length of a side of the square. For the first square
with a side of 12 cm: A1 = 122 = 144 cm2. For the second square with a side of 16 cm:
A2 = 162 = 256 cm2. The area of a rectangle is given by the formula ( A = l ∗ w ), where l
is the length and w is the width of the rectangle. For the first rectangle with dimensions 13 cm
by 20 cm: A3 = 13 ∗ 20 = 260 cm2. For the second rectangle with dimensions 10 cm by 7 cm:
A4 = 10∗7 = 70 cm2. Total Area = A1+A2+A3+A4 = 144+256+260+70 = 730 cm2.
Therefore, the answer is 730.
Q: Susie is making invitations to her party this coming weekend. It takes her about 5 minutes to
make each invitation. It took her 2 hours to finish all the invitations. How many people is Susie
inviting?
A: First, convert the 2 hours into minutes to match the unit of time used for the invitation-making
process. 2 hours = 120 minutes. Then, divide the total time spent by the time it takes to make one
invitation to find out how many invitations she made: 120 minutes total / 5 minutes per invitation
= 24 invitations. Therefore, the answer is 24.
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Elementary-ZH (5-shot prompts)

Q:小文用量角器测量一个角的度数时，误把外圈刻度看成了内圈刻度，量出的角是 65°，
这个角实际是多少度？
A:量角器一般有两个圈的刻度，内圈刻度通常是顺时针方向从 0度到 180度，外圈刻度
通常是逆时针方向从 0度到 180度。如果小文误把外圈刻度看成了内圈刻度，那么测量
出的角度其实是从 180°减去错误读数。因此，实际的角度应该是：180°− 65° = 115°。因
此，答案是 115。
Q:小明以每小时 2千米的速度上山，到了山顶后立即以每小时 3千米的速度按原路返回。
求小明上下山的平均速度是多少千米？
A:要计算小明上下山的平均速度，我们需要知道他上山和下山所走的总距离以及总时间。
首先，总距离 =上山距离 +下山距离 = d + d = 2d千米。然后，计算总时间：上山时间 =上
山距离/上山速度 = d / 2小时，下山时间 =下山距离/下山速度 = d / 3小时，因此，总时间
=上山时间 +下山时间 = d / 2 + d / 3小时。最后，计算平均速度：平均速度 =总距离 /总
时间 = 2d / (d/2 + d/3) = 2d / (5d / 6) = 12 / 5 = 2.4千米/小时。因此，答案是 2.4千米/小时。
Q:一个礼盒长 20cm、宽 15cm、高 10cm，用彩带捆扎这样的一个礼盒，至少需要多长的
彩带？（接头处 12厘米）
A:要捆扎这样一个礼盒，通常情况下我们会沿着礼盒的长和宽方向各绕一圈，即绕过礼
盒的长和宽两次，然后再留一些长度作为接头。首先，计算沿着礼盒的长方向绕一圈的长
度：绕长方向长度 = (礼盒的长 +礼盒的高) * 2 = (20 + 10)* 2 = 30 * 2 = 60 cm然后，计算
沿着礼盒的宽方向绕一圈的长度：绕宽方向长度 = (礼盒的宽 +礼盒的高) * 2 = (15 + 10)*
2 = 25 * 2 = 50 cm最后，计算总需要彩带长度：总长度 =绕长方向长度 +绕宽方向长度 +
接头长度 = 60 + 50 + 12 = 122 cm。因此，答案是 122厘米。
Q:千岛湖大桥的一侧每隔 10米安装 1盏灯，共需 91盏（两端都装），现在改装 61盏（两
端都装），平均每相邻两盏灯之间的距离是多少米？
A:原来每隔 10米安装 1盏灯，共需 91盏，这意味着桥的总长度覆盖了 90个 10米的间
隔，所以桥的总长度 = 90间隔 * 10米/间隔 = 900米。现在改装 61盏灯（两端都装），也
就是说将这 900米分成 60个间隔（因为 61个灯包含了两端的灯，所以间隔数比灯的数量
少一个），每个间隔的长度 = 900米 / 60间隔 = 15米/间隔。因此，答案是 115米。
Q: a是 b的 3/4，则 a比 b少 ( )，b比 a多 ( )，b与 a的比是 ( )，如果 a、b两数的和是
210，则 a＝ ( )，b＝ ( )，括号处分别为多少？
A:已知 a是 b的 3/4，则 a = 3/4 * b。因此，a比 b少 (1-3/4)/1 = 1/4，b比 a多（1-3/4)/(3/4)
= 1/3，b与 a的比为 b : (3/4 * b) = 4:3。 若已知 a、b两数的和是 210，则 a+b = 210，将
a = (3/4) * b代入方程得到：3/4 * b + b = 210，解得 b = 120，a = 3/4 * b = 3/4 * 120 = 90。
因此，答案分别是 1/4，1/3，4:3，90，120。
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Middle-ZH (5-shot prompts)

Q:求不等式 −x2 − 2x+ 8 > 0的解集?
A: −x2 − 2x+ 8 > 0,通过分解因式方式，得到 −(x− 2)(x+ 4) > 0因此，答案是 (-4, 2)。
Q:已知函数 y = 2x+ 3与的图象 y = −1/2x+m交 y轴于点 A、B，两函数图象的交点
为 P(n,-2)，求 m和 n的值？
A:两函数图像交点为 P(n,-2)，意味着这个点同时满足上述两个函数方程：将 P点的坐标
(n,-2)代入函数 y = 3x+3，即 −2 = 3n+3，解得 n = −5/2。将 P点坐标 (-5/2,-2)代入函
数 y = −1/2x+m，即 −2 = −1/2 ∗ (−5/2)+m，解得 m=-13/4。因此，答案是 m为-13/4，
n为-5/2。
Q:已知 PA是圆 O的切线，A为切点，PC与圆 O相交于 B、C两点，PB=2cm，BC=8cm，
则 PA的长是多少厘米？
A:由于 PA是圆 O的切线，根据切割线定理，我们知道从圆外一点引圆的两条割线，这
一点到每条割线与圆的交点的两条线段长的积相等，即 PA2 = PC ∗ PB ,已知 PB=2cm、
BC=8cm，则 PC = PB+BC = 2cm+8cm = 10cm。PA2 = PC ∗PB = 10 ∗ 2 = 20，解
得 PA = 2

√
5cm。因此，答案是 2

√
5厘米。

Q:南宋著名数学家杨辉精研数学，著有《详解九章算法》，对数的运算进行了深入研究
与总结，类比其中的思想方法，可以解决很多数与式的计算问题已知 a，b 为实数，且
a+b = 3, ab = 1，计算可得：a2+b2 = 7，a3+b3 = 18，a4+b4 = 47，由此求 a5+b5得多少？
A:已知 a+b = 3和 ab = 1，可得：a2+b2 = (a+b)2−2ab = 32−2∗1 = 9−2 = 7a3+b3 =
(a+b)(a2−ab+b2) = 3(7−1) = 3∗6 = 18a4+b4 = (a2+b2)2−2a2b2 = 72−2∗12 = 49−2 =
47a5+b5 = (a+b)(a4−a3b+a2b2−ab3+b4) = 3(a4+b4−a2b2) = 3(47−1) = 3∗46 = 138。
因此，答案是 138。
Q:某单位要招聘 1名英语翻译，甲、乙两人报名参加了听、说、读、写等项素质测试，甲
的成绩分别为：90分、80分、85分、78分；乙的成绩分别为：78分、82分、85分、88
分．如果把听、说、读、写的成绩按 2 : 2 : 3 : 3计算素质测试平均成绩，那么甲和乙的平
均成绩分别是多少？
A:甲的平均成绩为 (90∗2+80∗2+85∗3+78∗3)/(2+2+3+3) = (180+160+255+234)/10 =
829/10 = 82.9分，乙的平均成绩为 (78 ∗ 2 + 82 ∗ 2 + 85 ∗ 3 + 88 ∗ 3)/(2 + 2 + 3 + 3) =
(156 + 164 + 255 + 264)/10 = 839/10 = 83.9分。因此，答案是甲的平均成绩是 82.9分，
乙的平均成绩是 83.9分。
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LEVEL1 LEVEL2 LEVEL3 # Samples

Calculation & Properties

Calculation

Add 19
Decimals 20
Division 19

Equations 18
Fractions 16

Mixed Operations 18
Multiple 18

Numerical Expressions 20
Place Value 16

Powers 20
Rational Number 17

Subtraction 19
Variable Expressions 19

Properties

Compare 20
Count 18

Estimation & Rounding 20
Patterns 19

Geometry

Angles Angles 17

Coordinate Plane Coordinate Plane 18

Three-dimensional Shapes

Cones 17
Cubes 20

Cylinders 17
Spheres 17

Volume of 3D shapes 18

Two-dimensional Shapes

Circles 17
Perimeter 19
Polygons 18

Quadrilaterals 17
Triangles 18

Measurement

Basic Knowledge Temperature 19
Time 20

Money Coin Names & Value 17
Exchanging Money 17

Ratio
Percent 17

Proportion 18
Ratio 19

Size
Area 19

Length 20
Volume 20

Weight Light & Heavy 20

Statistics
Classifying & Sorting Classifying & Sorting 17

Data Mode/Mean/Median/Range 19

Probability Probability 16

Table 10: Details of the hierarchical concepts in Elementary-EN.
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LEVEL1 LEVEL2 LEVEL3 # Samples

Calculation

Basic Calculation

Add & Subtract 20
Decimals 19

Divide 19
Exponents & Scientific Notation 16

Fractions & Decimals 18
Multiply 18

Square Roots & Cube Roots 20

Consumer Math Consumer Math 18

Financial Literacy Financial Literacy 19

Integers Absolute Value 18
Opposite Integers 20

Measurement Measurement Metric 19

Number Theory
Factors 20

Prime Factorization 19
Prime or Composite 18

Percents Percents 20

Rational & Irrational Numbers Rational & Irrational Numbers 18

Ratios & Rates Proportional Relationships 18

Sequences Arithmetic Sequences 19
Geometric Sequences 18

Expressions,
equations,

and functions

Equations Linear Equations 20
Systems of Equations 18

Expressions
Equivalent Expressions 20

Radical 17
Variable 18

Function

Domain & Range of Functions 18
Interpret Functions 19
Linear Functions 20

Nonlinear Functions 18

Inequalities Inequalities 19

Geometry

Congruence & Similarity Congruence & Similarity 19

Coordinate Plane
Axes 17

Distance Between Two Points 19
Quadrants 16

Scale Drawings Scale Drawings 16

Slope Slope 20

Three-dimensional Figures Polyhedra 19
Surface Area & Volume 17

Transformations Transformations 18

Two-dimensional Figures

Circle 20
Lines & Angles 18

Perimeter & Area 20
Polygons 18
Square 18

Trapezoids 16
Triangle 18

Statistic
and Probability

Data
Center & Variability 18

Mean, Median, Mode & Range 19
Outlier 20

One-variable Statistics One-variable Statistics 19

Probability

Counting Principle 16
Independent & Dependent Events 16

Make Predictions 17
Probability of Compound Events 16

Probability of One Event 17
Probability of Simple and Opposite Events 19

Two-variable Statistics Two-variable Statistics 18

Table 11: Details of the hierarchical concepts in Middle-EN.
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LEVEL1 LEVEL2 LEVEL3 # Samples

几何
(Geometry)

平面图形
(Two-dimensional shapes)

三角形 (Triangles) 20
圆 (Circle) 20

平行四边形 (Parallelogram) 20
梯形 (Trapezium) 20
正方形 (Square) 20

平面图形综合 (Synthesis Problem) 20
角 (Angle) 20

长方形 (Rectangle) 20

立体图形
(Three-dimensional Shapes)

圆柱 (Cylinder) 20
正方体 (Cube) 20

立体图形综合问题 (Synthesis Problem) 20
长方体 (Cuboid) 20

应用
(Application)

基础 (Fundamental Problem)

和差倍问题 (Add & Differential & Multiple) 20
基础 (Basics) 21

差倍问题 (Differential) 20
归一问题 (Normalization) 20
归总问题 (Induction) 20

经典问题 (Classical Problem)

利息问题 (Interest) 20
周期问题 (Period) 10
对折问题 (Folding) 20
工程问题 (Engineering) 20
年龄问题 (Age) 20
折扣问题 (Discount) 20
植树问题 (Planting) 20
税率问题 (Tax) 15

还原问题 (Reduction) 20
页码问题 (Pagination) 20

鸡兔同笼问题 (Chickens & Rabbits in the Same Cage) 20

路程问题 (Distance Problem)
相遇问题 (Encounter) 20
行程问题 (Travel) 20
追击问题 (Pursuit) 20

度量与统计
(Measurement
and Statistics)

度量 (Measurement)

人民币问题 (RMB) 9
时间问题 (Time) 20

浓度问题 (Concentration) 20
温度问题 (Temperature) 6
面积问题 (Area) 17

统计 (Statistics)
排列组合 (Permutation) 20

统计指标 (Statistical Metrics) 20
规律 (Law) 18

数与代数
(Number

and algebra)

分数运算 (Fractional Operation)

分数与小数 (Fraction & Decimal) 20
分数应用 (Fractional Application) 20
分数运算 (Fractional Operation) 20
最简分数 (Simplest Fraction) 16

因数与倍数 Factors & Multiples

公倍数问题 (Common Multiples) 16
公约数问题 (Common Divisors) 11

因数问题 (Factor) 20
因数与倍数综合问题 (Synthesis Problem) 11

质数问题 (Prime Number) 9

基础运算 (Basic Operation)

乘法问题 (Multiplication) 20
倒数问题 (Reciprocal Problem) 16
四则运算 (Four-rule Operation) 20

新运算定义 (New Operation Definition) 20
方程问题 (Equation) 20
除法问题 (Division) 20

比 (Ratio)

倍数问题 (Multiple) 20
概率问题 (Probability) 20
比例问题 (Proportion) 20
百分率问题 (Percentage) 20

Table 12: Details of the hierarchical concepts in Elementary-ZH.
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LEVEL1 LEVEL2 LEVEL3 # Samples

几何
(Geometry)

三角形 (Triangle)

全等三角形 (Congruent Triangle) 20
勾股定理 (Pythagorean Theorem) 20
等腰三角形 (Isosceles Triangle) 20
等边三角形 (Equilateral Triangle) 20

四边形 (Quadrilateral) 平行四边形 (Parallelogram) 20
梯形 (Trapezium) 20

圆 (Circle)

圆周角 (Angle of Circumference) 20
圆心角 (Angle of Center) 20

垂径定理 (Vertical Path Theorem) 20
弧长和扇形面积 (Arc length & Sector Area) 20
正多边形和圆 (Regular Polygons & Circles) 20

点线圆位置关系 (Relations of Point, Line & Circle) 20

立体图形
(Three-dimensional Shapes) 圆锥 (Cone) 20

函数
(Function)

一次函数 (Linear Function)

函数与一元一次方程
(Univariate Function & Equation) 20

函数与一元一次不等式
(Linear Functions & Univariate Linear Inequalities) 20

一次函数与二元一次方程组
(Linear Functions & System of Binary Linear Equations) 20

正比例函数 (Proportional Function) 20
一次函数解析式

(Analytical Formula of Linear Functions ) 20

二次函数 (Quadratic Function)
二次函数的应用

(Applications of Quadratic Functions) 20

抛物线的性质
(Properties of Parabolas) 18

反比例函数
(Inverse Proportional Function)

定义 (Definition) 20
应用 (Applications) 20
性质 (Properties) 19

平面直角坐标系
(Rectangular Coordinate System)

有序数对 (Ordered Pair) 20
象限中的点 (Points of Quadrant) 14

数与式
(Number

and Expression)

代数式 (Algebra Expression) 代数式求值 (Algebraic Expression Evaluation) 20
同类项 (Similar Items) 20

分式 (Fraction) 指数幂 (Exponential Power) 20
约分 (Fraction Reduction) 19

因式 (Factor) 十字相乘法 (Cross Multiplication) 20
公因式提取 (Common Factor Extraction) 18

应用 (Application) 流水问题 (Flow Problem) 20
鸽巢问题 (Pigeon Nest Problem) 20

整式 (Integral Expression)
乘法公式 (Multiplication) 20

整式的乘除及混合 (Multiplication, Division & Mixing) 20
整式的加减 (Addition & Subtraction) 20

无理数 (Irrational Number) 无理数识别 (Irrational Number Recognition) 20

根式 (Radical Expression)

二次根式的运算 (Operation of Quadratic Radicals) 20
同类二次根式 (Similar Quadratic Radicals) 20

平方根与算术平方根 (Square Root & Arithmetic Square Root) 20
立方根 (Cube Root) 20

方程与不等式
(Equations & Inequalities)

一元一次方程
(Linear Equation in One Variable)

一元一次方程的应用 (Applications) 20
解一元一次方程 (Solutions) 20

一元二次方程
(Quadratic Equation in One Variable)

一元二次方程的应用 (Applications) 20
解一元二次方程 (Solutions) 20

不等式与不等式组
(Inequalities & Groups of Inequalities)

一元一次不等式的应用 (Applications of Unary First Order Inequality) 20
一元一次不等式组的应用 (Applications of Unary First Order Groups of Inequalities) 20

解一元一次不等式 (Solve the First Inequality of One Variable) 20
解一元一次不等式组 (Solve Unary First Order Groups of Inequalities) 20

分式方程 (Fractional Equation) 分式方程的应用 (Application of Fractional Equation) 20
解分式方程 (Solve Fractional Equation) 20

统计与概率
(Statistics and

Probability)

数据分析 (Data Analysis) 数据的波动趋势 (Fluctuating Trend of Data) 20
数据的集中趋势 (Central Tendency of Data) 20

概率 (Probability)
概率的应用 (Applications of Probability) 20

求概率 (Find Probability) 20
随机事件与概率 (Random Events & Probabilities) 20

Table 13: Details of the hierarchical concepts in Middle-ZH.
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