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Preface

We are pleased to present the proceedings of the ACL 2010 Workshop on Applications of Tree Automata
in Natural Language Processing, which will be held on July 16 in Uppsala, Sweden, following the 48th
Annual Meeting of the Association for Computational Linguistics (ACL).

The theory of tree automata has always had a close connection with natural language processing. In
the 1960s, computational linguistics was the major driving force for the development of a theory of tree
automata. However, the number of successful applications of this theory to natural language processing
remained small during the 20th century. This situation has now changed. Applications of tree automata
in natural language processing can be found in work on topics as diverse as grammar formalisms,
computational semantics, language generation, and machine translation. Researchers in natural language
processing have recognized the usefulness of tree automata theory for solving the problems they are
interested in, and theorists are inspired by the resulting theoretical questions.

The goals of this workshop are to provide a dedicated venue for the presentation of work that relates the
theory of tree automata to natural language processing, and to create a forum where researchers from
the two areas can meet and exchange ideas. Specifically, the workshop aims at raising the awareness
for theoretical results useful for applications in natural language processing, and at identifying open
theoretical problems raised by such applications.

We are very happy that Kevin Knight (ISI/University of Southern California, USA), certainly the most
recognized ambassador for tree automata techniques in machine translation, agreed to give one of his
stimulating invited lectures.

For the workshop, authors were invited to submit full papers and proposals for quickfire presentations,
the latter being a means for triggering discussions and an exchange of ideas. After a thorough reviewing
process with three reviews per full paper, six full papers and four quickfire presentations were accepted
for the workshop. The quality and diversity of the papers accepted ensures an interesting and inspiring
workshop that we look forward to.

We thank the members of the program committee for their support, and in particular for being careful
reviewers of the papers submitted. Furthermore, we would like to thank the program chairs, Sandra
Carberry and Stephen Clark, as well as the workshop chairs, Pushpak Bhattacharyia and David Weir, for
their friendly and professional assistance.

We hope that all participants of the workshop will experience an inspiring event characterized by
curiosity and an open-minded atmosphere, and that all readers of these proceedings will gain new insights
that make a difference.

Frank Drewes
Marco Kuhlmann

May 2010
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Preservation of Recognizability for
Synchronous Tree Substitution Grammars

Zoltan Fiilop

Department of Computer Science
University of Szeged
Szeged, Hungary

Abstract

We consider synchronous tree substitution
grammars (STSG). With the help of a
characterization of the expressive power
of STSG in terms of weighted tree bimor-
phisms, we show that both the forward and
the backward application of an STSG pre-
serve recognizability of weighted tree lan-
guages in all reasonable cases. As a con-
sequence, both the domain and the range
of an STSG without chain rules are recog-
nizable weighted tree languages.

1 Introduction

The syntax-based approach to statistical machine
translation (Yamada and Knight, 2001) becomes
more and more competitive in machine transla-
tion, which is a subfield of natural language pro-
cessing (NLP). In this approach the full parse trees
of the involved sentences are available to the trans-
lation model, which can base its decisions on this
rich structure. In the competing phrase-based ap-
proach (Koehn et al., 2003) the translation model
only has access to the linear sentence structure.
There are two major classes of syntax-based
translation models: tree transducers and synchro-
nous grammars. BExamples in the former class
are the top-down tree transducer (Rounds, 1970;
Thatcher, 1970), the extended top-down tree trans-
ducer (Arnold and Dauchet, 1982; Galley et al.,
2004; Knight and Graehl, 2005; Graehl et al.,
2008; Maletti et al., 2009), and the extended
multi bottom-up tree transducer (Lilin, 1981; En-
gelfriet et al,, 2009; Maletti, 2010). The lat-
ter class contains the syntax-directed transduc-
tions of Lewis Il and Stearns (1968), the gen-
eralized syntax-directed transductions (Aho and
Ullman, 1969), the synchronous tree substitu-
tion grammar (STSG) by Schabes (1990) and the
synchronous tree adjoining grammar (STAG) by

Andreas Maletti
Departament de Filologies Romaniques
Universitat Rovira i Virgili
Tarragona, Spain

Heiko Vogler

Faculty of Computer Science
Technische Universitit Dresden
Dresden, Germany

Abeillé et al. (1990) and Shieber and Schabes
(1990). The first bridge between those two classes
were established in (Martin and Vere, 1970). Fur-
ther comparisons can be found in (Shieber, 2004)
for STSG and in (Shieber, 2006) for STAG.

One of the main challenges in NLP is the am-
biguity that is inherent in natural languages. For
instance, the sentence “I saw the man with the
telescope” has several different meanings. Some
of them can be distinguished by the parse tree,
so that probabilistic parsers (Nederhof and Satta,
2006) for natural languages can (partially) achieve
the disambiguation. Such a parser returns a set
of parse trees for each input sentence, and in
addition, each returned parse tree is assigned a
likelihood. Thus, the result can be seen as a
mapping from parse trees to probabilities where
the impossible parses are assigned the probabil-
ity 0. Such mappings are called weighted tree lan-
guages, of which some can be finitely represented
by weighted regular tree grammars (Alexandrakis
and Bozapalidis, 1987). Those weighted tree
languages are recognizable and there exist algo-
rithms (Huang and Chiang, 2005) that efficiently
extract the k-best parse trees (i.e., those with the
highest probability) for further processing.

In this paper we consider synchronized tree sub-
stitution grammars (STSG). To overcome a techni-
cal difficulty we add (grammar) nonterminals to
them. Since an STSG often uses the nontermi-
nals of a context-free grammar as terminal sym-
bols (i.e., its derived trees contain both termi-
nal and nonterminal symbols of the context-free
grammar), we call the newly added (grammar)
nonterminals of the STSG states. Substitution does
no longer take place at synchronized nonterminals
(of the context-free grammar) but at synchronized
states (one for the input and one for the output
side). The states themselves will not appear in the
final derived trees, which yields that it is sufficient
to assume that only identical states are synchro-
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nized. Under those conventions a rule of an STSG
has the form ¢ — (s,¢,V,a) where ¢ is a state,
a € Ry is the rule weight, s is an input tree that
can contain states at the leaves, and ¢ is an output
tree that can also contain states. Finally, the syn-
chronization is defined by V/, which is a bijection
between the state-labeled leaves of s and . We
require that V' only relates identical states.

The rules of an STSG are applied in a step-wise
manner. Here we use a derivation relation to define
the semantics of an STSG. It can be understood as
the synchronization of the derivation relations of
two regular tree grammars (Gécseg and Steinby,
1984; Gécseg and Steinby, 1997) where the syn-
chronization is done on nonterminals (or states) in
the spirit of syntax-directed transductions (Lewis
IT and Stearns, 1968). Thus each sentential form
is a pair of (nonterminal-) connected trees.

An STSG G computes a mapping 7g, called
its weighted tree transformation, that assigns a
weight to each pair of input and output trees,
where both the input and output tree may not con-
tain any state. This transformation is obtained as
follows: We start with two copies of the initial
state that are synchronized. Given a connected tree
pair (£, (), we can apply the rule ¢ — (s,t,V,a)
to each pair of synchronized states g. Such an ap-
plication replaces the selected state g in £ by s and
the corresponding state g in ¢ by t. All the re-
maining synchronized states and the synchronized
states of V' remain synchronized. The result is
a new connected tree pair. This step charges the
weight a. The weights of successive applications
(or steps) are multiplied to obtain the weight of the
derivation. The weighted tree transformation 7¢
assigns to each pair of trees the sum of all weights
of derivations that derive that pair.

Shieber (2004) showed that for every classical
unweighted STSG there exists an equivalent bi-
morphism (Arnold and Dauchet, 1982). The con-
verse result only holds up to deterministic rela-
belings (Gécseg and Steinby, 1984; Gécseg and
Steinby, 1997), which remove the state informa-
tion from the input and output tree. It is this dif-
ference that motivates us to add states to STSG.
We generalize the result of Shieber (2004) and
prove that every weighted tree transformation that
is computable by an STSG can also be computed
by a weighted bimorphism and vice versa.

Given an STSG and a recognizable weighted
tree language ¢ of input trees, we investigate un-

der which conditions the weighted tree language
obtained by applying G to ¢ is again recognizable.
In other words, we investigate under which condi-
tions the forward application of G preserves rec-
ognizability. The same question is investigated for
backward application, which is the corresponding
operation given a recognizable weighted tree lan-
guage of output trees. Since STSG are symmet-
ric (i.e., input and output can be exchanged), the
results for backward application can be obtained
easily from the results for forward application.

Our main result is that forward application pre-
serves recognizability if the STSG G is output-
productive, which means that each rule of G con-
tains at least one output symbol that is not a state.
Dually, backward application preserves recogniz-
ability if G is input-productive, which is the anal-
ogous property for the input side. In fact, those re-
sults hold for weights taken from an arbitrary com-
mutative semiring (Hebisch and Weinert, 1998;
Golan, 1999), but we present the results only for
probabilities.

2 Preliminary definitions

In this contribution we will work with ranked
trees. Each symbol that occurs in such a tree
has a fixed rank that determines the number of
children of nodes with this label. Formally, let
> be a ranked alphabet, which is a finite set X
together with a mapping rky: ¥ — N that asso-
ciates a rank rky (o) with every o € X. We let
Yr = {0 € ¥ | tkx(o) = k} be the set contain-
ing all symbols in ¥ that have rank k. A X-tree
indexed by a set () is a tree with nodes labeled by
elements of X U @), where the nodes labeled by
some o € X have exactly rky,(o) children and the
nodes with labels of () have no children. Formally,
the set 7 (@) of (term representations of) X-trees
indexed by a set () is the smallest set 7" such that

e (QCTand

e o(ty,...,tp) € T for every 0 € X} and

t1,...,tp €T.

We generally write «v instead of «() for all « € X.

We frequently work with the set pos(t) of po-
sitions of a Y-tree t, which is defined as fol-
lows. If t € @, then pos(t) = {e}, and if
t= O'(tl, . ,tk), then

pos(t) ={e}U{iw |1 <i<k,w e pos(t;)} .

Thus, each position is a finite (possibly empty) se-
quence of natural numbers. Clearly, each position



designates a node of the tree, and vice versa. Thus
we identify nodes with positions. As usual, a leaf
is a node that has no children. The set of all leaves
of t is denoted by lv(t). Clearly, 1v(¢) C pos(t).

The label of a position w € pos(t) is denoted
by t(w). Moreover, for every A C X U Q, let
posy(t) = {w € pos(t) | t(w) € A} and
lva(t) = posy(t) N lv(t) be the sets of po-
sitions and leaves that are labeled with an ele-
ment of A, respectively. Let t € Tx(Q) and
wi,...,wp € lvg(t) be k (pairwise) different
leaves. We write t[wq < t1,...,wy < ti] or just
t[wi — 1 | 1< < k‘] with t1,...,t; € TE(Q)
for the tree obtained from ¢ by replacing, for every
1 <4 <k, the leaf w; with the tree ¢;.

For the rest of this paper, let > and A be two
arbitrary ranked alphabets. To avoid consistency
issues, we assume that a symbol o that occurs in
both ¥ and A has the same rank in ¥ and A; i.e.,
rks(0) = rka(o). A deterministic relabeling is
a mapping 7: ¥ — A such that r(o) € Ay for
every 0 € Y. For atree s € T, the relabeled
tree 7(s) € Ta is such that pos(r(s)) = pos(s)
and (r(s))(w) = r(s(w)) for every w € pos(s).
The class of tree transformations computed by de-
terministic relabelings is denoted by dREL.

A tree language (over X) is a subset of T%,. Cor-
respondingly, a weighted tree language (over %)
is a mapping ¢: T, — R>o. A weighted tree
transformation (over Y and A) is a mapping
T7:Ts x TA — Ryxq. Its inverse is the weighted
tree transformation 771 : Th x Ts, — R>0, which
is defined by 71 (¢, s) = 7(s,t) forevery t € Tha
and s € Tx,.

3 Synchronous tree substitution
grammars with states

Let () be a finite set of states with a distinguished
initial state qs € Q). A connected tree pair is a
tuple (s,t,V,a) where s € Tx(Q), t € Ta(Q),
and a € R>(. Moreover, V: lvg(s) — lvg(t) is
a bijective mapping such that s(u) = ¢(v) for ev-
ery (u,v) € V. We will often identify V' with its
graph. Intuitively, a connected tree pair (s, ¢, V, a)
is a pair of trees (s,t) with a weight a such that
each node labeled by a state in s has a correspond-
ing node in ¢, and vice versa. Such a connected
tree pair (s, t, V, a) is input-productive and output-
productive if s ¢ @ and t ¢ (@, respectively. Let
Conn denote the set of all connected tree pairs that
use the index set (). Moreover, let Conn, € Conn

contain all connected tree pairs that are input- or
output-productive.

A synchronous tree substitution grammar G
(with states) over X, A, and Q (for short: STSG),
is a finite set of rules of the form ¢ — (s,¢,V,a)
where ¢ € @ and (s,t,V,a) € Connp,. We call
arule ¢ — (s,t,V,a) a g-rule, of which ¢ and
(s,t,V,a) are the left-hand and right-hand side,
respectively, and a is its weight. The STSG G is
input-productive (respectively, output-productive)
if each of its rules is so. To simplify the following
development, we assume (without loss of general-
ity) that two different g-rules differ on more than
just their weight.!

To make sure that we do not account essentially
the same derivation twice, we have to use a deter-
ministic derivation mode. Since the choice is im-
material, we use the leftmost derivation mode for
the output component ¢ of a connected tree pair
(s,t,V,a). For every (s,t,V,a) € Conn such
that V' # 0, the leftmost output position is the
pair (w,w’) € V, where w' is the leftmost (i.e.,
the lexicographically smallest) position of lvg(t).

Next we define derivations. The derivation re-
lation induced by G is the binary relation =g
over Conn such that

€= (s1,t1,V1,a1) =g (s2,t2, Va,a2) = C

if and only if the leftmost output position of ¢ is
(w,w") € V; and there exists a rule

Sl(w) - (87t7 V7a) € g

such that

e s9 = 51w« s]and ty = t1[w — ¢,

o Vo= (V1 \ {(w,w)}) UV’ where

V' = {(wwy, w'ws) | (wy,ws) € V}, and

® (a9 = aj - a.
A sequence D = (&1,...,&,) € Conn” is a
derivation of (s,t,V,a) € Conn from ¢ € Q if

o {1 = (% q, {(67 6)}7 1)’

e & =(s,t,V,a), and

o {i =g & foreveryl <i<n—1.
The set of all such derivations is denoted by
Di(s,t,V,a).

Forevery ¢ € Q, s € Tx(Q), t € TA(Q), and
bijection V': lvg(s) — lvg(t), let

(5,1, V) = Z a .
aERZD,DEDg (s,t,V,a)

"Formally, ¢ — (s,t,V,a) € Gandq — (s,t,V,b) € G
implies @ = b.
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Figure 1: Example derivation with the STSG G of Example 1.

Finally, the weighted tree transformation com-
puted by G is the weighted tree transformation
7g: Te X Ta — Rxq with 7g(s, 1) = 75°(s, 1, 0)
for every s € Ty and t € Ta. As usual, we
call two STSG equivalent if they compute the same
weighted tree transformation. We observe that
every STSG is essentially a linear, nondeleting
weighted extended top-down (or bottom-up) tree
transducer (Arnold and Dauchet, 1982; Graehl et
al., 2008; Engelfriet et al., 2009) without (both-
sided) epsilon rules, and vice versa.

Example 1. Let us consider the STSG G over
Y =A = {o,a}and Q = {e, o0} where qs = o,
rk(o) = 2, and rk(a)) = 0. The STSG G consists
of the following rules where V.= {(1,2),(2,1)}
andid ={(1,1),(2,2)}:

0 — (0(0,€),0(e,0),V,1/3) (p1)
0 — (0(e,0),0(0,¢€),V,1/6) (p2)
o— (o(e,0),0(e,0),id, 1/6) (p3)
0= (o, a,0,1/3) (p4)
e— (o(e,e),a(e ), V,1/2) (ps)
e — (0(0,0),0(0,0),V,1/2) (p6)

Figure 1 shows a derivation induced by G. It can
easily be checked that 7¢(s,t) = 5555 where
s =o(o(a,),a) and t = o(a,o(a, ). More-
over, 76(s,s) = 1g(s,t). If 75(s,t,0) # 0 with
q € {e,o}, then s and t have the same number
of a-labeled leaves. This number is odd if ¢ = o,
otherwise it is even. Moreover, at every position
w € pos(s), the left and right subtrees si and s
are interchanged in s and t (due to V' in the rules
01, P2, P5, Pe) except if s1 and so contain an even
and odd number; respectively, of a-labeled leaves.
In the latter case, the subtrees can be interchanged
or left unchanged (both with probability 1/6).

4 Recognizable weighted tree languages

Next, we recall weighted regular tree grammars
(Alexandrakis and Bozapalidis, 1987). To keep
the presentation simple, we identify WRTG with
particular STSG, in which the input and the out-
put components are identical. More precisely, a
weighted regular tree grammar over 3 and () (for
short: WRTG) is an STSG G over X, 3, and @)
where each rule has the form ¢ — (s,s,id,a)
where id is the suitable (partial) identity mapping.
It follows that s ¢ (), which yields that we do not
have chain rules. In the rest of this paper, we will
specify a rule ¢ — (s, s,id, a) of a WRTG sim-
ply by ¢ % s. For every ¢ € @, we define the
weighted tree language (pqg: T5(Q) — Rx>q gen-
erated by G from q by wg(s) = ’7’5(5, s, idva(s))
for every s € T5(Q), where idyy, () is the iden-
tity on lvg(s). Moreover, the weighted tree lan-
guage g : T, — R>( generated by G is defined
by @g(s) = & (s) for every s € Tx.

A weighted tree language p: T, — Ry is
recognizable if there exists a WRTG G such that
¢ = pg. We note that our notion of recognizabil-
ity coincides with the classical one (Alexandrakis
and Bozapalidis, 1987; Fiilop and Vogler, 2009).

Example 2. We consider the WRTG K over the in-
put alphabet ¥ = {o,a} and P = {p,q} with
gs = q, tk(o) = 2, and rk(a) = 0. The WRTG K
contains the following rules:

0.4 0.6 1
q—op,a) g=>a p—ola,q) (Wi-13)

Let s € Tx, be such that pi(s) # 0. Then s is a
thin tree with zig-zag shape; i.e., there existsn > 1
such that pos(s) contains exactly the positions:

o (12)" forevery 0 < i < L%‘lj and

e (12)'1, (12)*2, and (12)"11 for every integer

0<i<|%2]

The integer n can be understood as the length of
a derivation that derives s from q. Some example
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Figure 2: Example trees and their weight in g
where G is the WRTG of Example 2.

trees with their weights are displayed in Figure 2.

Proposition 3. For every WRTG G there is an
equivalent WRTG G’ in normal form, in which the
right-hand side of every rule contains exactly one
symbol of 3.

Proof. We can obtain the statement by a trivial ex-
tension to the weighted case of the approach used
in Lemma I1.3.4 of (Gécseg and Steinby, 1984)
and Section 6 of (Gécseg and Steinby, 1997). [

5 STSG and weighted bimorphisms

In this section, we characterize the expressive
power of STSG in terms of weighted bimorphisms.
This will provide a conceptually clear pattern for
the construction in our main result (see Theo-
rem 6) concerning the closure of recognizable
weighted tree languages under forward and back-
ward application. For this we first recall tree ho-
momorphisms. Let I" and ¥ be two ranked al-
phabets. Moreover, let h: ' — Ty x (N*)*
be a mapping such that h(y) = (s,u1,...,ug)
for every v € I'y, where s € Ty and all leaves
ul,...,ur € lv(s) are pairwise different. The
mapping / induces the (linear and complete) free
homomorphism h: Tr — Ty, which is defined by
h(y(dy,...,dy)) = slur «— di,...,up «— dg]
for every v € T’y and dy,...,d; € Tr with
h(v) = (s,u1,...,ux) and d; = h(d;) for ev-
ery 1 < i < k. Moreover, every (linear and
complete) tree homomorphism is induced in this
way. In the rest of this paper we will not distin-
guish between h and h and simply write h instead
of h. The homomorphism h is order-preserving
if up < < wuyg for every v € I'y where
h(y) = (s,u1,...,ug). Finally, we note that
every 7 € dREL can be computed by a order-
preserving tree homomorphism.

A weighted bimorphism B over X and A con-
sists of a WRTG K over I and P and two tree ho-

Tr K 2

(hina hout)
B
TE X TA

Figure 3: Illustration of the semantics of the bi-
morphism B.

momorphisms

hini Tp — TE and hout: Tp — TA .

The bimorphism B computes the weighted tree
transformation 73: T, X Tao — R>( with

75(s, 1) = > ex@

dehH(s)Nho k()

out

forevery s € Ty andt € Ta.

Without loss of generality, we assume that ev-
ery bimorphism B is presented by an WRTG K in
normal form and an order-preserving output ho-
momorphism hqyt. Next, we prepare the relation
between STSG and weighted bimorphisms. Let
G be an STSG over X, A, and ). Moreover, let
B be a weighted bimorphism over 3 and A con-
sisting of (i) IC over I' and P in normal form,
(1) hin, and (iii) order-preserving hqoyi. We say
that G and B are related if () = P and there
is a bijection #: G — K such that, for every
rule p € G with p = (¢ — (s,t,V,a)) and
8(p) = (p > ~(p1,...,pr)) we have

®p=gq

d hin(r)/) = (Svula e ,Uk),

o hout(y) = (t,v1,. .., 0%),

o V= {(ul,vl), ey (uk,vk)}, and

o s(u;) = p; = t(v;) forevery 1 < i < k.

Let G and B be related. The following three easy
statements can be used to prove that G and B are
equivalent:

1. For every derivation D € Dg(s, t,0,a) with

q€Q,s €Txn,teTh,ac Rso,thereexists
d € Tt and a derivation D’ € D}.(d,d, 0, a)
such that hiy(d) = s and hoyt(d) = t.

2. For every d € Tr and D' € Di-(d,d,0,a)
with ¢ € @ and a € Rx, there exists a
derivation D € Dg(hin(d), hout(d), 0, a).

3. The mentioned correspondence on deriva-
tions is a bijection.

Given an STSG G, we can easily construct a
weighted bimorphism 5 such that G and B are re-
lated, and vice versa. Hence, STSG and weighted



bimorphisms are equally expressive, which gener-
alizes the corresponding characterization result in
the unweighted case by Shieber (2004), which we
will state after the introduction of STSG].

Classical synchronous tree substitution gram-
mars (STSG]) do not have states. An STSG| can
be seen as an STSG by considering every substitu-
tion site (i.e., each pair of synchronised nontermi-
nals) as a state.” We illustrate this by means of an
example here. Let us consider the STSG| G with
the following rules:

e (S(a,Bl),S(D],3)) with weight 0.2

e (B(v,B|),D(d,D])) with weight 0.3

e (B(a),D(B)) with weight 0.4.
The substitution sites are marked with |. Any
rule with root A can be applied to a substitution
site A|. An equivalent STSG G’ has the rules:

(8,8) = (S(e, (B, D)), S(B, D), 8),V,0.2)
(B, D) — (B(v, (B, D)), D(s,(B, D)),V 0.3)
(B,D) — (B(a),D(B),0,04) ,

where V' = {(2,1)} and V' = {(2,2)}. It is easy
to see that G and G’ are equivalent.

Let X = {v,v,7",a, B} where v,7/,7" € ¥4
and o, 8 € Yo (and v’ # " and @ # [3). We write
™ (t) with t € T, for the tree y(- - - y(t) - - - ) con-
taining m occurrences of v above t. STSG| have a
certain locality property, which yields that STSG|
cannot compute transformations like

1 ifs=9(y"(«a) =t
ors =7"(y"(B)) =t
0 otherwise

T(s,t) =

for every s,t € Tx. The non-local feature is the
correspondence between the symbols 7" and « (in
the first alternative) and the symbols " and 3 (in
the second alternative). An STSG that computes 7
is presented in Figure 4.

Theorem 4. Let T be a weighted tree transforma-
tion. Then the following are equivalent.
1. 7 is computable by an STSG.
2. T is computable by a weighted bimorphism.
3. There exists a STSG| G and deterministic re-
labelings r1 and r9 such that

T(s,t) = >

s Er;l (s),t’ErQ1 ()

Tg(sl, t,) .

2To avoid a severe expressivity restriction, several initial
states are allowed for an STSG].

The inverse of an STSG computable weighted
tree transformation can be computed by an STSG.
Formally, the inverse of the STSG G is the STSG

G~ ={(ts,V ") [ (s5,t,V,0) € G}
where V1 is the inverse of V. Then 751 = TG L

6 Forward and backward application

Let us start this section with the definition of the
concepts of forward and backward application of a
weighted tree transformation 7: Ty, X Ta — Ry
to weighted tree languages ¢: Ty, — R0 and
Y: Ta — Rs>o. We will give general definitions
first and deal with the potentially infinite sums
later. The forward application of T to ¢ is the
weighted tree language 7(¢): Ta — R>q, which
is defined for every ¢t € T by

(r@) () = > p(s)-7(s,t) . (1)

seTx

Dually, the backward application of T to i is
the weighted tree language 7! (3): s, — Rxo,
which is defined for every s € Ty, by

(rH @) (s) = DY Ts,t) (1) . ()

teTa

In general, the sums in Equations (1) and (2) can
be infinite. Let us recall the important property
that makes them finite in our theorems.

Proposition 5. For every input-productive (resp.,
output-productive) STSG G and every tree s € Ty,
(resp., t € Ta), there exist only finitely many
trees t € Ta (respectively, s € Tx) such that
7g(s,t) # 0.

Proof sketch. 1f G is input-productive, then each
derivation step creates at least one input symbol.
Consequently, any derivation for the input tree s
can contain at most as many steps as there are
nodes (or positions) in s. Clearly, there are only
finitely many such derivations, which proves the
statement. Dually, we can obtain the statement for
output-productive STSG. O

In the following, we will consider forward ap-
plications 7¢(¢) where G is an output-productive
STSG and ¢ is recognizable, which yields that (1)
is well-defined by Proposition 5. Similarly, we
consider backward applications 75 L(4)) where G
is input-productive and 1) is recognizable, which
again yields that (2) is well-defined by Proposi-
tion 5. The question is whether 7g () and 75 L)
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Figure 4: STSG computing the weighted tree transformation 7 with initial state qo.

are again recognizable. To avoid confusion, we
occasionally use angled parentheses as in (p, q)
instead of standard parentheses as in (p, ¢). More-
over, for ease of presentation, we identify the ini-
tial state gs with (gs, gs).

Theorem 6. Let G be an STSG over 3, A, and Q).
Moreover, let ¢: T, — R>g and v: Ta — R>q
be recognizable weighted tree languages.
1. If G is output-productive, then 1g(p) is rec-
ognizable.
2. If G is input-productive, then T&l(w) is rec-
ognizable.

Proof. For the first item, let X be a WRTG over
> and P such that ¢ = ). Without loss of gen-
erality, we suppose that /C is in normal form.
Intuitively, we take each rule ¢ — (s,t,V,a)
of G and run the WRTG /K with every start state p
on the input side s of the rule. In this way, we
obtain a weight b. The WRTG will reach the state
leaves of s in certain states, which we then trans-
fer to the linked states in ¢ to obtain . Finally, we

remove the input side and obtain a rule (p, q) ab y
for the WRTG L that represents the forward ap-
plication. We note that the same rule of £ might
be constructed several times. If this happens, then
we replace the several copies by one rule whose
weight is the sum of the weights of all copies.
As already mentioned the initial state is (gs, gs).
Clearly, this approach is inspired (and made rea-
sonable) by the bimorphism characterization. We
can take the HADAMARD product of the WRTG of
the bimorphism with the inverse image of i un-
der its input homomorphism. Then we can simply
project to the output side. Our construction per-
forms those three steps at once. The whole process
is illustrated in Figure 5.

Formally, we construct the WRTG L over A and
P x @ with the following rules. Letp € P, q € Q,
and t' € Tao(P x Q). Then (p,q) = ' is a rule
in £', where

2

(g—(st,V,a))€g
V:{(ul’vl)a“w(ukﬂ)k)}
P15 PLEP
t' =t[vi(pi,t(v;))|1<i<k]
b:(p%(s[uiepﬂlgigk])

ab .

CcC =

This might create infinitely many rules in £’, but
clearly only finitely many will have a weight dif-
ferent from 0. Thus, we can obtain the finite rule
set £ by removing all rules with weight 0.

The main statement to prove is the following:

forevery t € Ta(Q) with lvg(t) = {v1,..., v},
pbsP1,---,Pk GP,anquQ
Do ekl Tt V) = o)

s€Ts(Q)
U, uk€lvg(s)

where
o V= {(ur,v1),..., (uk,vp)},
o s =sfu;—p; |1 <i<k] and
o t' =t — (pi,t(v;)) |1 <i <Kk
In particular, for t € TA we obtain

37 Ghs) (s, t.0) = 0PVt
s€Ts,
which yields
(ra(e)) (t) = Y oxc(s) - 1g(s,t)
seTs
Z o8 (s,t,0)
s€Ts
= o (t) = pc(t) -

In the second item G is input-productive. Then
G~ is output-productive and 7; L) = 1g-1(1)).
Hence the first statement proves that 7, L) is
recognizable. O

Example 7. As an illustration of the construction
in Theorem 6, let us apply the STSG G of Exam-
ple 1 to the WRTG K over ¥ and P = {p, qs, ¢a }
and the following rules:

2 3
as > o(p, qa) gs =«
1
P — 0(qa,qs) o — O .

In fact, K is in normal form and is equivalent to
the WRTG of Example 2. Using the construction
in the proof of Theorem 6 we obtain the WRTG L
over ¥ and P x @Q with QQ = {e,o0}. We will only
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Figure 5: Illustration of the construction in the proof of Theorem 6 using the WRTG K of Example 7:
some example rule (left), run of K on the input side of the rule (middle), and resulting rule (right).

(%) a

1 1 1
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% VAN
L 4 q1 Qg2

Figure 6: WRTG constructed in Example 7. We
renamed the states and calculated the weights.

show rules of L that contribute to . To the right
of each rule we indicate from which state of K and
which rule of G the rule was constructed.

1.2

<qS7O> =5 U(<QO¢70>7 <p7 6>) gs, p2
1.2

<qS7O> ﬂ>O-(<pae>7<cho>) qs, P3
13

(gs,0) => qs, pa
i1

(qa,0) — « Gas P4
12

<p7 e) 22 a(<QS7O>7 <q0470>) b; pe

The initial state of L is (qs, 0). It is easy to see that
every t € Tx, such that o (t) # 0 is thin, which
means that |pos(t) N N"| < 2 for everyn € N.

7 Domain and range

Finally, let us consider the domain and range of a
weighted tree transformation 7: 7% x TA — Rx>o.
Again, we first give general definitions and deal
with the infinite sums that might occur in them
later. The domain dom(7) of 7 and the range
range(7) of 7 are defined by

(dom(7))(s) = Z T(s,u) 3)
u€TA
(range()) (1) = Y 7(u,t) (4)
u€Ts
for every s € Ty and t € Ta. Obviously,

the domain dom(7) is the range range(7 ') of

the inverse of 7. Moreover, we can express the
domain dom(7) of 7 as the backward applica-
tion 7-1(1) where 1 is the weighted tree language
that assigns the weight 1 to each tree. Note that 1
is recognizable for every ranked alphabet.

We note that the sums in Equations (3) and (4)
might be infinite, but for input-productive (re-
spectively, output-productive) STSG G the do-
main dom(7g) (respectively, the range range(7g))
are well-defined by Proposition 5. Using those ob-
servations and Theorem 6 we can obtain the fol-
lowing statement.

Corollary 8. Let G be an STSG. If G is input-
productive, then dom(7g) is recognizable. More-
over, if G is output-productive, then range(7g) is
recognizable.

Proof. These statements follow directly from The-
orem 6 with the help of the observation that
dom(7g) = Tg_l(l) and range(1g) = 7g(1). O

Conclusion

We showed that every output-productive STSG
preserves recognizability under forward applica-
tion. Dually, every input-productive STSG pre-
serves recognizability under backward applica-
tion. We presented direct and effective construc-
tions for these operations. Special cases of those
constructions can be used to compute the domain
of an input-productive STSG and the range of an
output-productive STSG. Finally, we presented a
characterization of the power of STSG in terms of
weighted bimorphisms.
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Abstract led to the rich theory of tree transducerse(Seg
and Steinby, 1984, 1997). Roughly speaking, a
tree transducer is a finite term rewriting system. If
each rewrite rule carries a probablity or, in gen-
eral, a weight from some semiring, then they are
weighted tree transducers (Maletti, 2006, 2006a;
Fuldp and Vogler, 2009). Such weighted tree
transducers have also been used for the specifi-
cation of MT of natural languages (Yamada and
Knight, 2001; Knight and Graehl, 2005; Graehl et
1 Introduction al., 2008; Knight and May 2009).

Martin and Vere (1970) and Schreiber (1975)
- k established the first connections between the two
f;giﬂ;e;tr?:]' izt7s5<))flrr]1acft[1dr:Ir It;nbﬁggggr‘gicfter'traditions; also Shieber (2004, 2006) and Maletti
TAG's impor?ant featuresis the abgi’lity to introduce (2008, 2010) investigated their relationship.

) e ) The problem addressed in this paper is the

two related syntactic units in a single rule, thenyeqqing of source-language strings into target-
push those two units arbitrarily far apart in SUb'Ianguage trees where the transformation is de-

sequent derivation steps. For machine tranSIatiOchibed by a pSTIG. Currently, this decoding re-
(MT) between two natural languages, each being,ias two steps: first, every source string is

generated by a TAG, the derivations of the WOy njated into a derivation tree of the underly-

TAG may be synchronized (Abeille et al., 1990; ing pSTIG (DeNeefe, 2009; DeNeefe and Knight
Shieber and Shabes, 1990) in the spirit of syntax, 59y - ang second, the derivation tree is trans-
directed transductions (Lewis and Stearns, 1968k, < into the target tree using an embedded tree
this results irsynchronous TAGSTAG). Recently, .- <4 cer (Shieber, 2006). We propose a trans-
in (Nesson et al., 2005, 2006) probabilistic syn-j cer model, called &ottom-up tree adjoining

chronous tree insertion grammars (pSTIG) WeT&ransducerwhich performs this decoding in a sin-

discussed as model of MT; a tree insertion gramye sten and, simultaneously, computes the prob-
mar is a particular TAG in which the parsing prob- ;i of its derivations. As a basis of our ap-
lem is solvable in cubic-time (Schabes and Wa

) Jaroach, we present a formal definition of pSTIG.
ters, 1994). In (DeNeefe, 2009; DeNeefe an
Knight 2009) a decoder for pSTIG has been pro2 Preliminaries
posed which transforms source-language strings
into (modifications of) derivation trees of the For two setsS and 4, we I_etUE_(A) be the set of
pSTIG. Nowadays, large-scale linguistic STAG all (unranked) trees ovér in which al_so elements
rule bases are available. of A may label leaves. We abbreviatg:(()) by

In an independent tradition, the automata-UZ' We denote the set giositions leaves and

theoretic investigation of the translation of treesON-1€ave®t & € Us by pos(§) € N*, Iv(), and
nlv(¢), resp., wheres denotes the root of and

w.i denotes théth child of positionw; nlv(§) =

Synchronous tree insertion grammars
(STIG) are formal models for syntax-
based machine translation. We formal-
ize a decoder for probabilistic STIG; the
decoder transforms every source-language
string into a target-language tree and cal-
culates the probability of this transforma-
tion.

Tree adjoining grammars (TAG) were invented in

* financially supported by NSF STAGES project, grant

#11S-0908532. .
tfinancially supported by DFG VO 1011/5-1. pos(§) \ Iv(€). For a positions € pos(¢), thela-
see (Joshi and Shabes, 1997) for a survey bel of ¢ at w (resp.,subtree oft at w) is denoted

10
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by £(w) (resp..£|,). If additionally ¢ € Us(A), S S
o : VAN ZIN Py =1
then¢|(],, denotes the tree which is obtained from o Al A, & BUBL B g
¢ by replacing its subtree ab by ¢. For every I L o
A C X U A, the seposy (§) is the set of all those '
positionsw € po_s({) such that(w) € A. Si_mi- Ape b/B\ P(ry) = .4
larly, we can definéva (£) andnlva (§). Theyield /\ £ B B, Pg)=2
of ¢ is the sequencgield(¢) € (X U A)* of sym- A (\5 Pjle) =6
bols that label the leaves from left to right.
If we associate witly € ¥ a rankk € N, then /A< B P(rs) = 6
. . d,e 73 .
we require that in every treg € Ux(A) everyo- A, A, & /\ Pdi(d) = .3
labeled position has exacthychildren. | woBe Pl =8
3 Probabilistic STAG and STIG A B
| N | P(ra) =1
First we will define probabilistic STAG, and sec- “
ond, as a special case, probabilistic STIG. A B O
Let N andT be two disjoint sets of, resp., non- ‘j’ J; (rs) =

terminals and terminals. Aubstitution ruler is a

tuple (s, G, V, W, P;) where Figure 1: The running example pSTAG.
e (,(; € Un(T) (sourceandtarget treg and

IV ()l = v (Gl
o V Clvn(¢s)x1lvn(¢) (substitution sites V/
is a one-to-one relation, ant | = |lvy((s)],
o W C nlvy((s) xnlvy(¢) (potential adjoin-
ing sites) and
e Py + W — [0, 1] (adjoining probability.
An auxiliary ruler is a tuple(¢s, ¢, V, W, , Pry;
where(s, G;, W, andF,,; are defined as above an
e VV is defined as above except thdf| =
v (¢s)| — 1 and r1 = (Ss(a, A, A(a)), Se(B(B), B, B), {1}, {a}, Pg))
o x = (xg,%) € lvy((s) xlvy({:) and neither
g n(()r*t o)ccurs il’(l aaly elerr(1er)1t df; more- where| = (2,2) anda = (3,1), and
over,(s(e) = (s(xs) andGy(e) = G(x), and r2 = (A(A,7), B(B(9), B), 0, {b,c}, x, P,3;)
xs £ € # x4 the nodex, (andx;) is called whereb = (¢, ), ¢ = (=, 1), ands = (1,2).

thefoot-node of; (resp. ;). A . L
t.s ( -SP 1) I In the derivation relation of7 we will distin-
An (elementary) rules either a substitution rule .

guish four types of steps:

or an auxiliary rule. Theoot-categoryof a ruler 1. substitution of a rule at a substitution site
is the tuple((s (e), , denoted byc(r). ' ftuti
is the tuple(Cs(¢), G;(¢)), denoted byc(r) (substitution),

A  probabilistic  synchronous tree ad- 5> deciding tot tential adioini ite int
joining grammar (pSTAG) is a tuple - deciding fo 1 a potential adjoining site Info
an activated adjoining site (activation),

G = (N,T,(Ss,5),S,A,P) such that N 3. deciding to d tential adioini i
andT are two disjoint sets (resp., of nonterminals ™ | eciding fo drop a potential adjoining site,
i.e., not to adjoin, (non-adjoining) and

and terminals)(Ss, S;) € N x N (start nontermi- 4 adioini ¢ e at iivated adioini
nal), S and.A are finite sets of, resp., substitution ™ adjoining ot a rule at an activated adjoining
site (adjoining).

rules and auxiliary rules, angt : SU A — [0, 1] : , :
such that for every4, B) € N x N, In 'Fhe .sententlal forms' (Qeflngd below) we will
maintain for every adjoining siter a two-valued
Z P(r) =1 and Z P(r)=1 flag g(w) indicating whetherw is a potential
res red (9(w) = p) or an activated sitgy(w) = a).
re(r)=(4,5) re(r)=(4,B) Theset of sentential forms 6t is the seBF(G)

assuming that in each case the number of sunpf all tuplesk = (&,&:, V, W, g) with

mands is not ;ero. In the following, |€t always 2Their placement (as left or right index) does not play a

denote an arbitrary pSTAG. role yet, but will later when we introduce pSTIG.

In Fig. 1 we show the rules of our running ex-
ample pSTAG, where the capital Roman letters are
the nonterminals and the small Greek letters are
the terminals. The substitution site (in rulg) is
indicated by|, and the potential adjoining sites are
) denoted by a, b, ¢, d, ande. For instance, in for-

d mal notation the rules; andry are written as fol-

lows:

11



o (&t € UN(T)’

o V Clvy(&) x vy (&) is a one-to-one rela-

tion, |V| = [lvw(&)] = [vn(€)],

e W Cnlvy(&) x nlvy (&), and

«g:W —{pa.

The derivation relation (ofG) is the binary
relation == C  SF(G) x SF(G) such that
for every ki = (€1,€,V1,W1,91) and ky =
(62,62, Vo, Wa, g2) we haver; = ko iff one of
the following is true:

1. (substitution) there are = (ws,w;) € V4

andr = ((s, G, V, W, Pyy;) € S such that

— (&5 (ws), & (wr)) = re(r),

- fg = {% [CS]ws and‘stQ = §t1 [Ct]wz’

- Vo= W\ {w})UwV2

- Wy =W, Uw.W, and

— go is the union ofg; and the set of pairs
(w.u, p) for everyu € W,

this step is denoted by, == ko;

. (activation) there is @ € W; with g1 (w) =
p and (6%7&17‘/17 Wl) = (53761&27 Vv27 WQ)!
andg- is the same ag; except thays(w) =
a; this step is denoted by, == x;

. (non-adjoining) there isw € W; with
gi(w) = pand(&, &, Vi) = (62,62, Va),
Ws Wi\ {w}, andg, is ¢; restricted to
Who; this step is denoted by, = ko;

4. (adjoining) there are € W; with g;(w) =
a, andr = ((s, ¢, V, W,*,P;’dj) € A such

that, forw = (ws, wy),

— (&5 (ws), & (wr)) = re(r),

= & = &[Cw, where¢; = G[€]w, )1,
€t2 = ftl [Cl{]wt Where(,é = Ct[ftl’wt]*t!

— V5 is the smallest set such that (i) for
every(us,u;) € V4 we have(ul,u}) € Vs
where

[
.= {

andu; is obtained in the same way from,
wg, andx, and (i) Vo containsw.V;

Ug if ws is not a prefix ofu,
Ws. x5 .u if ug = ws.u for someu;

— Ws is the smallest set such that (i) for every

(us,ut) € Wi\ {w} we have(ul,u;) €
Wy where ), and u; are obtained in the
same way as fofz, and go(u},u})
g1(us, ug) and (i) Wy containsw.W and
g2(w.u) = p for everyu € W;

this step is denoted by, == k.

3w.V = {(ws.vs, we.v) | (vs,v4) €V}
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In Fig. 2 we show a derivation of our running
example pSTAG where activated adjoining sites
are indicated by surrounding circles, the other ad-
joining sites are potential.

Sl = Sel
substitution of
r1 at (g,¢) ﬂ P(r) =1
Sy Sy
AR VAN
o Al A, = al‘? Bl B8
(‘x Jo]
substitution of
ry at (2,2) ﬂ P(rq) =1
Ss St
VRN AN
[0} A Aa — aB B '3
.
(‘1 (‘1 BB
activation ﬂ Pi(a) =9
at a = (3,1) adj
Ss St
VRN VAN
o A Ay T @‘B ? ¢
(‘l (‘1 6 0
adjoining of i
ro at a = (3,1) ﬂ P(ra) =4
i AN
[\
a/A Ape vB B B
/N = /N
a A v C? ]-‘3 B
; 50
non-adjoining o _
at c= (3,1.1) | 1= P =4
v AN
[\
a/A Ay vB B g
/N = /N
a A 7 ? ]‘3 B
! 5o
non-adjoining o _
wbe(z1) | 1 PE® =8
S, St
SN /N
o A A B B
/N = /N
a A 7 ? ? B
\

Figure 2: An example derivation with total proba-
bility 1 x .1 x .9 x 4 x .4 x .8 =.01152.

The only initial sentential form isx;,
(Ss, St, {(g,¢)},0,0). A sentential formx is final
if it has the form(&s, &,0,0,0). Letx € SF(G).
A derivation (ofx) is a sequencd of the form
KQULKT - - - Upkn WIth kg = ki andn > 0,
ki1 = k; foreveryl < i < n (andk, = k). We



denotex,, also bylast(d), and the set of all deriva- atw, or w has|next(d)| children, each one repre-
tions of x (resp., derivations) by)(x) (resp.,D).  sents exactly one possible decision about how to
We calld € D successfuf last(d) is final. extendd by a single derivation step (where their
The tree transformation computed bg is  order does not matter). Then, for every generative
the relation ¢ C Un(T) x Un(T) with  storyt, we have that
(&s,&) € 1¢ iff there is a successful derivation
of (&,&,0,0,0). > P(tw) =1
Our definition of the probability of a deriva- welv(t)
tion is based on the following observatibnLet
d € D(k) for somer = (&, &, V,W,g). Then,
for everyw € W, the rule which created and
the corresponding local position in that rule can
be retrieved fromd. Let us denote this rule by
r(d, k,w) and the local position by(d, s, w).
Now let d be the derivationkquixg ... upkn.
Then theprobability ofd is defined by

We note that(D, next, u) can be considered as
a discrete Markov chain (cf., e.g. (Baier et al.,
2009)) where the initial probability distribution
w: D — [0,1] mapsd = ki, to 1, and all the
other derivations to.

A probabilistic synchronous tree insertion
grammar (pSTIG) G is a pSTAG except that
for every ruler = (QS,Q,V,W,P;dj) orr =
P(d) = H Pa(ki1 Uy ki) (CsaC_uV’W*aP;dj) we have that

o if r € A, then|lv((s)| > 2 and|lv(¢)| > 2,

1<i<n
o for x = (x4, %) we have thatk, is either the
where rightmost leaf of(; or its leftmost one; then

1. (substitution)Py(k;_1 == k;) = P(r) we callr, resp. L-auxiliary in the sourceand

2. (activation) R-auxiliary in the sourcesimilarly, we re-
Py(ki-1 = ki) = Ply(w') wherer’ = strict *;; the source-spine of (target-spine
r(d, ki—1,w) andw’ = I(d, ki—1,w) of r) is the set of prefixes of, (resp., of«;)

3. (non-adjoining) o W Cunlvy(¢s)x{L,R}xnlvy (&) x{L,R}
Py(kio1 = ki) = 1 — P;"(;j (w") wherer’ where the new components are thiection-
andw’ are defined as in the activation case typeof the potential adjoining site, and

4. (adjoining) o for every(ws, 05, wy, 0;) € W, if wy lies on
Py(ki—1 == ki) = P(r). the source-spine ofandr is L-auxiliary (R-

In order to describe the generative model of auxiliary) in the source, thety, = L (resp.,

G, we impose a deterministic strategyl on the 0s = R), and corresponding restrictions hold
derivation relation in order to obtain, for every for the target component.

sentential form, a probability distribution among According to the four possibilities for the foot-
the follow-up sentential forms. Aleterministic nodex we callr LL-, LR-, RL-, or RR-auxiliary.
derivation strategyis a mappingsel : SF(G) —  The restriction for the probability distributiaf of
(N* x N*) U {L} such that for everyx = G is modified such that for eveiyd, B) € N x N
(&s,&,V,W,g) € SF(G), we have thatel(k) €  andz,y € {L,R}:

VUWif VUW # 0, andsel(k) = L otherwise.

In other wordssel chooses the next site to operate Z P(ry=1.

on. Then we definey>, in the same way as- but r€A, re(r)=(A,B)

in each of the cases we require that= sel(;). ISy —auxdiary

Moreover, for every derivatiod € D, we denote In the derivation relation of the pSTIG we
by next(d) the set of all derivations of the form il have to make sure that the direction-type of
dur wherelast(d) = . the chosen adjoining site matches with the type

The generative model ofr comprises all the of guxiliarity of the auxiliary rule. Again we as-
generative stories of/. A generative storys a sume that the data structuf&(G) is enriched
treet € Up; the root oft is labeled byxi,. Let  sych that for every potential adjoining site of
w € pos(t) andi(w) = d. Then eitherw is a ;¢ SF(G) we know its direction-typelir(w).
leaf, because we have stopped the generative story\we define the derivation relation of the pSTIG

“We note that a different definition occurs in (Nesson et(7 to be the binary relatior>; _g _SF(G) xSF(G)
al., 2005, 2006). such that we have, = s iff (i) k1 = 2 and
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(ii) if adjoining takes place ab, then the used aux- wherep € [0, 1] (probability of (1)), & > 0,

iliary rule must bedir(w)-auxiliary. Since=; is V0, V1s- -5V € T q,q1, -, € Q,

a subset o=, the concepts of derivation, success- 21,...,2, € X UF, and( € RHS(k)

ful derivation, and tree transformation are defined =~ where RHS(k) is the set of all trees over

also for a pSTIG. AU{z1,..., 2t} U{*} in which the nullary
In fact, our running example pSTAG in Fig. 1is * OCCUrs at most once.

a pSTIG, wherery andr; are RL-auxiliary and The set ofintermediate results of\/ is the set
every potential adjoining site has direction-typelR(M) = {v | ¢« € Ua({*}),[pospy(¢)] < 1}
RL; the derivation shown in Fig. 2 is a pSTIG- and the set ofkentential forms of\/ is the set

derivation. SF(M) = Tu{q() | ¢ € Q,¢ € IR(M)})*.
The derivation relation induced by/ is the bi-
4 Bottom-up tree adjoining transducer nary relation= C SF(M) x SF(M) such that

for every&y, & € SF(M) we define$; = & iff

Here we introduce the concept of a bottom-up treg ore arg, ¢ € SF(M), there is a rule of the form

adjoining transducer (BUTAT) which will be used (1) in R, z:md there aré., ..., ¢y € IR(M) such

to formalize a decoder for a pSTIG. Y
A BUTAT is a finite-state machine which trans-

lates strings into trees. The left-hand side of each

rule is a string over terminal symbols and state- exactly once,

variable combinations. A variable is either a sub- £ =Ev0q () ... au(G) €, and

stitution variable or an adjoining variable; a substi- | £ = €q(0(0)) ¢

tution variable (resp., adjoining variable) can hav

. here 6 is a function that replaces variables
an output tree (resp., output tree with foot node) as

lue. Intuitivel h variabl lue is a t | a right-hand side with their values (subtrees)
value. Intuitively, each variable value IS a ransla~p, , e |eft-hand side of the rule. Formally,

tion of the string that has been reduced to the cory . RHS(k) — IR(M) is defined as follows:

responding state. The right-hand side of a rule has(i) for everyé = 8(¢1, ..., 6,) € RHS(k), 6 €

the formgq(¢{) wheregq is a state and is an output A, we haved(€) = 5(0(&)), . ... 0(En)),

tree (with or without foot-node); may containthe .. . ‘
variables from the left-hand side of the rule. Each (i) (substitution) for everyz € X, we have

that:
o foreveryl < i < k:if z; € X, then(; does
not containx; if z; € F, then(; containsx

- 9(2’1) = <i’
rule has a probability € [0, 1]. (i) (adjoining) for everyz € F and¢ e
In fact, BUTAT can be viewed as the string- _
to-tree version of bottom-up tree transducers (En RHS(k), we haved(z(¢)) = GloE)),
) k A h is th iquely determined iti
gelfriet, 1975; Gecseg and Steinby, 1984,1997) in \(l)\:‘firr?zvlsancf uniquely determined position

which, in addition to substitution, adjoining is al- (V) O(x) = *
lowed. '

Clearly, the probablity of a rule carries over to
Formally, we letX = {z;,22,...} andF' = y P y

Do ! derivation steps that employ this rule. Since, as
{1, f2,...} be the sets ofubstitution variables usual, a derivationl is a sequence of derivation

a}nd adjpining variable; resp. Each substitu- steps, we let therobability ofd be the product of
tion variable (resp., adjoining variable) has rankthe probabilities of its steps

0 (resp.,1). Thus when used in a tree, substitu-

. . . . . The string-to-tree transformation computed by
tion variables are leaves, while adjoining vanablesM is the setryy of all tuples(y. £) € I x U such
have a single child. M e A

that there is a derivation of the formn=-* for
A bottom-up tree adjoining transducdBU- m=" (&)

TAT) is atupleM = (Q.T, A, Qy, R) where someq € Qy.

e () is afinite set (oktates, 5 Decoder for pSTIG
e I'is an alphabet (ahput symbols assuming

thatQ N T = 0, Now we construct the decodésc(G) for a pSTIG
e A is an alphabet (obutput symbols G that transforms source strings directly into tar-
e Q5 C Q (set offinal statey, and get trees and simultaneously computes the proba-
e Ris a finite set of rules of the form bility of the corresponding derivation @f. This

decoder is formalized as a BUTAT.
Yoz - @(ze)m = qC) () Sincedec(G) is a string-to-tree transducer, we

14



have to transform the source trég of a ruler  derivation of this decoder which correponds to the
into a left-hand side of a dec(G)-rule. This is derivation in Fig. 2.
done similarly to (DeNeefe and Knight, 2009) by Theorem 1. Let G be a pSTIG overN and T.

tr_aversing(s via recursive descent using a MaP-Then there is a BUTAKlec(G) such that for ev-
ping ¢ (see an example after Theorem 1); thlsery (&,&) € Un(T) x Un(T) andp € [0,1] the

creates appropriate state-variable combinations f%llowing two statements are equivalent:

all substitution sites and potential adjoining sites

of r. In particular, the source component of the 1. there i

direction-type of a potential adjoining site deter-
mines the position of the corresponding combina-

s a successful derivation of
(&5, &,0,0,0) by G with probability p,

tion in p. If there are several potential adjoining 2. there is a derivation fromyield(¢;) to

sites with the same source component, then we
create & for every permutation of these sites. The
right-hand side of alec(G)-rule is obtained by

[Ss, St] (&) by dec(G) with probability p.

PROOF Let G = (N,T,[Ss,S:],S, A, P) be a

traversing the target treg via recursive descent PSTIG. We will construct the BUTAKlec(G) =

using a mapping, and, whenever a nonterminal (

Q, T, NUT {[Ss, St]}, R) as follows (where the

with a potential adjoining sites is met, a new po- MaPpPingsy andy, will be defined below):

sition labeled byf,, is insertec® If there is more
than one potential adjoining site, then the set of
all those sites is ordered as in the left-hand gide
from top to bottom.

Apart from these main rules we will employ
rules which implement the decision of whether or
not to turn a potential adjoining site into an ac-
tivated adjoining site. Rules for the first purpose
just pass the already computed output tree through
from left to right, whereas rules for the second pur-
pose create for an empty left-hand side the output
treex.

We will use the state behavior déc(G) in or-
der to check that (i) the nonterminals of a substi-
tution or potential adjoining site match the root-
category of the used rule, (ii) the direction-type
of an adjoining site matches the auxiliarity of the
chosen auxiliary rule, and (iii) the decisions of
whether or not to adjoin for each ruleof G are
kept separate.

Whereas each paits, &) in the translation of
G is computed in a top-down way, starting at the
initial sentential form and substituting and adjoin-
ing to the present sentential formiec(G) builds
& in a bottom-up way. This change of direction is
legitimate, because adjoining is associative (Vijay-
Shanker and Weir, 1994), i.e., it leads to the same
result whether we first adjoin, to r1, and then
align r3 to the resulting tree, or first adjoiry to
r9, and then adjoin the resulting treertp

In Fig. 3 we show some rules of the decoder

e Q=[NxN]UI[Nx{L,R} x N x{L,R}]

U{[r,w] | r € A, wis an adjoining site of },

e R is the smallest setkR’ of rules such

that for everyr € S U A of the form
(CS:CIH‘/:WP;‘(U) or (CS7<t7V7 W7*7P;dj):
— for everyp € ¢(e), if r € S, then the

main rule

1Y Pﬁ;) [Cs (5)7 Gt (5)] (¢P(€))

isin R, and ifr € A andr is §,0;-
auxiliary, then the main rule

1Y PLT;) [(s(s)’ s Ct(e)v 575] (Qpp(&))

isin R', and
— for everyw = (ws, ds, wy, 8;) € W the
rules
Pl (w)
Gw(fo) = [ryw](fu(*))

with qu = [C(ws)a 5sa Ct(wt)a 5t] for ac-
tivation atw, and the rule

1—P,:dj(w)
[S—

[, w] ()

for non-adjoining atv are inR’.

We define the mapping

¢ : pos(Gs) = P(TURX U F))Y)

of our running example pSTIG and in Fig. 4 theWith Q(X U F) = {q(2) | ¢ € Q.2 € X U F}}

SWe will allow variables to have structured indices that
are not elements df. However, by applying a bijective r
naming, we can always obtain rules of the foff.
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inductively on its argument as follows. Let €
o. Dos((s) and letw haven children.

(8) Let¢,(w) € T. Thenp(w) = {¢y(w)}.



(b) (substitution site) Lets(w) € N and let
w' € pos(¢;) such thafw,w') € V. Then

(p(w) = {[Cs(w); Ct(w/)] (x(w,w’)) }

(c) (adjoining site) Let;(w) € N and let there
be an adjoining site idV with w as first
component. Then, we defingw) to be the

(e) Letw = *. Theny,(w) = *.
With dec(G) constructed as shown, for each
derivation of G there is a corresponding deriva-
tion of dec(G), with the same probability, and vice
versa. The derivations proceed in opposite direc-
tions. Each sentential form in one has an equiv-
alent sentential form in the other, and each step

smallest set such that for every permutatiorof the derivations correspond. There is no space

(uy,...,u;) (resp.(vy,...,vy))ofallthe L-
adjoining (resp., R-adjoining) sites W with
w as first component, the Set

Jop(wl)o...op(wn)o K

is a subset ofp(w), whereJ = {u]...u}}
andK = {v],...v{} and
u; = [r,wi)(fu,) andvj = [r,v5](fo,)

forl <i<landl <j<m.
(d) Let(s(w) € N, w # *, and letw be neither
the first component of a substitution sitelin

to present the full proof, but let us give a slightly
more precise idea about the formal relationship be-
tween the derivations af anddec(G).

In the usual way we can associate a deriva-
tion treed’ with every successful derivatiosh of
G. Assume thatast(d) = (&,&,0,0,0), and
let £, and E; be the embedded tree transducers
(Shieber, 2006) associated with, respectively, the
source component and the target component of
G. Then it was shown in (Shieber, 2006) that
1. (d") = & and7g,(db) = & whereTg de-
notes the tree-to-tree transduction computed by an

nor the first component of an adjoining site in €Mbedded tree transduckr Roughly speaking,

W. Then

o(w) =p(w.l)o...op(w.n) .

(e) Letw = *. Then we define(w) = {¢}.
For everyp € (), we define the mapping

¥p 1 pos(¢e) — Unurux (T U {*})
inductively on its argument as follows.
w € pos(¢;) and letw haven children.

(@) Let((w) € T. Theny,(w) = ((w).

(b) (substitution site) Let;(w) € N and let
w' € pos((s) such thafw’,w) € V. Then
¢p(’w) = T(w' w)-

(c) (adjoining site) Let;(w) € N and let there
be an adjoining site il with w as third
component. Then lefu;,...,w} C W be
the set of all potential adjoining sites with
as third component, and we define

¢p(w) = fm( .. ful(g) .. )
where ( = ((w)(Yp(w.1),...,0,(w.n))

and theu;'s occur invy,(w) (from the root

E, and E; reproduce the derivations of, respec-
tively, the source component and the target com-
ponent ofG that are prescribed by’. Thus, for
k= (£,&,V,W,q),If kin, =, xkandk is a prefix
of d, then there is exactly one subtréé(w, w’)]
of d* associated with everyw,w’) € V U W,
which prescribes how to continue @b, w’) with

Let the reproduction of.. Having this in mind, we ob-

tain the sentential form of théec(G)-derivation
which corresponds te by applying a modifica-
tion of ¢ to x where the modification amounts to
replacmgx(w,w’) andf(w,w’) by TE; (dt[(w’ w/)])’
note thatrg, (d![(w, w’)]) might containx. n

As illustration of the construction in Theorem 1
let us apply the mappings and+), to ruler, of
Fig. 1, i.e., tory = ((s, G 0, {0, ¢}, *, P;gj)
with ¢ = A(Aa7)1 G = B(B(5),B),

b = (e,R,e,L),c=(g,R,1,L), andx = (1, 2).

Let us calculatex(¢) on (,. Due to (c),

p(e) =Jop(l)op(2) o K.

towards the leaves) in exactly the same Ordeéince there are no L-adjoinings gtwe have that

as they occur iy (from left to right).
(d) Let(;(w) € N, w # %, and letw be neither

the second component of a substitution sit
in V nor the third component of an adjoining

site inWW. Then
¢p(w) = Ge(w)( wp(w'l)a e va(w'n))-

®using the usual concatenatiorof formal languages
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J = {e}. Since there are the R-adjoiningandc
ate, we have the two permutatio(s c) and(c, b).

o1, v2) = (b,): K = {[ra, cJ(fo)r2,0](f)}

(v1,v2) = (¢, b): K = {[r2,b](fo)[r2, c](fe)}
Due to (e) and (a), we have thatl) = {<} and
©(2) = {7}, resp. Thusp(e) is the set:

{v[r2, c|(fe) [r2, b](fo), v [r2, bI(fs) [r2, ] (fe)}-




Sy
[A, B] [r1,a] ‘
a \) a | — fu,/ I(bﬁ e ! a vy
£ fa g (rq, —b) ﬂ prob. .8
) r2,b]
« « a v |
(rlva) *
(AR, B,L] ra.al (r2.=¢) || prob. .4
J‘fa o J‘ca [TQ’b] [TQ’C]
i « « a v | |
* *
4, R"B’L] (r2,be) ﬂ prob. .4
]‘c ’ [A,R, B,1]
[ra,b] [r2,d] B |
v AN B
Jb fe feo * o o a /\
‘ B *
1‘3 |
(r2, ) 5 (2o o
8 [r27b] 4 [7’2,6} (7”170) ﬂ prob. 9
i >L [Tll, a)
B
(4, B] « « « / \
. B
a — B |
/‘8 5
Ty ﬂ prob. .1
Figure 3: Some rules of the running example de- [r1,a
coder. (4, B] |
| B
« B « / \
Now letp = v [re, b](fp) [r2, c](fc). Letus cal- | B
culatey, () on¢;. B (|$
bole) 2 RBWL(1). 4,(2))) r | prob. 1
D (BB, (1.1)),1(2))) 5551
% So(B(o(B(5)), 4,(2)) )
2 f(B(£.(B(6)), ya
fo(B(fe(B(6)), )) 5 B\ﬂ
Hence we obtain the rule / \ |
B B p
V[, ) [ra- () — L)

[A,R, B, LI(fo(B(fe(B(9)), %))

Figure 4: Derivation of the decoder correspondin
which is also shown in Fig. 3. g P g

to the derivation in Fig. 2.
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Abstract

This paper proposes a uniform frame-
work for the development of parsing and
translation algorithms for weighted ex-
tended (top-down) tree transducers and in-
put strings. The asymptotic time complex-
ity of these algorithms can be improved
in practice by exploiting an algorithm for
rule factorization in the above transducers.

1 Introduction

In the field of statistical machine translation, con-
siderable interest has recently been shown for
translation models based on weighted tree trans-
ducers. In this paper we consider the so-called
weighted extended (top-down) tree transducers
(WXTTs for short). WXTTs have been proposed
by Graehl and Knight (2004) and Knight (2007)
and are rooted in similar devices introduced ear-
lier in the formal language literature (Arnold and
Dauchet, 1982).

WXTTs have enough expressivity to represent
hierarchical syntactic analyses for natural lan-
guage sentences and can directly model most of
the elementary operations that rule the process
of translation between natural languages (Knight,
2007). Furthermore, the use of weights and in-
ternal states allows the encoding of statistical pa-
rameters that have recently been shown to be ex-
tremely useful in discriminating likely translations
from less plausible ones.

For an WXTT M, the parsing problem is tradi-
tionally defined for a pair of trees ¢ and w and re-
quires as output some representation of the set of
all computations of M that map ¢ into . Similarly,
the translation problem for M is defined for an in-
put tree ¢ and requires as output some representa-
tion of the set of all computations of M mapping ¢

*Financially supported by the Ministerio de Educacion y
Ciencia (MEC) grant JDCI-2007-760.

Giorgio Satta

Department of Information Engineering
University of Padua
Padua, Italy

into any other tree. When we deal with natural
language processing applications, however, pars-
ing and translation are most often represented on
the basis of input strings rather than trees. Some
tricks are then applied to map the problem back
to the case of input trees. As an example in the
context of machine translation, let w be some in-
put string to be translated. One can intermediately
construct a tree automaton M, that recognizes the
set of all possible trees that have w as yield with
internal nodes from the input alphabet of M. This
automaton M, is further transformed into a tree
transducer implementing a partial identity trans-
lation. This transducer is then composed with M
(relational composition) to obtain a transducer that
represents all translations of w. This is usually
called the ‘cascaded’ approach.

In contrast with the cascaded approach above,
which may be rather inefficient, we investigate a
more direct technique for both parsing and transla-
tion of strings based on WXTTs. We do this by ex-
tending to WXTTs the well-known BAR-HILLEL
construction defined for context-free grammars
(Bar-Hillel et al., 1964) and for weighted context-
free grammars (Nederhof and Satta, 2003). We
then derive computational complexity results for
parsing and translation of input strings on the ba-
sis of WXTTs. Finally, we develop a novel fac-
torization algorithm for WXTTs that, in practical
applications, can reduce the asymptotic complex-
ity for such problems.

2 Preliminary definitions

Let - be an associative binary operation on a set S.
If S contains an element 1 such that1-s = s = s-1
for every s € S, then (S,-,1) is a monoid. Such
a monoid (5,-,1) is commutative if the identity
$1+S9 = So9-s1 holds for all 51,50 € S. A commu-
tative semiring (S, +, -, 0, 1) is an algebraic struc-
ture such that:

e (S,+,0) and are commutative

(Sa'al)
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monoids,
e - distributes over + (from both sides), and
e s-0=0=0-sforeverys € S.
From now on, let (S,+,-,0,1) be a com-
mutative semiring.  An alphabet is a finite
set of symbols. A weighted string automa-
ton [WSA] (Schiitzenberger, 1961; Eilenberg,
1974) is a system N = (P,I', J, v, F') where
e P and T' are alphabets of states and input
symbols, respectively,
e J F: P — S assign initial and final weights,
respectively, and
e v: P xI' x P — § assigns a weight to each
transition.
The transition weight mapping v can be under-
stood as square matrices v/(-, 7, -) € ST*F for ev-
ery v € I'. The WSA N is deterministic if
e J(p) # 0 for at most one p € P and
e for every p € P and v € T there exists at
most one p’ € P such that v(p,v,p") # 0.
We now proceed with the semantics of N. We
will define the initial algebra semantics here; al-
ternative, equivalent definitions of the semantics
exist (Sakarovitch, 2009). Let w € I'* be an in-
put string, v € T, and p,p’ € P be two states.
We extend v to a mapping h,: P x " x P — S
recursively as follows:

1 ifp=yp

0 otherwise

hu(p,6,p/) = {

ho(pyw,p) = Y v(p,7,0") - b (0w, p')
p'eP

Consequently,

ho(p,uw, ') = > hu(p,u,p") - b (p", w, 1)

p’eP

for all p,p’ € P and u,w € I'*. Then the matrix
hu(‘;’}/l"’"}/kf) equals V(‘,’Yl,')' V('77k7')'
Thus, if the semiring operations can be performed
in constant time and access to v(p, v, ¢) is in con-
stant time for every p,q € P, then for every
w € I'* we can compute the matrix h, (-, w, ) in
time O(|w| - | P|) because it can be computed by
|w| — 1 matrix multiplications.

The WSA N computes the map N: I'* — S,
which is defined for every w € I'* by!

=) J)

p,p'€EP

v(p,w,p') - F(p') .

'We overload the symbol N to denote both the WSA and
its recognized mapping. However, the intended meaning will
always be clear from the context.
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Since we will also consider individual runs,
let us recall the run semantics as well. Let
w =1 € ['* be an input string of length k.
Then any mapping 7: [0,k] — P is a run of N
on w, where [0, k] denotes the set of integers be-
tween (inclusive) 0 and k. A run can be under-
stood as a vector of states and thus we some-
times write r; instead of r(i¢). The weight of
such a run 7, denoted by wty(r), is defined by

wty(r) = Hle v(ri—1,%i, 7). Then
hll(p7 w>p,) = Z WtN (7")
r: [0,k]—P
To=p,r,=p’

for every p,p’ € P and w € I'*.

3 Weighted extended tree transducers

Next, we move to tree languages, for which we
need to introduce some additional notation. Let
> be a ranked alphabet, that is, an alphabet
whose symbols have a unique associated arity. We
write Y to denote the set of all k-ary symbols
in Y. We use the special nullary symbol e € 3y to
syntactically represent the empty string €. The set
of X-trees indexed by a set V, denoted by 7% (V'),
is the smallest set satisfying both of the following
conditions:

e for every v € V, the single node labeled v,
written v, is a tree of T (1),

e forevery 0 € ¥y and ty,...,t; € Tx(V),
the tree with a root node labeled o and
trees ti,...,tr as its k children, written
o(t1,...,tx), belongs to Tx: (V).

Throughout this paper we sometimes write o () as
just o. In the following, let ¢ € Tx(V'). The set
of positions Pos(t) C N* of atree t € Tx;(V) is
recursively defined as follows:

Pos(v) = {e}
Pos(t) ={e} U {iw | 1 <i < k,w € Pos(t;)}

foreveryv € V,o € X, and ty,...,t; € Tx(V)
where t = o(t1,...,t;). The label of ¢ at posi-
tion w € Pos(t) is denoted by ¢(w). The size of
the tree ¢ € T is defined as |t| = |Pos(t)|. For
every w € Pos(t) the subtree of ¢ that is rooted
at w is denoted by sub;(w); i.e.,

subi(e) =t
subg(th”’tk)(iw) = suby, (w)



Lt € Tx(V), 1 <i <k,
Finally, the set of vari-

for every o € X, t1, ..
and w € Pos(t;).
ables var(t) is given by

var(t) = {v € V | 3w € Pos(t): t(w)

=v} .
If for every v € var(t) there exists exactly one
w € Pos(t) such that t(w) = v, then ¢ is linear.

We use the fixed sets X = {x; | ¢ > 1} and
Y = {yi;j | 1 < ¢ < j} of formal variables
and the subsets X = {z; | 1 < i < k} and
Yi ={yi; | 1 <i<j <k} forevery k > 0.
Note that Xy = (). Forevery H C YoUXUY, the
H-yield of t is recursively defined by yd () =t
ift € H\{e}, ydy(t) = ydy(t1) - ydp(te) if
t = o(ty,...,tg) witho € X and k > 1, and
ydg(t) = € otherwise. If H = £y U X UY, then
we also omit the index and just write yd(t).

Let ] € T(V) and 0: V — Tx(V). Then
16 denotes the result obtained from [ by replacing
every occurrence of v € V by 6(v). The k-fold
application is denoted by 10*. If 1§¥ = 16%+1 for
some k > 0, then we denote [6* by [#*. In addi-
tion, if V' = X}, then we write [[0(x1), ..., 0(zy)]
instead of [§. We write Cx(X}) for the subset
of those trees of Tx(Xj) such that every vari-
able of z € X}, occurs exactly once in it. Given
t € T (X), we write dec(t) for the set

l € Cx(Xk),l[t1, ...
ti,... g € T (X)

{(l,tl,...,tk) ,tk]:t,}

A (linear and nondeleting) weighted extended
(top-down) tree transducer [WXTT] (Arnold and
Dauchet, 1975; Arnold and Dauchet, 1976; Lilin,
1981; Arnold and Dauchet, 1982; Maletti et al.,
2009) is a system M = (Q, X, A, I, R) where

e () is an alphabet of states,

e > and A are ranked alphabets of input and

output symbols, respectively,

e [: () — S assigns initial weights, and

e R is a finite set of rules of the form

(¢;0) > (g1 qr,7) with g, q1, ..., q € Q,
l € Cx(Xg) and r € Ca(Xg),and s € S
such that {l,r} € X.

Let us discuss the final restriction imposed on
the rules of a WXTT. Essentially, it disallows rules
of the form (¢, z1) = (¢/,x1) with ¢,¢' € Q and
s € S. Such pure epsilon rules only change the
state and charge a cost. However, they can yield
infinite derivations (and with it infinite products
and sums) and are not needed in our applications.
The WXTT M is standard if ydx (r) = x1 - -z
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for every (q,1) = (q1--- qx,7) € R. This restric-
tion enforces that the order of the variables is fixed
on the right-hand side r, but since the order is ar-
bitrary in the left-hand side / (and the names of the
variables are inconsequential), it can be achieved
easily without loss of generality. If there are sev-
eral rules that differ only in the naming of the vari-
ables, then their weights should be added to obtain
a single standard rule. To keep the presentation
simple, we also construct nonstandard WXTTs in
the sequel. However, we implicitly assume that
those are converted into standard WXTTs.

The semantics of a standard WXTT is in-
spired by the initial-algebra semantics for classi-
cal weighted top-down and bottom-up tree trans-
ducers (Fiilop and Vogler, 2009) [also called top-
down and bottom-up tree series transducers by En-
gelfriet et al. (2002)]. Note that our semantics
is equivalent to the classical term rewriting se-
mantics, which is presented by Graehl and Knight
(2004) and Graehl et al. (2008), for example. In
fact, we will present an equivalent semantics based
on runs later. Let M = (Q,X,A,I,R) be a
WXTT. We present a definition that is more gen-
eral than immediately necessary, but the general-
ization will be useful later on. For every n € N,
Ply.e.,Pn € @, and L C R, we define the
mapping W8P T (X,,) x Ta(X,) — S2 by
RYY P (24, 24)p, = 1 forevery 1 < i < nand

hil"'pn (t, u)q

2.

(Lt1,...,t ) Edec(t)
(ru1,...,ux)Edec(u)

(q.1)2(q1qr,m)EL

k
s - H REYPR (t, i) g, (1)
=1

for all remaining ¢t € Tx(X,,), u € Ta(X,), and
q € . Note that for each nonzero summand in (1)
one of the decompositions dec(¢) and dec(u) must
be proper (i.e., either [ ¢ X or r ¢ X). This
immediately yields that the sum is finite and the
recursion well-defined. The transformation com-
puted by M, also denoted by M, is the map-
ping M: T, x To — S, which is defined by
M(t,u) =3 ,cql(q)-hr(t,u)qforeveryt € Ty,
and u € Th.

Let us also introduce a run semantics for the
WXTT (Q,%,A,I,R). The rank of a rule
p=1(q,1) > (q1---q,7) € R, denoted by rk(p),
is rk(p) = k. This turns R into a ranked alphabet.
The input state of p is in(p) = ¢, the ith output
state is out;(p) = ¢; for every 1 < ¢ < k, and



the weight of p is wt(p) = s. Atree r € Tr(X)
is called run if in(r(wi)) = out,(r(w)) for every
wi € Pos(r) and 1 < i < rk(r(w)) such that
r(wi) € R. The weightof arunr € Tr(X) is

11

wePos(r),r(w)ER

wt(r) = wt(r(w)) .

The evaluation mappings 71 : Tr(X) — Tx(X)
and mo: TRr(X) — Ta(X) are defined for every
€ X,p=(¢0)> (@ qrr) € R, and

r1,...,7p € TR(X) by m1(x) = z, me(x) = =z,
and
m1(p(r1,...,rx)) =Umi(r1), ..., m1(rg)]
TPt - 78)) = rlma(ry), o a(ri)]

We obtain the weighted tree transformation for ev-
eryt € Ix and u € Th as follows?

> Iin(r(e)) - wt(r) .

run r€TR
t=m1(r),u=ma(r)

M(t,u) =

This approach is also called the bimorphism ap-
proach (Arnold and Dauchet, 1982) to tree trans-
formations.

4 Input and output restrictions of WXTT

In this section we will discuss the BAR-HILLEL
construction for the input and the output part of a
WXTT M. This construction essentially restricts
the input or output of the WXTT M to the string
language recognized by a WSA N. Contrary to
(direct or inverse) application, this construction
is supposed to yield another WXTT. More pre-
cisely, the constructed WXTT should assign to
each translation (¢,u) the weight assigned to it
by M multiplied by the weight assigned by N
to the yield of ¢ (or w if the output is restricted).
Since our WXTTs are symmetric, we will actu-
ally only need one construction. Let us quickly
establish the mentioned symmetry statement. Es-
sentially we just have to exchange left- and right-
hand sides and redistribute the states in those left-
and right-hand sides accordingly.

From now on, let M = (Q,%X,A,I,R) be a
WXTT.

Theorem 1. There exists a WXTT M' such that
M'(u,t) = M(t,u) foreveryt € Tx and u € Th.

2We immediately also use M for the run semantics be-
cause the two semantics trivially coincide.
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Proof. Let M' = (Q,A,X, I, R') be the WXTT
such that

R ={(g,r) = (w,1) | (¢,1) = (w,7) € R} .

It should be clear that M’(u,t) = M (t,u) for ev-
eryt € Ty, and u € Th. ]

With the symmetry established, we now only
need to present the BAR-HILLEL construction for
either the input or output side. Without loss of
generality, let us assume that M is standard. We
then choose the output side here because the order
of variables is fixed in it. Note that we sometimes
use the angled parentheses ‘(" and ‘)’ instead of
parentheses for clarity.

Definition 2. Letr N = (P,I', J,v, F') be a WSA
with' = Ag \ {e}. We construct the output prod-
uct Prod(M,N) = (PxQxP, %, A I', R') such
that
o I'({p,q,p")) = J(p) - 1(q) - F'(p') for every
p,p' € Pand q € Q,
o for every rule (q,1) > (q1 -+ qi,7) € Rand
every po, ..., Dk, Py, - - -, D), € P, let

(¢, 1) =25 (g) - qf,7) € R

where
- ¢ = (po: ¢ )
- ¢, = (Pi_1,qi,pi) forevery 1 < i <k,
- yd(r) = woxriwy - wp_1xpWE With
wo, ..., wE € I'*, and
- 8; = hy(pi, w;, p)) for every 0 < i < k.

Let p = (¢,1) > (q1---qr,7) € R. The
size of pis |p| = |l| + |r|. The size and
rank of the WXTT M are [M| = >  plpl
and rk(M) = max,crrk(p), respectively. Fi-
nally, the maximal output yield length of M, de-
noted by len(M), is the maximal length of yd(r)
for all rules (q,l) (¢1---qx,v) € R.
The size and rank of Prod(M,N) are in
O(|M| - |PPPM+2) and rk(M), respec-
tively. We can compute Prod(M,N) in time
O(IR| - len(M) - |P>*MD+5) " If N is de-
terministic, then the size of Prod(M,N) is
in O(|M| - |P|"™M)+1) and the required time is
in O(|R|-len(M)-| P["K(M)+1) Next, let us prove
that our BAR-HILLEL construction is actually cor-
rect.

Theorem 3. Let M and N be as in Defini-
tion 2, and let M' = Prod(M,N). Then
M'(t,u) = M(t,u) - N(yd(u)) for every t € Ty,
and u € Th.

S
—



Proof. Let M' = (Q', X, A, I', R"). First, a sim-
ple proof shows that

hR’(ta u)(p,q,p’) = hR(t7 U)q : hl/(p7 yd(u),p’)

foreveryt € Ts;, u € Ta, q € Q, and p,p’ € P.
Now we can prove the main statement as follows:

M'(t,u)
Z I'(q) - hrelt, u)g

qeq’
ZI/(<pa Qap/>) ’ hR(ta u)q ’ hV(p) yd(u)ap/)

p,p'EP
q€Q

= M(t,u) - N(yd(u))

O]

Note that the typical property of many BAR-
HILLEL constructions, namely that a run of M
and a run of N uniquely determine a run
of Prod(M, N) and vice versa, does not hold for
our construction. In fact, a run of M and a run
of N uniquely determine a run of Prod(M, N),
but the converse does not hold. We could modify
the construction to enable this property at the ex-
pense of an exponential increase in the number of
states of Prod(M, N). However, since those re-
lations are important for our applications, we ex-
plore the relation between runs in some detail here.

To simplify the discussion, we assume, without
loss of generality, that M is standard and s = s’
for every two rules (¢,1) = (w,r) € R and

foreveryt € Ty, and u € Th.

(¢,0) LA (w,r) € R. Moreover, we assume the
symbols of Definition 2. For every r’ € Tr/ (X),
we let base(r’) denote the run obtained from r’ by
replacing each symbol

(1) =25 (g - g, )

by just (¢,1) > (q1---qx,7) € R. Thus, we re-
place a rule (which is a symbol) of R’ by the un-
derlying rule of 2. We start with a general lemma,
which we believe to be self-evident.

Lemmad. Let ' € Tr and n = |yd(ma(r"))].
Thenwt (') = wtar(base(r’))-> -, c g W (r)
where R" is a nonempty subset of
{r:[0,n] = P [in(r'(e)) = (ro.q,mn) }-

Let us assume that NV is trim (i.e., all states are
reachable and co-reachable) and unambiguous. In
this case, for every 71 ---y, € I and p,p’ € P
there is at most one successful run r: [0, k] — P
such that
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o v(ri_1,7i,ri) # 0forevery 1 < i <k, and
e rg=pandr, =p.

This immediately yields the following corollary.

Corollary 5 (of Lemma 4). Let N be trim and
unambiguous. For every v’ € Tr we have

wtar (r') = wtas(base(r’)) - wt (1)

for some r: [0,n] — P withn = |yd(ma(r"))].

We now turn to applications of the product con-
struction. We first consider the translation prob-
lem for an input string w and a WXTT M. We can
represent w as a trim and unambiguous WSA N,
that recognizes the language {w} with weight
of 1 on each transition (which amounts to ignor-
ing the weight contribution of N,,). Then the in-
put product transducer M,, = Prod(N,,, M) pro-
vides a compact representation of the set of all
computations of M that translate the string w.
From Corollary 5 we have that the weights of
these computations are also preserved. Thus,
My(Ts x Ta) = Z(t,u)eTngA My, (t,u) is the
weight of the set of string translations of w.

As usual in natural language processing ap-
plications, we can exploit appropriate semirings
and compute several useful statistical parameters
through M,,(Tx, x Ta), as for instance the high-
est weight of a computation, the inside probabil-
ity and the rule expectations; see (Li and Eisner,
2009) for further discussion.

One could also construct in linear time the range
tree automaton for M,,, which can be interpreted
as a parsing forest with all the weighted trees as-
signed to translations of w under M. If we fur-
ther assume that M is unambiguous, then M,, will
also have this property, and we can apply standard
techniques to extract from M, the highest score
computation. In machine translation applications,
the unambiguity assumption is usually met, and
avoids the so-called ‘spurious’ ambiguity, that is,
having several computations for an individual pair
of trees.

The parsing problem for input strings w and u
can be treated in a similar way, by restricting M
both to the left and to the right.

5 Rule factorization

As already discussed, the time complexity of the
product construction is an exponential function
of the rank of the transducer. Unfortunately,
it is not possible in the general case to cast a



WXTT into a normal form such that the rank is
bounded by some constant. This is also expected
from the fact that the translation problem for sub-
classes of WXTTs such as synchronous context-
free grammars is NP-hard (Satta and Peserico,
2005). Nonetheless, there are cases in which a
rank reduction is possible, which might result in
an improvement of the asymptotical run-time of
our construction.

Following the above line, we present here a
linear time algorithm for reducing the rank of a
WXTT under certain conditions. Similar algo-
rithms for tree-based transformation devices have
been discussed in the literature. Nesson et al.
(2008) consider synchronous tree adjoining gram-
mars; their algorithm is conceptually very sim-
ilar to ours, but computationally more demand-
ing due to the treatment of adjunction. Follow-
ing that work, we also demand here that the new
WXTT ‘preserves’ the recursive structure of the
input WXTT, as formalized below. Galley et al.
(2004) algorithm also behaves in linear time, but
deals with the different problem of tree to string
translation. Rank reduction algorithms for string-
based translation devices have also been discussed
by Zhang et al. (2006) and Gildea et al. (2006).

Recall that M = (Q,%, A, I, R) is a standard
WXTT. Let M' = (Q', X, A, I',R’) be a WXTT
with Q C Q'.3 Then M’ is a structure-preserving
factorization of M if

e I'(q) = I(q) forevery ¢ € Q and I'(q) = 0

otherwise, and

o WP (t u)g

q4,P1,---5Pn

u € Th (Xn)
In particular, we have hp/ (t,u), = hr(t,u), for
n = 0. Consequently, M’ and M are equivalent
because

M'(tu) =" T'(q) - ha(t,u),g
qeQ’

= I(q) - ha(t,u)g = M(t,u) .
q€eQ

R P (t,u)g for every
€ Q, t € Tx(X,), and

Note that the relation ‘is structure-preserving fac-
torization of’ is reflexive and transitive, and thus, a
pre-order. Moreover, in a ring (actually, additively
cancellative semirings are sufficient) it is also anti-
symmetric, and consequently, a partial order.

3 Actually, an injective mapping Q — Q' would be suffi-
cient, but since the naming of the states is arbitrary, we im-
mediately identify according to the injective mapping.
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Informally, a structure-preserving factorization
of M consists in a set of new rules that can be com-
posed to provide the original rules and preserve
their weights. We develop an algorithm for finding
a structure-preserving factorization by decompos-
ing each rule as much as possible. The algorithm
can then be iterated for all the rules in the WXTT.
The idea underlying our algorithm is very simple.
Let p = (¢,1) > (q1---qr,7) € R be an origi-
nal rule. We look for subtrees !’ and r’ of [ and r,
respectively, such that var(l’) = var(r’). The con-
dition that var(l") = var(r’) is derived from the
fact that R, " (I',1")q = 0 if var(l") # var(r’).
We then split p into two new rules by ‘excis-
ing’ subtrees !’ and 7’ from [ and r, respectively.
In the remaining trees the ‘excised’ trees are re-
placed with some fresh variable. The tricky part
is the efficient computation of the pairs (wy, w;),
since in the worst case the number of such pairs
is in O(]{| - |7]), and naive testing of the condition
var(l') = var(r') takes time O(rk(p)).

Let us start with the formal development. Recall
the doubly-indexed set Y = {y;; | 1 < i < j}.
Intuitively speaking, the variable y;; will
represent the set {x;,...,z;}. With  this
intuition in mind, we define the mapping
vars: Ts(X UY) — N3 as follows:

vars(x;) = (4,1,1)

vars(y; j) = (4,7, —i+1)
b)) i

and vars(o(t1, .. . is

(mkin vars(ty) mngars(t ) zk:vars(t )3)
it ¢)1, has ¢ 27571 )3

for every 7,7 € N with ¢ < j, 0 € X, and
ti,...,tr € Tx(X UY). Clearly, vars(t) can
be computed in time O(|t|), which also in-
cludes the computation of vars(u) for every sub-
tree u of ¢. In addition, vars(t)s = |var(¢)]
for all linear ¢ € Tx(X).  Finally, if
t € Tx(X), then vars(t); and vars(t)2 are the
minimal and maximal index ¢ € N such that
x; € var(t), respectively (they are oo and 0,
respectively, if var(t) = (). For better read-
ability, we use minvar(¢) and maxvar(t) for
vars(t); and vars(t)s, respectively.

Let p = (¢,1) = (q1---qx,7) € R be an origi-
nal rule. In the following, we will use minvar(t),
maxvar(t), and |var(t)| freely for all subtrees ¢
of [ and r and assume that they are precomputed,




which can be done in time O(|p|). Moreover, we
will freely use the test ‘var(t) = var(u)’ for sub-
trees t and w of [ and r, respectively. This test can
be performed in constant time [disregarding the
time needed to precompute vars(t) and vars(u)]
by the equivalent test

e minvar(t) = minvar(u),

e maxvar(t) = maxvar(u),

e |var(t)| = maxvar(t) — minvar(t) + 1, and

e |var(u)| = maxvar(u) — minvar(u) + 1.

Our factorization algorithm is presented in Al-
gorithm 1. Its first two parameters hold the left-
and right-hand side (I, r), which are to be decom-
posed. The third and fourth parameter should ini-
tially be x;. To simplify the algorithm, we assume
that it is only called with left- and right-hand sides
that (i) contain the same variables and (ii) contain
at least two variables. These conditions are en-
sured by the algorithm for the recursive calls. The
algorithm returns a decomposition of ([, ) in the
formof aset D C Tx(X UY) x TA(X UY)
such that var(l') = var(r’) for every (I',r') € D.
Moreover, all such [” and ' are linear. Finally, the
pairs in D can be composed (by means of point-
wise substitution at the variables of Y') to form the
original pair (I, 7).

Before we move on to formal properties of Al-
gorithm 1, let us illustrate its execution on an ex-
ample.

Example 6. We work with the left-hand side
I = o(x1,0(xs,22)) and the right-hand side
r = vy(o(x1,v(0(x2,x3)))). Then |var(l)] > 2
and var(l) var(r). Let us trace the call
DECOMPOSE(l, 7, x1, z1). The condition in line 1
is clearly false, so we proceed with line 3. The
condition is true for i = 1, so we continue with
DECOMPOSE(L, o(x1,7v(0(z2,23))), z1, y(x1))-
This time neither the condition in line I nor the
condition in line 3 are true. In line 6, j is set to 1
and we initialize vy = x1 and v}y = v(o(z2,x3)).
Moreover, the array h is initialized to h(1) = 1,
h(2) = 2, and h(3) = 2. Now let us discuss the
main loop starting in line 12 in more detail. First,
we consider i = 1. Since l1 = x4, the condition in
line 13 is fulfilled and we set I} = x1 and proceed
with the next iteration (1 = 2). This time the condi-
tion of line 13 is false because lo = o (3, x2) and
var(lz) = var(ry(z)) = var(ra) = {r2,z3}. Con-
sequently, j is set to 2 and I = 1}, = y2 3. Next,
DECOMPOSE(o(x3, x2),v(0(x2,x3)), x1,21) is
processed. Let us suppose that it generates the
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set D. Then we return

DU {(o(r1,y23),7(0(z1,923)))} -

Finally, let us quickly discuss how the set D
is obtained. Since the condition in line 3 is
true, we have to evaluate the recursive call
DECOMPOSE(o (3, x2), 0(x2, x3), x1,7(21)).
Now, j 2, h(2) 1, and h(3) 2.
Moreover, T} xo and ), x3. In the
main loop starting in line 12, the condition of
line 13 is always fulfilled, which yields that
Iy = z3 and 1} xo.  Thus, we return
{(o(z3,x2),v(0(x2,23)))}, which is exactly the
input because decomposition completely failed.
Thus, the overall decomposition of | and r is

{(o(z1,92,3), v(o(x1,92,3))),
(0(x3,22),v(0(22,73)))}

which, when the second pair is substituted (point-
wise) for ya 3 in the first pair, yields exactly (1, ).

Informally, the rules are obtained as follows
from D. If all variables occur in a pair (I, 7") € D,
then the left-hand side is assigned to the original
input state. Furthermore, for every variable y; ; we
introduce a new fresh state ¢; ; whereas the vari-
able z; is associated to g;. In this way, we deter-
mine the states in the right-hand side.

Formally, let p (g,1) (g1 qr,7)
be the original rule and D be the result of
DECOMPOSE(l, 7, x1,x1) of Algorithm 1. In ad-
dition, for every 1 < i < j < k, let g, ; ; be a new
state such that ¢, 1 = ¢. Let

Q,={¢.q, -

Then for every (I',7") € D we obtain the rule

s
= —

vk} U{gpig [ 1<i<j<k} .

/

(Qp,minvar(r’),maxvar(r’)7 l/) 5 (pl ©Pns T/)

where yd x y (7') = 21+ - zn,

|

for every 1 < £ < n. The rules obtained in this
fashion are collected in R;.A' The WXTT dec(M)
isdec(M) = (Q', X, A, I', R') where

if vars(r')s = k

1 otherwise

qj if zp = x;

Qij Hze=1yij

“Those rules need to be normalized to obtain a standard
WXTT.



Algorithm 1 DECOMPOSE(l,r,l’,r") computing the decomposition of linear | € T%(Xj) and
r € Ta(X}) with var(l) = var(r) and |var(l)| > 2.

iflIO'(ll,...

,Im) and there exists ¢ € N is such that var(l;) = var(l) then

L)), 7' [4])

7))

2: return DECOMPOSE(ZZ'7 r, l/[O'(ll, ol L, .
ifr = d(r1,..., ) and there exists ¢ € N is such that var(r;) = var(r) then
4:  return DECOMPOSE(L, i, I’ [x1], 7 [6(T1,- -, Tic1, T1, Tig1, - -
letl =o0(l1,...,Lm)andr = 6(r1,..., )
6: j = minvar(r)
foralll <:<ndo
8 ri=m
while j < maxvar(r;) do
10: @h(j):i;j:j+1
12: foralll <: < mdo
if [var(l;)| < 1 orvar(l;) # var(Th(minvar(i,))) then
14: l; = ll
else
16: j = h(minvar(l;))
l7/, = T';' = Yminvar(l;),maxvar(l;)
18: D = D U DECOMPOSE(l;, 15, 1, Z1)

return DU {('[o(l3,..., 1)), 7" [6(r1,...,m)])}

¢ Q' =QUU,cp(p)>2 @ps

o I'(q) = I(q) forevery ¢ € Q and I'(q) = 0
otherwise, and

e R'is

{p € R[1k(p) <2} U

U

PER,TKk(p)>2

/
R,

To measure the success of the factorization, we
introduce the following notion. The degree of M,
denoted by deg(M), is the minimal rank of all
structure-preserving factorizations M’ of M i.e.,

deg(M) = min
M’ a structure-preserving
factorization of M

rk(M') .

Then the goal of this section is the efficient com-

putation of a structure-preserving factorization M’
of M such that rk(M’) = deg(M).

Theorem 7. The WXTT dec(M) is a structure-
preserving  factorization of M such that
rk(dec(M)) = deg(M). Moreover, dec(M) can
be computed in time O(|M|).

Proof. Let us only discuss the run-time complex-
ity shortly. Clearly, DECOMPOSE(l,r,z1,21)
should be «called once for each rule
(¢,1) > (q1---qr,7) € R. 1In lines 1—4 the
structure of [ and r is inspected and the prop-
erties var(l;) = var(l) and var(r;) = var(r)
are tested in constant time. Mind that we pre-
computed vars(l) and vars(r), which can be
done in linear time in the size of the rule. Then
each subtree r; is considered in lines 7-10 in
constant time. Finally, we consider all direct input
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subtrees [; in lines 12-18. The tests involving
the variables are all performed in constant time
due to the preprocessing step that computes
vars(l) and vars(r). Moreover, at most one
recursive call to DECOMPOSE is generated for
each input subtree t;. So if we implement the
union in lines 18 and 19 by a constant-time
operation (such as list concatenation, which can
be done since it is trivially a disjoint union), then
we obtain the linear time-complexity. O

6 Concluding remarks

In this paper we have shown how to restrict com-
putations of WXTTs to given input and output
WSA, and have discussed the relevance of this
technique for parsing and translation applications
over input strings, resulting in the computation of
translation forests and other statistical parameters
of interest. We have also shown how to factorize
transducer rules, resulting in an asymptotic reduc-
tion in the complexity for these algorithms.

In machine translation applications transduc-
ers usually have very large sets of rules. One
should then specialize the restriction construction
in such a way that the number of useless rules
for Prod(N,,, M) is considerably reduced, result-
ing in a more efficient construction. This can be
achieved by grounding the construction of the new
rules by means of specialized strategies, as usually
done for parsing based on context-free grammars;
see for instance the parsing algorithms by Younger
(1967) or by Earley (1970).
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Millstream Systems — a Formal Model for
Linking Language Modules by Interfaces

Suna Bensch
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Abstract

We introduce Millstream systems, a for-
mal model consisting of modules and an
interface, where the modules formalise
different aspects of language, and the in-
terface links these aspects with each other.

1 Credits

This work is partially supported by the project
Tree Automata in Computational Language Tech-
nology within the Sweden — South Africa Re-
search Links Programme. A preliminary but more
detailed version of this article is available as a
technical report (Bensch and Drewes, 2009).

2 Introduction

Modern linguistic theories (Sadock, 1991; Jack-
endoff, 2002) promote the view that different as-
pects of language, such as phonology, morphol-
ogy, syntax, and semantics should be viewed as
autonomous modules that work simultaneously
and are linked with each other by interfaces that
describe their interaction and interdependency.
Formalisms in modern computational linguistics
which establish interfaces between different as-
pects of language are the Combinatory Categorical
Grammar (CCG), the Functional Generative De-
scription (FGD), the Head-Driven Phrase Struc-
ture Grammar (HPSG), the Lexical Functional
Grammar (LFG), and the Extensible Dependency
Grammar (XDG).! Here, we propose Millstream
systems, an approach from a formal language the-
oretic point of view which is based on the same
ideas as XDG, but uses tree-generating modules
of arbitrary kinds.

Let us explain in slightly more detail what a
Millstream system looks like. A Millstream sys-
tem contains any number of tree generators, called

!See, e.g., (Dalrymple, 2001; Sgall et al., 1986; Pollard

and Sag, 1994; Steedman, 2000; Debusmann, 2006; Debus-
mann and Smolka, 2006).

Frank Drewes
Department of Computing Science,
Umea University, Umea, Sweden
drewes@cs.umu.se

its modules. Such a tree generator is any device
that specifies a tree language. For example, a tree
generator may be a context-free grammar, tree ad-
joining grammar, a finite-state tree automaton, a
dependency grammar, a corpus, human input, etc.
Even within a single Millstream system, the mod-
ules need not be of the same kind, since they are
treated as “black boxes”. The Millstream system
links the trees generated by the modules by an in-
terface consisting of logical formulas.

Suppose that a Millstream system has & mod-
ules. Then the interface consists of interface rules
in the form of logical expressions that establish
links between the (nodes of the) trees ¢q,..., 1%
that are generated by the individual modules.
Thus, a valid combination of trees is not just any
collection of trees tq,...,%; generated by the k
modules. It also includes, between these struc-
tures, interconnecting links that represent their
relationships and that must follow the rules ex-
pressed by the interface. Grammaticality, in terms
of a Millstream system, means that the individ-
ual structures must be valid (i.e., generated by the
modules) and are linked in such a way that all in-
terface rules are logically satisfied. A Millstream
system can thus be considered to perform indepen-
dent concurrent derivations of autonomous mod-
ules, enriched by an interface that establishes links
between the outputs of the modules, thus con-
straining the acceptable configurations.

Millstream systems may, for example, be of in-
terest for natural language understanding and nat-
ural language generation. Simply put, the task
of natural language understanding is to construct
a suitable semantic representation of a sentence
that has been heard (phonology) and parsed (syn-
tax). Within the framework of Millstream sys-
tems this corresponds to the problem where we are
given a syntactic tree (and possibly a phonologi-
cal tree if such a module is involved) and the goal
is to construct an appropriate semantic tree. Con-

Proceedings of the 2010 Workshop on Applications of Tree Automata in Natural Language Processing, ACL 2010, pages 28-36,
Uppsala, Sweden, 16 July 2010. (©2010 Association for Computational Linguistics



versely, natural language generation can be seen as
the problem to construct an appropriate syntactic
(and/or phonological) tree from a given semantic
tree. In abstract terms, the situations just described
are identical. We refer to the problem as the
completion problem. While the current paper is
mainly devoted to the introduction and motivation
of Millstream systems, in (Bensch et al., 2010) the
completion problem is investigated for so-called
regular MSO Millstream systems, i.e. systems in
which the modules are regular tree grammars (or,
equivalently, finite tree automata) and the interface
conditions are expressed in monadic second-order
(MSO) logic. In Section 7, the results obtained so
far are briefly summarised.

Now, let us roughly compare Millstream sys-
tems with XDG. Conceptually, the £ modules of a
Millstream system correspond to the k£ dimensions
of an XDG. In an XDG, a configuration consists
of dependency structures ¢4, . .., tx. The interface
of a Millstream system corresponds to the princi-
ples of the XDG. The latter are logical formulas
that express conditions that the collection of de-
pendency structures must fulfill.

The major difference between the two for-
malisms lies in the fact that XDG inherently builds
upon dependency structures, whereas the modules
of a Millstream system are arbitrary tree genera-
tors. In XDG, each of t1, ..., is a dependency
analysis of the sentence considered. In particu-
lar, they share the yield and the set of nodes (as
the nodes of a dependency tree correspond to the
words in the sentence analysed, and its yield is that
sentence). Millstream systems do not make simi-
lar assumptions, which means that they may give
rise to new questions and possibilities:

e The purpose of a Millstream system is not
necessarily the analysis of sentences. For ex-
ample, a Millstream system with two mod-
ules could translate one language into an-
other. For this, tree grammars representing
the source and target languages could be used
as modules, with an interface expressing that
to IS a correct translation of ¢;. This sce-
nario makes no sense in the context of XDG,
because the sentences represented by ¢; and
to differ. Many similar applications of Mill-
stream system may the thought of, for exam-
ple correction or simplification of sentences.

e As the modules may be arbitrary devices
specifying tree languages, they contribute
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their own generative power and theoretical
properties to the whole (in contrast to XDG,
which does not have such a separation). This
makes it possible to apply known results from
tree language theory, and to study the inter-
play between different kinds of modules and
interface logics.

The fact that the individual modules of a
Millstream system may belong to different
classes of tree generators could be linguis-
tically valuable. For example, a Millstream
system combining a dependency grammar
module with a regular tree grammar module,
could be able to formalise aspects of a given
natural language that cannot be formalised by
using only one of these formalisms.

For Millstream systems whose modules are
generative grammar formalisms (such as reg-
ular tree grammars, tree-adjoining grammars
and context-free tree grammars), it will be in-
teresting to study conditions under which the
Millstream system as a whole becomes gen-
erative, in the sense that well-formed config-
urations can be constructed in a step-by-step
manner based on the derivation relations of
the individual modules.

Let us finally mention another, somewhat sub-
tle difference between XDG and Millstream sys-
tems. In XDG, the interfaces are dimensions
on their own. For example, an XDG captur-
ing the English syntax and semantics would have
three dimensions, namely syntax, semantics, and
the syntax-semantics interface. An analysis of a
sentence would thus consist of three dependency
trees, where the third one represents the relation
between the other two. In contrast, a correspond-
ing Millstream system would only have two mod-
ules. The interface between them is considered
to be conceptually different and establishes direct
links between the trees that are generated by the
two modules. One of our tasks (which is, however,
outside the scope of this contribution) is a study of
the formal relation between XDG and Millstream
systems, to achieve a proper understanding of their
similarities and differences.

The rest of the paper is organised as follows.
In the next section, we discuss an example illus-
trating the linguistic notions and ideas that Mill-
stream systems attempt to provide a formal basis
for. After some mathematical preliminaries, which



are collected in Section 4, the formal definition of
Millstream systems is presented in Section 5. Sec-
tion 6 contains examples and remarks related to
Formal Language Theory. Finally, Section 7 dis-
cusses preliminary results and future work.

3 Linguistical Background

In this section, we discuss an example, roughly
following (Jackendoff, 2002), that illustrates the
linguistic ideas that have motivated our approach.
Figure 1 shows the phonological, syntactical and
semantical structure, depicted as trees (a), (b) and
(c), respectively of the sentence Mary likes Peter.
Trees are defined formally in the next section, for
the time being we assume the reader to be familiar
with the general notion of a tree as used in linguis-
tics and computer science.

&)
fffffffffffffffffffffffffff Ao

w1 W2 Ws

Morphophonology /\
w3 Cl4
,,,,,,,,,,,,,,,,,,,,,,,,,, {---F--%-----

Segmental structure meori laik s pitor
®) g ©
NP, VP pres Zituatz’on
V:  NP; likegate
V3 iIlﬁ4 mary fgmlt petergaticnt

Figure 1: Phonological, syntactical and semantical
structure of Mary likes Peter.

The segmental structure in the phonological
tree (a) is the basic pronunciation of the sentence
Mary likes Peter, where each symbol represents
a speech sound. This string of speech sound sym-
bols is structured into phonological words by mor-
phophonolgy. The morphophonological structure
in our example consists of the three full phono-
logical words meori, latk, pitor and of the clitic s.
The clitic is attached to the adjacent phonologi-
cal word, thus forming a larger phonological con-
stituent. The syntactical tree (b) depicts the syn-
tactical constituents. The sentence S is divided
into a noun phrase NP and a verb phrase VP.
The verb phrase VP is divided into an inflected
verb V and a noun phrase NP. The inflected verb
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consists of its uninflected form and its inflection,
which refers, in our example, to the grammatical
features present tense and third person singular.
The semantical tree (c) depicts the semantical con-
stituents. In our example, like is a function of type
state and takes two arguments, namely mary and
peter which are of type agent and patient.

The structure of Mary likes Peter is not just the
sum of its phonological, syntactical and semanti-
cal structures. It also includes the relationships be-
tween certain constituents in these tree structures.
To illustrate these relationships we use indices in
Figure 1. The sole role of the indices here is to
express the linguistic relationships among coin-
dexed constituents. The indices do not occur in the
formalisation, where they are replaced by logical
links relating the nodes that, in the figure, carry the
same indices.? The morphophonological word w1,
for example, is linked with the noun phrase NP,
in the syntactical tree and with the conceptual con-
stituent mary?“"* in the semantical tree. This il-
lustrates that w;, NPy, and maryfge”t are the cor-
responding morphophonological, syntactical and
semantical representations of Mary, respectively.
But there are also correspondences that concern
only the phonological and syntactical trees, ex-
cluding the semantical tree. For example, the in-
flected word V5 in the syntactical structure corre-
sponds to the phonological word w-, but has no
link to the semantical structure whatsoever.

4  Preliminaries

The set of non-negative integers is denoted by N,
and N = N\ {0}. For k € N, we let [£]
{1,...,k}. For aset S, the set of all nonempty
finite sequences (or strings) over S is denoted by
ST, if the empty sequence e is included, we write
S*. Asusual, A1 x - -- x Ay denotes the Cartesian
product of sets Ay, ..., Ag. The transitive and re-
flexive closure of a binary relation = C A x A on
a set A is denoted by =*. A ranked alphabet is
a finite set X of pairs (f, k), where f is a symbol
and k € Nis its rank. We denote (f, k) by f*), or
simply by f if £ is understood or of lesser impor-
tance. Further, we let ©%) = { f() € ¥ | n = k}.
We define trees over X in one of the standard ways,
by identifying the nodes of a tree ¢ with sequences
of natural numbers. Intuitively, such a sequence

2The reader is referred to (Bensch and Drewes, 2009) for
the proper formalisation of the example in terms of a Mill-
stream system.



shows that path from the root of the tree to the
node in question. In particular, the root is the
empty sequence .

Formally, the set T'x; of trees over X consists of
all mappings ¢: V' (t) — X (called trees) with the
following properties:

e The set V(¢) of nodes of ¢ is a finite and non-
empty prefix-closed subset of N* . Thus, for
every node vi € V(t) (where i € N,), its
parent v is in V'(¢) as well.

e Foreverynode v € V(t),ift(v) = £, then
{i e N|vi € V(t)} = [k]. In other words,
the children of v are v1, ..., vk.

Let ¢t € Ty, be a tree. The root of ¢ is the node
e. For every node v € V(t), the subtree of ¢
rooted at v is denoted by ¢/v. It is defined by
V(t/v) = {v € N* | v/ € V(t)} and, for all
e V(t/v), (t/v)(v") = t(vv'). We shall de-
note a tree ¢ as flt1,...,t;] if t(e) = f*) and
t/i = t; for i € [k]. In the special case where
k = 0 (ie., V(t) = {e}), the brackets may be
omitted, thus denoting ¢ as f. For a set .S of trees,
the set of all trees of the form f[ti, ..., ] such
that f(*) € ¥ and ¢1,...,t; € S is denoted by
¥(S). Foratuple T € T%, we let V(T') denote
the set {(¢,v) | i € [k]Jandv € V(¢;)}. Thus,
V(T) is the disjoint union of the sets V'(¢;). Fur-
thermore, we let V' (7', 7) denote the ith component
of this disjoint union, i.e., V(T,4) = {i} x V(&)
for all 7 € [k]. A tree language is a subset of Ty,
for a ranked alphabet 32, and a X-tree generator (or
simply tree generator) is any sort of formal device
G that determines a tree language L(G) C Tx. A
typical sort of tree generator, which we will use in
our examples, is the regular tree grammar.

Definition 1 (regular tree grammar). A regular
tree grammar is a tuple G = (N, X, R, S) con-
sisting of disjoint ranked alphabets N and X of
nonterminals and terminals, where N = N(©) a
finite set R of rules A — r, where A € N and
r € Txyun, and an initial nonterminal S € N.

Given trees t,t' € Txyun, there is a derivation
step t = ¢’ if ¢’ is obtained from ¢ by replacing
a single occurrence of a nonterminal A with r,
where A — r is a rule in R. The regular tree
language generated by G is

LG)={teTg|S>th

It is well known that a string language L is
context-free if and only if there is a regular tree

language L', such that L = yield(L’). Here,
yield(L') = {yield(t) | t € L'} denotes the set of
all yields of trees in L, the yield yield(¢) of a tree
t being the string obtained by reading its leaves
from left to right.

5 Millstream Systems

Throughout the rest of this paper, let A denote any
type of predicate logic that allows us to make use
of n-ary predicates symbols. We indicate the ar-
ity of predicate symbols in the same way as the
rank of symbols in ranked alphabets, i.e., by writ-
ing P(™ if P is a predicate symbol of arity n. The
set of all well-formed formulas in A without free
variables (i.e., the set of sentences of A) is denoted
by Fx. If S'is a set, we say that a predicate symbol
P™ is S-typed if it comes with an associated type
(81,.--,8n) € S™ We write P: s1 X --- X s, t0
specify the type of P. Recall that an n-ary predi-
cate ¢» on D is a function ¢»: D™ — {true, false}.
Alternatively, ¢ can be viewed as a subset of D™,
namely the set of all (dy,...,d,) € D™ such that
¥(dy,...,d,) = true. We use these views in-
terchangeably, selecting whichever is more conve-
nient. Given a (finite) set 7 of predicate symbols,
a logical structure (D; (v)p) pep) consists of a set
D called the domain and, for each P(") ¢ P, a
predicate vp C D™ If an existing structure Z
is enriched with additional predicates (i)p)peps
(where PNP" = ), we denote the resulting struc-
ture by (Z; (vp) pepr). In this paper, we will only
consider structures with finite domains. To repre-
sent (tuples of) trees as logical structures, consider
a ranked alphabet 3, and let » be the maximum
rank of symbols in 3. Atuple 7' = (¢1,...,tx) €
T% will be represented by the structure

IT| = (V(T); (Vi)ielr), (labg)ges, (Li)iep)
consisting of the domain V' (7") and the predicates

v (i e k), 1abl" (g € £) and |1 (i € [r]).
The predicates are given as follows:

e Foreveryi € [k], V; = V(T,i). Thus, V;(d)
expresses that d is a node in ¢; (or, to be pre-
cise, that d represents a node of ¢; in the dis-
joint union V' (T')).

e Forevery g € X, laby = {(i,v) € V(T) |
i € [k]andt;(v) = g}. Thus, lab,(d) ex-
presses that the label of d is g.

e Forevery j € [r], |; = {((4,v), (i,v5)

) |
i € [klandv,vj € V(t)}. Thus, |;(d,d)



expresses that d’ is the jth child of d in one
of the trees ¢y, ...,t;. In the following, we
write d | ; d’ instead of | ;(d, d').

Note that, in the definition of |T'|, we have
blurred the distinction between predicate symbols
and their interpretation as predicates, because this
interpretation is fixed. Especially in intuitive ex-
planations, we shall sometimes also identify the
logical structure |T'| with the tuple 7" it represents.

To define Millstream systems, we start by for-
malising our notion of interfaces. The idea is that
atuple T = (t1,...,tx) of trees, represented by
the structure |T°|, is augmented with additional in-
terface links that are subject to logical conditions.
An interface may contain finitely many different
kinds of interface links. Formally, the collection
of all interface links of a given kind is viewed as
a logical predicate. The names of the predicates
are called interface symbols. Each interface sym-
bol is given a type that indicates which trees it is
intended to link with each other.

For example, if we want to make use of ternary
links called TIE, each linking a node of ¢; with
a node of ¢3 and a node of ¢4, we use the in-
terface symbol TIE: 1 x 3 x 4. This interface
symbol would then be interpreted as a predicate
Yre CV(T,1) x V(T,3) x V(T,4). Each triple
in ¢1,e would thus be an interface link of type TIE
that links anode in V(¢;) with anode in V' (¢3) and
anode in V (t4).

Definition 2 (interface). Let X be a ranked al-

phabet. An interface on T% (k € N) is a pair
INT = (Z, ®), such that

e 7 isafinite set of [k]-typed predicate symbols
called interface symbols, and

e ® is a finite set of formulas in Fy that may,
in addition to the fixed vocabulary of A, con-
tain the predicate symbols in Z and those of
the structures |T'| (where T € T%). These
formulas are called interface conditions.

A configuration (w.r.t. INT) is a structure C' =
(IT; (¥r)1ez), such that

o T CTE,

o oy CV(T,i1) x --- x V(T,1i;) for every in-
terface symbol I: iy x --- x 4;inZ, and

e ( satisfies the interface conditions in ¢ (if
each symbol I € 7 is interpreted as v;7).
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Note that several interfaces can always be com-
bined into one by just taking the union of their sets
of interface symbols and interface conditions.

Definition 3 (Millstream system). Let X be a
ranked alphabet and £ € N. A Millstream sys-
tem (MS, for short) is a system of the form MS =
(M, ..., My; INT) consisting of X-tree genera-
tors My, ..., M, called the modules of MS, and
an interface INT on T%. The language L(MS)
generated by MS is the set of all configurations
(IT|; (¥1)rez) such that T € L(M;) x --- X
L(My,).

Sometimes we consider only some of the trees
in these tuples. For this, if MS is as above and
1 <y < --- < 1i; <k, we define the notation

LM My (M) = {(tiy, . ty) |
(I(t1, s th); (Yr)1ezl) € L(MS)}.

The reader should note that, intentionally, Mill-
stream systems are not a priori “generative”. Even
less so, they are “derivational” by nature. This is
because there is no predefined notion of derivation
that allows us to create configurations by means
of a stepwise (though typically nondeterministic)
procedure. In fact, there cannot be one, unless we
make specific assumptions regarding the way in
which the modules work, but also regarding the
logic A and the form of the interface conditions
that may be used. Similarly, as mentioned in the
introduction, there is no predefined order of im-
portance or priority among the modules.

6 Examples and Remarks Related to
Formal Language Theory

The purpose of this section is to indicate, by
means of examples and easy observations, that
Millstream systems are not only linguistically well
motivated, but also worth studying from the point
of view of computer science, most notably regard-
ing their algorithmic and language-theoretic prop-
erties. While this kind of study is beyond the scope
of the current article, part of our future research on
Millstream systems will be devoted to such ques-
tions.

Example 1. Let A be ordinary first-order logic
with equality, and consider the Millstream system
MS over ¥ = {o® 4@ p© ) g} which
consists of two identical modules M; = M, that
simply generate Tx; (e.g., using the regular tree
grammar with the single nonterminal S and the



rules® S — o[S,S] | a | b | ¢ | d) and a sin-
gle interface symbol B1J: 1 x 2 with the interface
conditions

Va: labygpcay () <
Jy: BL(z,y) V BI(y, x),
Vo,y,z: (BLU(z,y) ABI(x, 2)V
BI(y,z) ABU(z,2)) — y =z,
Va,y: B(x,y) —

V

z€{a,b,c,d}

(lab,(z) Alab,(y)).

The first interface condition expresses that all
and only the leaves of both trees are linked. The
second expresses that no leaf is linked with two or
more leaves. In effect, this amounts to saying that
BlJ is a bijection between the leaves of the two
trees. The third interface condition expresses that
this bijection is label preserving. Altogether, this
amounts to saying that the yields of the two trees
are permutations of each other; see Figure 2.

VAN I\,
VAN VaN
/A JANAN

BLJ

BIJ

Figure 2: An element of L(M.S) in Example 1.

Now, let us replace the modules by slightly
more interesting ones. For a string w over {A, B,
a,b,c,d}, let w denote any tree over {o(?), A0
B(O),a(o),b(o),c(o),d(o)} with yield(w) w.
(For example, we may choose w to be the left
comb whose leaf symbols are given by w.) Let the
Millstream system MS’ be defined as MS, but us-
ing the modules M| = ({A,B,C,D}, %, Ry, A)
and M}, = ({A, B}, %, Ry, A) with the following
rules:

Ry ={A—aA|aB, B—bB|iC,

C —cC|cD, D—dD |d},
Ry ={A — acA|acB, B — bdB | bd}.

Thus, M{ and M7 are the “standard” grammars
(written as regular tree grammars) that generate
the regular languages {a*b'c™d™ | k,l,m,n >

®Asusual, A — r | r’' standsfor A — r, A — 7.
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1} and {(ac)™(bd)™ | m,n > 1}. The inter-
face makes sure that L1 %2 (M[S") contains only
those pairs of trees ¢1,to in which yield(¢;) is a
permutation of yield(¢2). As a consequence, it
follows that yield(LM1(MS)) = {a™b"c¢™d" |
m,n > 1}.

The next example discusses how top-down tree
transductions can be implemented as Millstream
systems.

Example 2 (top-down tree transduction). Recall
that a tree transduction is a binary relation 7 C
Ty, x Tsy, where X and X’ are ranked alpha-
bets. The set of trees that a tree t € T; is trans-
formed into is given by 7(t) = {t' € Ty |
(t,t") € 7}. Obviously, every Millstream system
of the form MS = (M1, M; INT) defines a tree
transduction, namely LM1xMz(778). Let us con-
sider a very simple instance of a deterministic top-
down tree transduction 7 (see, e.g., (Gécseg and
Steinby, 1997; Fulop and Vogler, 1998; Comon et
al., 2007) for definitions and references regarding
top-down tree transductions), where ¥ = >/ =
{f@,g® a®}, Wetransform atree t € Ty, into
the tree obtained from ¢ by interchanging the sub-
trees of all top-most fs (i.e., of all nodes that are
labelled with f and do not have an ancestor that
is labelled with f as well) and turning the f at
hand into a g. To accomplish this, a top-down
tree transducer would use two states, say SWAP
and copryv, to traverse the input tree from the top
down, starting in state SWAP. Whenever an f is
reached in this state, its subtrees are interchanged
and the traversal continues in parallel on each of
the subtrees in state copy. The only purpose of
this state is to copy the input to the output without
changing it. Formally, this would be expressed by
the following term rewrite rules, viewing the states
as symbols of rank 1:

SWAP[f[z1,22]] — g[COPY[x2],cOPY[z1]],
COPY[flz1,22]] —  f[COPY[z1], COPYIxa]],
SWAP[g[x1,22]] — g[SWAP[z1], SWAP[z2]],
COPY[g[z1,z2]] — g[COPY[x1],COPY[x2]],
SWAP[a] — a,
COPY[a] — a.

(We hope that these rules are intuitive enough to
be understood even by readers who are unfamiliar
with top-down tree transducers, as giving the for-
mal definition of top-down tree transducers would
be out of the scope of this article.) We mimic
the behaviour of the top-down tree transducer us-



ing a Millstream system with interface symbols
SWAP: 1 x 2 and copy: 1 x 2. Since the mod-
ules simply generate T, they are not explicitly
discussed. The idea behind the interface is that an
interface link labelled ¢ € {swAP, copY} links a
node v in the input tree with a node v’ in the output
tree if the simulated computation of the tree trans-
ducer reaches v in state g, resulting in node v’ in
the output tree. First, we specify that the initial
state is SWAP, which simply means that the roots
of the two trees are linked by a swaP link:

Va,y: rooti(x) A roota(y) — SWAP(z,y),

where root; is defined as root;(x) = Vi(x) A
By:y |1 . It expresses that x is the root of
tree 7. The next interface condition corresponds to
the first rule of the simulated top-down tree trans-
ducer:

Va,y, 1, x2: SWAP(x,y)Alabr(z)A z |1 1A
x o xg — labg(y)AJy1,v2: v L1 1Ay L2 y2 A
COPY(x1,y2) A COPY(x2,y1).

In a similar way, the remaining rules are turned
into interface conditions, e.g.,

Va,y,x1,x2: COPY(z,y)Alabr(x)Az |1 21/
x | o — labp(y)AJyr,y2: v L1 yiAy L2 1A
COPY(xl, yl) VAN COPY(.TQ, yg).

The reader should easily be able to figure out
the remaining interface conditions required.

One of the elements of L(MS) is shown in Fig-
ure 3. It should not be difficult to see that, indeed,
LM (MS) = 7.

g SWAP g
/ \ SWAP / \
f a . g a
/ \ SWAP ) / \
a f cory f a
/ \ COPY i+ / \
a a a a

COoPY COoPY

Figure 3: An element of L(MS) in Example 2.

Extending the previous example, one can eas-
ily see that all top-down and bottom-up tree trans-
ductions can be turned into Millstream systems
in a way similar to the construction above. A
similar remark holds for many other types of tree
transductions known from the literature. Most no-
tably, monadic second-order definable tree trans-
ductions (Engelfriet and Maneth, 1999; Engelfriet
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and Hoogeboom, 2001; Engelfriet and Maneth,
2003) can be expressed as Millstream systems.
Since the mentioned types of tree transductions
are well studied, and much is known about their
algorithmic properties, future research on Mill-
stream systems should investigate the relation-
ship between different types of tree transductions
and Millstream systems in detail. In particular,
it should be tried to formulate requirements on
the interface conditions that can be used to ob-
tain characterisations of various classes of tree
transductions. We note here that results of this
type would not only be interesting from a purely
mathematical point of view, since tree transduc-
ers have turned out to be a valuable tool in, for
example, machine translation (Knight and Graehl,
2005; May and Knight, 2006; Graehl et al., 2008).

7 Preliminary Results and Future Work

Millstream systems, as introduced in this article,
are formal devices that allow to model situations
in which several tree-generating modules are inter-
connected by logical interfaces. In a forthcoming
paper (Bensch et al., 2010), we investigate the the-
oretical properties of regular MSO Millstream sys-
tems, i.e., Millstream systems in which the mod-
ules are regular tree grammars and the logic used
is monadic second-order logic. In particular, we
study the so-called completion problem. Given
a Millstream system with & modules and | < k&
known trees ¢;,,...,t;, (1 < i1 < --- <@ < k),
the task is to find a completion, i.e., a configura-
tion whose i;th tree is ¢;, for all j € [I]. Thus, if
viewed as a pure decision problem, the completion
problem corresponds to the membership problem
for LM >>Mi (MS), To be useful in applica-
tions, algorithms solving the completion problem
should, of course, be required to explicitly con-
struct a completion rather than just answering yes.

Let us briefly summarize the results of (Bensch
etal., 2010).

1. In general, the completion problem is unde-
cidable for £ — [ > 2 even in the case where
only the use of first-order logic is permitted.
This can be shown by reducing Post’s corre-
spondence problem (PCP) to the emptiness
problem for a regular FO Millstream system
with & = 2. The Millstream system con-
structed is somewhat similar to the one in Ex-
ample 1, as it establishes bijective correspon-
dences between the nodes of two trees (that



represent the two parts of a solution to a PCP
instance).

. If there are no direct links between unknown
trees (i.e., [{j1,-- . Jm} \ {i1,..., 0} <1
for each interface symbol 7: j; x -+ X ju),
then the completion problem is solvable for
all regular MSO Millstream systems.

Applying some well-known results, the com-
pletion problem is solvable for all regular
MSO Millstream systems for which L(MS)
is of bounded tree width. Thus, it is of inter-
est to establish conditions that guarantee the
configurations in L(MS) to be of bounded
tree width. Two such conditions, are given
in (Bensch et al., 2010). Roughly speaking,
they require that the links respect the struc-
ture of the trees. Let us informally describe
one of them, called nestedness. Say that a
link I'(uq, ..., uy) is directly below a link
I(v1,...,v) if there are 4, j such that w; is
a descendant of v; and none of the nodes in
between carries a link. Now, fix a constant
h. A configuration is nested if the roots are
linked with each other and the following hold
forevery link A = I(vy,...,v;):

(@) There are at most i links I'(uq, . . .
directly below A.

(b) Each of the nodes u; in (a) is a descen-
dant of one of the nodes v;.

 Urm)

As mentioned above, L(MS) is of bounded
tree width if its configurations are nested
(with respect to the same constant h).

Nestedness, and also the second sufficient con-
dition for bounded tree width studied in (Bensch
etal., 2010) restrict the configurations themselves.
While such conditions may be appropriate in many
practical cases (where one knows what the config-
urations look like), future research should also at-
tempt to find out whether it is possible to put some
easily testable requirements on the interface con-
ditions in order to force the configurations to be
of bounded tree width. Note that, since the prop-
erty of being of tree width at most d is expressible
in monadic second-order logic, one can always ar-
tificially force the configurations of a given MSO
Millstream system to be of bounded tree width, but
this is not very useful as it would simply exclude
those configurations whose tree width is greater
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than the desired constant d, thus changing the se-
mantics of the given Millstream system in a usu-
ally undesired manner.

Future work should also investigate properties
that make it possible to obtain or complete config-
urations in a generative way. For example, for reg-
ular MSO Millstream systems with interface con-
ditions of a suitable type, it should be possible to
generate the configurations in L(MS) by generat-
ing the £ trees in a parallel top-down manner, at
the same time establishing the interface links. Re-
sults of this kind could also be used for solving
the completion problem in an efficient manner. In
general, it is clear that efficiency must be an im-
portant aspect of future theoretical investigations
into Millstream systems.

In addition to theoretical results, a good imple-
mentation of Millstream systems is needed in or-
der to make it possible to implement nontrivial ex-
amples. While this work should, to the extent pos-
sible, be application independent, it will also be
necessary to seriously attempt to formalise and im-
plement linguistic theories as Millstream systems.
This includes exploring various such theories with
respect to their appropriateness.

To gain further insight into the usefulness and
limitations of Millstream systems for Computa-
tional Linguistics, future work should elaborate if
and how it is possible to translate formalisms such
as HPSG, LFG, CCG, FDG and XDG into Mill-
stream systems.
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Abstract In the latter case, the information needs to be re-
structured as part of the process of creating a sin-

We investigate the problem of structurally gle lexicon.
changing lexica, while preserving the in- We have developed a model of the merging pro-
formation. We present a type of lexicon  cess, and experiments with an implementation are
transformation that is complete on an in-  ynderway. The actions performed by the tool are

teresting class of lexica. Our work is mo-  guided by a linguist, but portions of the work may
tivated by the problem of merging one or  giso be done purely mechanically, if this is so
more lexica into one lexicon. Lexica, lexi-  specified by the user. The purpose of the present
con schemas, and lexicon transformations  paper is to study one aspect of the adequacy of
are all seen as particular kinds of trees. the model, namely the restructuring of informa-

tion, with one input lexicon and one output lexi-
con. This corresponds to a special use of our tool,

A standard for lexical resources, called Lexical'vhich may in general produce one output lexicon
Markup Framework (LMF), has been developedout of any number of input lexica.
under the auspices of 1SO (Francopoulo et al., AS our lexica are trees, the use of well-
2006). At its core is the understanding that mosgstablished techniques such as term unification
information represented in a lexicon is hierarchi-(Lloyd, 1984) and tree transduction (Filop and
cal in nature, so that it can be represented as ¥odler, 1998) seem obvious candidates for so-
tree. Although LMF also includes relations be-lutions to our problem. Also technologies such
tween nodes orthogonal to the tree structure, w&S XSL (Harold and Means, 2004) and XQuery
will in this paper simplify the presentation by (Walmsley, 2007) spring to mind. We have chosen
treating only purely tree-shaped lexica. a different approach however, which, as we will
There is a high demand for tools supporting theShow, has favourable theoretical properties.
merger of a number of lexica. A few examples The structure of this paper is as follows. The
of papers that express this demand are Chan kdype of lexicon that we consider is formalized in
Leung and Wu (1999), Jing et al. (2000), Mona-Section 2, and lexicon transformations are dis-
chini et al. (2004) and Ruimy (2006). A typical cussed in Section 3. Section 4 shows that the pro-
scenario is the following. The ultimate goal of posed type of lexicon transformation suffices to
a project is the creation of a single lexicon for amap all ‘reasonable’ lexica to one another, as long
given language. In order to obtain the necessarfS they contain the same information. Conditions
data, several field linguists independently gathel““der which transformations preserve information
lexical resources. Despite efforts to come to agree@re discussed in Section 5. A brief overview of an
ments before the start of the field work, there will mplementation is given in Section 6.
generally be overlap in the scope of the respec:
tive resources and there are frequently inconsis-
tencies both in the lexical information itself and In this section, we formalize the notions of lexica,
in the form in which information is represented. lexicon structures, and their meanings, abstracting

1 Introduction

Lexica and their structures
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Lexicon

away from details that are irrelevant to the discus-
sion that follows. /\

A lexicon schem@' is a tuple(A, C, T), where
A is a finite set ofattributes C is a finite set of

component{A N C' = (), andT is a labelled,
unordered tree such that: / \
e each leaf node is labelled by an element from

A Key
e each non-leaf node is labelled by an element / \ / \
from C, and
po

lemma S gloss example

e each element fromUC occurs exactly once.
_ _ . Figure 1: A lexicon schem4.
A lexicon L is a tuple(A,V,C,t), where A is

as abovey is a set ofvalues C'is as above, ant

is a labelled, unordered tree such that: Examples of a lexicon schema and a lexicon are

mgiven in Figures 1 and 2. For the sake of succinct-
ness, an attribute-value pair such(agample, 'Er
ist mit dem Zug gefahren’is commonly separated

e each non-leaf node is labelled by an elemenby =, and where it is required for graphical rea-
from C, sons, the value may be drawn beneath the attribute,

stretched out vertically.

On a number of occasions in the constructions
and proofs that follow, it is convenient to assume
that the root node of a lexicon schema has exactly
one child. If this does not hold, as in the run-

e if a non-leaf node labelled, has a parent la- ning example, we may introduce an artificial root

belledc,, theneachnon-leaf node labelled,  node labelled by an artificial component, denoted
has a parent labelled. by ‘$’, which has the conceptual root node as only
. child. We will refer to the lexicon schema that
Du_e to the Ias_t two constraints, we may COMParGasyits as arextendedexicon schema. (Cf. the
lexica and lexicon schemata. In order to S'mp“fytheory of context-free grammars, which are often
this comparison, we will assume that in a IeXicon’extended with a new start symbol.) As a conse-
4 gn_dC’ _onIy contain eIemen'Fs that occur in guence, alexicon that is an instance of an extended
This is without loss of generality, as unused ele'lexicon schema may, in pathological cases, have

ments Of’: andC can bel omitted. Ws will alsg several nodes that are labelled by the conceptual
assume that contains at least two nodes, so that component of the schema.

the root is not a leaf. . . .

We say a lexiconl, — (Ap,V,Cy,t) is anin- The components in IeX|C(_)n schemata gnd lexica
stanceof lexcon schemas — (1 (. ) i DOW0¢ & means o sl ses o srintce o
A & 4s, O & Cs, and furthermore: shaped forms. The discussion that follows will

e the label of the root of equals the label of treat components and structure as secondary, and

the root of T, will take attributes and attribute-value pairs as the
primary carriers of information.

A lexicon baseB is a tuple(A, V., I), where A
andV are as above, andis a finite non-empty set
of items each of which is a partial function from
A to V, defined on at least one attribute. Such
¢ if a non-leaf node of labelledc; has a par- partial functions will also be represented as non-

ent labelledes, then the non-leaf node &f  empty sets of attribute-value pairs, in which each

labelledc; has a parent labelleg). attribute occurs at most once.

e each leaf node is labelled by an element fro
AxV,

e if a leaf node with a label of the forrfu, v;)
has a parent labelled theneachleaf node
with a label of the form(a,v;) has a parent
labelledc, and

o if a leaf node oft with a label of the form
(a,v1) has a parent labelled then the leaf
node ofT labelleda has a parent labelled
and
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=

lang=Germargntry Entry
Key Meaning Meaning Key Meaning

AT S A

lemma pos gloss = = =
= = = Ein Fahrrad N

fahren V  drive ge;]f:‘rerr?d example example
Er example =
gloss ist gloss = Mein
= mit = Ein Fahrrad
9 Gem bicycle Fahrrad hat

fahren einen

Zug Platten

gefahren

Figure 2: A lexiconL that is an instance & from Figure 1.

Let L = (A, V,C,t) be alexicon, where is the { {lang=German, lemma=fahren, pos=V,
root of t. Its base, denoted bi(L), is (A, V,I) gloss=drive,
with I = I(r), where the functiod on nodes: of example=Ein Fahrrad fahrgn
the lexicon is defined as follows. {lang=German, lemma=fahren, pos=V,
gloss=go,

e For a leaf noden labelled by the attribute- example=Er ist mit dem Zug gefahrgn
value pair(a,v), I(n) = {{(a,v)}}. In {Iang:Ge_:rman, lemma=Fahrrad, pos=N,
words, the sef(n) contains only one item,  gloss=bicycle,
which is a partial function mapping attribute ~ €xample=Ein Fahrrad fahrgn
a to valuew. {lang=German, lemma=Fahrrad, pos=N,

gloss=hicycle,

e For a non-leaf node, assume thatn differ- example=Mein Fahrrad hat einen Plajtgn

ent components or attributes, ..., dn, 0C-  There are many different lexica however that share
cur among the children. (Each elemehts  the same base. This is illustrated by Figure 3. We
either a component or an attribute.) L&}  see that the information is presented in an entirely
(I < j < m) be the set of children of gifferent fashion, with a focus on the examples.

I‘Zbe”ed byd; it Idj s _fadco_mponent_gr bY " In a lexicon such as that in Figure 2, there may
(dj,v), some valuev, if d; is an attribute. be nodes labelled 'Meaning’ without any children

Then: corresponding to attribute 'example’. This means
that there would be items in B(L) such that
I(n) = v(example) is undefined. For some of the con-
{t1U--- Uty |n1 € Nq,...,ny € Ny, Structions and proofs below, it is convenient to cir-
t€Im),... tm € I(ny)}. CUMvent this complication, by assuming special
null” values for absent leaf nodes for attributes.
As a result, we may treat an item as a complete
Note that by the definition of lexica and 8f;, ..., function rather than as a partial function on the do-
N,,,, no attribute may occur both ip and in¢; if ~ main A.
i # j. This means that; U --- U v, is a partial There is a certain resemblance between the base
function as required. of a lexicon and the disjunctive normal form of a
For the lexicon of the running example, the basdogical expression, the attribute-value pairs taking
is: the place of propositional variables, and the items
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Phrasebook

lang=GermanPhrase Phrase Phrase
/ example example
example Er K/Ieln
E|n Word Irfltn Word E:P rrad Word
Eﬂ:gﬁd dem einen
Zug Platten
gefahren

i

Iemma pos gloss Iemma pos gloss

fahren V drlve Fahrrad N

blcycle fahren V. go

lemma pos gloss lemma pos gloss

Fahrrad N bicycle

Figure 3: A lexiconL’ with the same base as the one in Figure 2.

taking the place of conjunctions. Thus our semaniexicon schema. In this section we will address the
tic interpretation of lexica is such that two siblings question how we may formalize transformations
in the tree are regarded as alternatives (disjuncfrom one lexicon schemé; to lexicon schem#&,,
tion) if their labels contain the same attribute oror more precisely, from one class of lexica that are
component, and they are regarded as joint inforinstances of5; to another class of lexica that are
mation (conjunction) if their labels contain distinct instances of5;. In fact, for the sake of the defini-

attributes or components.

Theorem 1 For each lexicon base B
(Ap,V,I) and for each lexicon schem&
(Ag,C,T) with Ap C Ag, there is a lexiconL
that is an instance aof and whose base iB.

Proof Assume the root of 7" has only one child

r’. (Otherwise, makeS extended first.) LeT” be

the subtree of " at+’. For each item € I, create
a copy ofT”, denoted by,. At each leaf node of

t,, supplement the label with the correspondin

g

value from. if any; if « does not occur in, then
remove the leaf node from. (If the parent of a

removed leaf node has no other children, then also
remove the parent, etc.) Create a root node, with

the same label as the children of which are the
roots of the respectivg. Let the resulting tree be

calledt. The requirements of the theorem are now

satisfied byL = (Ap,V,C,t). |

3 Lexicon transfor mations

tions below, we assume that the input to a transfor-
mation is not a lexicon but its base, which contains
all the necessary information. (That the actual im-
plementation mentioned in Section 1 may often
avoid expansion to the base need not concern us
here.)

A lexicon transformatiorR is a tuple(A, C, 1),
where A is a finite set of attributes as befor€,
is a finite set of components as before, anid a
labelled, unordered tree such that:

e each leaf node is labelled by an element from
A,

the root node is labelled by an element from
C,

each internal node is either labelled by an el-
ement fromC', or by a subset ofi,

each element froml U C' occurs exactly once
as a label by itself,

As we have seen, the information contained in one
lexicon base may be rendered in different struc-
tural forms, in terms of lexica. The structure of a

lexicon is isolated from its content by means of a
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each element fromd occurs exactly once in
a label that is a subset df, and

each nodev labelled by a sefay,...,ax}
C A has exactly one child, which is labelled



by an element fromA U C, and the leaves
labelleday, ..., a; are each descendants of
V.

A lexicon transformation is very similar to a lex-
icon schema, except for the extra nodes labelled
by setsA’ C A of attributes, which we refer to
asrestrictors Such a node indicates that for the
purpose of the subtree, one should commit to par-
ticular subsets of the input lexicon base. Each such
subset is determined by a choice of a fixed value
for each attribute imd’.

As an example, consider the lexicon transfor-

Phrasebook

{lang} {example}

lang Phrase

example {lemma, pos}

Word

|\

lemma pos {gloss}

gloss

@)

mations in Figure 4(a) and (b). If we omit the
nodes labelled by restrictors, then we obtain a lex-
icon schema. In the case of (b), this is the lexi- Lexicon
con schema in Figure 1. In Figure 4(a), the node
labelled {example} means that the transforma-
tion takes one non-empty subset of the base for
each possible value of attribute 'example’. For
each subset, one node labelled 'Phrase’ is gener- Ke

. . y  {gloss}
ated in the target lexicon. At the node labelled |
{lemma, pos}, the subset of the base is further re-
stricted, and for each combination of a value of
‘lemma’ and a value of 'pos’ in the current sub-
set of items, a node labelled 'Word'’ is generated.
If the base contains several glosses for one choice example
of 'example’, lemma’ and 'pos’, each such gloss (b)
leads to a separate leaf node.

The meaning of a lexicon transformation is for-
mally expressed in Figure 5. A cadlzicon (v, I'),
wherev is a node ofr andI’ is a subset of from
the input lexicon bas® = (A, V, I), returns a set
of nodes. The function is recursive, in that the

value oflezicon (v, I') is exp_ressed interms of val- of the leaf node labelled 'gloss’, then we would
ues Ofleizlcon/(V'J") for child nodes’ of v and  |gse the coupling between glosses and examples,
subsetd” of I’. The main purpose is the computa- yhich seems undesirable. This observation under-

tion of lezicon(p, I), wherepis the rootofr. ASp  |ies much of the development in Section 5.
is labelled by an element frolY, lexicon(p, I) is

by definition a singleton seft-}, with » becoming 4 Completeness
the root of the resulting lexicon.

Note that the placement of restrictors is criti- Next, we investigate whether the lexicon transfor-
cal. For example, if we were to move up the re-mations as we defined them are powerful enough
strictor {gloss} in Figure 4(b) to merge with the to produce 'reasonable’ lexica starting from a lex-
restrictor {lemma, pos}, this would result in one icon base. As unreasonable, we reject those lexica
entry for each combination of 'lemma’, '‘pos’ and that contain information that cannot be expressed
'gloss’, and in each entry there would be at mostin terms of a base. This concerns siblings in the
one meaning. It is not apparent that such a choic&ee with the same component label. How many
would be less appropriate than the choice we madsiblings with the same component should be gen-
in Figures 2 and 4(b). However, if we were to erated can be deduced from the base, provided we
move down the node labelldgloss} to become a may assume that there is a combination of attribute
child of the node labelled 'Meaning’ and a parentvalues that distinguishes one sibling from another.

{lang} {lemma, pos}

lang Entry

lemma pos Meaning

gloss {example}

Figure 4: Two lexicon transformations: (a) is ca-
pable of mapping the base of lexicén(Figure 2)

to lexicon L’ (Figure 3), and (b) is capable of the
reverse mapping.
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lexicon(v,I') :

if the label ofvisa € A
let v be the (only) value such thai € I'[c(a) = v]
create a new node with label (a, v)
return{n}

elseif the label ot isc € C
let the children ol bevy, ..., v,
create a new node with labelc and children| J lezicon(v;,I')
return{n} 1<i<m

else if the label of is A’ = {aq,...,ax} C A
let the only child ofv be
let| be the set of all”” such that there is a combination of

v, eVwithI”" ={s el |ar) =vi,...,e(ax) = v} #0

return Uy lezicon (v, 1)

Figure 5: The meaning of a lexicon transformation, as a sreeifunction. The return value is a set of
nodes that are created. The main applicatidliscon(p, I), wherep is the root ofr and[ is taken from
the input lexicon base.

We call such a combination of attribute&ey, Returning to the running example, the lexicbn
Formally, akey mappingor a lexicon schema in Figure 2 satisfies the key mappiriggiven by:
(A,C,T) is a function f that maps each compo-

nent fromC to a subset of4, subject to the fol- f(Lexicon) = 0

lowing restrictions. Let be a component and let f(Entry) = {lemma, pos}
n be the node of that is labelled by:.. Then for f(Key) =0

each attribute: in key f(c), the leaf node of that f(Meaning) = {gloss}

is labelled bya should be a descendantof The
component that occurs as label of the roof/ois
always mapped to the empty set of attributes, an
may be ignored in the following discussion.

LetlexiconL = (Ar,V, Cyr,t) be aninstance of
schemaS = (Ag,Cg,T). We say that satisfies
the key mapping for S if:

A different key mapping exists for the lexicai
Hﬂ Figure 3.

If ny andny are two distinct nodes in the tree
T of schemasS, with labelsc; and ¢y, respec-
tively, then we may assume th#tc;) and f(c2)
are disjoint, for the following reason. Suppose that
the intersection of (¢;) and f(¢2) includes an at-

1. among the leaves, there is no pair of distinctribute a, thenn; must be a descendant o or

siblings in¢ with identical labels, and vice versa, because the leaf labelleanust be a
descendant of both; andny. Assume that is a
2. for each maximal sefn,...,n,,} of sib- descendant ai,. As the base is already restricted

lings int labelled by the same component atn; to items. with .(a) = v, for certainv, a
with f(c) = {as,...,ar}, we have that for may be omitted fromf(c) without changing the
eachi (1 < i < m), there is a distinct combi- semantics of the key mapping. This observation is

nation of values, ..., v, € V such that: used in the construction in the proof of the follow-
ing.
I(ns) ={v € UI(”J‘) | o) =vp,o Theorem 2 Let lexiconL = (A;,V,Cy,t) be an
1<j<m t(ag) = v}

instance of schem& = (Ag,Cs,T), satisfying

N key mappingf. Then there is a lexicon transfor-
The second condition states that the total set Ofyation that map$3(L) to L.

items coming from all siblings with the same label

c is partitioned on the basis of distinct combina-Proof The required lexicon transformation is
tions of values for attributes from the key, and theconstructed out ofl’ and f. We insert an ad-
subsets of the partition come from the respectivaditional restrictor node just above each non-leaf
siblings. node labelled:, and as the restrictor we taléc).
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(If f(c) =0, we may abstain from adding arestric- ..., vy j,, V2,1, -, U2 ks V3,15 - - - , U3 kg, WE haVE:
tor node.) If an attribute. does not occur irf (c),

for anyc € Cg, then we add a restrictor node with 3¢ € I[e(a1,1) =vig A... Av(ar k) = Vi A
set{a} just above the leaf node labelled The tlag) =v31 Ao Au(asgg) = V3 k) A
result is the tree- of a lexicon transformatiok = dv e Ii(ag) =va1 A A(agky) = Vo ks A
(As,Cs, 7). agn) =vsa Ao Ai(askg) = v3 k]

It is now straightforward to prove tha maps —
B(L) to L, by induction on the height o', on 3¢ € I[e(arn) = vian Ao Alars,) = Vg A
the basis of the close similarity between the struc- ag) = v21 Ao Aelagky) = U2k, A
ture of T and the structure of, and the close link t(az1) =vs1 Ao A (@ k) = U3 k)

between the chosen restrictors and the keys fron_?_ he intuition is that as | th |
which they were constructed. e intuition is that as long as the values foyare

fixed, allowable combinations of values fdr U
For the running example, the construction in theA, in I can be found by looking atl; and A;

proof above leads to the transformation in Fig-individually.

ure 4(b). We say that a lexicon transformatioR =

Theorem 2 reveals the conditions under which(4, C, 7) is allowed by an independence system
the structure of a lexicon can be retrieved fromD if the following condition is satisfied for each
its base, by means of a transformation. Simultahodev in 7 that is labelled by a componeatand
neously, it shows the completeness of the type of nodev’ that is its child: Let4; be the set of at-
lexicon transformation that we proposed. If a lexi- tributes at leaves that are descendants’ofand
conL is given, and if an alternative lexicdif with  let A; be the set of attributes at leaves that are de-
B(L') = B(L) exists that is an instance of some scendants of the other children of Let A3 be
schemas and that is ‘reasonable’ in the sense thathe union of the restrictors at ancestors.ofNow
it satisfies a key mapping fdf, thenL’ can be ef- (A1, A2, A3) should be inD.

fectively constructed frond by the derived trans- Theorem 3 If a lexicon baseB = (A, V, I) satis-

formation. fies an independence systémif a lexicon trans-
formation R is allowed byD, and if R mapsB to
5 Consistency lexiconL, thenB(L) = B.

) ) . ) The proof by induction on the height of is
We now investigate the conditions under Wh'ChfairIy straightforward but tedious.

a lexicon transformation preserves the base. The |, he running example, there are a num-
starting point is the observation at the end of Secber of triples in D but most are trivial, such
tion 3, where we argued that if a restrictor is (:ho-aS (8, {gloss, example}, {lemma, pos}).

sen too low in the tree relative to other restric- Another  triple in D is  ({lang},
tors, then some necessary dependence between ?fémma,pos,gloss,example}, 0), but only
tribute values is lost. Note that the proof of Theo'because we assume in this example that one

rem 1§uggests that having only one restrictor Withexicon is designed for one language only. In
all attributes at the root of the tree always pre'general, there will be more interesting indepen-

serves the base, but the result would be unsat'sdency, typically if a lexical entry consists of a
number of unconnected units, for example one

factory in practice.

For a setA of attributes, we define andepen-  explaining syntactic usage of a word, another
dence systend as a set of tripleg4;, A2, A3)  explaining semantic usage, and another presenting
where Ay, Az, A3 € AandA; N Ay = 0. We  information on etymology.

pronounce(A;, Az, A3) € D as'A; and A, are The implication of Theorem 3 is that transfor-
independent unded’. It should be noted thall;  mations between lexica preserve the information
may overlap withA; and with As. that they represent, as long as the transforma-

We say a lexicon baseA, V, I) satisfiesD if  tions respect the dependencies between sets of at-
for each(A;, Az, A3) € D with A; = {a;;, tributes. Within these bounds, an attributenay
.Gk b A2 = {ag1, ... a2}, A3 = {as31, be located in a restrictor im anywhere between
... a3k, }, and for each combination of values;,  the root node and the leaf node labelted

43



6 Implementation a source lexicon in terms of a lexicon base. A

) ) ) full description of the implementation would go
The mathematical framework in this paper mOd'beyond the context of this paper.

els a restricted case of merging and restructuring

a number of input lexica. An implementation was7  conclusions

developed as a potential new module of LEXUS,

which is a web-based tool for manipulating lexi- We have introduced a class of lexicon transfor-
cal resources, as described by Kemps-Snijders @bations, and have shown interesting completeness
al. (2006). and consistency properties.

The restriction considered here involves only The restrictors in our lexicon transformations
one input lexicon, and we have abstracted awagre able to repeatedly narrow down the informa-
from a large number of features present in the action contained in the source lexicon based on at-
tual implementation, among which are provisionstribute values, while constructing the target lexi-
to interact with the user, to access external linguis€on from the top down. Existing types of tree ma-
tic functions (e.g. morphological operations), andnipulations, such as tree transducers, do not pos-
to rename attributes. These simplifications havesess the ability to repeatedly narrow dowrset
allowed us to isolate one essential and difficultof considered nodes scattered throughout a source
problem of lexicon merging, namely how to carry structure, and therefore seem to be incapable of
over the underlying information from one lexicon expressing types of lexicon transformations allow-
to another, in spite of possible significant differ- ing the completeness results we have seen in this
ences in structure. paper.

The framework considered here assumes that One could in principle implement our lexicon
during construction of the target lexicon, the infor- transformations in terms of technologies such as
mation present in the source lexicon is repeatedliy)XQuery and XSLT, but only in the sense that
narrowed down by restrictors, as explained in Secthese formalisms are Turing complete. Our restric-
tion 3. Each restrictor amounts to a loop over alltors do not have a direct equivalent in these for-
combinations of the relevant attribute values frommalisms, which would make our type of lexicon
the currently considered part of the source lexicontransformation cumbersome to express in XQuery

Let us consider a path from the root of the lexi- or XSLT. At the same time, their Turing complete-
con transformation to a leaf, which may compriseness makes XQuery and XSLT too powerful to
several restrictors. The number of combinations obe of practical use for the specification of lexicon
attribute values considered is bounded by an expdransformations.
nential function on the total number of attributes A tentative conclusion seems to be that our class
contained in those restrictors. Motivated by thisof lexicon transformations has useful properties
consideration, we have chosen to regard a lexiconot shared by a number of existing theories involv-
transformation as if its input were an expandeding tree manipulations. This justifies further study.
form of the source lexicon, or in other words, a
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Abstract not permit an efficient evaluation during the com-
putation of the analyses. These features are com-

similar to (Huang and Chiang, 2005) for puted using individual analyses from said approx-
finding then best derivations in éweighted imation, leading to a reranking amongst them.

hypergraph. We prove the correctness and (2) Spurious ambiguity: many models produce
termination of the algorithm and we show analyses which may be too fine-grained for further

experimental results concerning its run-  Processing (Li etal., 2009). As an example, con-
time. Our work is different from the afore- sider context-free grammars, where several left-

mentioned one in the following respects: most derivations may exist for the same terminal
we consider labeled hypergraphs, allowing string. The weight of the terminal string is ob-

for tree-based language models (Maletti tained by summing over these derivations. The
and Satta, 2009): we specifically handle n best leftmost derivations may be used to approx-

the case of cyclic hypergraphs; we admit ~ IMate this sum. .

structured weight domains, allowing for In this paper, we consider the case where the
multiple features to be processed; we use finite, compact representation has the form of a
the paradigm of functional programming weighted hypergraph (V\_/ith_labeled hyperedges)
together with lazy evaluation, achieving and the analyses are derivations of the hypergraph.

We derive and implement an algorithm

concise algorithmic descriptions. This covers many parsing appli(_:ations (Klein gnd
) Manning, 2001), including weighted deductive
1 Introduction systems (Goodman, 1999; Nederhof, 2003), and

In statistical natural language processing, proba@lso applications in machine translation (May and
bilistic models play an important role which can Knight, 2006).
be used to assign to some input sentence a set of In the nomenclature of (Huang and Chiang,
analyses, each carrying a probability. For instance2005), which we adopt here, a derivation of a hy-
an analysis can be a parse tree or a possible tranBergraph is a tree which is obtained in the follow-
lation. Due to the ambiguity of natural language,ing way. Starting from some node, an ingoing hy-
the number of analyses for one input sentence caeredge is picked and recorded as the label of the
be very large. Some models even assign an infinitoot of the tree. Then, for the subtrees, one con-
number of ana|yses to an input sentence. tinues with the source nodes of said hyperedge in

In many cases however, the set of analyses caifie same way. In other words, a derivation can be
in fact be represented in a finite and compact waydnderstood as an unfolding of the hypergraph.
While such a representation is space-efficient, it The n-best-derivations problem then amounts
may be incompatible with subsequent operationsto finding n derivations which are best with re-
In these cases a finite subset is used as an approxPect to the weights induced by the weighted hy-
imation, consisting of best analyses, i. @.anal-  pergrapht Among others, weighted hypergraphs
yses with highest probability. For example, thiswith labeled hyperedges subsume the following
approach has the following two applications. two concepts.

(1) Reranking: when log-linear models (Och () probabilistic context-free grammars (pcfgs).

and Ney, 2002) are employed, some features may—7————— . L
7}/ ) ploy INote that this problem is different from the-best-
* This research was financially supported by DFG VO hyperpaths problem described by Nielsen et al. (2005), as

1101/5-1. already argued in (Huang and Chiang, 2005, Section 2).
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In this case, nodes correspond to nonterminaldyest-derivations problem can be solved efficiently
hyperedges are labeled with productions, and thby first solving thel-best-derivation problem and
derivations are exactly the abstract syntax treethen extending that solution in a lazy manner.
(ASTSs) of the grammar (which are closely relatedHuang and Chiang assume weighted unlabeled hy-
the parse trees). Note that, unless the pcfg is urpergraphs with weights computed in the reals, and
ambiguous, a given word may have several corthey require the weight functions to be monotone.
responding ASTs, and its weight is obtained by Moreover they assume that thd-best-
summing over the weights of the ASTs. Hence,derivation problem be solved using the Viterbi
the n best derivations need not coincide with thealgorithm, which implies that the hypergraph must
n best words (cf. application (2) above). be acyclic. However they conjecture that their
(1) weighted tree automata (wta) (Alexandrakis second phase also works for cyclic hypergraphs.
and Bozapalidis, 1987; Berstel and Reutenauer, e Pauls and Klein (2009) propose a variation
1982; Esik and Kuich, 2003; Fulop and Vogler, of the algorithm of Huang and Chiang (2005) in
2009). These automata serve both as a tree-basdich thel-best-derivation problem is computed
language model and as a data structure for theia an A'-based exploration of the 1-best charts.
parse forests obtained from that language model In this paper, we also present an algorithm
by applying the Bar-Hillel construction (Maletti for solving then-best-derivations problem. Ulti-
and Satta, 2009). Itis well known that context-freemately it uses the same algorithmic ideas as the
grammars and tree automata are weakly equivene of Huang and Chiang (2005); however, it is
alent (Thatcher, 1967Fsik and Kuich, 2003). different in the following sense:
However, unlike the former formalism, the latter 1. we consider labeled hypergraphs, allowing
one has the ability to model non-local dependenfor wta to be used in parsing;
cies in parse trees. 2. we specifically handle the case of cyclic
In the case of wta, nodes correspond to statedlypergraphs, thus supporting the conjecture of
hyperedges are labeled with input symbols, andiuang and Chiang; for this we impose on the
the derivations are exactly the runs of the automaweight functions the same requirements as Knuth
ton. Since, due to ambiguity, a given tree mayand use his algorithm;
have several accepting runs, thé&est derivations 3. by using the concept of linear pre-orders (and
need not coincide with the best trees. As for not only linear orders on the set of reals) our ap-
the pcfgs, this is an example of spurious ambigufproach can handle structured weights such as vec-
ity, which can be tackled as indicated by appli-tors over frequencies, probabilities, and reals;
cation (2) above. Alternatively, one can attempt 4. we present our algorithm in the framework
to find an equivalent deterministic wta (May and of functional programming (and not in that of im-
Knight, 2006; Biichse et al., 2009). perative programming); this framework allows to
Next, we briefly discuss four known algorithms decribe algorithms in a more abstract and concise,
which solve then-best-derivations problem or Yet natural way;
subproblems thereof. 5. due to the lazy evaluation paradigm often
e The Viterbi algorithm solves thel-best- found in functional programming, we obtain the
derivation problem for acyclic hypergraphs. It is laziness on which the algorithm of Huang and Chi-

based on a topological sort of the hypergraph. ~ @nd (2005) is based for free;

« Knuth (1977) generalizes Dijkstra’s algorithm 6. e>§pI0|t|ng the abstract level of description
(for finding the single-source shortest paths in a(see pomt 4), we are able tq prove the correctness
graph) to hypergraphs, thus solving the case 1 and termination OT our algorlthm.. _ _
even if the hypergraph contains cycles. Knuth as- Atthe e.nd of this paper, we wil d's‘?uss expert-
sumes the weights to be real numbers, and he r&€Nts which have been performed with an imple-
quires weight functions to be monotone and Supementatlion of our algorithm in the functional pro-
rior in order to guarantee that a best derivation ex9"@mMming language ASKELL.
ists. (The superiority property corresponds to Di- L
jkstra’s requirement that edge weights—or, more2 The n-best-derivations problem
generally, cycle weights—are nonnegative.) In this section, we state the-best-derivations

e Huang and Chiang (2005) show that the problem formally, and we give a comprehensive
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example. First, we introduce some basic notions.

Trees and hypergraphs The definition of
ranked trees commonly used in formal tree lan-
guage theory will serve us as the basis for defining
derivations.

A ranked alphabeis a finite se (of symbol$
where every symbol carriesrank (a nonnegative
integer). By~(*) we denote the set of those sym-
bols having ranki. The set of trees oveE, de- o Hy = {e1,e2,e3(e1), e3(e2), es(es(er)),. .. }
noted byT’;, is the smallest sef’ such that for and

(k)
everyk € N, o € YW and&y,..., & € T, o Hy — es(Hy,H)) U es(Hy) where, e.g.,

2 (0) - : i
EISO.U(&’”'B&“) < E for o ke > Nwe ab es(Hy, Hy) is the top-concatenation df;,
reviateo() by o. For everyk € N, o € H, with ey, and thus

Figure 1: Hypergraph of Example 1.

»*) and subsetdy,..., T, C Tx we define
the top-concatenation (withr) o (77, ..., ;) = eq(H1,Hy) = {ea(e1,e1), ea(er, e2),
{o(1, &) [ & €Th,. ., & € Ti ) esler,es(er)), ea(es(er),er), ... } .
A XY-hypergraphis a pairH = (V, E) where _ o
V is a finite set (ofverticesor node$ and E C Nextwe give an example of ambiguity in hyper-

V*x ¥ x V is a finite set (ohyperedgessuch that 9raphs with labeled hyperedges. Suppose Hhat
for every (v; ... v, 0,v) € E we have thar € contains an addltlon_al hypere.dg@. = (0,7,0).
(k) 3 We interpretE as a ranked alphabet where ThenHo would contain the derivations; (es(e1))
the rank of each edge is carried over from its labef"d €5 (¢3(e1)), which describe the same-tree,
in 3. The family(H, | v € V) of derivations off ~ ViZ- 7(7(a)) (obtained by the node-wise projec-
is the smallest family P, | v € V) of subsets tion to the second component). 0
of Ty such thate(P,,,...,P, ) € P, for every Inthe sequel, lel = (V, E) be aX-hypergraph.
e=(vy...v,0,0) € E.

A 3-hypergraph (V, E) is cyclic if there
are  hyperedges (vf...v} ,o1,0'), ...,
(vi...v},01,0") € E such thate’~! occurs

Ordering Usually an ordering is induced on the
set of derivations by means of probabilities or,
more generally, weights. In the following, we will

abstract from the weights by using a binary rela-

invi... v foreveryje{2,....0} andv' occurs  tion < directly on derivations, where we will in-
invy ...up . Itis calledacyclicif itis not cyclic.  terpret the fact; 3 & as % is better than or
Example 1 Consider the ranked alphab& =  €qual tog".

»Our®Ous@ with 2@ = {a, 8}, 21 = {4},  Example 2 (Ex. 1 contd.) First we show how an
and ©® = {s}, and theX-hypergraphH = ordering is induced on derivations by means of
(V, E) where weights. To this end, we associate an operation

over the seRR of reals with every hyperedge (re-
specting its arity) by means of a mappitg

o [/ = {(E,Oé, 1),(5757 1)7(17’77 1)7(117070)7 9(61)() =4 9(62)() =3

(L,7,0)}.
_ _ _ CO(es)(z1) =xz1+1  O(ea)(z1,22) = 21 + 22
A grap_hlca_tl representatlon_of this hypergraph _|39(€5>($1> — 2405
shown in Fig. 1. Note that this hypergraph is cyclic
because of the edde, v, 1). The weighth(§) of a tree¢ € Ty is obtained by
We indicate the derivations d@f, assuming that interpreting the symbols at each node uging. g.
e1,...,es are the edges i in the order given h(ez(ez2)) = 6(e3)(0(e2)()) = O(e2)() +1 =4.
above: Then the natural ordex on R induces the bi-
>The termo (¢1, . . ., &) is usually understood as a string nary relation3 over Tx as 'fO”OWS: for every
composed of the symba¥, an opening parenthesis, the §1,& € Tk we letéy 3 & iff h(§1) < h(&2),
string¢,, a comma, and so on. _ meaning that trees with smaller weights are con-
The hypergraphs defined here are essentially nondeter-.d d bett This i th h |
ministic tree automata, whefié is the set of states anfl is Sl _ere e er ( _'S IS, e_' g., tné case when calcu-
the set of transitions. lating probabilites in the image of log z.) Note

e V={0,1} and
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that we could just as well have definggwith the Before we state the-best-derivations problem

inverted order. formally, we define the operatiomin,,, which
Since addition is commutative, we obtain maps every subséf of T to the set of all se-
for every 1,& € Tg that h(eq(&1,62)) =  quences oh best elements df’. To this end, let
h(es(€2,&1)) and thuses (€1, &2) 3 ea(€2,61) and T C Ty andn < |T|. We definemin, (T") to be
vice versa. Thus, for two different trees ({1,&2)  the set of all sequencés,, ... ,¢,) € T" of pair-

andey (&9, £1)) having the same weights should  wise distinct elements such th@gt = ... 3 &, and
not prefer any of them. That isg need not be for everyé € T\ {&1,...,&} we have, = €.
antisymmetric. For everyn > |T'| we setmin, (1) = min (7).
As another example, the mappifigcould as-  In addition, we setin<,(T) = [J"_, min; (7).
sign to each symbol an operation over real-valuegz-best-derivations problem The  n-best-
vectors, where each component represents one. ot :

. . _derivations problemamounts to the following.
feature of a log-linear model such as frequencies,
probabilities, reals, etc. Then the ordering couldGiven a X-hypergraphHd = (V, E), a vertexv €
be defined by means of a linear combination ofthe  V/, and a linear pre-order on T fulfilling

feature weights. o SP and CP,

We use the concept of a linear pre-order to capgompute an element ofnin,, (H,).
ture the orderings which are obtained this way.
Let S be a set. Apre-order (onS) is a binary 3 Functional Programming

relations < 5 x 5 such that ()s = s for ev- We will describe our main algorithm as a func-
erys € S (reflexivity) and (i) s1 < so andss = s d

. . : tional program. In essence, such a program is a
implies s; = s3 for everysy, so,s3 € S (transi- brog prog

. ~ . ; . m of (recursiv ions th fin V-
tivity). A pre-order= is calledlinear if s1 = so syste o (recursive) equ.at ons that defines se
: eral functions (as shown in Fig. 2). As a conse-
or so 3 s1 for everysy, s, € S. Forinstance, the ) . .
. . . ) . guence the main computational paradigm for eval-
binary relations on Ty as defined in Ex. 2 is a : o .
~ uating the applicatior{f a) of a functionf to an

linear pre-order. . . .
. ; . . argumenta is to choose an appropriate defining
We will restrict our considerations to a class .
equationf x = r and then evaluatéf a) tor’

of linear pre-orders which admit efficient algo- ~'. . . -
. . . .~ which is obtained front by substituting every oc-
rithms. For this, we will always assume a lin-

currence of by a.

ear pre-orders with the following two properties We assume dazy (and in particular,call-by-
(cf. Knuth (1977)) ) : )

need evaluation strategy, as in the functional pro-
SP (subtree property For everye(¢,...,&,) € 9ramming language KsKELL. Roughly speak-

Tp andi € {1,....k} we have¢ = ing, this amounts to evaluating the arguments of
e(€1,... &) 5 a function only as needed to evaluate the its body
(i.e. for branching). If an argument occurs multi-
CP (compatibility) For every paire({1,...,&k),  ple times in the body, it is evaluated only once.
e(&l,...,&) € Tp with & 2 &, ..., We use HASKELL notation and functions for
& 3 &, we have thate(éy,...,&) T dealing with lists, i. e. we denote the empty list by
e(&1y -5 &) [1 and list construction by:xs (where an ele-

mentx is prepended to a lists), and we use the
functionshead (line 01),tail (line 02), andtake
(lines 03 and 04), which return the first element in
In the sequel, leK be a linear pre-order a Iistz a list withput its first element, and a prefix
on Ty, fulfilling SP and CP. of a list, respectively. o _

In fact, the functions shown in Fig. 2 will be

*Originally, these properties were called “superioritytlan ysed in our main algorithm (cf. Fig. 4). Thus,
“monotonicity” because they were viewed as properties of

the weight functions. We use the terms “subtree property’V€ explain the_ functiongerge _(Imes 0_5_07) ?nd
and “compatibility” respectively, because we view them ase(11, .. .,1;) (lines 08-10) a bit more in detail.
properties of the linear pre-order. The merge function takes a sef of pairwise

5This strong property is used here for simplicity. It suf- . . . . L .
fices to require that for every € V and pairé, ¢’ ¢ H, we  disjoint lists of derivations, each one in ascend-

have¢ < ¢’ if € is a subtree of’. ing order with respect tg, and merges them into

It is easy to verify that the linear pre-ordgrof
Ex. 2 has the aforementioned properties.
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-- standard Haskell functions: list deconstructors, tgkeration
01 head (x:xs) = x
02 tail (x:xs) =
03 take n xs = [] ifn == 0o0rxs == []
04 take n xs = (head xs):take (n-1) (tail xs)

Xs

-- merge operation (lists id should be disjoint)
05 merge £ = [] if L\{[1}=0
06 merge £ = m:merge ({tail 1|1€ £, 1 != [], head 1 == m} U
{1]1€£,1 =[], head 1 != m})
07 wherem = min{head 1|1 € £, 1 !'= [1}

-- top concatenation
08 e(ly,...,1%) = [ if 1, == [1 forsome: € {1,...,k}
09 e(1i,...,1;) = e(head 1y,...,head 1j):merge {e(1},...,1}) i€ {1,...,k}}
1, if j <i
10 wherel’ = ¢ tail 1;  if j =3
[head 1;1 ifj >4

Figure 2: Some useful functions specified in a functionagprmming style.

one list with the same property (as known from theobtained by evaluating the term
merge sort algorithm).

Note that the minimum used in line 07 is based take n (p v)
on the linear pre-orders. For this reason, it

need not be uniquely determined. However, in 8y heretake is specified in lines 03-04 of Fig. 2.

implementation this function is deterministic, de- s what is left to be done is to specifyappro-
pending on the the data structures. priatély.

The functione(14, . ..,1x) implements the top-
coqcatenatlon witle on lists of derivations. Itis 44 A provisional specification ofp
defined for everye = (vy...v;,0,v) € E and
takes listsly, ..., 1; of derivations, each in as- Consider the following provisional specification
cending order as fatierge. The resulting list is  of p:

also in ascending order.
p v = merge {e(p vi,...,p Vi) |
e=(v1...v5,0,0) € E} ()

4 Algorithm .
where the functionsierge ande(14,...,1;) are

specified in lines 05-07 and lines 08-10 of Fig. 2,

In this section, we develop our algorithm for solv- A . e
. S . respectively. This specification models exactly the
ing the n-best-derivations problem. We begin by , =~ :

trivial equation

motivating our general approach, which amounts
to solving thel-best-derivation problem first and
then extending that solution to a solution of the H, = U e(Hy,, ..., Hy,)
best-derivations problem. e=(v1...0,0,0)EE

It can be shown that for everyn > n, the
setmin, (H,) is equal to the set of all prefixes of for everyv € V, where the union and the top-
length . of elements ofmin,,(H,). According concatenation have been implemented for lists via
to this observation, we will develop a functign the functionsnerge ande(1y, ... ,1;).
mapping every € V to a (possibly infinite) list This specification is adequate H is acyclic.
such that the prefix of length is in min, (H,) For cyclic hypergraphs however, it can not even
for everyn. Then, by virtue of lazy evaluation, a solve thel-best-derivation problem. To illustrate
solution to then-best-derivations problem can be this, we consider the hypergraph of Ex. 2 and cal-
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culaté We can exploit this knowledge in a program by
keeping a set of visited nodes, taking care not to

take 1 (p 1) consider edges which lead us back to those nodes.
= (head (p 1)):take 0 (tail (p 1)) (04) Consider the following function:
= head (p 1) (03) b v U = minfe(b vi U’,..., b v U’)|
= head (merge {e1(),ea()es(p 1)} ) e=(v...0,0,0) € B,
‘ {v1,...,0:} NV’ =0}
= min{head e;(),head ez(),head e3(p 1)} where U’ = U U {v}
(01,096,090, is th f visited nodes. Th
. e argument is the set of visited nodes. e
= min{head e;(),head e3(), es(head (p 1()8;) termb v 0 evaluates to a minimal element A,

or tomin () if H, = (). The problem of this divide-

Note that the infinite regress occurs because th@nd-conquer (or top-down) approach is that man-
computation of the head elemeantad (p 1) de- aging a separate s#tfor every recursive call in-
pends on itself. This leads us to the idea ofcurs abig overhead in the computation.

“pulling” this head element (which is the solu- This overhead can be avoided by using a
tion to the1-best-derivation problem) “out” of the dynamic programming (or bottom-up) approach
merge in(1). Applying this idea to our particular where each node is visited only once, ar_md nodes
example, we reach the following equation fort: ~ aré visited in the order of their respective best

derivations.
P 1=ey: merge {e1(),es(p 1)} To be more precise, we maintain a famjlg, |
because, is the best derivation i/;. Then, in v € V) of already found best derivations (where
order to evaluateerge we have to compute P, € min<;(H,) and initially empty) and a set’

of candidate derivations, where candidates for all
vertices are considered at the same time. In each
iteration, a minimal candidate with respecttds
selected. This candidate is then declared the best
derivation of its respective node.

The following lemma shows that the bottom-up
ea: merge {e1(),es(p 1)} approach is sound.

= ez er: merge {tail (), es(p 1)} Lemma 3 Let(P, | v € V) be a family such that
= et e1: eg(er): merge {tail es(p 1)} P, € ming (H,). We define

C= Ue:(vl...vk,a,v)EE, G(PUI, cee 7-ka) .

v =

min{head e;(),head e3(p 1)}

= min{e;, eg(head (p 1))}

= min{es, es(ez2)}.
Sinceh(e;) = h(es(e2)) = 4, we can choose any
of them, saye;, and continue:

Generalizing this example, the functiprcould

be specified as follows: _ _
Then (i) for everyt € UveV,Pv:(Z) H, there is a

pl=1=01: merge {cip} () ¢ € ¢ such thate’ < ¢, and (i) for everys € V
whereb 1 evaluates the 1-best derivation By and¢ € C N H, the following implication holds:
and exp “somehow” calculates the next bestif ¢ < ¢’ for everye’ € C, then{ € min; (H,).
derivations. In the following subsection, we elabo- 5, algorithm based on this lemma is shown in
rate this approach. First, we develop an algorithnjg 3 s key functioniter uses the notion of ac-
for solving thel-best-derivation problem. cumulating parameters. The parametds a map-
ping corresponding to the familyP, | v € V') of
the lemma, i.e.q v = P,; the parametet is a
Using SP and CP, it can be shown that for ev-et corresponding t6'. We begin in line 01 with
eryv € V such thatd, # { there is a mini-  he functionq0 mapping every vertex to the empty

mal derivation inf,, which does not contain any |ist. According to the lemma, the candidates then

words, it is not necessary to consider cycles when as |ong as there are candidates left (line 04),

4.2 Solving thel-best-derivation problem

solving thel-best-derivation problem. in a recursive call of.ter the parameteq is up-
®Please note that () is an application of the function in dated with _the newly found PaIQ’v, [€]) of ver-
lines 08—10 of Fig. 2 while is a derivation. tex v and (list of) best derivatiog (expressed by
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Require X-hypergraphH = (V, E), linear pre-  tions not given there, please refer to Fig. 3 (func-

order fulfilling SP and CP. tion b) and to Fig. 2 (functionserge, tail, and
Ensure b v € min(H,) for everyv € V  the top-concatenation). In particular, line 02 of
such that if b v == [e(&1,...,&)] for some  Fig. 4 shows the general way of “pulling out” the
e=(v1...v,0,0) € B, thend v; == [§] for  head element as it was indicated in Section 4.1 via
everyi € {1,... k}. an example. We also remark that the definition of
01 b = iter q0 {(c,,v) € E|a e X} the top-concatenation (lines 08-09 of Fig. 2) cor-
02 q0 v =[] _responds ;[o the way ir(]jWhhiFIhUIthk was sped up
03 iter q 0 = q in Fig. 4 of (Huang and Chiang, 2005).
04 iter q c = iter (q//(v,[£]1)) <’ Theorem 4 The algorithm in Fig. 4 is correct with
05 where ' respect to its require/ensure specification and it
06 ¢ =mincand{elH, terminates for every input.
07 c’ = Ue:(vl...vk,a,U)EE e(q Vi,...59 Vk)

qv==1[ PROOF (SKETCH). We indicate how induction on

) ) ) ~ can be used for the proof. if = 0, then the statement
Figure 3: Algorithm solving the 1-best-derivation s trivially true. Letn > 0. If b v == [], then the

problem. statement is trivially true as well. Now we consider the
converse case. To this end, we use the following three
_ _ auxiliary statements.
q// (v, [£])) and the candidate set is recomputed (1)take n (merge {li,...,1:}) =

accordingly. When the candidate set is exhaustefyxe n (merge {take n 1;,...,take n 1;}),
(line 03), theng is returned. (2)take n e(li,...,1;) =

Correctness and completeness of the algorithmgake n e(take n 1i,... take n 1),
follow from Statements (i) and (i) of Lemma 3,  (3)take n (taill) = tail (take (n+1) 1).
respectively. Now we show termination. In every ging these statements, line 04 of Fig. 2, and line 02
iteration a new next best derivation is determinecf Fig. 4, we are able to “pull” theake of take n (p
and the candidate set is recomputed. This set only) “into” the right-hand side of v, ultimately yield-
contains candidates for verticese V such that ing terms of the forntake n (p v;) in the first line

q v == [1. Hence, after at mogt/| iterations ~Of themerge application andtake (n-1) (p vj) in
the candidates must be depleted, and the algorith#fe Sécond one.
terminates. Then we can show the following statement by induc-

We note that the algorithm is very similar to that Flon onm (note that then is still fixed from the outer

. induction): for everym € N we have that if the tree
of Knuth (1977). However, in contrast to the Iatter,in b v has at most heigh,, thentake n (p v) ¢

(i) it admits H, = @ for somev € V and (i) it i, (f7,). To this end, we use the following two aux-
computes some minimal derivation instead of thejiary statements.

weight of some minimal derivation. (4) For every sequence of pairwise disjoint sub-
_ _ _ sets Pp,...,P, C U,cy Ho, sequence of nat-

Runtime According to the literature, the run- yra| numbersn,,....n, € N, and listsi; ¢

time of Knuth's algorithm is inO(|E| - log|V|)  min,, (P\), ..., I € min, (P) such that

(Knuth, 1977). This statement relies on a number; > n for everyj € {1,...,k} we have that

of optimizations which are beyond our scope. Wetake n (merge {l1,...,lx}) € min, (PU...UP).
just sketch two optimizations: (i) the candidate set (5) For every edge = (v; ... v, 0,v) € E, subsets
can be implemented in a way which admits ob-F1, - .-, Px € U,y Ho, and listsly € min, (P1), ...,
taining its minimum inO(log|C|), and (ii) for the ¢ € min,(Fx) we have thatake n e(ly,....l) €
computation of candidates, each edge needs to B8 (¢(F1:- - Fk)).

considered only once during the whole run of the Using these statements, it remains to show that

| ithm. {e(fla o 7§k)} © minn—l ((e(Hma ceey Huk) \
adorinm {61 6)) U Upsee(Hopsooo Hy))  C
min, (H,) whereb v = [e(&,...,&)] and o

4.3 Solving the n-best-derivations problem denotes language concatenation. This can be shown by

Being able to solve thé-best-derivation problem, using the definition ofnin,,.
we can now refine our specification pf The re- Termination of the algorithm now follows from the
fined algorithm is given in Fig. 4; for the func- factthatevery finite prefix of vis well defined. m
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Require X-hypergraphd = (V, E), linear pre-orders fulfilling SP and CP.
Ensure (take n (p v)) € min,(H,) for everyv € V andn € N.
01 pv =[] if bv==1[]
02 pv =e(,...,&) merge ({tail e(p vy,...,p v}) | e=(v1...v5,0,v) € E} U
{€(p vi,...,p v},) | € = (v]...v},0",v) € E, ¢ #e})
if bv == [6(51, ce ,fkﬂ

Figure 4: Algorithm solving thex-best-derivations problem.

4.4 Implementation, Complexity, and n totaltime [s] time forn-best part [s]
Experiments 1 8.713 —
We have implemented the algorithm (consisting 25000 10.832 2.119
. . : 50000 12.815 4.102
of Figs. 3 and 4 and the auxiliary functions of 100000 16.542 7 739
Fig. 2) in HASKELL. The implementation is : :
200000 24.216 15.503

rather straightforward except for the following
three points. Table 1: Experimental results
(1) Weights: we assume that is defined by
means of weights (cf. Ex. 2), and that comparing _
these weights is ifO(1) (which often holds be- ©N the heap as the maximum rankRinWe assume

cause of limited precision). Hence, we store withthiS to be constant. Moreover, at mosteriva-
each derivation its weight so that comparison actions are computed for each node, that is, at most
cording to= is in O(1) as well. |V|-nintotal. Hence, the size of the heap of a node
h-is in O(|E[+n). For each derivation we compute,
we have to pop the minimal element off the heap
(cf. line 07 in Fig. 2), which isirO (log(|E| +n)),

and we have to compute the union of the remaining
|1']1_eap with the newly spawned candidates, which

(2) Memoization: we use a memoization tec
nique to ensure that no derivation occurringiry
is computed twice.

(3) Merge: themerge operation deserves some
consideration because it is used in a nested fas

ion, yielding trees ofmerge applications. This has the_same compIeX|_ty.
leads to an undesirable runtime complexity be- We give another estimate for the total number

cause these trees need not be balanced. Thus, i derivations computed by the algorithm, which
stead of actually computing thesrge in p and in is based on thg foI_Iowmg observation. When pop-
the top-concatenation, we just return a data strud?ind @ new derivatiog off the heap, new next best

ture describing what should be merged. That dat§andidates are computed. This involves comput-
structure consists of a best element and a list of'd & mostas many new derivations as the number

lists of derivations to be merged (cf. lines 06 and®f N0des of, because for each hyperedge occur-
09 in Fig. 2). We use a higher-order function to"n9 I ¢ we have to consider the next best alter-

manage these data structures on a heap, perforfjative. Since we pop off at mostelements from
ing the merge in a nonnested way the heap belonging to the target node, we arrive at

the estimatel - n, whered is the size of the biggest

Runtime Here we consider the-best part of the derivation of said node.
algorithm, i. e. we assume the computation of the A slight improvement of the runtime complex-
mappingb to take constant time. Note however ity can be obtained by restricting the heap size to
that due to memaoizatiom,is only computed once. n best elements, as argued by Huang and Chiang
Then the runtime complexity of our implementa- (2005). This way, they are able to obtain the com-
tionisinO(|E|+|V|-n-log(|E|+n)). Thiscan plexity O(|E|+d - n -logn).
be seen as follows. We have conducted experiments on an Intel

By line 02 in Fig. 4, the initial heaps in the Core Duo 1200 MHz with 2 GB of RAM using
higher-order merge described under (3) have a taa cyclic hypergraph containing 671 vertices and
tal of |[E| elements. Building these heaps is thus12136 edges. The results are shown in Table 1.
in O(|E|). By line 09 in Fig. 2, each newly found This table indicates that the runtime of thebest
derivation spawns at most as many new candidatgsart is roughly linear im.
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