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Indexed Languages and Unification 
Grammars*

Tore Burheim^

A bstract
Indexed languages are interesting in computational linguistics because they 

are the least class of languages in the Chomsky hierarchy that has not been 
shown not to be adequate to describe the string set of natural language sent­
ences. We here define a class of unification grammars that exactly describe 
the class of indexed languages.

1 Introduction
T h e  occu rren ce o f  purely  syn tactica l cross-serial depen den cies in S w iss-G erm an  
show s that con text-free  gram m ars can n ot describe the string  sets o f  natu ral lan­
guage [Shi85]. T h e  least class in the C h om sk y  hierarchy th at can d escribe  u n lim ited  
cross-serial depen dencies is in dexed  g ram m ars [A h o 68]. G azd a r discuss in [G a z88] 
the ap p licab ility  o f  in dexed  gram m ars to  natural languages, and  show  how  th ey  can 
be used to  describe different sy n tactic  structures. W e  are here g o in g  to  stu d y  h ow  we 
can describe the class o f  indexed  languages w ith  a u n ifica tion  g ra m m a r form alism . 
A fter defin ing indexed  gram m ars and a sim p le  u n ifica tion  g ra m m a r fram ew ork  we 
show  how  we can define an equ ivalent u n ifica tion  g ra m m a r for  any g iven  indexed  
gram m ar. T w o  gram m ars are equ ivalent if  they generate the sam e language. W ith  
this backgrou n d  we define a class o f  u n ifica tion  gram m ars and show  th at th is class 
describes the clciss o f  indexed languages.

2 Indexed grammars
Indexed  gram m ars is a  gram m ar form alism  w ith  generative  cap a city  betw een  con ­
text-free  gram m ars and con text-sen sitive  g ram m ars. C on tex t-free  gram m ars can 
n ot describe cross-serial dependencies du e to  the p u m p in g  lem m a , w hile in d exed  
gram m ars can. H ow ever, the class o f  languages generated  by in d exed  gram m ars, 
- th e  indexed  languages, is a  prop er subset o f  con text-sen sitive  languages [A h o 68].

Indexed gram m ars can be seen as a con text-free  gra m m a r w here we ad d  a string 
- o r  stack , o f  indices to  the non term inal n odes in the phrase stru ctu re trees, or 
derivation  trees as we will call th em . S om e p rod u ction  rules ad d  an in d ex  to  the 
beg in n ing  o f  the string , w hile the use o f  oth er p ro d u ctio n  rules is d epen den t on 
the first index in the string. W h en  such a p ro d u ctio n  rule is ap p lied  the in dex  
o f  w hich it is dependent, is rem oved , and the rest o f  the in d ex -str in g  is kept by 
the daughter(s ). In th is way we m a y  d istribu te  in fo rm a tion  fro m  on e p art o f  the 
derivation  tree to  another. T h e  orig in a l defin ition  o f  in dexed  g ra m m a rs was given
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by A h o  [A h o 68]. W e  are here using the defin ition  used by  H op cro ft  and U llm an 
[HU79] w ith  som e  m in or n ota tion a l variations:

D e f i n i t i o n  1 A n  INDEXED GRAMMAR G  is  a 5 - t u p le ;  G  =  { N ,  T ,  I ,  P ,  S )  w h e re  

N  is a f in i t e  s e t  o f  s ym bo ls ,  ca lled  n onterm inals,

T  is  a f in i t e  s e t  o f  s ym bo ls ,  ca lled  term inals,

1 is  a f in i t e  s e t  o f  s ym bo ls ,  called  indices,

P  is  a f in i t e  s e t  o f  o r d ered  pa irs ,  ea ch  on  o n e  o f  the f o r m s  { A , B f ) ,  { A f , a )  o r  
{ A ,  a )  w h e r e  A  an d  B  are n o n t e r m i n a l  s y m b o l s  in N ,  a  is  a f in i t e  s t n n g  in  
( A u T ) * ,  an d  f  is  an i n d e x  in  I .  A n  e l e m e n t  in P  is  ca lled  a p rod u ction  rule 
an d  is  w r i t t e n  A  —► B f ,  A f  —<• a  o r  A  —+ a .

S  is  a s y m b o l  in  N , an d  is  ca lled  th e  start sy m b o l.

an d  s u c h  that  N , T  and I  are  p a ir w is e  d is jo in t .
A n  in d e x e d  g r a m m a r  G  =  { N ,  T ,  I ,  P ,  S )  is on  REDUCED FORM i f  ea ch  p r o d u c t io n  

in  P  is  o n  o n e  o f  the  f o r m s

a) A - ^ B f

b) A f - ^ B

c) A ^  B C

d) A - ^ t

w h e r e  A ,  B , C  are in  N , f  is  in  I ,  an d  t is in  ( T U  { e } ) .

A h o  show ed in his or ig ina l pap er [A h o 68] that fo r  every in dexed  gram m ar there 
exists an in dexed  g ra m m a r on  reduced  fo rm  w hich  generates the sam e language.

T o  define constituen t structures and derivation  trees we are g o in g  to  use tree 
d om ain s: Let A/+ be  the set o f  all integers greater than zero. A  tre e  d o m a in  D  is 
a  set £) C  o f  num ber strings so th at i f  x  £  D  then all prefixes o f  x  are also in 
D ,  and for  all i £  and x  £  i f  x i  £  D  then  x j  £  D  fo r  all j ,  1 < j  <  i- 
T h e  ou t  degree  d ( x )  o f  an elem ent x  in  a tree d om a in  D  is the card inality  o f  the set 
{ i  \ x i  £  D , i  £  A / + ] .  T h e  set o f  term inals o f  D  is t e r m [ D )  =  { i  | i  £  D , d ( x )  =  0 } .  
T h e  elem ents o f  a tree d om ain  are to ta lly  ordered  lex icograp h ica lly  as fo llow s: x  ;< y  
i f  X is a prefix  o f  y ,  or  there exist strings z , z ' , z "  £  Aff .  and i , j  £  A f+  w ith i <  j ,  
such th at X =  z i z '  and y  =  z j z ” . W e a lso define th at x  y  i f  x  < y  and x  /  j / . '

A  tree d om a in  D  can  be view ed as a tree graph  in the fo llow in g  w ay: T h e  
elem ents o f  D  are the n odes in the tree, e  is the r o o t , and for  every x  £  D  the 
elem ent x i  £  Z) is x ’s ch ild  num ber i. A  tree d om ain  m ay  be  in fin ite, bu t we shall 
restrict a tten tion  to  fin ite tree dom ain s. A  fin ite tree d om ain  can  also describe the 
to p o lo g y  o f  a derivation  tree. T h is  representation  provides a n am e for  every n od e  
in the d erivation  tree d irectly  from  the defin ition  o f  a tree d om ain . O ur defin ition  
o f  derivation  trees for  in dexed  g ram m ars w ith  the use o f  tree d om ain s is based on 
H ayashi [Hay73]:

D e f i n i t i o n  2  A  DERIVATION TREE based on  an in d e x e d  g r a m m a r G  =  { N ,  T ,  I ,  P ,  S )  
IS a p a ir  { D , C z )  o f  a f in i t e  tre e  d o m a in  D  and a f u n c t i o n  C j  : D  —* ( A / * U T u { e } )  
w h e r e

i) C x i e )  =  S

^See Gallier [Gal86] for more about tree domains.
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*0 C j { x )  £  N I *  f o r  e v e r y  n od e  x  in D  w ith  d ( x )  >  0. M o r e o v e r  i f  C j { x )  =  A'y  
f o r  A  S. N  and  7  €  /*  an d  C j { x i )  =  Bi&i w ith  B {  £  ( A ^ U T u { e } )  an d  6 i £  /*  
f o r  e v e r y  i : 1 <  i th en  e i t h e r

a) A  B \ f  is  a p r o d u c t i o n  ru le  in  P  s u ch  that d ( x )  = ! , / £ / ,  and  

Si -  f l ,  o r

b) A f  —► B\ . . . 5d(®) ® p r o d u c t i o n  ru le  in P  su ch  that  f  £  I  w h e re  
7  =  f y ' ,  an d  Oi =  7 ' i f  B i  £  N  and 6i — e i f  B i  £  { T  L) { e } ) ,  o r

c) A  B i  . . . S d (r) is  a p r o d u c t i o n  ru le  in P  s u c h  that  6i =  y  i f  B i  £  N  
and 6i =  e  i f  B i  £  ( T  U { e } ) .

Hi) C j { x )  £  ( T  U { e } )  f o r  e v e r y  n od e  in  D  w ith  d ( x )  =  0,

T h e  SYMBOL FUNCTION; C j* '" ' : D  —* ( N  U T ) ,  and th e  in d e x  s t r in g  f u n c ­
t i o n ; Cj'^^ : D  —► /* ,  are t o ta l  f u n c t i o n s  on  D  su ch  that i f  C j { x )  — A y  w h e re  
A  £  { N  U T  L) { e } )  an d  y  £  I*  th en  C j ^ " ' ( x )  =  A  an d  C j ^ ^ ( x )  =  7  f o r  all  x  £  D .

TAe TERMINAL STRING o f  a d e r iv a t io n  tre e  { D , C j )  is  the  s t r in g  C i { x i ) . . . C j { x n )  
w h e r e  { x i , x „ }  =  t e r m { D )  and  x,- X  X i+ i f o r  all i, \ <  i <  n  — 1.

W e  also d efine  the  LICENSE f u n c t io n ; l i c e n s e  : ( D  — t e r m { D ) )  P ,  s u c h  that  
i f  A  a  is a p r o d u c t i o n  ru le  a c co rd in g  to  i i )  a ) ,  b)  o r  c )  f o r  a n o d e  x  in D ,  th en  
l i c e n s e ( x )  =  A  —> a .

In form ally  this is a trad ition a l derivation  tree. I f  we have a n od e  w ith  label A y  
where ^  is a n onterm inal sy m b o l and 7  is a  string  o f  indices, and we use a  p rod u ction  
rule A  —» B / ,  then the n o d e ’s on ly  child gets the label B f y .  I f  we instead  use a 
p rod u ction  rule A  —► B C  on  the sam e n od e  it gets tw o children  labeled  B y  and 
C y  respectively , or  i f  we use a p rod u ction  rule A  t w here < is a term ina l sy m b o l, 
then we rem ove all the indices and the n o d e ’s on ly  ch ild  gets the label t.  I f  we have 
a n od e  labeled  w ith  A f y ,  w here /  is a in d ex  and we use a p ro d u ctio n  rule A f  —► B  
then the n o d e ’s on ly  ch ild  gets the label B y .  W e  also see th at the term ina l string  
is a string  in T * since C u { x )  £  ( T  U { e } )  fo r  all x  £  t e r m { D ) .

D e f in i t i o n  3  A  s t r in g  w  is  GRAMMATICAL with  r e s p e c t  to  an in d e x e d  g r a m m a r  G  
i f  and  on ly  i f  th ere  e x i s t s  a d e r iv a t io n  t r e e  based on  G  w ith  w  as the t e r m i n a l  s tr in g .  
T h e  lan gua ge  g e n e r a t e d  by G ,  L ( G )  is th e  s e t  o f  a ll  g r a m m a t i c a l  s t r in g s  w ith  r e s p e c t  
to G .

E x e tm p le  1 Let G  =  { N , T , I , P , S )  b e  an in dexed  g ra m m a r w here T  =  { a , 6, c }  is 
the set o f  term inal sy m b ols , N  =  { S ,  S ' , A ,  B ,  G )  is the set o f  n onterm ina l sy m b o ls , 
1 =  { f , g }  is the set o f  indices and P  is the least set con ta in in g  the fo llow in g  
p rod u ction  rules:

‘ '  a
■ b
■ c

Figure 1 show s the derivation  tree for  the string  “a a b b c c ”  based  on  th is gra m m a r. 
T h e  language L { G )  generated by this g ram m ar is { a " 6" c "  | n >  1} .

W e close this presentation  o f  indexed  gram m ars by sh ow in g  a  s im p le  tech nica l 
observation  that we will use in later proofs .

D e f in i t i o n  4  A n  in d e x e d  g r a m m a r  G  =  ( N , T , 1 , P , S )  h as  a m a r k e d  INDEX-END 
i f  a nd  on ly  i f  it has  o n e  and o n ly  o n e  p r o d u c t i o n  ru le  w h e r e  th e  s ta r t  s y m b o l  o c c u r s  
and th is  ru le  is  on  the f o r m  S  —► j4$ w h e r e  A  £  N  an d  the  in d e x  $ d oes  n o t  o c c u r  
in an y  o t h e r  p r o d u c t i o n  rule .

S ^ S ' f A g  —► a A A f
S '  ^  S 'g B g  —  b B B f
S '  -  A B C C g  —  c C C f
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F igure 1: D e r i v a t i o n  tre e  f o r  the s t r in g  “a a b h cc ”  based  on  the  g r a m m a r  in E x a m p le  
1

I f an in dexed  gra m m a r has a m arked  in d ex -en d  then in  any derivation  tree every 
n onterm ina l n od e  excep t the roo t gets a  $ at the end o f  the in d ex  list. S ince no 
rule requires th at there is an em p ty  in d ex  list, and neither $ nor the start sy m b ol 
o ccu rs  in any oth er p rod u ction  rule, it is stra ight forw a rd  to  con stru ct an equivalent 
g ra m m a r w ith  a m arked  in d ex -en d  for  any in dexed  gram m ar.

L e m m a  1 F o r  e v e r y  in d e x e d  g r a m m a r  G  th e r e  e x i s t s  an in d e x e d  g r a m m a r  with  a 
m a r k e d  i n d e x - e n d  G% s u ch  that L { G )  =  L ( G $ ) .

P r o o f :  Let G  =  { N , T ,  / ,  P ,  S )  be an in dexed  g ra m m a r, and assum e that So a^nd $ 
d o  n ot o c cu r  in G .  G$ is defined fro m  G  by  ad d in g  the p rod u ction  rule So ^  S$ 
such th at So becom es the new start sy m b o l and  is ad ded  to  the set o f  nonterm inal 
sy m b o ls , and $ is ad ded  to  the set o f  indices. F orm ally , i f  G  =  { N , T ,  / ,  P , S ) and 
S o , $ ^  ( N U T U / ) ,  then G ,  =  (iV U { S o } ,  T , /  U { $ } ,  P  U { (S o ,  S $ ) } ,  S o). T h en  G ,  
has a m arked  in d ex -en d , an d  we have to  show  th at for any string  w ,  w  £  L { G )  if 
an d  on ly  i f  tn G L (G % ).

( = > )  Let { D ,  C j )  b e  any d erivation  tree based  on  G  and assum e th at w  is its 
term ina l string . F rom  this we con stru ct a d erivation  tree { D ' , C j }  based on  G$ 
as fo llow s : F irst let D ' =  { l x  | x  G D }  U { e } .  T h en  let G j ( c )  =  So and let 
C 2 ( l x )  =  C i ( x ) $  for all x  £  { D  — t e r m [ D ) ) .  Let also G j ( l x )  =  C i ( x )  for all 
X G t e r T n ( D ) .  T h e  derivation  tree { D ' , C j )  has then the sam e term inal string  as 
{ D , C j ) .  S ince n o rule requires th at there is an em p ty  in d ex  list, and $ does not 
occu r  in any p rod u ction  rule in G , a p rod u ction  rule th at is licensing a n od e  x  in 
( D , C j ) ,  w ill license the n od e  l x  in { D ' , C j ) .  T h e  rule So —► S$ licenses the root. 
T h en  { D ' , C j )  is a valid  derivation  tree accord in g  to  D efin ition  2.

( < = )  Let (D ',  C j )  be any derivation  tree based  on  G$ and assum e that w  is its 
term inal string . S ince So —► S $  m ust license the ro o t  and $ d oes n ot occu r  in any 
o th er p ro d u c tio n  rule the in dex  sy m b o l $ o ccu rs  at the end o f  the in d ex  list at every 
n on term in a l n od e  excep t the ro o t  in { D ' ,  C j ) -  F rom  this derivation  tree we construct 
a derivation  tree { D , C j )  based on  G  as fo llow s : F irst let D  =  { x  | l x  G D ' } .  
T h en  for  all x  £  { D  — t e r m { D ) )  let C j ( x )  =  /? w here C j ( l x )  =  /?$, Let also 
C i ( x )  =  C j ( l x )  for  all x  G t e r m { D ) .  T h e  d erivation  tree { D , C j )  has then  the 
sam e term inal string  as ( D ' , C j ) .  S ince every p rod u ction  rule in G$ ex cep t So —► S$ 
also is a  p ro d u ctio n  rule in G , the rule So —► 5 $  on ly  can license the ro o t , and $ 
does n o t o c cu r  in any oth er p ro d u ctio n  rule, a p ro d u ctio n  rule that licenses a n od e  
l x  in (D ',  Cj ) will license the n od e  x  in  (D , C j ) .  T h en  (D , C j )  is a valid  derivation  
tree a ccord in g  to  D efin ition  2. □

N otice  in the p r o o f  that i f  G  is on  reduced  fo rm  then G * is also on  reduced 
fo rm . T h en  for  any in dexed  g ra m m a r on  reduced  fo rm  there also exists an indexed  
g ra m m a r on  redu ced  fo rm  w ith  a m arked  in dex-end .
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3 Unification grammars
W e are here g o in g  to  g ive a descrip tion  o f  a very sim p le  u n ifica tion  g ra m m a r fo r ­
m alism . T h e  form alism  itse lf is n ot p a rticu larly  in teresting , and it is on ly  m ea n t as 
a fram ew ork  for the rest o f  th is paper. T h e  fo rm a lism  is ju s t  a n ota tion a l variant o f  
the basic form alism  used by C o lb a n  in his w ork on  restriction s on  u n ifica tion  g ra m ­
m ars [C0I9 I]. It shou ld  be easy to  reform u la te  th is in  m ost o f  the know n  form alism s 
available. W e g ive an in form al d escrip tion  o f  feature structures in the way they are 
used here before  we define the gram m ar form alism .

A  f e a t u r e  s t r u c t u r e  over a set o f  a ttr ibu te  sy m b o ls  A  and value sy m b o ls  V  is 
a fou r-tu p le  { Q , 8 , a , m o )  w here Q  is a  fin ite set o f  n od es, 5 : Q X i 4 —i - Q i s a  
partial fu n ction , ca lled  the transition  fu n ction , a  ; Q  —► K is a partia l fu n ction  
called  the a tom ic  value fu n ction , and m u  : D  —► Q  is a  fu n ction , ca lled  the n am e 
m ap p in g . W e w ill m ostly  o m it  the n a m e-d om a in  fro m  the n o ta tio n , so  m  w ill a lone 
denote  the n am e m a p p in g . W e  exten d  the tran sition  fu n ction  to  b e  a fu n ction  from  
pairs o f  n odes and s tr in g s  o f  a ttr ibu te  sy m b o ls : For every  g G Q  let 6 { q , e )  =  q. 
I f  6 {q i , i j j )  -  and (5(g2 .a )  =  93 then  let 6 ( q i , i p a )  =  93 fo r  every 91, 92,93 €  <3, 
1/) G j4* and a G A .

A  feature structure is d escriha ble  i f  there for  every n od e  is a  path  fro m  a n am ed  
n od e  to  the n ode . T h is  m eans that for every 9 G Q  there is an i  G and a  i/j G A* 
such that S ( m ( x ) ,  \p) =  q. A  feature stru ctu re is a t o m i c  i f  every n od e  w ith  an a to m ic  
value has no ou t-edges. T h is  m eans th at for every n od e  q G Q ,  6 {q ,  a )  is n o t defined 
for any a G A  if  a (g )  is defined. A  feature stru ctu re is a c y c l i c  i f  it d oes n ot con ta in  
attribu te  cycles. T h is  m eans th at for every n od e  q G Q ,  6 {q , i p )  =  g i f  and on ly  if  
xji =■ e .  A  feature structure is w e l l  d efined  i f  it is descrihable , a to m ic  and  acy clic . 
W h en  n oth ing  else is said  we require th at feature structures are well defined in the 
rest o f  this paper.

W e are g o in g  to  use equ ation s to  describe feature structures, in a way where 
feature structure satisfies equations. A  feature stru ctu re sa t is f i e s  the equ ation

IlV -l =  X2t/-2

if  and on ly  if  5 ( m ( x i ), i)\) — 6(m (x 2), ^ 2) ,  and the equ ation

= V

( 1)

(2)

i f  and on ly  i f  a (5 (m (a :i ) ,  V>i)) =  v,  w here x i ,X 2 G D ,  i / 'i ,V ’2 €  A* and  v G V .  
W e on ly  allow  equ ation s on  those tw o form s. T h is  m eans th at there is n o typ in g , 
quantifica tion , im p lica tion , n ega tion , or ex p lic it  d is ju n ction  as we m a y  fin d  in  oth er 
unifica tion  g r a m m e s  and feature log ics.

I f  £  is a set o f  equ ation s o f  the ab ove  fo rm  and M  is a well defined  feature 
structure such that M  satisfies every equ ation  in E  then  we say th at M  s a t is f i e s  E  
and we write

M \ = E  (3 )

A  set o f  equations E  is c o n s i s t e n t  i f  there exists a well defined feature structure 
that satisfies E .

T h e  n ota tion  o f  the gram m ar form a lism  is borrow ed  from  L exica l F u nction a l 
G ram m ar [K B 82].

D e f in i t i o n  5  A  s im p l e  u n if ic a t io n  g r a m m a r  G  o v e r  a s e t  o f  a t t r ib u te  s y m b o l s  
A  and  value s y m b o ls  V  is  a 5 - tu p le  { N , T ,  P ,  L ,  S )  w h e r e

N  is a f in i t e  s e t  o f  s ym bo ls ,  called  n o n te r m in a ls ,

T  is a f in i t e  s e t  o f  s ym bo ls ,  ca lled  te r m in a ls .
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P  is  a f in i t e  s e t  o f  p r o d u c t i o n  r u le s

A o  —>■ A i

E l

A „

E „
(4)

w h e r e  n >  1, A o ,  ■■■,An G N ,  an d  f o r  all  i ,  I <  i  <  n ,  E i  is  a f in i t e  s e t  with  
e q u a t i o n s  on  th e  f o r m s

m v >  =  m v > ' 

m v > "  =

where € A ’ , xl>'' € A~̂  and v 6 V 

L  IS a finite set of lexicon rules

A ->■ t 
E

(5)

(6)

(7)

w h e r e  A  E N , t E ( T  U {e :} ) ,  an d  E  is  a f in i t e  s e t  o f  eq u a t io n s  on  the  f o r m

m v > "  =  ^ ( 8)

w h e r e  ip" E A~^ and v E V .

S  is  a s y m b o l  in  N , ca lled  s ta r t  sym bol .

A s an ex a m p le  (9 ) is a p rod u ction  rule.

B  C  C

T = i  i= i< i 3 a 4
T C =  T 02 «3  = i  “ 1 T 03 =  V2

(9)

D e f t n i t i o n  6  A  CONSTITUENT s t r u c t u r e  ( c - s t r u c t u r e )  based on  a s im p le  u nifi ­

c a t io n  g r a m m a r  G  =  { N ,  T ,  P ,  L ,  S )  is  a tr ip le  ( D ,  C u ,  E u )  w h e re

D  IS a finite tree domain,

C u  ■ D  —* {N \ J T U  { e} )  IS a function,

E u  : { D  — { e } )  —♦ r  is a f u n c t i o n  w h e r e  F is th e  s e t  o f  a ll  eq u a tion  s e t s  in P  
an d  L ,

s u c h  th a t  C u { x )  E { T  U { e } )  f o r  all  x  G t e r m { D ) ,  C u { s )  =  S ,  an d  f o r  all  x  E 
{ D  — t e r m { D ) ) ,  i f  d { x )  =  n  th en

C u { x ) C u i x l )

E u { x l )

C u ( x n )
E u { x n )

(10)

IS a p r o d u c t i o n  o r  l e x i c o n  ru le  in G .

T h e  TERMINAL STRING o f  a c o n s t i t u e n t  s t r u c t u r e  is  th e  s t r in g  C u { x i ) . . . C u { xti) 
w h e r e  { i j ,  . . . , X n ]  =  t e r m { D )  an d  Xi -< X j+ i f o r  all  i ,  1 <  i <  n.

T o  get equ ation s th at can be  satisfied  by  a  feature structure we m ust instantia te  
the up  and d ow n  arrow s in the equ ation s from  the rule set. W e su bstitu te  them  
w ith  n od es  fro m  the c-stru ctu re  such th at the n od es b e co m e  the d om ain  o f  the nam e 
m a p p in g . For th is pu rp ose  we define the '-fu n ct io n  such that E h { x i )  — E u { x i ) [ x /  | 
, x i /  J,]. W e  see th at the value o f  the fu n ction  E'^ is a set o f  equations that feature 
stru ctu res m a y  satisfy.

^Tll denotes here a t  or a 1
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D e f in i t i o n  7  T h e  c - s t r u c i u r e  ( D ,  K ,  E )  GENERATES the  f e a t u r e  s t r u c t u r e  M  i f  and  
on ly  i f

M  1=  y  E i { x )  ( 11)
X^D

A  c-structure m ay  generate different feature structures. T h e  tree d om a in  w ill 
fo rm  a n am e set for  feature structures th at th is union  generates. A  strin g  is g ra m ­
m a tica l i f  th is union  is consistent.

D e f in i t i o n  8  A  s t r in g  w  is  GRAMMATICAL w ith  r e s p e c t  to  a s im p le  u n i f i c a t io n  
g r a m m a r  G  i f  an d  on ly  i f  th e r e  e x i s t s  a c - s t r u c t u r e  based  o n  G  w ith  w  as the  t e r m i n a l  
s tr in g  and w h ich  g e n e r a t e s  a w e l l  d e fined  f e a t u r e  s t r u c t u r e .  T h e  la n g u a g e  g e n e r a t e d  
by G ,  L ( G )  is  the  s e t  o f  a ll  g r a m m a t i c a l  s t r in g s  w ith  r e s p e c t  to  G .

4 Prom Indexed Grammars to Unification Gram­
mars

W e are here g o in g  to  define a  s im ple  u n ifica tion  gra m m a r th at is equ ivalent to  
a given  indexed  gram m ar. T h e  m ain  idea  is th a t we use feature stru ctu res to  
represent the in dex  string  m ore or less like a  (n ested ) stack . T h e  use o f  feature 
structures to  represent stacks fo r  in dexed  g ra m m a rs is a lso used by  G azd a r and 
M ellish  [G M 89] a lth ough  they d o  n ot g o  in to  m u ch  details. Here we define a  fu n ction  
th at transform s any indexed  gra m m a r on  reduced  fo rm  w ith  a  m arked  in d ex -en d  
to  a sim ple  u n ifica tion  gram m ar, such th at the new g ra m m a r generates the sam e 
language.

D e f in i t i o n  9  L e t  G $  =  ( N , T , I , P , S )  be an in d e x e d  g r a m m a r  o n  red u ce d  f o r m  
with  a m a r k e d  in d e x -e n d .  W e  th e n  d e f in e  the  s im p le  u n i f i c a t io n  g r a m m a r  U { G i )  as  
{ N , T , P ' , L ' , S )  w h e re  P '  an d  V  are th e  least s e t s  w h e r e

a) F o r  each  ru le  on  the  f o r m  A  
f o r m

B f  in P ,  P '  h as  a p r o d u c t i o n  ru le  on  the

B
[  n e x t  
I  idx  =  f

( 12)

b) F o r  each  ru le  on  the f o r m  A f  
f o r m

B  in  P ,  P '  has  a p r o d u c t i o n  ru le  on  the

B
t n e x t  = 1  
t  id x  =  /

(1 3 )

c) F o r  each  ru le  on  the f o r m  A  —► B C  in  P ,  P '  has a p r o d u c t i o n  ru le  on  the  
f o r m

A  ^  B  C  

T = i  T = i
(14)
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d) F o r  each  ru le  on  the  f o r m  A  —> a  in  P , L '  h as  a l e x ic o n  ru le  o n  the f o r m

(15)

I f  p  is  a p r o d u c t i o n  ru le  in  G$ th en  U { p )  is th e  p r o d u c t i o n  o r  l e x i c o n  ru le  in  
U ( G $ )  d e f in ed  by a ) ,  b )  c )  o r  d).

N otice  th at there is a o n e -to -o n e  relation  betw een  the p rod u ction  rules in G j ,  
and  p ro d u c tio n /le x ico n -ru le s  in U (G % ) .  W e w ill later define a class o f  unification  
gram m ars w hich  can be defined by p rod u ction  and lex icon  rules on  the form s used 
here. B u t first we will show  that G$ an d  U {G % )  are equ ivalent.

L e m m a  2  F o r  e v e r y  in d e x e d  g r a m m a r  G $  on  red uced  f o r m  w ith  a m a r k e d  in d ex  
en d ,  L { G $ )  =  L (W (G ,) ) .

P r o o f :  W e  have to  show  that for  any string  w ,  w  G L { G $ )  i f  and on ly  i f  w  €
L (W (G ,) ) .

(= > ■ ) For every  w  G L (G % )  there exists a d erivation  tree { D , C j )  fo r  w  based 
on  G $. W e  have to  show  th at based on  U { G $ )  there ex ist c-stru ctu re w ith  w  as 
the term in a l string  w hich  generates a well defined feature structure. W e define the 
c-stru ctu re ( D , G u , E u )  on  the sam e tree d om a in  D .

For every  n on term in a l n ode  a: in Z) we have a unique p rod u ction  rule I t c e n s e ( x )  
in the in d exed  gra m m a r, and  for  each p rod u ction  rule in the in dexed  gram m ar 
we have a unique corresp on d in g  p rod u ction  or lex icon  rule U { l t c e n s e { x ) )  in U {G % )  
a ccord in g  to  D efin ition  9. I f

U { l i c e n s e { x ) )  =  j4 o

E n

(16 )

then let G u { x i )  =  A i  an d  E u ( x i )  =  E i  for  all 1 <  i <  n , and let G u { x : )  =  A q . 
T h en  we have a valid  c-stru ctu re and  since G u { x )  — G j ^ " ' { x )  fo r  all x  G D ,  i t  also 
has w  as term in a l string . N ow  we on ly  have to  show  th at all the equ ation s in the 
c-stru ctu re  are satisfied by  a well defined feature structure.

For any fin ite string  j  over an a lp h a bet I  we m ay  define a  feature stru ctu re where 
the n od e  set is the un ion  o f  all suffixes o f  7  and all sy m b o ls  o ccu rr in g  in 7 . Here we 
m ake a  d is tin ction  betw een  the sin g leton  string  o f  a sy m b o l, and the sy m b o l itself, 
such th at they are regarded  as tw o d istin ct n odes. For all n o n -em p ty  string  nodes, 
let the id x  a ttr ibu te  p o in t to  the first sy m b o l o f  the string  and  let the n e x t  a ttr ibu te  
p o in t to  the rest o f  the string  w hen  we rem ove the first sy m b o l, ie. 6 { f Y , idx)  =  /  
an d  6 { f y ' ,  n e x t )  =  7 ' fo r  every n on -em p ty  suffix  f y '  o f  7  w here f  G I .  Let a lso the 
a to m ic  value o f  each  sy m b o l-n o d e  b e  the sy m b o l itself, ie. c t ( / )  =  / .  E lse, let no 
m ore  a ttr ibu tes  or a to m ic  values be defined, and in p a rticu lar let 5 (e , n e x t ) ,  6 { e ,  idx)  
and a (e )  be  undefined . W e ex ten d  the defin ition  d irectly  to  any fin ite set o f  strings 
over an a lp h a bet. W ith  any n a m e-m a p p in g  to  the string  n odes defined fro m  this 
fin ite set, th is is a well defined feature structure since each n on em p ty  string  has a 
unique first sy m b o l, and a uniqu e su ffix  w ith  length  on e less than the string  itself.

Let M  b e  the feature stru ctu re defined as described  on  the set o f  all in d ex  strings 
th at occu r  in the derivation  tree { D , C i ) ,  w ith  the m a p p in g  o f  each nonterm inal 
n od e  in the tree d om a in  to  the in d ex -str in g  o f  th at n od e ; m { x )  =  G j^ ® (i). T h is  is 
a  well defined  feature structure. W e now  have to  show  th at all the equ ation s in the 
c -stru ctu re  are satisfied  by the feature stru cture M .  W e have three different cases 
to  consider:
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A ssum e for a n od e  x  th at C i ( x )  =  A 7  w here 7  is an in d ex -str in g  an d  th at 
I t c e n s e ( x )  =  A  —> B f .  T h en  C i ( i l )  =  B f j ,  m ( x )  =  7  and m ( x l )  — f y .  From  
U ( l t c e n s e { x ) )  we have that E i { x  1) =  { x l  n e x t  =  X ,  x l  id x  =  / } ,  w hich  is satisfied  
by the feature structure M  since 6 ( f y ,  n e x t )  =  7 , and  Q { S { f y ,  id x ) )  =  / .

A ssum e for  a n od e  x  that C j ( x )  =  A f y  w here f y  is an n on em p ty  in d ex ­
string  and that h c e n s e ( x )  =  A f  —> B .  T h en  C i ( x l )  =  B y ,  m (x )  =  f y  and 
m ( x l )  =  7 . From  U { l i c e n s e { x ) )  we have th at £ '^ ( x l )  =  { x  n e x t  =  x l ,  x  i d x  =  / } ,  
w hich is satisfied by the in d ex -str in g  feature stru ctu re M  since  6 { f y ,  n e x t )  — 7 , and 
a { 6 { f y ,  id x ) )  -  f .

A ssu m e for  a  n od e  x  that C j { x )  =  A y  w here 7  is an in d ex -str in g  and  that 
l i c e n s e { x )  =  A  —» B C .  T h en  C i ( x l )  — B y ,  C i ( x 2 )  — C y  and  m (x )  =  m ( x l )  =  
m (x 2 )  =  7 . F rom  U { l i c e n s e { x ) )  we have th at E U x  1) =  { x  =  x l }  and  E ^ { x 2 )
{ X =  x 2 ] ,  w hich is satistied by  the in d ex -str in g  feature stru ctu re  M .

W e d o  n ot have to  consider the n od es w hich  license p ro d u c tio n  rules w ith  ter­
m ina l sy m b ols  since all the term inal n od es have em p ty  equ ation  sets. T h en  all 
the equations in the c-stru ctu re are satisfied  by  the feature stru ctu re  M  and  then 
w  e  L { U { G $ ) ) .

( .^ = )  W e will here use the fu n ction  idx - ls t  : Q  V *  defined on  any well 
defined acy clic  feature structure as fo llow s : id x - ls t {q )  — oi {q )  i f  a [ q )  is defined. 
I f  6 {q ,  idx)  and 6 {q ,  n e x t )  are b o th  defined then id x - ls t (q )  is the con ca ten a tion  o f  
i d x - l s t { 6 { q , i d x ) )  fo llow ed  by  id x - ls t {6 {q ,  n e x t ) ) .  Else id x - ls t {q )  — e .  W e  restrict our 
atten tion  to  its prefix  w ith  $ as last sy m b o l: Let idx-lst^  : Q  —► K* b e  the fu n ction  
such that: idx-ls t%{q)  is the sm allest prefix  o f  id x - ls t (q )  w ith  $ as the last sy m b o l. 
I f  id x - ls t {q )  does n ot contain  any $ then id x -Is t$ {q )  =  e.

For every w  €  L { U { G $ ) )  there exists a  c-stru ctu re { D , C u , E u )  fo r  w  based  on  
U { G $ )  w hich generates a  well defined feature structure. W e  define the d erivation  
tree { D , C j )  for w  based on  G j  on  the sam e tree d om a in  D .  Let C j ^ { x )  =  C u { x )  
for all n odes in D  and C ' - ^ ( x )  — i d x - l s t f { m { x ) )  fo r  all n on term in a l n od es  in D  
excep t for  the ro o t  e for  w hich  we define C j^ ^ { e )  to  b e  the em p ty  string . T h is  
derivation  tree has w  as term inal string , an d  we ju s t  have to  show  th at th is is a 
valid derivation  tree a ccord in g  to  D efin ition  2.

S ince G j  has a  m arked in d ex -en d , the on ly  p ro d u ctio n  rule w here the start 
sy m b o l occu rs  is 5  —► A $ , for  an A  G N .  T h is  g ives the fo llow in g  corresp on d in g  
p rod u ction  rule in U {G % ) :

A
J, n e x t  = }  
}  id x  -  $

(17 )

w hich is the on ly  p rod u ction  rule in U { G i )  w here the start sy m b o l occu rs . T h en  
C i ( e )  =  S  w hich  is the start sy m b o l o f  G $. Here we a lso have th at id x - /s < j(m (l) )  =  
$ and C t /(1 ) =  A  so th at G i ( l )  =  A $  and 5  —► A $  licenses the ro o t  n od e . For all 
the other nonterm inal n odes in the tree d om ain  w e have fou r  cases to  consider: 

A ssum e for a n on term ina l n od e  x  excep t for  the ro o t  n od e  th at C u { x )  =  A  and 
i d x - l s t $ { m { x ) )  =  7 . T h en  C j { x )  — A y .  A ssu m e also th at there exists a p rod u ction  
rule in U (G % )  from  D efin ition  9 a), such th at G w (x l )  =  B ,  £ ^ ^ (x l) { x l  n e x t  =  
X ,  x l t d x  =  / }  and x l  has n o sister n odes. S ince $ on ly  occu rs  in the on e p ro d u ctio n  
rule w ith the start sy m b o l, f  ^  T h en  i d x - l s t $ ( m ( x l ) )  — f y  and C i ( x l )  =  B f y .  
From  the reverse o f  D efin ition  9 0) , there exists a  p ro d u ctio n  rule A  —> B f  in G j ,  
w hich licenses x .

A ssum e for a n onterm in a l n od e  x  excep t for  the ro o t  n od e  th at G w (x ) =  A  
and i d x - l s t f ( m { x ) )  =  f y .  T h en  C j ( x )  =  A f y .  A ssu m e a lso th at there exists a 
p rod u ction  rule in U { G $ )  from  D efin ition  9 b), such th at C u { x l )  =  B ,  E ! , i x l )  =  
{ x  n e x t  =  x l ,  x i d x  =  / }  and x l  has n o  sister n odes. S ince $ on ly  o c cu r  in  the

29Proceedings of NODALIDA 1995



on e  p ro d u ctio n  rule w ith  the start sy m b o l, /  ^  $. T h en  i d x - l s t f ( m { x l ) )  =  7  and 
C i ( x l )  =  B~f. B y  the reverse o f  D efin ition  9 b), there exist a p rod u ction  rule 
A f  B  in G $ ,  w hich  licenses x .

A ssu m e for  a  n onterm in a l n od e  x  ex cep t for  the ro o t  n od e  th at C m ( i ) =  A  
an d i d x - l s t $ { m { x ) )  — 7 . T h en  C j { x )  — A-y. A ssu m e also th at there exist a pro­
d u ction  rule in W (G $) fro m  D efin ition  9 c), such th at d { x )  =  2, C u ( x l )  =  B ,  
C u { x 2 )  =  C ,  B [ f ( x l )  — { x  =  x l }  and E ^ ( x 2 )  =  { x  =  x 2 } .  T h en  id i - /s < j (m (x l ) )  =  
:d i - /s t j (m (x 2 ) )  =  7 , C i ( x l )  =  B j  and C j { x 2 )  — C j  B y  the reverse o f  D efin ition  9
c ), there ex ist a p rod u ction  rule A  —» B C  in G j ,  w hich  licenses x .

A ssu m e for  a n on term ina l n od e  i  ex cep t for the ro o t  n od e  that G u ( i )  =  A  and 
id x -/s< $ (m (x )) =  7 . T h en  G j ( x )  =  A 7 . A ssu m e a lso th at there exists a lex icon  rule 
in U { G $ )  fro m  D efin ition  9 d), such th at d (x )  =  1, G u { x l )  =  t and  £ '^ ( x l )  =  0. 
T h en  C j ( x l )  =  t .  B y the reverse o f  D efin ition  9 d), there exist a  p rod u ction  rule 
A  —► t in G$ w hich  licenses x .

W e then have a valid  derivation  tree w ith  the sam e term inal string as the c- 
stru ctu re  and  then w  g  L {G % ) .  □

E x a m p le  2  Let G  =  { N ,  T ,  I ,  P ,  S )  b e  an in dexed  gra m m a r w here T  =  { d }  is the 
set o f  term inal sy m b o ls , N  =  { 5 ,  A ,  B ,  C ,  G ', Z?} is the set o f  n on term ina l sym bols, 
I  =  { $ , / ,  5 }  is the set o f  in d ices and P  is the least set con ta in in g  the fo llow in g  
p ro d u c tio n  rules:

5  —  A $ B - ^ C C
A - ^  B f C g  —  C C  C C
B ^ B g C f  ^  D D - * d

T h is  g ra m m a r is on  reduced  fo rm  w ith  a  m arked in d ex -end . T h e  sim p le  unifica tion  
g ra m m a r i / ( G )  as g iven  in  D efin ition  9 is then  the 5 -tu p le  { N , T ,  P ' , L ' , S )  where 
P '  is the least set con ta in in g  the fo llow in g  p rod u ction  rules:

A

J. n e x t  = t  
[  id x  =  $

B C

T = i
G

T = i

B
J, n e x t  = t  
], id x  =  /

C C
t n e x t  =  J, 
t idx  =  g

C C  C

T = i  T = i

B B
I  n e x t  = 1  
i  id x  =  g

C D
f  n e x t  =J. 
t  idx  =  f

and L '  con ta in s on e single lex icon  rule:

D

F igure 2 show s the derivation  tree for  the string  “ ddd d ”  based on  the in dexed  
gra m m a r G  togeth er w ith  the c-stru ctu re and the feature structure for  the sam e 
string  string  based on  the sim p le  u n ifica tion  g ra m m a r W (G ). T h is  show s th at the 
string  “ d dd d ”  is bo th  in L ( G )  and in L ( U { G ) ) .  T h e  language generated by  G  and 
W (G ) is I ^
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a) Parsing tree
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I T4r next = \
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I
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I
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l'idx = g
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1 1
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1
.. D

next =4- T next =i T next =i T next =4
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1
Jidx = f  

1
Tidx = f  
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d
1
d
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c) Feature structure b) C-structure

F igure 2: d e r iv a t io n  tre e  ( a )  f o r  i k e  s i r i n g  “d d d d ”  based o n  i k e  g r a m m a r  G  in  
E x a m p le  2, t o g e t h e r  w ith  the  c - s t r u c t u r e  ( b )  an d  f e a t u r e  s t r u c t u r e  ( c )  f o r  th e  s a m e  
s i r in g  based on  the  g r a m m a r  U { G ) .

5 A  Unification Grammar Formalism for Indexed 
Languages

W e are here g o in g  to  define a version  o f  the sim p le  u n ifica tion  gra m m a r th at des­
cribes the class o f  indexed languages. Just to  b e  precise, a  c la ss  o f  la n g u a g es ,  C r  
over a coun tab le  set F o f  sy m b o ls  is a set o f  languages, such th at each  language 
L 6  Cr is a subset o f  E* where E  is a fin ite subset o f  F. T h e  class C r ( G F )  o f  
languages that a gra m m a r form a lism  G F  describes is the set o f  all languages L ' 
over F such that there exists a g ra m m a r G  in G F  w here L (G )  =  L ' . T h e  class o f  
indexed languages is then the set o f  languages such th at there for  each  language 
exist a indexed gram m ar th at generates the language. W e assum e th at F is the set 
o f  all term inal sy m b ols  th at we use and drop  F as su bscrip t.

D e f in i t i o n  10 A  Unification grammar for Indexed languages, UQI is a 
s im p le  u n i f i ca t ion  g r a m m a r  w h e re

a) each  eq u a tion  s e t  in  the p r o d u c t i o n  r u le s  is  on  o n e  o f  th e  th ree  f o r m s

• £ = { T = i } ,
• =  { i  n e x t  = t ,  i  idx  =  / } ,

• =  { t  n e x t  = ] . ,  t idx  =  / }

w h e re  f  is  a n y  va lu e  sym bo l ,  an d  n e x t  an d  id x  are  th e  s a m e  tw o  a t t r ib u te  
s y m b o ls  f o r  all e q u a tion s  in all  p r o d u c t i o n  r u le s  in  U Q X ,
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L e m m a  3 T h e  c la ss  o f  la n g u a g es  C { U Q T )  c o n ta in s  the  c lass  o f  in d ex ed  languages.

P r o o f :  A h o  [A h o68] show ed that for every indexed  language there exists an indexed 
g ra m m a r on  reduced  fo rm  w hich  generates the language. F rom  L em m a  1 and its 
p r o o f  we have th at for every indexed  gram m ar G  on  reduced  fo rm  there exists an 
in d exed  g ra m m a r on  reduced  fo rm  w ith  a m arked  in d ex -en d  G $, such th at L { G )  =  
L { G $ ) .  T h e  sim p le  u n ifica tion  gram m ar W (G $) defined fro m  the in dexed  gram m ar 
on  reduced  fo rm  w ith  a m arked  in d ex -en d  in D efin ition  9 is an U Q X  g ram m ar. From  
L e m m a  2 we have th at L { G $ )  — L { U { G % ) ) .  T h en  every in d exed  language can be 
generated  by  an U Q 2  gra m m a r. □

W e shall now  show  th at every U Q J  g ra m m a r generates an in dexed  language, 
b u t to  d o  th is we need som e  tech nica l results. F irst it is easy to  see th at every U Q l  
gra m m a r can b e  form u la ted  w ith  rules on ly  on  the form s used in D efin ition  9 a)-d ) .  
W e define the reduced  fo rm  for  this.

D e f i n i t i o n  11  A  U Q I  g r a m m a r  is  on  REDUCED FORM i f  an d  on ly  i f  e v e r y  p r o d u c ­
t io n  ru le  is  on  o n e  o f  the th ree  f o l l o w in g  f o r m s :

6) each lexicon rule has en empty equation set.

B
I  n e x t  
i  idx  =  /

B
t  n e x t  =J, 
t  idx  =  /

B  G

T = i  T = i  (18)

L e m m a  4  F o r  e v e r y  U Q I  g r a m m a r  th ere  is  an  eq u iv a len t  g r a m m a r  on  reduced  
f o r m .

P r o o f :  U sing the techniques from  the standard  p r o o f  for n orm al fo rm  for  context- 
free gram m ars, it is stra ight forw ard  to  replace each p rod u ction  rule in the original 
g ra m m a r n ot on  reduced fo rm  w ith  a set o f  new  lex icon  rules and p rod u ction  rules 
on  reduced  fo rm . T h is  can be  don e  such th at on e instance o f  an origina l rule 
corresp on d s to  the net effect o f  com b in in g  on e ore m ore  o f  the new  rules. T h is  is 
p ossib le  since we allow  the em p ty  string  in  lex icon  rules. □

T o  m ake th is form a lism  m ore  d irectly  com p a ra b le  to  in d exed  g ram m ars w ith  a 
m arked  in d ex -en d  we use w hat we w ill call a  s in k -m a p p e d  r o o t

D e f i n i t i o n  1 2  A  U Q I  g r a m m a r  { N , T ,  P ,  L ,  S )  h as  a s in k - m a p p e d  ROOT i f  and  
o n ly  i f  it has o n e  an d  o n ly  o n e  p r o d u c t i o n  ru le  w h e r e  th e  s ta r t  s y m b o l  o c c u r s  and  
th is  ru le  is  on  th e  f o r m

A
I n e x t  =1 
I  idx  =  $

(19 )

w h e r e  A  £  N  an d  the  va lu e  s y m b o l  $ d oes  n o t  o c c u r  in a n y  o t h e r  p r o d u c t i o n  rule .

T h e  value sy m b o l $ w ill fo rm  som e k ind o f  a b lock a d e  in the feature structure 
since it d oes n ot occu r  in any oth er p rod u ction  rule, hence n o oth er n od e  in the 
c -stru ctu re  w ill be m a p p ed  to  the sam e n od e  in the feature structure as the ro o t  o f  
the c-structure.

W h a t we are d o in g  here is to  p u t a m ark at the b o t to m  o f  the stack  o f  indices, 
in the way the nested stack  is represented as a feature structure. W e also want 
to  m a p  the ro o t  o f  the c-stru ctu re to  the “sink” o f  the feature structure when we 
fo llow  the n e x t  a ttribu te .

L e m m a  5  F o r  e v e r y  U Q I  g r a m m a r  G  th ere  e x i s t s  a U Q I  g r a m m a r  w ith  a s ink -  
m a p p e d  r o o t  G '  s u ch  that L { G )  =  L { G ' ) .
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P r o o f :  F irst we show  how  we fro m  any U Q l  g ra m m a r G  m a y  define a ,U Q 2  gram m cir 
w ith  a  s in k -m ap p ed  ro o t  G ' . A fte r  th is we show  th at fo r  any string  w ,  w  £  L { G )  if 
and on ly  i f  u; G L { G ' ) .

Let any U G 2  gra m m a r G  =  { N ,  T ,  P ,  L ,  S )  be  g iven , and assum e th at S o ,  S '  and 
Se are neither term inal n or n on term ina l sy m b o ls  in G ,  and  th at $ is a value sy m b o l 
n ot used in G .  T h e  gra m m a r G '  is defined by ad d in g  the fo llow in g  p ro d u ctio n  and 
lex icon  rules to  the rules we have in G :

i) Let the fo llow in g  be tw o p rod u ction  rules:

So  - S'
I  n e x t  = 1  
[  id x  =  $

(20)

S' S  Sc

T = i  T = i

(21)

ii) For each f  £  V  used in any p rod u ction  rule in G ,  let the fo llo w in g  be  a 
p rod u ction  rule:

S' S '
I  n e x t  = t  
i  idx  =  f

(22)

Hi) Let the fo llow in g  b e  a  lex icon  rule:

5 . (2 3 )

C om p le te  G ' by ad d in g  So,  S '  and Sc to  the n onterm ina l sy m b o ls , and let So  be  
the start sy m b o l o f  G ' . W e see th at G '  is a  U G 2  g ra m m a r w ith  a  s in k - m a p p e d  
ROOT. N otice  also th at i f  G  is on  reduced  fo rm  so  is the new  gram m ar.^

N ow  we have to  show  that for any string  w ,  w  £  L { G )  i f  and  on ly  i f  uj G L ( G ' ) .
( = > )  W e show  th is d irection  in tw o steps: F irst we define som eth in g  th at we 

call a  c a n o n ic a l  feature structure for  c-stru ctu res based on  U Q 2  g ra m m a rs . T h is  is 
done such that i f  the c-stru ctu re generates a well defined feature stru ctu re  a t all, 
then it is also generating  the can on ica l feature structure. A fter  th is defin ition  we 
show  how  we from  a c-stru ctu re based on  G ,  togeth er w ith  its can on ica l feature 
structure can construct a c-stru ctu re togeth er w ith  a feature stru ctu re based  on  the 
gram m ar G ' . T h is  is don e  such th at the tw o c-stru ctures have the sam e term inal 
string  and i f  the term inal string  is in L { G )  so  is it in L { G ' )  also.

Let ( D ,  K ,  E )  b e  any c-stru ctu re based on  a  U Q 2  g ra m m a r G  such th at it ge­
nerates a feature structure. T h e  c a n o n ic a l  f e a t u r e  s t r u c t u r e  { Q , 6 , a , m )  fo r  the 
c-stru cture is defined as fo llow s : Let first Q +  b e  the set o f  all sequences o f  n odes 
from  the c-structure w ith  at m ost 2n  -|- 1 n od es in  each  sequence, w here n  is the 
height o f  the c-structure. T h en  let the n am e m a p p in g  fu n ction  m  b e  defined on  
Q +  by top -d ow n  in d u ction  on  the n odes in the c-stru ctu re: F irst let the m a p p in g  
o f  the ro o t  n ode , m (e )  b e  the sequence o f  n -|- 1 e ’ s, < e , e ,  . . . , e > ,  w here again  n is

^The use of Sc in rule (21) together with rule (23) where it will label the mother of a node with 
the empty string is only done because we want to stay in the domain of grammars on reduced 
form when G is on reduced form. This definition could be simplified if we did not want this.

3 21307
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the height o f  the c-stru ctu re. N ow  assum e th at m { x )  is defined for a n od e  x  in the 
c -stru ctu re . T h en  for each daughter x i  o f  x , let

m { x i )  =  m (x )  if
m { x i )  — p o p { m { x ) )  i f  
m (x i )  =  a d d [x i ,  m (x ) )  i f

T = i e  E ' { x i )  
t  n e x t  = i €  E ' ( x i )  
[  n e x t  = t €  E ' { x i )

(24 )

w here p o p  o f  any n on em p ty  sequence is the sequence w e get by  rem ov in g  the 
first e lem ent, p o p ( < x i ,  X 2, ■■■, x t > )  — < X 2, ■■■, x t > ,  and  a d d  o f  a  single elem ent and a 
sequence is the sequence we get by  ad d in g  the single elem ent to  the beg in n ing  o f  the 
sequence, a d d (x ,  < x i , x t > )  —< x , x i , . . . , x k > .  S ince the ro o t  n od e  is m a p p ed  to 
the sequence o f  n +  1 e ’s, p o p  and a d d  m ay  n ot g o  o u t o f  their d om a in  and therefore 
is m  well defined.

E xten d  now  the set Q +  such th at all the value sy m b o l used in the c-structure also 
are e lem ents in  Q + .  T h en  let the partia l fu n ction  : Q +  x  { n e x t ,  id x }  —► be
defined such th at 6+ (g ,  n e x t )  =  p o p (q )  for  all n on em p ty  sequences q S Q + , and let 
6+ {q ,  n e x t )  b e  undefined w hen q is the em p ty  sequence. M oreover let 5 + (9 , id x ) — f  
for  the value sy m b o l /  i f  and on ly  i f  there exists a  n od e  x  in  the c-structure such 
th at either j  id x  =  /  €  E { x ) ,  or  f  id x  =  /  €  E { x i )  fo r  a daughter x i  o f  x . T h is  is the 
on ly  p la ce  w here in con sistency  m ay occu r  an d  we w ill la ter see th at it w ill n ot occu r 
i f  the c-stru ctu re  generates any feature stru ctu re at all. W e ex ten d  the defin ition  
o f  the 5+ to  pairs o f  n odes and strings o f  the a ttr ibu te  sy m b o ls  as described  in the 
defin ition  o f  feature structures in the beg in n in g  o f  section  3.

N ow , let us shrink the defin itions o f  Q +  and 6+ such th at we get a well defined 
feature structure. F irst let Q  C  b e  the set o f  all n od es th at is reachable from  
a n am ed  n od e , form ally  Q  =  [q  \ 3 x  G D ,ip  S  { n e x t , t d x } *  : S + ( m ( x ) , i p )  — 9} .  
T h en , we restrict S to  the new  d om ain : 5 =  5+ f l  (Q  x  { n e x t ,  id x }  x  Q ) .  F inally, 
let a [ f )  =  f  fo r  all value sy m b o l used in  the c-stru ctu re. W e  now  have a feature 
stru ctu re  and  it is describab le  and a cy clic  d irectly  fro m  the defin ition  o f  Q  and 6. 
It is also a to m ic  since 6 is n ot defined on  any feature sy m b o l n od e , and a  is on ly  
defined on  feature sy m b o l n odes. M oreover, it satisfies all the equ ation s fro m  the 
c-stru ctu re  after w e have in stan tia ted  the up and dow n  arrows. W e  w ill now  show  
th at i f  the c -stru ctu re  generates any well defined feature structure so  w ill it generate 
the well defined can on ica l on e also.

Let M '  =  { Q ' , S ' , a ' , m ' )  be  any well defined feature stru ctu re w hich the c- 
stru ctu re  generates, and assum e th at we have the can on ica l feature structure as 
d escribed . F rom  the fa c t th at the c-stru ctu re  generates a  feature structure, and from  
the defin ition  o f  the can on ica l feature stru ctu re we have th at i f  m (x )  =  m (y )  for 
any tw o n od es x  and y  in the c -stru ctu re  then  m '( x )  =  r n '{y ) .  N ow  we m ay define a 
fu n ction  h : Q  —* Q '  fro m  the n od es in the can on ica l feature stru ctu re to  the n odes in 
M ' ,  such  th at m '( x )  =  / i (m (x ) )  fo r  all n od es x  in the c-structure. A ssu m e then that 
we d o n ’t have a  well defined can on ica l feature stru ctu re becau se o f  in consistency  
in it d efin ition . T h is  m eans th at there ex ist tw o in stan tia ted  equ ation s, x  id x  =  f  
and y  id x  =  f  from  the c-stru ctu re  w here m (x )  m (y ) bu t /  ^  / ' .  H ow ever, 
then  m '( x )  =  r n '{y ) ,  and in con sistency  m ust also occu r  w ith  respect to  M ' and the 
c-stru ctu re  can  n ot generate any well defined feature structure. T h en  the can on ica l 
feature stru ctu re m ust be consistent defined, and since it is also describab le , acyclic  
and  a to m ic  it is well defined. S ince it also satisfies all the equations in the c-structure 
it is generated  by  the c-structure.

N ow  we have a  well defined can on ica l feature stru ctu re for each c-stru ctu re based 
on  any U Q 2  g ra m m a r i f  the c-stru ctu re  generates a feature structure. N otice  that 
6{ < e > , i d x )  is n o t defined for  the can on ica l feature structure. T h is  due to  the 
m a p p in g  o f  the ro o t  in  the c -stru ctu re  to  the sequence o f  n -|- 1 e ’s, w here n  is the 
h eigh t o f  the c -stru ctu re. W ith  th is height it is on ly  possib le  to  p o p  o f  n — 1 e ’s
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accord in g  to  defin ition  o f  the n am e m a p p in g  (2 4 ), and  since 6(g , id x ) is on ly  defined 
for q i f  there exist a  n od e  x  such th at m ( i )  =  q, 6{ < e > ,  td x)  can n ot be  defined.

A ssum e now  th at w  G L [ G )  for  a gra m m a r G .  T h en  we have a c-stru ctu re 
for w  based  on  G  w hich  generates a well defined feature stru ctu re. T h en  it is 
also generating  a  can on ica l feature structu re M  — { Q , 8, a , m )  as d escribed  above . 
For th is feature structure we exten d  the defin ition  o f  6 and  a  as fo llow s : F irst let 
6{ < e > , i d x )  =  $ and let a ($ )  =  $. For all sequences q o f  e ’s such  th at 8{ q , i d x )  
is n ot defined, let 8( q , i d x )  =  f  fo r  any value sy m b o l /  w hich  o ccu rs  in the c- 
structure. W h en  we construct the new  c-stru ctu re  based  on  G '  the o ld  n od es  keep 
their m a p p in g  values.

W e construct a new  c-stru ctu re for  w  b 2tsed on  G '  by  the fo llow in g  steps: F irst 
add a  new  n od e  on  the top  o f  the c-stru ctu re  by  a p p ly in g  the p ro d u ctio n  rule
(2 1 )  . T h is  g ive us also a new  sister n od e  for the o ld  ro o t  n ode . M ap  the tw o new 
n odes to  the sam e n ode  in the ex ten ded  can on ica l feature stru ctu re as the o ld  roo t 
node. T h is  secures that the equ ation s in the p ro d u ctio n  rule (2 1 ) is satisfied  by 
the extended  feature structure. T h e  new  sister n od e  labeled  w ith  Sc m ay o n ly  be 
a m oth er o f  a term inal n od e  labeled  w ith  the em p ty  string  such th at the term inal 
string  is still w . N ow  ad d  n n od es ab ove  the present ro o t  n od e  by  a p p ly in g  the 
generic p rod u ction  rule ( 22) n — 1 tim es and p ro d u ctio n  rule ( 20) on  the to p m o st  
node. T h is  top  n od e  w ill be  the ro o t  n od e  in the new  c-stru ctu re  and  it is now  
labeled  w ith  the start sy m b o l in G '.  W h en  ap p ly in g  the generic  p ro d u c tio n  rule
(2 2 )  , let /  =  a ( 6( m ( x l ) ,  j(fx)) fo r  each new  n od e  x  w here it is ap p lied . T h e  new 
n odes are each m a p p ed  to  the sequence o f  k  e ’s, w here k  is the n o d e ’s d istance  from  
the new roo t node. In th is way the new  ro o t  n od e  is m a p p ed  to  the em p ty  sequence, 
the daughter o f  the ro o t  n od e  is m a p p ed  to  < e > ,  and so on . S ince 8( < e > ,  id x) =  $ 
the equations in p rod u ction  rule (2 0 ) is satisfied  by the feature stru ctu re. M oreover 
since /  =  a ( 6( m ( x l ) ,  td x ))  for  each n od e  x  w here the p rod u ction  rule ( 22 ) is ap p lied  
and 8(q , n e x t)  =  p o p {q ) ,  all the equ ation s is satisfied  by  the feature stru ctu re. W e 
then have a c-stru ctu re based on  G '  w ith  w  as term inal string , and  th is c-stru ctu re  
generates a well defined feature structure. T h en  w  G L { G ' ) .

{ < = )  A ssum e th at w  G f ' ( G ')  fo r  a gra m m a r G .  T h en  there is a  c-stru ctu re w ith  
category  So in the root, and a sequence o f  derivations dow n  to  a n od e  w ith  category  
S , where each in term ediate n od e  heis ca tegory  S '.  T h is  has been  con stru cted  by 
first using p rod u ction  rule ( 20) and then a sequence o f  zero or m ore  a p p lica tion s  
o f  p rod u ction  rule (2 2 ) before  p rod u ction  rule ( 21) g ives the n od e  w ith  ca teg ory  S . 
Every n od e  ab ove  the first n od e  w ith  category  S  has on ly  on e ch ild , ex cep t the first 
w hich has an ad d ition a l daughter, labeled  w ith  S c- T h is  daughter is the m oth er 
o f  a single term inal n ode  labeled  w ith  the em p ty  string . T h en  we can  rem ove 
all nodes ab ove  the n ode  labeled  S  and still have the sam e term ina l string  w  in 
the c-structure. T h e  new  c-structu re w ill have a ro o t -n o d e  w ith  ca teg ory  S ,  and 
on ly  p rod u ction  rules from  the gra m m a r G  are used. S ince the orig ina l c-stru ctu re  
generates a feature structure, so d oes the new  one. T h en  w  G L { G ) .  □

N ow  we have the necessary technical results to  show  th at every language in 
C {U Q 1 )  is an in dexed  language. W e d o  th is in tw o steps.

L e m m a  6 F o r  a n y  U Q l  g r a m m a r  G  on  red u ced  f o r m  w ith  a s in k -m a p p e d  roo t, 
th ere  e x is ts  an in d ex ed  g r a m m a r  G j  su ch  t h a t U ( G x )  =  G .

P r o o f :  A ssum e that G  =  { N , T , P , L , S )  is a .U Q I  gra m m a r on  reduced  fo rm  w ith  
a sink -m apped  ro o t. T h en  let G j  =  { N ,T ,  V , P ' , S )  be  an in d exed  g ra m m a r w here 
/ '  is all the value sy m b ols  o ccu rrin g  in G , and P '  is con stru cted  fro m  P  and  L  by 
reversing D efin ition  9 a )-d ) . T h is  can bee don e  since G  is on  reduced  fo rm  and there 
exist a one to  one relation  betw een  the p rod u ction  rules in the in d exed  gra m m a r and 
the p rod u ction  and lex icon  rules in the u n ifica tion  g ra m m a r defined there. S ince G
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has a s in k -m a p p ed  ro o t  the start sy m b o l w ill o ccu r  in  on e and  o n ly  on e p rod u ction  
rule togeth er w ith  a  u nique value sy m b o l. T h en  G j  has a  m arked  in dex-end  and 

=  G . □

L e m m a  7 E v e r y  la n g u a g e  in  C {U Q X ) is  an in d ex ed  la n gu a ge.

P r o o f :  F rom  L em m a  4 and L em m a  5 w e have fo r  any language in C {U Q 2 )  th at there 
ex ist a,l4Q X  g ra m m a r G  on  reduced  fo rm  w ith  a  s in k -m a p p ed  ro o t  th a t generates the 
language. f> o m  L em m a  6 we have an in dexed  g ra m m a r G j  such that U { G j )  =  G . 
B y L em m a  2 we have th at L ( G j )  =  L { G ) .  T h en  we have an in dexed  gra m m a r for 
all languages in C {U Q X ).  □

F rom  L em m a  3 and L em m a  7 we then have the fo llow in g  result:

T h e o r e m  1 ; T h e c la ss  C {U Q X ) is th e c la ss  o f  in d ex ed  la n g u a g es .
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