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Abstract

This tutorial will describe the use of a fac-
tored probabilistic sequence model for parsing
speech and text using a bounded store of three
to four incomplete constituents over time, in
line with recent estimates of human short-
term working memory capacity. This formu-
lation uses a grammar transform to minimize
memory usage during parsing. Incremental
operations on incomplete constituents in this
transformed representation then define an ex-
tended domain of locality similar to those de-
fined in mildly context-sensitive grammar for-
malisms, which can similarly be used to pro-
cess long-distance and crossed-and-nested de-
pendencies.

1 Introduction

This paper will describe the derivation of a fac-
tored probabilistic sequence model from a proba-
bilistic context-free grammar (PCFG). The result-
ing sequence model can incrementally parse input
sentences approximately as accurately as a bottom-
up CKY-styple parser, incrementally estimating the
contents of a bounded memory store of intended
constituents, consisting of only three to four work-
ing memory elements, in line with recent esti-
mates of human short-term working memory capac-
ity (Cowan, 2001). The detailed derivation of this
model is intended to illustrate how probabilistic de-
pendencies from an original PCFG (or other types of
syntax-derived dependencies) can be preserved in a
processing model with human-like working memory
constraints.

1.1 Notation

This paper will associate variables for syntactic cate-
gories c, trees or subtrees 7, and string yields & with
constituents in phrase structure trees, identified us-
ing subscripts that describe the path from the root of
the tree containing this constituent to the constituent
itself. These paths may consist of left branches (in-
dicated by ‘O’s in the path) and right branches (in-
dicated by ‘1’s), concatenated into sequences 7 (or ¢
or k). Thus, if a path 7 identifies a constituent, that
constituent’s left child would be identified by 7,0,
and that constituent’s right child would be identified
by n1. The empty path € will be sued to identify the
root of a tree.

The probabilistic parsers defined here will also
use an indicator function [-] to denote deterministic
probabilities: [¢] = 1 if ¢ is true, 0 otherwise.

2 Parsing

For a phrase structure subtree rooted at a constituent
of category ¢, with yield 7, (a sequence of individ-
ual words z), the task of parsing will require the
calculation of the inside likelihood probability or
Viterbi (best subtree) probabilities. When the do-
main X of words x is a subset of the domain C' of
category labels c, these can be calculated using rule
probabilities in a probabilistic context-free grammar
(PCFG) model g, notated:

Pog(cy = cno cq1) = Pog(cpo e |ep) (1)

Any yield 7, can be decomposed into prefix Z;g
and suffix 7, yields:

Ty = TpoTyl 2)
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Therefore, inside likelihood probabilities can be de-
fined by marginalizing over all such decomposi-
tions:

P91ns(0>(j7l | CW) -
if [Zy] = 1: 2 = ]
otherwise : Z Pog (cn = cno cn1)
jnocn()’j"]lcnl .P91n5<G) (.f‘no | CT]O)
.Pelns(G) ((Z'nl | C'r]l)

3)

and Viterbi scores (the probability of the best tree)
can be defined by maximizing over all such decom-
positions:

PBVit(G) (jn | Cn) =
if [Zy] = 12 [Z = ]

otherwise : max

Pos (cn = cno e
xnocno»fnlcnl G K K K )

'P9vn<c) ('TWO | CWO)
'P9vn<c) (@71 | Cnl)

From these, it is possible to obtain the probability of
a sentence T.:

P(ipe) = Z Pelns(m(fe | CE) : P(Ce) )

and the most likely tree:

e = argmax Py, o (Ze| ¢, ) - P(cr,) 6)
3 Incremental Parsing using Incomplete
Constituents

Note that any prefix of a yield z;, can be rewritten
as an ‘incomplete yield’ consisting of the complete
yield lacking some suffix of that yield Z,,:

Ty = (Zy/Znu) Ty (N

It is therefore possible to decompose any inside like-
lihood or Viterbi probability into two parts: first, an
‘incomplete constituent’ probability of generating
this incomplete yield Z,/Z,, along with an awaited
constituent of category c,, given an active con-
stituent of category c¢;; and second, an ordinary in-
side or Viterbi probability (or ‘complete constituent’
probability) of generating T, given c;,:

P‘glns((})(i’n ‘ CTI) = Z PQIC(G)('/EU/EUU Cne ‘ Cn)

Lelt Ty, ,C _
e 'Pelns(G)(xm|Cm) (8)

This decomposition can be represented graphically
as a transformation of the structure of a recurrence
from the standard PCFG recurrence above, corre-
sponding to PCFG dependencies, to one involv-
ing incomplete constituents (in particular, this will
transform the end of a right-expanding sequence into
the beginning of a left-expanding sequence of in-
complete constituents):

T ayfE,
This decomposition gives incomplete constituent
probabilities that can then be decomposed into other
incomplete constituent probabilities (this will trans-
form the middle of a right-expending sequence into
the middle of a left-expanding sequence of incom-
plete constituents):

PeIC(G) (fn/fml y Cnul ‘ Cn)

= Z P91C(c)(j77/jmv Cm|cn)

Ty sCre

) PQIC(G)(jnL/jnbl’ Cnut | Cne) (10)
= Z P91C(G)(fn/fm7 el en)
Tny,C
e B Z PeG(Cm - Cnu0 le)
O Py (@0 [eno) (A1)
represented graphically:
Cn Cn
Falitn eyt s
= (12)
C?]_LO C?]_Ll Cn/_cm Cn_LO
T Ty TpTp Tmo

or into the product of a grammar rule probability and
an inside probability at the end of a sequence of such
decompositions (this will transform the beginning of
a right-expanding sequence into the end of a left-
expanding sequence of incomplete constituents):

P91C<G)(jn/577717 Cn1 ‘ cn) =

Z Pog (cy = cno eq1) - P91ns<e>(3_cn0 lcno)  (13)
Zn0,Cno
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represented graphically:

n
ey TR
/\ Cn/cnl mnl
Cno Cnl | (14)
e €0
Lno Ll S
.17770
Essentially this transformation turns right-

expanding sequences of constituents (with sub-
script addresses ending in ‘1) into left-expanding
sequences of incomplete constituents, which can
be composed together as they are recognized incre-
mentally from left to right. The decompositions of
Equations 8-13, taken together, are a model-based
right-corner transform (Schuler, 2009).

This transformation can then be defined on depth-
specific rules, allowing the sequence model to keep
track of a bounded amount of center-embedded
phrase structure.

P91ns(G),d (jﬁ | 077) = Z PGIC(G),d (jn/i‘ma Cne | 677)
L€l Ty, ,Cne

’ Pelns(G),d(a_jnL | Cm) (15)

Porccra (Tn/Tnurs el cy)

B Z Poica (Zn/Zyus cnulcy)

B PQIC(G)A,d("i‘nL/'fULl? Cnel ’Cm)

B Z Pocra (Tn/Tnes cnelen)

e Z PGG.R,d (Cm = Cnu0 le)

j’l]LO7c7]L0 _
’ P91ns(0),d+1 (5377&0 | C77L0) (17)

(16)

P91c<c>,d(ffn/fz'nla cnlen) =

Z PHG—L,d (677 > Cno cﬂl) ’ P91ns(G>,d(j770 | Cno)
Tn0,Cn0

(18)

Estimating probabilities for the beginning and
ending of these transformed left-expanding se-
quences will require the estimation of expected
counts for repeated recursive decompositions of yet-
unrecognized incomplete constituents according to
Equation 8, marginalizing over values of Z. Since
left children and right children are decomposed dif-
ferently, the expected counts O g, =4 Will use PCFG
probabilities 0g.x ¢ and 0. 4 that are conditioned

on whether the expanding constituent is a right or
left child, and on the center-embedding depth d of
the expanding constituent. The expected counts
0G_ry%q are of constituent categories c¢,, anywhere in
the left progeny of a right child of category c;:

EgG-RL*,d( _> Cno - ) Z P‘gG R, d = Cno 0771)
Cn1
(19)
k k-1
B (Cn = Choko ) = > Eog e (Cn = Coon )
cnOk
- 2 Poga(Cor = Corg Chort) (20)
Cnok1
* e k
EGG_RL,:d(Cn - Cy ) = Z EgG-RL*,d(Cn - Cp, )
k=0
(21)
+ *
Eog pea(Cn = e ) =g (cp > cnu )
0
- EGG-RL*,d(Cn = Gy )
(22)

In practice the infinite sum is estimated to some con-
stant K using value iteration (Bellman, 1957).

These expected counts can then be used to calcu-
late left progeny probabilities:

*
EGG-RL*,d(Cn = Cpy o)

e, E

PGG-RL*,d( > Cne - ) B *

O maa (cyp—=cn-nn)
(23)

which can be used to calculate forward or Viterbi

probabilities for all incomplete constituents in the

memory store, along with their yields:

= = D D D
Perd((xnd/xndel)d:D (Cnd)dzlv (cndbdl)dzl) =
D

H QGRL d(cnd 1ld— 11 = 77 )

d_
PGIC(G) (mnd/xndbdl’ Cnaeql |C77d) (24)

Putting all the pieces together, probabilities for
stores of incomplete constituents can now be de-
fined in terms of transitions from possible previ-
ous stores of incomplete constituents (set apart by
parentheses in the equation below) and reductions of
incomplete constituents and terminal symbols into
complete constituents (set apart by square brackets).
These transitions either:
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* add a layer of structure below an awaited con-
stituent at some depth level (the first case be-
low),

* add a layer of structure to the top of an active
constituent at some depth level (the second case
below), or

* carry forward the probability of an incomplete
constituent at a depth at which no transition
takes place (the third case below):

P9Fwd ((i'nd/ifndel)g:l, (Cﬁd)dDzly (cndel)c?:l) _
if Crger = Tngpqsld F €°
Zi”cild’
PQG-RL*,d(CTYdﬂqul > Crg )
'PGIC(G),d (fnd/i‘nd%, Chata | Cnd)

’ Zj’qudO’

Endtd

CndeO ZH s.t. fndeOrc:CndeON
*
Peo RL* d+1(CTlde = Cngeq0 - )
P91C(G) d+l (xndbdo/xndbd(]”7 CngqraOk | Cndbdo)

P —>c
OGre? d+1( Mdtd a0 )

Pg _’Cndbd() )

G—RL*,d+1( Ndtd
_'[xndbd()fi = Cndbdofﬂ]]
DGGfR,d(C"de_’cndeO Cngigl)
0
EGG—RL*,d+1 (Cnde TCnard0 )

if Cnas1 = Tngprstd = €°

o

it
)

andmcndo Zn s.t. :T:nd(),ﬁ:cndo,€
*
P90_RL>§d (Cﬁd—lbd—ll = Cny0 )
'PGIC(G),d(i‘ndO/‘fndOK’ Cnq0k | cTidO)

.
Pogra (Cra-1ta-11~Cna0 )

=
PgG-RL*,d(Cnd‘lLd‘ll_)C"dO )
= Cﬁdoﬁﬂ

*
PO rra (Cra-1ta-117Cng )

'[[ipnd()ﬁ

P"G.RL*,d(C"d—vd-l1;%0 )
'PGG-L,d(CWd = Cng0 Cndl)
if Cnd+1 # fnd+l : N
PQG_RL’;d(Cnd—ILd—ll = Cpq )
'P9IC(G>,d (jnd /fﬁdbdv Cnatq | cﬁd)

(25)

Note that the left progeny probabilities above can-
cel out over time, leaving only the relevant original
PCFG probabilities at the end of each sentence.

4 Parsing in a Factored Sequence Model

Store elements can now be abstracted away from
(i.e. marginalized over) individual constituent struc-
ture addresses. Store elements are therefore de-
fined to contain the only the active and awaited (c
and ¢ YI') constituent categories necessary to compute
an 1ncomplete constituent probability:

def
15 g, ki) (26)
def

oy Coney) St ta € 1, 0g € Na_114-10% (27)

Reduction states are defined to contain only the
complete constituent category ¢, necessary to com-
pute an inside likelihood probability, as well as a
flag f,¢ indicating whether a reduction has taken
place (to end a sequence of incomplete constituents):

def
S er, fra) (28)
d f
= {Cnas [Z0, = cnl) (29)
Since ¢4 € 17, it follows that:
L1t = ('i‘nd/'fndbd)dD=l (30)

This allows store elements to be abstracted away
from (marginalized over) tree addresses in the cal-
culation of forward or Viterbi probabilities:

) =
Z P9Fwd((j77d/jndbd1)dD=1a (Cnd)dD=17 (Cndbdl)dD=1)

..Dsl1..D
(31

Perd (331 .ty st

Forward probabilities can then be factored into con-
tributions from previous store states (fpyq at s%;‘lD
below, parenthesized in Equation 25), reductions
of terminal symbols (g below, bracketed in Equa-
tion 25), and transition operations ( below, not set

apart in Equation 25):

PGFWd (:Cl .t sél..D) =

Z POFWd(fUl - 175t 1 ) PGA(S |51"1D
W Poy (ze]si77)  (32)

Probabilities for recognized sequences of incom-
plete constituents (Equations 8 through 13), and
expected left progeny counts for unrecognized se-
quences of incomplete constituents (Equations 19



Incremental Parsing in Bounded Memory

through 22) can be combined in a probabilistic push-
down automaton with a bounded pushdown store (to
simulate the bounded working memory store of a hu-
man comprehender). This is essentially an extension
of a Hierarchical Hidden Markov Model (HHMM)
(Murphy and Paskin, 2001), which obtains a most
likely sequence of hidden store states 12 of some
length 1" and some maximum depth D, given a se-
quence of observations (e.g. words) x1 :

A1..Ddef 1.D 1..D .D
S1.T7 = gmaXH Po, (st [s¢i”): PBB($t|St )
sty t=1

(33)
The model generates each successive store only after
considering whether each nested sequence of incom-

plete constituents has completed and reduced:

D def
PGA(St |8t1 ) <

al d d1
Z HPGR(Tt t+ St-15¢1
1 .Dd=1
TPy (s | el s (34

The model probabilities for these store elements
and reduction states can then be defined (from Mur-
phy and Paskin 2001) to expand a new incomplete
constituent after a reduction has taken place ( frg =
1), transition along a sequence of store elements if
no reduction has taken place ( frg =0):

dy d+l d .d def
P9s(3t’7" Tt 3t1t )e

if frf*l =1, frf =1: PGS_Eyd(sgl ’ St )
if frgn=1, fra=0:Pog (¢ |rfri st sf)
if fran =0, fra=0:[sf=s¢,]

(35)

and possibly reduce a store element (terminate a
sequence) if the store state below it has reduced

(frat =1):

dy. .dl d _d-1\def
POR(Tt|7“+5t1 tl)_e

if fran=0:[rf=r,]
(36)
{1f fran=1:Pg d(rff | 7t 51(511 st
where s? = s and rtD‘Ll = r; for constants st (an
incomplete root constituent), ry (a complete lexical
constituent) and r, (a null state resulting from the

@

Figure 1: Graphical representation of the dependency
structure in a standard Hierarchic Hidden Markov Model
with D = 3 hidden levels that can be used to parse syntax.
Circles denote random variables, and edges denote con-
ditional dependencies. Shaded circles denote variables
with observed values.

failure of an incomplete constituent to complete).
The model is shown graphically in Figure 1.

These pushdown automaton operations are then
refined for right-corner parsing (from Schuler 2009),
distinguishing active transitions fs.r_, ¢ (in which
an incomplete constituent is completed, but not re-
duced, and then immediately expanded to a new
incomplete constituent in the same store element)
from awaited transitions fs_r.w 4 (which involve no
completion):

el o gl ydef

P9sTd(5t |78y si 8¢

{1f7“t =Ty PGsTAd(St ‘St 1Tt )

37
lfrt?”l PGSde(5t|3t1§i) G7)

d-1 ) def

d
Porr.a (r¢ | Tt St 1541

if cpgn =2y PGR.R,d(Tf | siyst))
if cpan 2y [rd=r]

(38)

These right-corner parsing operations then con-
struct a full inside probability decompositions, us-
ing Equations 8 through 13 and Equations 19
through 22, marginalizing out all constituents that
are not required in each term:

* for expansions:

Cn))d:ef
) : [[xm = C;]L = Cm]] (39)

PGS—E,d (<CT]L7 C7’7L> | (_7

*
EGG»RL*,d(Cn = Cpy e
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a) binarized phrase structure tree:

S
—/\
NP VP
/\ /\
NP PP VBN NP
1) NN IN NP VBN PITT DIT NN
strong demand for NPpos NNS propped up the J IJ NIN
/\ /\
NNP PCl)S J IJ NNS municipal market
/\ /\
NNP NNP ’s general NN NNS
new NIl\IP Nll\IP obligation bonds S
york city S/NN NN
— |
S/NN 1 market
b) result of right-corner transform: — I
S/NP DIT municipal
/\
S/VP VBN  the
| /\
NP VBN/PRT PRT
—_— I
NP/NNS Nll\IS V]|3N up
/\
NP/NNS NIN bonds  propped
/\
NP/NNS JJ obligation
—/\
NP/NP NPpos  general
T —
NP|/PP Ill\I NPpos/POS P(l)S
|
NP for NNP ’S

/\ /\
NP/NN NN NNP/NNP NNP

I I — T~ I

JlJ demand NNP{NNP NNP  city
strong NIl\IP york
new

Figure 2: (a) Sample binarized phrase structure tree for the sentence Strong demand for New York City’s general
obligations bonds propped up the municipal market, and (b) a right-corner transform of this binarized tree

* for awaited transitions, from Equation 11: * for cross-element reductions:

def Por s (o 1 (=) (e =N E
PGS—T—w,d(<C77’ Cm1> | <Cr]7 Cm) CnLO) = R A 0
Py Cp, — C ( -
o=yt 2 Fr0 ) Len. =c:uu e (42)
EGG_RLW (Cm —> Cnu0 ) O6-r0* d( -
* for in-element reductions:
* for active transitions, from Equations 8 and 13:
e
POR,R,d(CnHOH_vC??) < m? )) =
def
Py 1. ({Cnes cpua) [ (= ) enuo) = [ / ]] 06w J(en i’
Cpu=C (43)
EeG-RL”,d (077 _i C7IL ) ’ PGG-L,d(c”]L - 07750 cﬂll) " " ( i)

G RLYd
E (c Se )
Oruna\ o 7 Cm0 - A sample phrase structure tree is shown as a right-

corner transformed recursive structure in Figure 2,

(41)
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t=1 t=2 t=3 t=4 4i=8 4i=9 ;jlo t=11 =12 t=13 =14 t=15
L L L % % %
o) ) 7 Y L &L
d=1 - 7- 7- =75 72—
AR T 4] 4] 2 2] 5] 4] &
N
S
d=2 \ \ \ \ \ \ \ %— \ \ \
?
(>
d=3 \ \ \ \ \ \ \ \ \ \ \
[}
3 ) 2
& X o 2. o1 2 Z,
wod %) 8l gl % ol %l 2l gl ol ool Bl %
=) ) P G c: o o) © < ‘4
[ o < o?p P S v%/ e

Figure 3: Sample tree from Figure 2 mapped to s¢ variable positions of an HHMM at each depth level d (vertical) and
time step ¢ (horizontal). This tree uses at most only two memory store elements. Values for reduction states ¢ are not

shown.

and as a sequence of store states in Figure 3, cor-
responding to the output of Viterbi most likely se-
quence estimator. This estimation runs in linear time
on the length of the input, so the parser can be run
continuously on unsegmented or unpunctuated in-
put. An ordinary phrase structure tree can be ob-
tained by applying the transforms from Section 3, in
reverse, to the right-corner recursive phrase structure
tree represented in the sequence of store states.

5 Discussion

This paper has presented a derivation of a fac-
tored probabilistic sequence model from a proba-
bilistic context-free grammar, using a right-corner
transform to minimize memory usage in incremen-
tal processing. This sequence model characteriza-
tion is attractive as a cognitive model because it
does not posit any internal representation of com-
plex phrasal structure beyond the pair of categories
in each incomplete constituent resulting from the
application of a right-corner transform; and be-
cause these incomplete constituents represent con-
tiguous connected chunks of phrase structure, in line
with characterizations of chunking in working mem-
ory (Miller, 1956). Experiments on large phrase-
structure annotated corpora (Marcus et al., 1993)
show this model could process the vast majority of
sentences in a typical newspaper using only three or
four store elements (Schuler et al., 2008; Schuler
et al., 2010), in line with recent estimates of hu-
man short-term working memory capacity (Cowan,
2001).

This derivation can be applied to efficiently in-

crementalize any PCFG model, preserving the prob-
abilistic dependencies in the original model. But,
since the model is ultimately defined through transi-
tions on entire working memory stores, it is also pos-
sible to relax the independence assumptions from
the original PCFG model, and introduce additional
dependencies across store elements that do not cor-
respond to context-free dependencies. These ad-
ditional dependencies might be used approximate
dependencies of mildly context-sensitive grammar
formalisms like tree adjoining grammars (Joshi,
1985), e.g. to model long-distance dependencies in
filler-gap constructions (Kroch and Joshi, 1986), or
crossed and nested dependencies in languages like
Dutch (Shieber, 1985).

Figure 4 shows a sample store sequence corre-
sponding to a parse of a noun phrase modified by an
object relative clause. Here, the affix ‘-xNP’ is used
to identify a phrase containing an extracted NP con-
stituent, and the category label ‘GCnpS’ is used to
identify the maximal projection of a gapped clause.
If the GC constituent (and only this constituent) is
associated with the referent or dependency informa-
tion of the filler constituent (the bike in this exam-
ple), this information can be made available dur-
ing processing from the immediately superior in-
complete constituent at the gap position in the rel-
ative clause, without passing dependency informa-
tion down the tree as any kind of feature (Pollard
and Sag, 1994), even though this position is not ad-
jacent to the filler in the phrase structure tree (they
are separated by the referent or dependency informa-
tion of the bridge verb ‘said’). This is important to
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t=1 t=2 t=3 t=4 t=5 t=6 t=7 t=8 t=9

m T e T o ko Tk

d=1 -~ ) (@S (o (@S (o (@S o (@S
BT %e. %y Ty X
wdy g g , P, Py Y

2 B b Y, Y,
d=2 N\ N N <75 an 7 <75 2 R
Wl o | ] | %
W e h| *’

2 4 )
d=3 \ \ \ \ \ '%/— \ \ \
/I,

v 5, %,

word %— 6{'50— ) %»,(-y % %~ &, % /@%

Figure 4: Sample store sequence containing long-distance dependency in a filler-gap construction.

t=1 t=2 t=3 t=4 t=5 t=06
& i <&
i Rt i
d=2 T
d=3 ~ %X
K
word ‘{% %@)

Figure 5: Sample store sequence containing crossed and
nested dependencies.

satisfy claims that the model constructs chunks only
for contiguous dependency structures (which is not
true of propagated ‘slash’ features.

Figure 5 shows a sample store sequence corre-
sponding to a parse of a Dutch sentence containing
crossed and nested dependencies, featuring reduc-
tions across non-adjacent depth levels. This requires
a more severe relaxation of PCFG independence as-
sumptions, and is beyond the capacity of the HHMM
as defined above, but this does preserve the notion
of incomplete constituents and general composition
established above, and is not beyond the capacity of
factored sequence models with human-like memory
bounds in general (note that the example sentence
can still be parsed with only three store elements).
This suggests a promising avenue of generalizing
this model to learn parsing transitions that may be
broader than those of a strict pushdown automaton.
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