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Abstract

In  th is  a rtic le  we focus on som e restric tions we m ay im pose on  Tree H om om orphic 
F ea tu re  S tru c tu re  G ram m ar (THFSG) regard ing  th e  em pty  strin g . A fter defin ing  the  
re s tric tio n s , we prove som e closure p ro p erties  of th e  two new classes of languages these 
re s tr ic tio n s  give us. F u rtherm ore , we estab lish  th a t  th e  m em bersh ip  prob lem  is PSPA C E - 
com plete  for THFSGs w ithou t em p ty  p ro d u c tio n s in  th e  ph rase  s tru c tu re  ru les.

1 Introduction and some definitions
In  m a n y  l in g u is tic  th e o r ie s  th e  e m p ty  s t r in g  p la y s  th e  p ro m in e n t ro le  o f  th e  e m p ty  ca teg o ry . 
T h is  is a lso  th e  ca se  fo r e a r ly  L e x ic a l-F u n c tio n a l G ra m m a r  (L F G ) [K B82]. H ow ever, la te r  th e  
u se  o f  th e  e m p ty  c a te g o ry  in  L F G  h a s  b e e n  q u e s tio n e d . K a p la n  a n d  Z ae n en  [KZ89] a rg u e  th a t  
b y  th e  in t r o d u c t io n  o f  fu n c tio n a l u n c e r ta in ty  ( im p le m e n te d  as re g u la r  ex p re ss io n s  in  e q u a tio n  
sc h e m a ta )  th e re  is  n o  p la c e  fo r  th e  e m p ty  c a te g o ry  in  L F G . G ra ra m a tic a l i ty  is en fo rc e d  th ro u g h  
th e  c o m p le te n e s s , co h e re n ce  a n d  c o n s is te n ce  c o n s tr a in ts  on  th e  fu n c tio n a l s t r u c tu re .  B re sn an  
[Bre95] o n  th e  o th e r  s id e , a rg u es  a g a in s t th is  v iew . W ith  n o  in te n tio n  o f  g o in g  in to  th is  
d isc u ss io n , w e m a y  a t  le a s t  say  th a t ,  fro m  a  lin g u is tic  p o in t o f  v iew , i t  r e m a in s  a  m a t te r  
o f  d i s p u te  w h e th e r  th e  e m p ty  c a te g o ry  is n e e d e d  in  L F G -lik e  g ra m m a rs  w h ich  a llo w  re g u la r  
ex p re ss io n s  in  th e  e q u a t io n  s c h e m a ta .

F ro m  a  m o re  te c h n ic a l p e rsp e c tiv e , th e  e m p ty  s t r in g  re q u ire s  sp ec ia l c a re  w ith  re s p e c t to  
p a rs in g : T h e  q u e s t io n  is , w h en  d o  w e in tro d u c e  a n  e m p ty  c a te g o ry /s tr in g ?  E v e n  i f  i t  so u n d s  a  
b i t  o v e rw h e lm in g , w e m a y  in tro d u c e  an  u n lim ite d  n u m b e r  o f  e m p ty  c a teg o rie s  a l l  o v e r th e  s tr in g . 
T h is  is  a  p ro b le m  e .g . fo r  b o t to m -u p  p a rs in g . B o th  th e  lin g u is tic  a n d  th e  te c h n ic a l p e rsp ec tiv e s  
m a ie  i t  in te r e s t in g  to  s tu d y  g ra m m a r  fo rm a lism s  w ith  re sp e c t to  th e  e m p ty  s tr in g .

T re e  H o m o m o rp h ic  F e a tu re  S tru c tu r e  G ra m m a r  (T H FSG ) [B ur97b] is a n  L F G -lik e  fe a tu re  
s t r u c tu r e  g r a m m a r  fo rm a lis m  w h ich  m a y  allo w  re g u la r  ex p ress io n s  in  th e  e q u a t io n  sch em a ta .^

*This article is a short version of [Bur98].
^In [Bur97a] it was proved that we may introduce regular expressions in the equation schemata for THFSG 

without extending the class of languages described.
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A s L F G , i t  h a s  a  c o n te x t- f re e  p h ra se  s t r u c tu re  b a c k b o n e  a n d  i t  a llow s th e  e m p ty  s t r in g  o n  th e  
r ig h t h a n d  s id e  in  th e  p h ra s e  s tru c tu re  ru les . In  th e  w o rk  p re se n te d  here , we s tu d y  th e  c lasses 
o f  la n g u a g e s  w e g e t b y  m a k in g  tw o  d iffe ren t r e s tr ic tio n s  re g a rd in g  th e  e m p ty  s tr in g .  F i r s t  we 
define  th e  c la ss  o f  la n g u a g e s  we g e t b y  ju s t  rem o v in g  th e  e m p ty  s tr in g  fro m  th e  la n g u ag es  
d efin ed  b y  THFSG. T h e n  we define a  sp e c ia l v ers io n  o f  THFSG in  w hich  we d o  n o t  a llo w  th e  
e m p ty  s t r in g  in  th e  p h ra s e  s t r u c tu re  ru le s , th e  so -ca lled  e -free  THFSG. B u t f irs t, so m e  w ords 
a b o u t  THFSG itse lf .

1.1 Tree Homomorphie Feature Structure Grammar
THFSG w as in t ro d u c e d  b y  B u rh e im  in  [B ur97b]. I t  is b a se d  o n  L ex ical F u n c tio n a l G ra m m a r  
[K B 82, D K M Z 95] a n d  w o rk  b y  C o lb an  [Col91]. T h e  fo rm a lism  h a s  a  co n tex t-free  p h ra s e  s tru c ­
tu r e  b a c k b o n e  a n d  a d d  e q u a tio n s  to  th e  n o d es  in  th e  p h ra s e - s tru c tu re  t re e  as is  d o n e  in  L F G . 
T h e se  e q u a t io n s  d e s c r ib e  fe a tu re  s tru c tu re s .  In  th e  fo rm a l fram ew o rk  th e re  a re  tw o  m a in  d if­
ferences fro m  L F G : F i r s t ,  d u e  to  a  re s tr ic tio n  t h a t  is im p o se d  on  th e  eq u a tio n s  in  th e  g ra m m a r, 
th e  re fe rre d  p a r t  o f  t h e  fe a tu re  s t r u c tu re  is a  t re e  w h ich  in c lu d es  a  h o m o m o rp h ic  im a g e  o f 
th e  p h ra s e  s t r u c tu r e  t r e e .  O n  th e  o th e r  s id e , w ith  th is  re s tr ic t io n  w e d o  n o t n e e d  th e  off-line 
p a r s a b il i ty  c o n s tr a in t  to  m a k e  th e  g ra m m a r  d ec id ab le .

W e g iv e  a  b r ie f  in t ro d u c t io n  to  TH FSG . S ince i t  is b a se d  on  fe a tu re  s tru c tu re s  we w ill s t a r t  
w ith  a n  in fo rm a l d e f in i t io n  o f  fe a tu re  s tru c tu re s .

A  fe a tu r e  s tr u c tu r e  o v er a  s e t o f  a t t r ib u t e  sy m b o ls  A  a n d  v a lu e  sy m b o ls  V  is a  fo u r- tu p le  
(Q j I d , 5 ,6) w h e re  Q  is a  f in ite  se t o f  no d es, f o :  D  Q 'l s a  fu n c tio n , ca lled  th e  n a m e  m a p p in g , 
5 : ( 3 x . 4 . —̂ Q i s a  p a r t i a l  fu n c tio n , ca lled  th e  t r a n s i t io n  fu n c tio n , a n d  6 : Q  V  is a  p a r t ia l  
fu n c tio n  c a lle d  th e  a to m ic  v a lu e  fu n c tio n . W e e x te n d  th e  tra n s i t io n  fu n c tio n  b y  i t s  tr a n s i t iv e  
a n d  reflex ive c lo su re  to  b e  a  fu n c tio n  fro m  p a irs  o f n o d e s  a n d  s tr in g s  o f  a t t r ib u t e  sy m b o ls , a n d  
w e a ssu m e  t h a t  D  is im p lic it  defined  by  / .  A  fe a tu re  s t r u c tu r e  is w ell defined  i f  i t  is d ^ c r ib a b le  
(from  n a m e d  n o d e s ) ,  a cy c lic  a n d  a to m ic .

THFSG u ses  e q u a t io n s  to  ta lk  a b o u t  fe a tu re  s t r u c tu re s ,  su ch  t h a t  a  fe a tu re  s t r u c tu r e  m ay  
o r  m a y  n o t  s a tis fy  e a c h  e q u a tio n . A  fe a tu re  s t r u c tu r e  sa tis fie s  th e  e q u a tio n  X iU i =  X2 i f  a n d  
o n ly  i f  u i )  =  / ( X 2 ), a n d  th e  e q u a tio n  X3 U3 =  u i f  a n d  o n ly  i f  a {6 { f { x 3), U3 )) =  v ,  w h ere
x i , X 2,X 3 e  D , u i ,U 3 E A *  a n d  u e  V. T h ese  p a th  a n d  v a lu e  e q u a tio n s  a re  th e  o n ly  k in d  o f 
e q u a tio n s  w e u se  in  THFSG. T h e  w ell d e fin ed  fe a tu re  s t r u c tu r e  M  sa tisfies  th e  s e t  o f  e q u a tio n s  
E ,  if  a n d  o n ly  i f  M  sa tis f ie s  ev e ry  e q u a tio n  in  E .

A  T ree H o m o m o r p h ic  F ea tu re  S tru c tu re  G ra m m a r,  T H F S G , over th e  s e t o f  a t t r ib u t e  sy m b o ls  
A  a n d  v a lu e  s y m b o ls  V , is  a  5 - tu p le  {JC, S ,  E , V ,  C ) w h e re  JC a n d  E  a re  tw o  f in ite  a n d  d is jo in t 
s e ts  o f  sy m b o ls , c a lle d  c a te g o r ie s  a n d  te rm in a ls ,  a n d  S  E  fC is  th e  s t a r t  sy m b o l. M o reo v er V  is 
a  f in ite  s e t  o f  p r o d u c t io n  ru le s

E l
(1)

Er,

w h ere  m > l ,  A q, ..., E  JC, a n d  fo r ev ery  i,  1 < i  <  m ,  is E i a. fin ite  se t w ith  o n e  a n d  on ly  
o n e  e q u a t io n  s c h e m a  o n  th e  fo rm  t  « 1  = i  w h ere  U\ E  A * ,  a n d  a  fin ite  n u m b e r  o f  e q u a tio n  
s c h e m a ta  o n  th e  fo rm  ■[ U2 =  v  w h ere  U2  E A~^ a n d  v  e V .  A t la s t  £  is a  f in ite  s e t  o f  lex ico n
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rules

t
E

(2)

w te r e  A  €  /C, i  G (S  U {e} ), a n d  E  is a  f in ite  s e t o f e q u a tio n  s c h e m a ta  on th e  fo rm  f  ^ 3  =  n 
w h e re  a n d  v ^ V .

T h e  c o n s t i tu e n t  s t r u c tu r e  (c - s tru c tu re )  is a  p h ra s e  s tn ic tu r e  tr e e  d e c o ra te d  w ith  sym bo ls 
a n d  e q u a t io n  s c h e m a ta  s e ts  a c c o rd in g  to  th e  p ro d u c tio n  a n d  le x ico n  ru le s  th e  u su a l way. A s 
in  L F G , th e  u p  a n d  dow n  a rro w s  in  th e  e q u a tio n  s c h e m a ta  a re  m e ta v a r ia b le s . T o  in s ta n t ia te  
t h e  a r ro w s  w e s u b s t i tu te  th e m  w ith  n o d e s  in  th e  c -s tru c tu re , w hich  th e n  b eco m e  th e  n a m e  
d o m a in  in  th e  n a m e  m a p p in g  fu n c tio n . T h is  fu n c tio n  is th e n  a  m a p p in g  fro m  th e  n odes in  th e  
c - s t r u c tu r e  to  th e  n o d es  in  th e  f e a tu re  s t r u c tu re .  A  c -s tru c tu re  is fe a tu r e  c o n s is te n t  i f  an d  o n ly  
i f  th e  u n io n  o f  a ll  th e  e q u a tio n s  in  th e  c - s t ru c tu re  is sa tisfied  by a  w ell d e fin e d  fe a tu re  s tru c tu re .

2 THFSG and £

I n  t h i s  s e c tio n  we s tu d y  so m e re la tio n s  b e tw e e n  d iffe ren t re s tr ic tio n s  we m a y  im p o se  on TH FSG  
r e g a r d in g  th e  e m p ty  s tr in g  e  a n d  so m e  c lo su re  p ro p e r tie s  o n  th e  c lasses  o f  la n g u ag es  we g e t 
w h e n  im p o s in g  th e se  re s tr ic tio n s . T w o  re s tr ic tio n s  m ay  b e  im p o se d : th e  a b se n c e  o f  th e  e m p ty  
s t r in g  in  th e  g ra m m a r  a n d  th e  a b se n c e  o f  th e  e m p ty  s tr in g  in th e  la n g u a g e  g e n e ra te d . L e t us 
s t a r t  w i th  th e  d e fin itio n ;

D efin ition 1

•  £ - f r e e  f o r m :  A  T H FSG  is  in  e - fr e e  fo r m  i f  a n d  o n ly  i f  th e  e m p ty  s tr in g  e  does n o t occur  
o n  th e  r ig h t h a n d  s id e  in  a n y  le x ico n  ru le  in  the  g ra m m a r.

•  E-free T H F S G - la n g u a g e s :  T h e  class o f  e -free  T H fS G -la n g u a g e s ,
C (T H F S G )^ , is  d e fin ed  as

C (T H F S G )^  =  { L €  C (TH FSG ) \ e ^ L }

T H F S G s in  e -fre e  fo rm  o n ly  h av e  lex ico n  ru le s  as

A t
E

(3)

w h e re  i  is  a  sy m b o l in  th e  a lp h a b e t  E ,  a n d  n o t  th e  e m p ty  s tr in g . T H F S G s in  e -free  fo rm  a re  
a lm o s t  id e n t ic a l  to  th e  g ra m m a r  fo rm a lism  G F l  d efin ed  by  C o lb a n  [Col91]. T h e  o n ly  d ifference 
is  t h a t  G F l  o n ly  a llow s p a th  e q u a t io n  s c h e m a ta  o n  th e  fo rm s t= 4 -  a n d  t  n  = i  w here  a  is a  
s in g le  a t t r i b u t e  S3T nbol. T h is  r e s tr ic t io n  o n  a t t r ib u t e  s tr in g s  in  G F l  is u se d  in  a  n o rm a l form ^ 
fo r  T H F S G  [B ur97b]. F o llo w in g  th e  lin e s  in  th e  p ro o f  o f n o rm a l fo rm , i t  is ea sy  to  see t h a t  
w e  m a y  r e w r i te  a n y  g ra m m a r  w ith  lo n g e r  a t t r ib u t e  s tr in g s  in to  a n  e q u iv a le n t g ra m m a r  w ith  
a t  m o s t  o n e  s in g le  a t t r ib u t e  sy m b o l in  eac h  p a th  e q u a tio n  sch em a , w ith o u t  v io la tin g  th e  e -free  
r e s t r ic t io n .  H en ce  th e  e -free  T H FSG  d e s c r ib e  th e  sa m e  c lass  o f la n g u a g e s  a s  C o lb a n ’s G F l .

^This normal form also requires exactly two elements on the right hand side in the production rules
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W h e n  s tu d y in g  c lasses o f  la n g u a g e s , we o f te n  w a n t to  s tu d y  w h a t  h a p p e n s  w h en  we im p o se  
d iffe re n t a lg e b ra ic  o p e ra t io n s  o n  a  c lass, i.e . we w a n t to  s tu d y  i t s  c lo su re  p ro p e r tie s .  In  th is  
c o n te x t ,  t r io s  a n d  A b s t r a c t  F am ilie s  o f  L a n g u a g es  (A F L ) a re  o f  p a r t ic u la r  in te re s t .  B u t be fo re  
w e go  in to  d e ta ils  o n  tr io s  a n d  A F L ’s, le t  u s  c la r ify  w h a t  we m e a n  b y  a  class  o f  la n g u ag es . A 
c la ss  o f  la n g u a g e s  is  a  s e t o f  la n g u a g e s  Cr o v er a  c o u n ta b le  s e t o f  sy m b o ls  F , su c h  t h a t  fo r each 
la n g u a g e  L  €  Ct  th e re  ex is ts  a  f in ite  a lp h a b e t  E  C  F  su ch  th a t  L  C  E*. A  c la ss  o f  lan g u ag es 
g iv en  b y  a  g ra m m a r  fo rm a lism  C r { G ^ )  is a  c lass  o f  la n g u ag es  su ch  th a t  fo r e ac h  la n g u ag e  L '  in  
C r{G J^) th e re  e x is ts  a  g ra m m a r  G  in  G T  su ch  t h a t  L {G )  =  L ',  a n d  for each  g r a m m a r  G  in  Q T  
L { G )  is  in  Ci‘{ Q T ) .  In  th e  re s t o f  th is  p a p e r  w e a s su m e  th a t  F  is g iv en  a n d  o m it  F  as su b sc rip t.

A  tr io  is a  c lass  o f  la n g u a g e s  closed  u n d e r  e -free  h o m o m o rp h ism , in v e rse  h o m o m o rp h ism , 
a n d  in te r s e c t io n  w ith  re g u la r  la n g u ag es . A  fu l l  tr io  is a  class o f  lan g u ag es  c lo sed  u n d e r  a r ­
b i t r a r y  h o m o m o rp h is m , in v e rse  h o m o m o rp h ism , a n d  in te rse c tio n  w ith  re g u la r  la n g u ag es . B y 
in te r s e c tio n  w ith  re g u la r  la n g u a g e s , we m e a n  th e  t r a d i t io n a l  b in a ry  se t th e o re tic  o p e ra t io n . A 
s tr in g  h o m o m o r p h is m  is a  fu n c tio n  h  : A *  su ch  th a t  fo r ev ery  w  €  A *  a n d  a  G A  we
h av e

h{e)  =  e  

h { a w )  =  h { a ) h { w )
(5)

(6)

A  h o m o m o rp h is m  is e -free  if  h ( a )  ^  e  fo r a ll a ^  £. T h e  s t r in g  h o m o m o rp h ic  im ag e  o f a 
la n g u a g e  L  C  A * u n d e r  a  s tr in g  h o m o m o rp h ism  h  : A* —> E* is th e  la n g u ag e  { h { w )  [ w  6  L } .  
T h e  in v e rse  s t r in g  h o m o m o rp h ic  im ag e  o f  a  la n g u a g e  L '  C  E* is th e  la n g u ag e  {iz; | h {w )  G L'} .

A n  A b s tr a c t  F a m ily  o f  L ang u a g es  is a  tr io  w h ich  is also  clo sed  u n d e r  c o n c a te n a tio n , u n io n , 
a n d  p o s it iv e  c lo su re . A  fu l l  a b s tr a c t  fam ily  o f la n g u ag es  is a  fu ll tr io  closed  u n d e r  co n ca te ­
n a t io n ,  im io n , a n d  K leen e  c lo su re . B y  u n io n  we m e a n  th e  t r a d i t io n a l  b in a ry  s e t- th e o re tic  
o p e ra t io n .  T h e  c o n c a te n a t io n  o f  tw o  la n g u a g e s  L i  a n d  L i ,  is th e  la n g u a g e  {w \W 2 | w i €  
L i  a n d  G L f ) .  B y  p o s itiv e  c lo su re  o f  a  la n g u a g e  L  we m e a n  th e  la n g u a g e  { w i . . . W n  \ 
n  >  1 a n d  W i , . . . , W n  G L } ,  a n d  b y  K leen e  c lo su re  o f  a  la n g u a g e  L  we m e a n  th e  la n g u ag e  
{ u ; i . . - TUn I >  0 oTid W i , . . . , W n  G L } .  T h e  o n ly  d ifference b e tw een  K leen e  c lo su re  a n d  th e  
p o s it iv e  c lo su re  is th e  e m p ty  s t r in g  in  K leen e  c lo su re .

T o  sh o w  t h a t  a  c lass  o f la n g u a g e s  is a  fu ll tr io , i t  is suffic ien t to  show  c lo su re  u n d e r  N F T - 
m a p p in g . T h is  d u e  to  th e  fa c t t h a t  th e  N F T -im a g e  o f  a  class o f la n g u ag es  g ives u s  th e  le a s t full 
t r io  c o n ta in in g  th e  c lass  [G in75]. I f  we r e s t r ic t  th e  N F T -m a p p in g  to  e -free  m a p p in g s , we ge t 
th e  le a s t  t r io .  A  N o n d e te r m in is t ic  F in i te  T ra n sd u ce r  (N F T ) is a  6 - tu p le  M  =  {Q , A , E , 6, <7o, F )  
w h e re  Q  is  a  f in ite  s e t  o f  s ta te s ,  A  is ein in p u t- a lp h a b e t ,  E  is a n  o u tp u t - a lp h a b e t ,  <5 is a  fu n c tio n  
fro m  (5 X (A  LI { e} ) to  f in ite  s u b se ts  o f  Q  x  E*, go ^  Q  is th e  in i t ia l  s ta te ,  a n d  F  C  Q  is a  s e t  of 
fin a l s ta te s .  A n  N F T  is e -free  i f  is a  fu n c tio n  fro m  Q  x  (A  U { s} )  to  f in ite  s u b s e ts  o f  Q  x  E'*'. 
W e e x te n d  th e  tr a n s fo rm a tio n  fu n c tio n  5  a s  follow s: (1) F o r ev ery  q G Q , { q ,e )  €  (2)
I f  (q2, x )  G 6 { q i , w )  a n d  (q3, y )  e _ ^ q 2, a ) ,  th e n  (q s^xy )  G S { q i ,w a )  fo r e v e ry  q i , q 2,qs  e  Q,  

a  G ( A U  { e } ) , a n d  w  E  A *. L e t N ^ F F  b e  th e  s e t  o f  N F T s , a n d  A /lFT  b e  th e  s e t  o f  e -free  N F T s.
F o r  a n y  N F T  M  =  (Q , A , E , 5, go, F ) ,  th e  im a g e  u n d e r  M  o f a  s tr in g  w  E A *  a n d  a  lan g u ag e  

L  C  A* a re

M { w )  =  {a; 1 3 g  G F  : (g, x )  E 5(go, w )}  

M { L )  =

(7)
(8)

iuG L
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T h e  in v e rse  im ag es  u n d e r  M  o f  a  s t r in g  x  e  S* a n d  a  la n g u a g e  L '  C  E* a re

M ~ ^ { x )  =  {w I X €  M { w ) }

M - \ L ' )  =  U

(9)
( 1.0)

uieL'

F o r  a n y  c la ss  C o f  la n g u a g e s , th e  N F T -im a g e  a n d  e-free  N F T ~ im ag e  o f  C, M ( C )  a n d  M ( C ) ,  a re  
d e f in e d  a s

M ( C )  =  { M ( L )  I L e C a n d M e  M r T )

M { C )  =  [ M { L )  \ L e C  a n d M  £ U J T )

A n  im p o r ta n t  r e s u l t  f ro m  [G in75] is  t h a t  fo r a n y  class C o f  la n g u ag es :

M{c) - n ii) IL € c, i? £ ?e,
h i , h 2 are h o m o m o rp h ism s}

M { C )  =  { h 2{ h i ^ { L )  n  jR) \ L  e C ,  i?  £  K ,  h i  is  a  h o m o m o r p h is m

a n d  h 2 is a n  e-free. h o m o m o r p h is m }

(11)
(12)

(13)

(14)

w h e re  is th e  class o f  re g u la r  la n g u a g e s . F ro m  th is  re su lt ,  G in s b u rg  [G in75] show s th a t  M { C )  
is  th e  le a s t  fu ll t r io  c o n ta in in g  C a n d  A d(C ) is th e  le a s t tr io  c o n ta in in g  C. A n  in te re s tin g  case  
a r is e s  w h e n  C o n ly  c o n s is ts  o f  a  s in g le  lan g u ag e .

N o w  le t  u s  s t a t e  so m e  c lo su re  p ro p e r tie s  fo r e -free  T H F S G -lan g u ag es . In  [B ur97b], i t  w as 
p ro v e d  t h a t  th e  c la ss  o f  T H F S G -la n g u ag es , C (T H FSG ), is a  fu ll A b s tr a c t  P 'araily  o f L anguages. 
F ro m  th is  fa c t ,  we g e t th e  fo llow ing  re s u lt  d irec tly .

L e m m a  1  T h e  class o f  e- fr eeTH F SG -languageSy  C (T H FSG )^, is  a n  a b stra c t fa m ily  o f  languages  
a n d

C (T H F S G )^  =  { L  -  {e} I L  £  C (T H F S G )}  (15)

P r o o f :  F ro m  [G in75 , p21], we k n o w  t h a t  i f  C is a n  a b s tr a c t  fa m ily  o f  la n g u a g e s , th e n  {L  £  
C \ E ^  L }  =  { L  — {e} I L  £  C} is  a n  a b s tr a c t  fam ily  o f  la n g u a g e s . S in ce  C (TH FSG ) is a  
(fu ll)  a b s t r a c t  fa m ily  o f la n g u a g e s  [B ur97b], we k n o w  th a t  C (T H F S G )^  is a n  a b s tr a c t  fam ily  of 
la n g u a g e s  a n d  w e kn o w  t h a t

C (T H F S G )^  =  { L - { e } \ L e  C (T H F S G )} (16)

P ro m  th e  d e f in itio n  o f  e -free  T H F S G -lan g u ag es  a n d  L e m m a  1, we h av e  th a t

{ L  £  C (T H F S G ) I e  ^  L }  =  { L  -  {e} I L  £  C (T H F S G )}  (17)

A n o th e r  w ay  to  v iew  th is  is t h a t

C (T H F S G ) =  {L , L  U {e} I L  £  C (T H FSG )^} (18)

S in c e  C (T H F S G )^  is a n  a b s t r a c t  fa m ily  o f  la n g u ag es , a n d  h e n c e  a  tr io  we h av e  t h a t  i t  is closed  
u n d e r  e -free  N F T -m a p p in g

A 4 (C (T H F S G )/j =  C (T H FSG )^ (19)

I t  is  s t r a ig h tfo rw a rd  to  e s ta b l is h  th e  c lo su re  u n d e r  a r b i t r a ry  N F T -m a p p in g :
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L e m m a  2  T h e  N F T - im a g e  o /C (T H F S G )^  is  C (T H F S G ), th a t is

A ?(C (T H F S G )^) = C (T H F S G ) (20)

Proof: S in ce  C (T H F S G ) is  c lo sed  u n d e r  N F T -m a p p in g  a n d  C (T H FSG )^ is  a  su b se t o f  C (T H FSG ), 

w e  h a v e  t h a t  .M (C (T H F S G )^) C  C (T H F S G ). S in ce  C (T H FSG ) =  { L , L \ J  { e }  \ L  e  C (T H FSG V } 
a n d  i t  is  s tra ig h tfo rw a rd  to  d e fin e  a n  N F T  M  su ch  th a t  M ( w )  =  fo r each  s tr in g  w ,  we

h a v e  t h a t  C (T H F S G ) C  ^ ( C (T H F S G ) ^ ) .  ■
N o w  w e tu r n  o u r  a t te n t io n  to  e -free  T H FSG s. R eca ll th a t  th e s e  a re  T H FSG s w ith o u t th e  

e m p ty  s t r in g  o n  th e  r ig h t  h a n d  s id e  in  lex ico n  ru le s . Im m ed ia te ly , w e see  t h a t  e -free  TH FSG s 
d e fin e  o n ly  e -free  T H F S G -lan g u ag es , h en ce

C (e-/reeT H F S G ) C  C (TH FSG )^ (21)

H o w ev er, e -free  la n g u ag es  m a y  b e  g e n e ra te d  b y  TH FSG s w ith  e  in  th e  lex icon  ru le s .
W h e n  w e n ow  tu rn  o u r  a t te n t io n  to  c lo su re  p ro p e r tie s  fo r e -free  T H FSG s, le t u s  firs t e s tab lish  

t h a t  th e  c la ss  o f  la n g u ag es  th e y  define  is a n  A b s t r a c t  F am ily  o f  L an g u a g es .

L e m m a  3  T h e  class o f  la n guages d escribed  by e -free  THFSG<s,
C (e '-/reeT H F S G ), is a n  a b s tra c t fa m i ly  o f  languages.

Proof: T h e  p ro o f  t h a t  C (e-/reeT H F S G ) is c lo sed  u n d e r  u n io n , c o n c a te n a tio n , an d  p o s itiv e  
c lo su re , is  a lm o s t id e n tic a l to  th e  p ro o f  o f  c lo su re  u n d e r  u n io n , c o n c a te n a tio n , a n d  K leene s ta r  
fo r  C (T H F S G ) [B ur97b]. T h e  o n ly  d iffe rence  is th a t  we d o  n o t n eed , a n d  a re  n o t  allow ed to  
in t ro d u c e ,  th e  lex ico n  ru le  w h ich  g e n e ra te s  th e  e m p ty  s tr in g  fo r K leen e  c losu re .

T h e  p ro o f  t h a t  C (e-/reeT H F S G ) is c lo sed  u n d e r  s -free  N F T -m a p p in g  is id e n tic a l to  th e  p ro o f  
t h a t  C (T H F S G ) is  c losed  u n d e r  N F T -m a p p in g  in  [B ur97b], ex ce p t t h a t  w e m u s t r e s tr ic t  th e  N F T  
t o  b e  e -free . H en ce  th e  c la ss  C (e-/reeT H F S G ) is an  A b s tr a c t  F a m ily  o f  L an g u ag es . ■

S in c e  a n  A b s t r a c t  F a m ily  o f  L zm guages is a lso  a  tr io , a n d  th e  e -free  N F T -im a g e  o f a  class 
o f  la n g u a g e s  is th e  le a s t t r io  c o n ta in in g  th e  c lass, we hav e  th a t  C (e-/reeT H F S G ) is c losed  u n d e r  
e -fre e  N F T -m a p p in g ,  t h a t  is

A d (C (e-/reeT H F S G )) =  C (e-/reeT H F SG ) (22)

N o w , i f  we lo o k  fo r  th e  le a s t  fu ll a b s t r a c t  fam ily  o f la n g u a g e s  c o n ta in in g  C (e-/reeT H F SG ) 
w e  g e t  th e  fo llo w in g  r e s u lt .

L e m m a  4  T h e  N F T - im a g e  o /C (e -/re e T H F S G ) is  C (T H F S G ), th a t is

M { C { e - f r e e T H F S G ) )  =  C (T H FSG ) (23)

Proof: S in ce  C (e-/reeT H F S G ) C  C (T H F S G ), a n d  C (T H FSG ) is c lo sed  u n d e r  N F T -m a p p in g , we 

k n o w  t h a t  .M (C (e -/reeT H F S G )) C _C (TH FSG ).

T o  p ro v e  t h a t  C (T H F S G ) C  A d (C (e-/reeT H F S G )), we show  t h a t  fo r  each  T H FSG  G  th e re  
e x is ts  a n  e -free  T H FSG  G '  a n d  a n  N F T  M  su ch  t h a t  M { L { G ' ) )  =  L { G ) .  L e t G  =  {fC, 5 ,  E , V ,  £ ) ,  
a n d  a s s u m e  t h a t  o  ^  (/C U E ) . T h e n  le t  G ' =  {1C,S,11  U { a } , V , C )  w h ere  C  is th e  le a s t se t 
s u c h  t h a t  fo r  each

^  E  (2<)
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in L ,
a
E (25)

i s  a  rn le  in  L \  w h e re  H =  a  w h en ev e r i  =  e , a n d  if ^  t  else. C learly , G '  is a n  e -free  T H FSG . 
Now d efin e  a  s t r in g  h o m o m o rp h is m  h  su ch  th a t

'‘W = { ?  otto^se (26)

I t  i s  s tr a ig h tfo rw a rd  to  see  t h a t  h { L { G ' ) )  =  L { G ) .  S ince an y  s t r in g  h o m o m o rp h ism  m a y  b e  
re p re s e n te d  b y  a n  N F T  w e k n o w  t h a t  th e re  e x is ts  a n  N F T  M  su ch  th a t  M { L { G ' ) )  =  L { G ) ,  ■ 

T h e  re s u lts  in  th is  s e c tio n  w ith  re sp e c t to  N F T -irn a g e s  m a y  b e  su m m a rise d  in  th e  fo llow ing  
th e o re m .

Theorem  1
C (TH FSG )

X
(27)

C

A/f

C(T'HFSG)^

Proof: D ire c t ly  fro m  L e m m a s  1, 2, 3, 4, a n d  th e  fa c t  t h a t  e -free  T H FSG s o n ly  g e n e ra te  e -free  
la n g u a g e s . ■

3  E - f r e e  THFSG a n d  P S P A C E

A s  n o tic e d  e a r lie r , e -fre e  T H FSG  is a lm o s t id e n tic a l to  th e  g ra m m a r  fo rm a lism  G F l  d e fin ed  
b y  C o lb a n  [C ol91]. C o lb a n  show s t h a t  th e  m e m b e rsh ip  p ro b le m  fo r G F l  is N P -h a rd . In  th is  
s e c tio n  w e s t r e n g th e n  th is  re s u l t  b y  s ta t in g  th a t  th e  m e m b e rsh ip  p ro b le m  fo r e -free  T H FSG  is 
P S P A C E -c o m p le te . T h e  d iffe ren ce  b e tw een  G F l  a n d  e-free  T H FSG  — th e  le n g th  o f  a t t r i b u t e  
s t r in g s  in  th e  e q u a t io n s —  d o es  n o t  m a k e  a n y  d iffe rence  h e re , h en ce  th e  g iven  re s u lt is a lso  
v a lid  fo r  G F l .  In  fa c t ,  c o n s u lt in g  th e  p ro o f  o f  n o rm a l fo rm  in  [B ur97b] we see t h a t  th e re  is a  
p o ly n o m ia l (even  l in e a r )  a lg o r i th m  w h ich  tra n s fo rm s  a n y  e-free  T H FSG  in to  a  G F l  g ra m m a r . 
C o n v erse ly , G F l  is a  s p e c ia l c ase  o f  e -free  T H FSG .

W e  sh o w  th e  P S P A C E  c o m p le te n ess  as u s u a l in  tw o  s te p s , f irs t  sh o w in g  th a t  th e  p ro b le m  
is  P S P A C E -h a rd , a n d  th e n  t h a t  i t  is in  P S P A C E .

Lem ma 5  T h e  m e m b e rsh ip  p ro b lem  fo r  e -free  T H FSG  is  P S P A C E -h a rd .

T h e  p r o o f  is b y  t r a n s fo rm in g  th e  F in ite  S ta te  A u to m a ta  In te rs e c tio n  P ro b le m  (F S A I)  in to  
t h e  m e m b e rs h ip  p ro b le m  fo r  e -free  T H FSG . T h e  F S A I is g iv en  on  th e  fo llow ing  in s ta n c e s . 
G iv e n  a f in i te  s e t  o f  d e te rm in is t ic  f in ite  s t a t e  a u to m a ta  A i , . . . ,  A „ over a  co m m o n  a lp h a b e t  
S ,  l e t  L { A i )  b e  th e  la n g u a g e  a c c e p te d  b y  a u to m a to n  A i , l  <  i  <  n .  T h e  F S A I q u e s tio n  is 
th e n :  i s  th e r e  a  s t r in g  u  : u  E  L (A i)  n  . . .  n  L (A „ )?  F S A I w as sh o w n  b y  [Koz77] to  b e  
P S P A C E -c o m p le te . G iv e n  a n y  in s ta n c e  o f  th is  p ro b le m  we show  h o w  to  d efine  a n  e-free  T H FSG
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G  s u c h  t h a t  t "  G L { G )  fo r  a  g iv en  a to m ic  sy m b o l t,  i f  a n d  o n ly  i f  th e re  e x is ts  a  s tr in g  in  th e  
in te r s e c tio n  as d esc rib ed .^

S in c e  £ -free  T H FSG  is a  s p e c ia l case  o f  T H FSG  w e h av e  th e  fo llow ing  co ro lla ry  d ire c tly  fro m  
L e m m a  5:

C o r o l l a r y  1 T h e  m em b ersh ip  p ro b lem  /o rT H F S G s  is  P S P A C E -h a rd .

W ith  th e  re s u lt  fro m  L e m m a  5 w e n eed  th e  fo llow ing  le m m a  to  e s ta b lish  th a t  th e  m e m b e r­
s h ip  p ro b le m  is  P S P A C E -c o m p le te .

L e m m a  6  T h e  m em b ersh ip  p ro b lem  fo r  e -free  T H F S G s is  in  P S P A C E .

T o  p ro v e  th is ,  we sh o w  h o w  to  c o n s tru c t  a  p o ly n o m ia l sp ace  n o n d e te rm in is t ic  T u r in g  M a­
c h in e  w h ic h  d ec id es  th e  la n g u a g e  d efined  b y  a n  s -free  T H FSG . S ince th e  c o n s tru c tio n  c a n  be 
d o n e  in  p o ly n o m ia l tim e  fo r a n y  e-free  TH FSG , a n d  N P S P A C E = P S P A C E  [Sav70], th is  im p lie s  
t h a t  th e  g iv en  m e m b e rsh ip  p ro b le m  is in  P S P A C E . T h e  m a in  id e a  in  th e  p ro o f  is t h a t  w e m a y  
tra v e rs e  b o th  th e  c - s tru c tu re  a n d  fe a tu re  s t r u c tu re  to p -d o w n  s im u lta n e o u s ly  w ith  o n ly  a  lim ite d  
v iew  o f  th e  re s t  o f  th e  s tru c tu re s .  T h is  d u e  to  th e  h o m o m o rp h ism  b e tw een  th e  tw o  s tru c tu re s  
a n d  th e  r e s tr ic t io n s  on  th e  e q u a t io n  s c h e m a ta . ^

F ro m  L e m m a  5 a n d  6 we h av e  th e  fo llow ing  re su lt.

T h e o r e m  2  T h e  m em b ersh ip  p ro b lem  f o r  e -free  T H F S G s is  P S P A C E -c o m p le te .

4 Summary and remarks
In  th i s  a r t ic le  we h av e  p ro v ed  a  s e t  o f  c lo su re  p ro p e r tie s  fo r T H FSG  w ith  tw o  R e s tr ic tio n s  
r e g a rd in g  th e  e m p ty  s tr in g . W e h av e  sh o w n  t h a t  b o th  th e  c lass  o f  e -free  T H F S G -lan g u ag es a n d  
th e  c la ss  o f  la n g u a g e s  d e fin ed  b y  e-free  T H FSG s a re  a b s tr a c t  fam ilies o f  la n g u ag es , a n d  t h a t  
th e  le a s t  fu l l - a b s tr a c t  fam ily  o f  la n g u ag es  in c lu d in g  each  o f  th e se  tw o  classes is th e  c la ss  o f  
la n g u a g e s  d e fin ed  by  T H F S G . W e a lso  saw  t h a t  th e  m e m b e rsh ip  p ro b le m  fo r e -free  T H FSG s is 
P S P A C E -c o m p le te .

T h e r e  is o n e  im p o r ta n t  o p e n  q u e s tio n  h ere , a n d  t h a t  is w h e th e r  o r n o t  C (e-/reeT H F SG ) is 
e q u a l  to  C (T H F S G )^ . I f  th is  is th e  case , th e  o n ly  d ifference b e tw ee n  th e se  tw o su b c lasses  a n d  
C (T H F S G ) is th e  a b sen ce  o f  th e  e m p ty  s tr in g  in  th e  la n g u ag es  g e n e ra te d . T h is  w ould  m ak e  
i t  p o s s ib le  to  d efin e  a n  e - is o la te d  n o rm a l fo rm  fo r T H FSG  in  w h ich  th e  s t a r t  sy m b o l S  n ev e r  
o c c u rs  o n  th e  r ig h t  h a n d  s id e  o f  p ro d u c tio n  ru le s , a n d  th e  e m p ty  s tr in g  o n ly  o c cu rs  o n  th e  r ig h t  
h a n d  s id e  o f  le x ico n  ru le s  i f  th e  S  o ccu rs  to  th e  le ft. T h is  k in d  o f  n o rm a l fo rm  is  o ften  u sed . 
H ow ever, th e  q u e s tio n  is le ft fo r  fu r th e r  research .

I n  th e  b e g in n in g  o f  th is  a r t ic le  we n o tic e d  t h a t  in  la te r  L F G  th e  e m p ty  c a te g o ry  d o e s  
n o t  p la y  a  p ro m in e n t ro le , ev en  i f  th e re  is so m e d isa g re e m e n t a b o u t  th e  n eed  fo r i t  [D K M Z 95, 
p i 34] [K Z 89 , B re95). F u n c tio n a l u n c e r ta in ty  im p le m e n te d  a s  re g u la r  ex p ress io n s  in  th e  e q u a tio n  
s c h e m a ta  is u se d  to  h a n d le  lin g u is tic  p h e n o m e n a  p rev io u s ly  h a n d le d  by  e m p ty  c a teg o rie s  (e.g . 
lo n g -d is ta n c e  d e p e n d e n c ie s ) . I f  we lo o k  a t  th e  u se  o f  re g u la r  e x p ress io n s  to  im p le m e n t fu n c tio n a l

^The proof is given in [Bur98].
^The proof is given in [Bur98].
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u n æ r ta in ty  a s  in t ro d u c e d  in  [KZ89], w e o n ly  find  o n e  re g u la r  e x p re ss io n  in  eac h  s e t  o f  e q u a tio n  
s c h e m a ta , a n d  th is  is a  p a t h  e q u a tio n  sch em a .

N ow , w h a t  a b o u t  r e g u la r  ex p ress io n s  in  c o n ju n c tio n  w ith  e -f re e  T H F S G ? I n  [B ur97b] i t  is 
p ro v ed  t h a t  w e m a y  in tro d u c e  re g u la r  ex p re ss io n s  in  th e  e q u a t io n  s c h e m a ta  in  T H F S G  w ith o u t 
e x te n d in g  th e  c lass  o f  la n g u a g e s  d e sc r ib e d , a n d  t h a t  th e  e m p tin e s s  a n d  m e m b e rs h ip  p ro b lem s 
re m a in  d e c id a b le . T h e  p ro o f  o f  eq u iv a len ce  b e tw een  T H FSG  w ith  a n d  w ith o u t  th e  p o ss ib ility  
o f  re g u la r  e x p re ss io n s , in tro d u c e s  th e  e m p ty  s tr in g  o n  th e  r ig h t h a n d  s id e  in  n ew  lex icon  ru les. 
H ow ever, by  e x a m in in g  th e  p ro o f  i t  is s tra ig h tfo rw a rd  to  see t h a t  if  we r e s t r ic t  re g u la r  ex ­
p re ss io n s  to  o n ly  o c c u r  in  p a th  e q u a tio n  s c h e m a ta , a  c o rre sp o n d in g  in t ro d u c tio n  o f  th e  e m p ty  
s t r in g  in  le x ico n  ru le s  is n o  lo n g e r n eed ed . A s a  re s u lt ,  th e  class o f  la n g u ag es  w e g e t b y  a llo w in g  
re g u la r  ex p re ss io n s  in  th e  p a th  e q u a tio n  s c h e m a ta  in  e -free  T H F S G  is th e  s a m e  as  th e  c lass  o f 
la n g u a g e s  d e fin ed  by  c le a n  e -free  T H FSG .
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