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Abstract

This paper presentsempirical studiesand
closelycorrespondingtheoreticalmodelsof
the performanceof a chart parserexhaus-
tively parsingthe PennTreebankwith the
Treebank’s own CFG grammar. We show
how performanceis dramaticallyaffectedby
rulerepresentationandtreetransformations,
but little by top-down vs. bottom-upstrate-
gies.We discussgrammaticalsaturation,in-
cluding analysisof the strongly connected
componentsof the phrasalnonterminalsin
the Treebank,and model how, as sentence
lengthincreases,theeffective grammarrule
size increasesas regions of the grammar
areunlocked,yielding super-cubicobserved
time behavior in someconfigurations.

1 Intr oduction

This paperoriginatedfrom examining the empirical
performanceof an exhaustive active chart parserus-
ing anuntransformedtreebankgrammaroverthePenn
Treebank. Our initial experimentsyielded the sur-
prising result that for many configurationsempirical
parsingspeedwassuper-cubic in thesentencelength.
This led us to look more closely at the structureof
the treebankgrammar. The resultinganalysisbuilds
on the presentationof Charniak(1996), but extends
it by elucidatingthe structureof non-terminalinter-
relationshipsin the PennTreebankgrammar. On the
basis of thesestudies, we build simple theoretical
modelswhich closelypredictobservedparserperfor-
mance,and, in particular, explain the originally ob-
servedsuper-cubicbehavior.

We usedtreebankgrammarsinduceddirectly from
the local treesof the entireWSJsectionof the Penn
Treebank(Marcuset al., 1993)(release3). For each
lengthandparametersetting,25 sentencesevenly dis-
tributedthroughthe treebankwereparsed.Sincewe
wereparsingsentencesfrom amongthosefrom which
our grammarwasderived, coveragewasnever an is-

sue.Everysentenceparsedhadat leastoneparse– the
parsewith which it wasoriginally observed.1

The sentenceswere parsedusing an implementa-
tion of the probabilisticchart-parsingalgorithm pre-
sentedin (Klein and Manning,2001). In that paper,
we presenta theoreticalanalysisshowing an �������
	
worst-casetime boundfor exhaustively parsingarbi-
trary context-free grammars.In what follows, we do
not make useof theprobabilisticaspectsof thegram-
maror parser.

2 Parameters

Theparameterswe variedwere:
� TreeTransforms:NOTRANSFORM , NOEMPTIES,

NOUNARIESHIGH, andNOUNARIESLOW.
� GrammarRuleEncodings:L IST, TRI E, or M IN
� RuleIntroduction:TOPDOWN or BOTTOM UP

Thedefaultsettingsareshown above in bold face.
Wedonotdiscussall possiblecombinationsof these

settings.Rather, wetakethebottom-upparserusingan
untransformedgrammarwith trie rule encodingsto be
the basicform of the parser. Exceptwherenoted,we
will discusshow eachfactor affects this baseline,as
mostof the effectsareorthogonal.Whenwe namea
setting,any omittedparametersareassumedto bethe
defaults.

2.1 TreeTransforms

In all cases,the grammarwas directly inducedfrom
(transformed)Penntreebanktrees. The transforms
usedare shown in figure 1. For all settings,func-
tional tags and crossreferencingannotationswere
stripped.For NOTRANSFORM, no othermodification
wasmade.In particular, emptynodes(representedas
-NONE- in the treebank)were turned into rules that
generatedthe emptystring ( � ), andtherewasno col-
lapsingof categories(suchasPRT andADVP) asis of-
ten done in parsingwork (Collins, 1997, etc.). For

1Effectively “testingonthetrainingset”wouldbeinvalid
if wewishedto presentperformanceresultssuchasprecision
andrecall,but it is notaproblemfor thepresentexperiments,
whichfocussolelyontheparserloadandgrammarstructure.
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Figure1: TreeTransforms:(a) Theraw tree,(b) NO-
TRANSFORM, (c) NOEMPTIES, (d) NOUNARIES-
HIGH (e) NOUNARIESLOW
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Figure2: GrammarEncodings:FSAsfor a subsetof
the rules for the category NP. Non-blackstatesare
active,non-whitestatesareaccepting,andbold transi-
tionsarephrasal.

NOEMPTIES, emptieswereremovedby pruningnon-
terminalswhichcoverednoovertwords.For NOUNA-
RIESHIGH, andNOUNARIESLOW, unarynodeswere
removedaswell, by keepingonly thetopsandthebot-
tomsof unarychains,respectively.2

2.2 Grammar Rule Encodings

The parseroperateson Finite StateAutomata(FSA)
grammar representations. We compiled grammar
rules into FSAs in three ways: L ISTs, TRIEs, and
M INimized FSAs. An exampleof eachrepresenta-
tion is given in figure 2. For L IST encodings,each
local treetypewasencodedin its own, linearly struc-
turedFSA, correspondingto Earley (1970)-style dot-
ted rules. For TRIE, there was one FSA per cate-
gory, encodingtogetherall rule typesproducingthat
category. For M IN, state-minimizedFSAswerecon-
structedfrom the trie FSAs. Note that while the rule
encodingmay dramaticallyaffect the efficiency of a
parser, it doesnot changetheactualsetof parsesfor a
givensentencein any way.3

2In no casewere the nonterminal-to-word or TOP-to-
nonterminalunariesaltered.

3FSAsarenot theonly methodof representingandcom-
pactinggrammars.For example,theprefix compactedtries
we use are the sameas the commonpracticeof ignoring
itemsbeforethedot in a dottedrule (Moore,2000).Another
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Figure 3: The averagetime to parsesentencesusing
variousparameters.

3 Observed Performance

In this section,we outline the observed performance
of theparserfor varioussettings.We frequentlyspeak
in termsof thefollowing:
� span: a rangeof wordsin thechart,e.g.,[1,3]4

� edge:a category overa span,e.g.,NP:[1,3]
� traversal: a way of making an edge from an

active and a passive edge, e.g., NP:[1,3] �
(NP� DT.NN:[1,2] + NN:[2,3] )

3.1 Time

The parserhasan ��������� � 	 theoreticaltime bound,
where � is thenumberof wordsin the sentenceto be
parsed,� is the numberof nonterminalcategoriesin
thegrammarand � is thenumberof (active) statesin
the FSA encodingof the grammar. The time bound
is derivedfrom countingthenumberof traversalspro-
cessedby theparser, eachtaking ������	 time.

In figure3, we seetheaveragetime5 takenpersen-
tencelengthfor severalsettings,with theempiricalex-
ponent(andcorrelation� -value)from thebest-fitsim-
ple power law model to the right. Notice that most
settingsshow time growth greaterthan ����� � 	 .

Although, ����� � 	 is simply an asymptoticbound,
thereare good explanationsfor the observed behav-
ior. Therearetwo primarycausesfor the super-cubic
time values. The first is theoreticallyuninteresting.
Theparseris implementedin Java,whichusesgarbage
collectionfor memorymanagement.Evenwhenthere
is plenty of memoryfor a parse’s primary datastruc-
tures,“garbagecollectionthrashing”canoccurwhen

logical possibility would be trie encodingswhich compact
the grammarstatesby commonsuffix ratherthancommon
prefix, asin (Leermakers,1992). The savings arelessthan
for prefix compaction.

4Notethatthenumberof words(or size) of aspanis equal
to thedifferencebetweentheendpoints.

5Thehardwarewasa 700MHz Intel PentiumIII, andwe
usedup to 2GB of RAM for very long sentencesor very
poor parameters.With goodparametersettings,the system
canparse100+word treebanksentences.



0.0M

5.0M

10.0M

15.0M

20.0M

0 10 20 30 40 50

Sentence Length

A
vg

. T
ra

ve
rs

al
s

NoTransform    
exp 2.86 r 1.000

NoEmpties      
exp 3.28 r 1.000

NoUnariesHigh
exp 3.74 r 0.999

NoUnariesLow
exp 3.83 r 0.999

0.0M

5.0M

10.0M

15.0M

20.0M

0 10 20 30 40 50

Sentence Length

A
vg

. T
ra

ve
rs

al
s List                     

exp 2.60 r 0.999

Trie                    
exp 2.86 r 1.000

Min                     
exp 2.78 r 1.000

0.994

0.995

0.996

0.997

0.998

0.999

1.000

1.001

1.002

0 10 20 30 40 50

Sentence Length

R
at

io
 (T

D
/B

U
)

Edges
Traversals

(a) (b) (c)

Figure4: (a)Thenumberof traversalsfor differentgrammartransforms.(b) Thenumberof traversalsfor different
grammarencodings.(c) Theratio of thenumberof edgesandtraversalsproducedwith a top-down strategy over
thenumberproducedwith a bottom-upstrategy (shown for TRIE-NOTRANSFORM, othersaresimilar).

parsinglonger sentencesas temporaryobjectscause
increasinglyfrequentreclamation.To seepastthis ef-
fect,whichinflatestheempiricalexponents,weturnto
theactualtraversalcounts,which betterilluminatethe
issuesat hand.Figures4 (a)and(b) show thetraversal
curvescorrespondingto thetimesin figure3.

The interesting cause of the varying exponents
comesfrom the “constant” terms in the theoretical
bound. The secondhalf of this paper shows how
modelinggrowth in thesetermscanaccuratelypredict
parsingperformance(seefigures9 to 13).

3.2 Memory

The memoryboundfor the parseris ���������
	 . Since
the parseris running in a garbage-collectedenviron-
ment, it is hardto distinguishrequiredmemoryfrom
utilized memory. However, unlike time andtraversals
which in practicecandiverge, memoryrequirements
matchthenumberof edgesin thechartalmostexactly,
sincethe large datastructuresare all proportionalin
sizeto thenumberof edges�������������
	 .6

Almostall edgesstoredareactiveedges(  "!$#&% for
sentenceslongerthan30words),of whichtherecanbe
���'�����
	 : onefor every grammarstateandspan.Pas-
siveedges,of which therecanbe ���'�����(	 , onefor ev-
ery category andspan,area shrinkingminority. This
is because,while � is boundedaboveby 27in thetree-
bank7 (for spans 2), � numbersin thethousands(see
figure 12). Thus,requiredmemorywill be implicitly
modeledwhenwe modelactive edgesin section4.3.

3.3 TreeTransforms

Figure4 (a) shows theeffect of thetreetransformson
traversalcounts.The NOUNARIES settingsaremuch
moreefficient thantheothers,however this efficiency
comesat a price in terms of the utility of the final
parse.For example,regardlessof which NOUNARIES

6A standardchartparsermight conceivably requirestor-
ing morethan )+*�,.- traversalson its agenda,but oursprov-
ably never does.

7This countis thenumberof phrasalcategorieswith the
introductionof a TOP label for the unlabeledtop treebank
nodes.

transformis chosen,therewill be NP nodesmissing
from theparses,makingtheparseslessusefulfor any
taskrequiringNP identification. For the remainderof
the paper, we will focus on the settingsNOTRANS-
FORM andNOEMPTIES.

3.4 Grammar Encodings

Figure4 (b) showstheeffectof eachtreetransformon
traversalcounts. The more compactedthe grammar
representation,themoretime-efficient theparseris.

3.5 Top-Down vs.Bottom-Up

Figure 4 (c) shows the effect on total edgesand
traversalsof usingtop-down andbottom-upstrategies.
Therearesomeextremelyminimal savings in traver-
salsdueto top-down filtering effects,but thereis acor-
respondingpenaltyin edgesasruleswhoseleft-corner
cannotbebuilt areintroduced.Giventhehighly unre-
strictive natureof thetreebankgrammar, it is not very
surprisingthat top-down filtering providessuchlittle
benefit. However, this is a useful observation about
real world parsingperformance. The advantagesof
top-down chart parsingin providing grammar-driven
predictionare often advanced(e.g., Allen 1995:66),
but in practicewefind almostnovaluein thisfor broad
coverageCFGs. While somepart of this is perhaps
dueto errorsin the treebank,a large part just reflects
thetruenatureof broadcoveragegrammars:e.g.,once
you allow adverbialphrasesalmostanywhereandal-
low PPs,(participial) VPs, and(temporal)NPsto be
adverbial phrases,along with phrasesheadedby ad-
verbs,thenthereis very little usefultop-down control
left. With sucha permissive grammar, the only real
constraintsarein thePOStagswhich anchorthelocal
trees(seesection4.3). Therefore,for theremainderof
thepaper, we consideronly bottom-upsettings.

4 Models

In theremainderof thepaperwe providesimplemod-
els that neverthelessaccuratelycapturethe varying
magnitudesandexponentsseenfor differentgrammar
encodingsandtreetransformations.Sincethe � � term
of ��������� � 	 comesdirectly from thenumberof start,



split, andendpoints for traversals,it is certainlynot
responsiblefor the varying growth rates.An initially
plausiblepossibility is that the quantity boundedby
the � term is non-constantin � in practice,because
longerspansaremoreambiguousin termsof thenum-
ber of categories they can form. This turns out to
be generallyfalse,asdiscussedin section4.2. Alter-
nately, the effective � term could be growing with � ,
which turnsout to betrue,asdiscussedin section4.3.

Thenumberof (possiblyzero-size)spansfor a sen-
tenceof length � is fixed: ���0/1�
	2���3/546	8764 . Thus,
to beableto evaluateandmodelthetotal edgecounts,
we look to thenumberof edgesovera givenspan.

Definition 1 The passive (or active) saturationof a
givenspanis the numberof passive(or active)edges
over that span.

In thetotal time andtraversalbound ��������� � 	 , the
effective valueof � is determinedby the active satu-
ration,while theeffectivevalueof � is determinedby
the passive saturation.An interestingfact is that the
saturationof a spanis, for the treebankgrammarand
sentences,essentiallyindependentof what size sen-
tencethe spanis from andwherein the sentencethe
spanbegins.Thus,for a givenspansize,we reportthe
averageoverall spansof thatsizeoccurringanywhere
in any sentenceparsed.

4.1 TreebankGrammar Structur e

The reasonthat effective growth is not found in the
� componentis that passive saturationstaysalmost
constantasspansizeincreases.However, themorein-
terestingresultis not that saturationis relatively con-
stant(for spansbeyond a small, grammar-dependent
size),but thatthesaturationvaluesareextremelylarge
comparedto � (seesection4.2). For the NOTRANS-
FORM and NOEMPTIES grammars,most categories
are reachablefrom most other categoriesusing rules
whichcanbeappliedoverasinglespan.Onceyouget
oneof thesecategoriesover a span,you will get the
restaswell. We now formalizethis.

Definition 2 A category 9 is empty-reachablein a
grammar : if 9 can be built using only emptyter-
minals.

The empty-reachableset for the NOTRANSFORM

grammaris shown in figure 5.8 These23 categories
plus the tag -NONE- createa passive saturationof 24
for zero-spansfor NOTRANSFORM (seefigure9).

Definition 3 A category ; is same-span-reachable
from a category 9 in a grammar : if ; canbe built
from 9 usinga parsetreein which, asidefromat most

8The set of phrasalcategories usedin the PennTree-
bank is documentedin ManningandScḧutze(1999, 413);
Marcuset al. (1993, 281)hasanearlyversion.

ADJP ADVP FRAG INTJ NAC NP
NX PP PRN QP RRC S
SBAR SBARQ SINV SQ TOP UCP
VP WHADVP WHNP WHPP X

Figure5: Theempty-reachablesetfor theNOTRANS-
FORM grammar.
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Figure 6: The same-spanreachabilitygraph for the
NOTRANSFORM grammar.
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Figure 7: The same-span-reachabilitygraph for the
NOEMPTIES grammar.

oneinstanceof 9 , everynodenot dominatingthat in-
stanceis an instanceof an empty-reachablecategory.

Thesame-span-reachabilityrelationinducesagraph
over the 27 non-terminalcategories. The strongly-
connectedcomponent(SCC)reductionof thatgraphis
shown in figures6 and7.9 Unsurprisingly, the largest
SCC,which containsmost “common” categories(S,
NP, VP, PP, etc.) is slightly largerfor the NOTRANS-
FORM grammar, sincetheempty-reachablesetis non-
empty. However, notethatevenfor NOTRANSFORM,
the largestSCC is smaller than the empty-reachable
set,sinceemptiesprovidedirectentryinto someof the
lower SCCs,in particularbecauseof WH-gaps.

Interestingly, this samehigh-reachabilityeffect oc-
cursevenfor theNOUNARIES grammars,asshown in
thenext section.

4.2 PassiveEdges

Thetotalgrowth andsaturationof passiveedgesis rel-
atively easyto describe.Figure8 showsthetotalnum-

9Impliedarcshavebeenremovedfor clarity. Therelation
is in factthetransitive closureof this graph.
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Figure9: The averagepassive saturation(numberof passive edges)for a spanof a given sizeasprocessedin
practice(left), andaspredictedby our models(right).

ber of passive edgesby sentencelength,andfigure 9
shows thesaturationasa functionof spansize.10 The
grammarrepresentationdoesnot affect which passive
edgeswill occurfor a givenspan.

The largeSCCscausethe relative independenceof
passive saturationfrom spansizefor the NOTRANS-
FORM andNOEMPTIES settings.Onceany categoryin
theSCCis found,all will befound,aswell asall cate-
goriesreachablefrom thatSCC.For thesesettings,the
passive saturationcanbesummarizedby threesatura-
tion numbers:zero-spans(empties)<>=�?$@BA , one-spans
(words)<>=�?$@8C , andall largerspans(categories)<>=�?$@ � .
Taking averagesdirectly from the data,we have our
first model,shown on theright in figure9.

For the NOUNARIES settings, there will be no
same-spanreachabilityandhenceno SCCs.To reach
a new category alwaysrequirestheuseof at leastone
overtword. However, for spansof size6 or so,enough
words exist that the samehigh saturationeffect will
still be observed. This can be modeledquite simply
by assumingeachterminalunlocksa fixedfractionof
thenonterminals,asseenin theright graphof figure9,
but we omit thedetailshere.

Using thesepassive saturationmodels,we can di-
rectly estimatethe total passive edgecountsby sum-
mation:

<D@FE
@2���G	��5H�IJLK A ���M/N�PORQF	S<>=�?$@ J
10The maximumpossiblepassive saturationfor any span

greaterthanoneis equalto thenumberof phrasalcategories
in thetreebankgrammar:27. However, emptyandsize-one
spanscanadditionallybecoveredby POStagedges.

The predictionsare shown in figure 8. For the NO-
TRANSFORM or NOEMPTIES settings,thisreducesto:

<T@FE
@2���G	��VU IXW C�Y I� <>=Z?&@ � /N���G	�<[=�?&@8C\/����]/^�
	S<[=�?&@BA
We correctlypredictthat the passive edgetotal ex-

ponentswill beslightly lessthan2.0whenunariesare
present,andgreaterthan2.0 whenthey arenot. With
unaries,the linear termsin the reducedequationare
significantover thesesentencelengthsanddragdown
the exponent. The linear terms are larger for NO-
TRANSFORM and thereforedrag the exponentdown
more.11 Without unaries,the more gradualsatura-
tion growth increasesthe total exponent,moreso for
NOUNARIESLOW thanNOUNARIESHIGH. However,
notethatfor spansaround8 andonward,thesaturation
curvesareessentiallyconstantfor all settings.

4.3 ActiveEdges

Active edgesarethevastmajority of edgesandessen-
tially determine(non-transient)memoryrequirements.
While passive countsdependonly on the grammar
transform,active countsdependprimarily on the en-
codingfor generalmagnitudebut alsoonthetransform
for thedetails(andexponenteffects).Figure10shows
the total active edgesby sentencesize for threeset-
tingschosento illustratethemaineffects.Total active
growth is sub-quadraticfor L IST, but hasanexponent
of up to about2.4 for theTRIE settings.

11Notethat,over thesevaluesof _ , evena basicquadratic
functionlike thesimplesum H _�`^*S_badce-�_[fZg hasa best-
fit simplepowercurve exponentof only hicZj k
l for thesame
reason.Moreover, notethat _Tmef�g hasa higherbest-fitexpo-
nent,yet will never actuallyoutgrow it.
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Figure12: Grammarsizes:activestatecounts.

To modeltheactive totals,we againbegin by mod-
eling theactive saturationcurves,shown in figure11.
Theactivesaturationfor any spanis boundedaboveby
� , the numberof active grammarstates(statesin the
grammarFSAswhichcorrespondto activeedges).For
list grammars,thisnumberis thesumof thelengthsof
all rulesin the grammar. For trie grammars,it is the
numberof uniquerule prefixes (including the LHS)
in the grammar. For minimized grammars,it is the
numberof stateswith outgoingtransitions(non-black
statesin figure 2). The valueof � is shown for each
settingin figure12. Notethatthemaximumnumberof
active statesis dramaticallylargerfor lists sincecom-
monruleprefixesareduplicatedmany times.For min-
imizedFSAs,thestatereductionis evengreater. Since
stateswhich areearlierin a rule aremuchmorelikely
to matcha span,the fact that tries (and min FSAs)
compressearlystatesis particularlyadvantageous.

Unlike passive saturation, which was relatively
closeto its bound � , active saturationis muchfarther
below � . Furthermore,while passive saturationwas
relatively constantin spansize,at leastafter a point,
active saturationquite clearly grows with spansize,
evenfor spanswell beyondthoseshown in figure11.
We now modeltheseactivesaturationcurves.

Whatdoesit take for a givenactive stateto matcha
given span?For TRIE and L IST, an active statecor-

respondsto a prefix of a rule and is a mix of POS
tags and phrasalcategories, eachof which must be
matched,in order, over that spanfor that stateto be
reached. Given the large SCCsseenin section4.1,
phrasalcategories,to a first approximation,might as
well be wildcards,ableto matchany span,especially
if emptiesarepresent.However, thetagsare,in com-
parison,very restricted. Tagsmust actually matcha
word in thespan.

More precisely, consideran active state ? in the
grammaranda span = . In the TRIE andL IST encod-
ings, thereis some,possiblyempty, list n of labels
thatmustbematchedover = beforeanactiveedgewith
this statecanbeconstructedover thatspan.12 Assume
that the phrasalcategoriesin n can matchany span
(or any non-zerospanin NOEMPTIES).13 Therefore,
phrasalcategoriesin n do not constrainwhether? can
match = . The real issueis whetherthe tagsin n will
matchwordsin = . Assumethatarandomtagmatchesa
randomwordwith afixedprobability < , independently
of wherethetagis in therule andwheretheword is in
thesentence.14 Assumefurtherthat,althoughtagsoc-
cur moreoftenthancategoriesin rules(63.9%of rule
itemsaretagsin theNOTRANSFORM case15), givena

12The essenceof the M IN model,which is omittedhere,
is thatstatesarerepresentedby the“easiest”labelsequence
which leadsto thatstate.

13The modelfor the NOUNARIES casesis slightly more
complex, but similar.

14This is of coursefalse;in particular, tagsat the endof
rulesdisproportionatelytendto bepunctuationtags.

15Although the presentmodeldoesnot directly apply to
the NOUNARIES cases,NOUNARIESL OW is significantly



fixed numberof tagsandcategories,all permutations
areequallylikely to appearasrules.16

Undertheseassumptions,theprobabilitythatanac-
tive state ? is in the treebankgrammarwill depend
only on the number @ of tagsand o of categories in
n . Call this pair p\��?q	r�s��@et8oZ	 thesignature of ? . For
agivensignaturep , let o2E
u[�v@2��p�	 bethenumberof ac-
tive statesin thegrammarwhich havethatsignature.

Now, take a state? of signature��@etwox	 anda span= .
If we align the tags in ? with words in = and align
thecategoriesin ? with spansof wordsin = , thenpro-
videdthecategoriesalign with a non-emptyspan(for
NOEMPTIES) or any spanatall (for NOTRANSFORM),
thenthequestionof whetherthisalignmentof ? with =
matchesis determinedentirelyby the @ tags.However,
with our assumptions,theprobability thata randomly
chosensetof @ tagsmatchesa randomlychosensetof
@ wordsis simply <Dy .

Wethenhaveanexpressionfor thechanceof match-
ing a specificalignmentof anactive stateto a specific
span. Clearly, therecan be many alignmentswhich
differonly in thespansof thecategories,but line upthe
sametagswith thesamewords.However, therewill be
a certainnumberof uniquewaysin which the words
andtagscanbelined up between? and = . If we know
this number, we cancalculatethetotalprobabilitythat
thereis somealignmentwhich matches.For example,
considerthe stateNP � NP CC NP . PP (which has
signature(1,2) – the PP hasno effect) over a spanof
length � , with emptiesavailable. The NPs canmatch
any span,sothereare � alignmentswhich aredistinct
from the standpointof the CC tag – it can be in any
position. The chancethat somealignmentwill match
is therefore��Od�F�POz<[	 I , which,for small < is roughly
linear in � . It shouldbe clearthat for an active state
like this, the longerthespan,themorelikely it is that
this statewill befoundover thatspan.

It is unfortunately not the case that all states
with the samesignaturewill match a span length
with the sameprobability. For example, the state
NP � NP NP CC . NP hasthesamesignature,but must
aligntheCC with thefinal elementof thespan.A state
like thiswill not becomemorelikely (in ourmodel)as
spansizeincreases.However, with somestraightfor-
wardbut space-consumingrecurrences,we cancalcu-
latetheexpectedchancethata randomrule of a given
signaturewill matcha given spanlength. Sincewe
know how many stateshave a givensignature,we can
calculatethetotal active saturation?q=Z?&@2���G	 as

?q=�?$@2���G	{�NHN|}o2E
uT�v@2�'p�	F�.~
� |�� � ���z?&@Fox����?[t8�G	��
moreefficient thanNOUNARIESHIGH despitehaving more
active states,largelybecauseusingthebottomsof chainsin-
creasesthefrequency of tagsrelative to categories.

16This is alsofalse;tagsoccurslightly moreoften at the
beginningsof rulesandlessoftenat theends.

Thismodelhastwo parameters.First, thereis < which
weestimateddirectlyby lookingattheexpectedmatch
betweenthedistribution of tagsin rulesandthedistri-
bution of tagsin the Treebanktext (which is around
1/17.7). No factor for POStag ambiguity wasused,
anothersimplification.17 Second,there is the map
o2E
u[�v@ from signaturesto a numberof active states,
which wasreaddirectly from thecompiledgrammars.

This model predicts the active saturationcurves
shown to the right in figure 11. Note that the model,
thoughnot perfect,exhibits thequalitativedifferences
betweenthe settings,both in magnitudesand expo-
nents.18 In particular:� Thetransformprimarily changesthesaturationover

shortspans,while theencodingdeterminestheover-
all magnitudes.For example,in TRIE-NOEMPTIES

the low-span saturationis lower than in TRIE-
NOTRANSFORM since short spansin the former
casecanmatchonly signatureswhich have both @
and o small, while in the latter only @ needsto be
small. Therefore,the several hundredstateswhich
are reachableonly via categories all match every
spanstartingfrom size0 for NOTRANSFORM, but
areaccessedonly graduallyfor NOEMPTIES. How-
ever, for larger spans,the behavior converges to
countscharacteristicfor TRIE encodings.

� For L IST encodings,theearlysaturationsarehuge,
due to the fact that most of the stateswhich are
available early for trie grammarsare preciselythe
onesduplicatedup to thousandsof timesin the list
grammars.However, theadditive gainover the ini-
tial statesis roughlythesamefor both,asafterafew
itemsarespecified,thetriesbecomesparse.

� The actualmagnitudesandexponents19 of the sat-
urationsaresurprisinglywell predicted,suggesting
thatthis modelcapturestheessentialbehavior.

Theseactivesaturationcurvesproducetheactiveto-
tal curvesin figure10,whicharealsoqualitatively cor-
rectin bothmagnitudesandexponents.

4.4 Traversals

Now thatwehavemodelsfor activeandpassiveedges,
we can combinethem to model traversal countsas
well. We assumethat the chancefor a passive edge
andanactive edgeto combineinto a traversalis a sin-
gleprobabilityrepresentinghow likely anarbitraryac-
tive stateis to have a continuationwith a labelmatch-
ing anarbitrarypassivestate.List rulestateshaveonly
onecontinuation,while trie rule statesin the branch-

17In general,the � weusedwaslower for nothaving mod-
eledtaggingambiguity, but higher for not having modeled
thefactthattheSCCsarenot of size27.

18And doessowithout any “tweakable”parameters.
19Note that the list curvesdo not compellinglysuggesta

power law model.
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Figure13: Theaveragenumberof traversalsfor sentencesof a givenlengthasobservedin practice(left), andas
predictedby themodelspresentedin thelatterpartof thepaper(right).

ing portion of the trie averageabout3.7 (min FSAs
4.2).20 Makinganotheruniformity assumption,weas-
sumethat this combinationprobability is the contin-
uationdegreedivided by the total numberof passive
labels,categoricalor tag(73).

In figure 13, we give graphsandexponentsof the
traversalcounts,bothobservedandpredicted,for var-
ioussettings.Ourmodelcorrectlypredictstheapprox-
imatevaluesandqualitative facts,including:

� For L IST, the observed exponentis lower thanfor
TRIEs, thoughthetotal numberof traversalsis dra-
matically higher. This is becausethe active satura-
tion is growing muchfasterfor TRIEs; notethat in
caseslike this the lower-exponentcurve will never
actuallyoutgrow thehigher-exponentcurve.

� Of the settings shown, only TRIE-NOEMPTIES

exhibits super-cubic traversal totals. Despite
their similar active and passive exponents,TRIE-
NOEMPTIES and TRIE-NOTRANSFORM vary in
traversalgrowth due to the “early burst” of active
edgeswhich gives TRIE-NOTRANSFORM signifi-
cantly moreedgesover short spansthanits power
law would predict. This excessleadsto a sizeable
quadraticaddendin thenumberof transitions,caus-
ing the averagebest-fit exponentto drop without
greatlyaffectingtheoverallmagnitudes.

Overall,growth of saturationvaluesin spansizein-
creasesbest-fittraversalexponents,while earlyspikes
in saturationreducethem. The traversal exponents
thereforerangefrom L IST-NOTRANSFORM at 2.6 to
TRIE-NOUNARIESLOW at over 3.8. However, thefi-
nalperformanceis moredependentonthemagnitudes,
whichrangefrom L IST-NOTRANSFORM astheworst,
despiteits exponent,to M IN-NOUNARIESHIGH asthe
best. Thesinglebiggestfactorin thetime andtraver-
salperformanceturnedout to be theencoding,which
is fortunatebecausethechoiceof grammartransform
will dependgreatlyon theapplication.

20Thisis asimplificationaswell, sincetheshorterprefixes
thattendto have highercontinuationdegreesareon average
alsoa largerfractionof theactive edges.

5 Conclusion

We built simple but accuratemodelson the basisof
two observations.First,passivesaturationis relatively
constantin spansize,but largedueto highreachability
amongphrasalcategoriesin thegrammar. Second,ac-
tive saturationgrows with spansizebecause,asspans
increase,thetagsin agivenactiveedgearemorelikely
to find a matchingarrangementover a span.Combin-
ing thesemodels,we demonstratedthat a wide range
of empiricalqualitative andquantitative behaviors of
an exhaustive parsercould be derived, including the
potential super-cubic traversalgrowth over sentence
lengthsof interest.
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