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Abstract

For ambiguoussentences,traditional
semanticsconstructionproduceslarge
numbers of higher-order formulas,
which mustthenbe

�
-reducedindivid-

ually. Underspecifiedversionscanpro-
ducecompactdescriptionsof all read-
ings,but it is notknown how to perform�

-reductionon thesedescriptions.We
show how to do this using

�
-reduction

constraintsin the constraintlanguage
for � -structures(CLLS).

1 Intr oduction

Traditionalapproachesto semanticsconstruction
(Montague,1974;Cooper, 1983)employ formu-
las of higher-order logic to derive semanticrep-
resentationscompositionally;then

�
-reductionis

appliedto simplify theserepresentations.When
theinputsentenceis ambiguous,theseapproaches
require all readingsto be enumeratedand

�
-

reducedindividually. For largenumbersof read-
ings,this is bothinefficient andunelegant.

Existingunderspecificationapproaches(Reyle,
1993; van Deemterand Peters,1996; Pinkal,
1996;Bos,1996)provideapartialsolutionto this
problem.They delaytheenumerationof theread-
ings and representthem all at oncein a single,
compactdescription. An underspecificationfor-
malismthatis particularlywell suitedfor describ-
ing higher-order formulasis the ConstraintLan-
guagefor LambdaStructures,CLLS (Egg et al.,
2001; Erk et al., 2001). CLLS descriptionscan
be derived compositionallyand have beenused
to dealwith a rich classof linguistic phenomena
(Koller et al., 2000; Koller andNiehren,2000).

They arebasedon dominanceconstraints(Mar-
cusetal., 1983;Rambow etal., 1995)andextend
them with parallelism(Erk and Niehren,2000)
andbindingconstraints.

However, lifting
�

-reductionto anoperationon
underspecifieddescriptionsis not trivial, and to
our knowledgeit is not known how this can be
done.Suchanoperation– whichwe will call un-
derspecified

�
-reduction– would essentially

�
-

reduceall describedformulasat onceby deriv-
ing a descriptionof thereducedformulas.In this
paper, we show how underspecified

�
-reductions

canbeperformedin theframework of CLLS.
Our approachextendsthe work presentedin

(Bodirsky etal.,2001),whichdefines
�

-reduction
constraints andshows how to obtaina complete
solution procedureby reducing them to paral-
lelism constraintsin CLLS. The problem with
this previous work is that it is often necessaryto
perform local disambiguations.Here we add a
new mechanismwhich, for a large classof de-
scriptions,permitsus to perform underspecified�

-reductionstepswithout disambiguating,andis
still completefor thegeneralproblem.

Plan. We startwith a few examplesto show
what underspecified

�
-reductionshoulddo, and

why it is not trivial. We then introduceCLLS
and

�
-reductionconstraints. In the core of the

paperwe presenta procedurefor underspecified�
-reductionandapplyit to illustrative examples.

2 Examples

In this section,we show what underspecified
�

-
reductionshoulddo, andwhy thetaskis nontriv-
ial. Considerfirst theambiguoussentenceEvery
studentdidn’t pay attention. In first-orderlogic,
thetwo readingscanberepresentedas
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Figure1: Underspecified
�

-reductionstepsfor ‘Every studentdid notpayattention’
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Figure2: Descriptionof ‘Every studentdid not
payattention’
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A classicalcompositionalsemanticsconstruction
first derivesthesetwo readingsin theform of two
HOL-formulas:6&. �0/ �1� 	�

� 8 � 5;6 � � �<�=� 


 5�8� 6�6&. �0/ �>� 	�
&� 8 � 5;6 � �<�=� 


 5�8�8
where

. �0/ �1� is anabbreviation for theterm
. ��/ �1�@? �BAC��D 6:��576 A 5 � D 5�8�8

An underspecifieddescriptionof bothreadingsis
shown in Figure2. For now, noticethatthegraph
hasall the symbolsof the two HOL formulasas
nodelabels,that variablebinding is indicatedby
dashedarrows,andthattherearedottedlinesindi-
catingan“outscopes”relation;we will fill in the
detailsin Section3.

Now we wantto reducethedescriptionin Fig-
ure2 asfaraspossible.Thefirst

�
-reductionstep,

with the redex at
34�

is straightforward. Even
thoughthe descriptionis underspecified,the re-
ducingpart is a completelyknown � -term. The
resultis shown on the left-handsideof Figure1.
Herewehave justoneredex, startingat

� �
, which

bindsa singlevariable. The next reductionstep
is lessobvious: The � operatorcould eitherbe-
long to thecontext (thepartbetween

�@�
and

�%�
)

�� ���E
�F � ���

G
� E

�F
G

�3 � H
I

Figure3: Problemswith rewriting of descriptions

or to theargument(below
�#"

). Still, it is not dif-
ficult to give a correctdescriptionof the result:
it is shown in the middle of Fig. 1. For the final
step,which takesusto therightmostdescription,
theredex startsat

),*
. Notethatnow the � might

be part of the body or part of the context of this
redex. Theendresultis preciselya descriptionof
thetwo readingsasfirst-orderformulas.

Sofar, theproblemdoesnot look too difficult.
Twice,we did not know whatexactly thepartsof
theredex were,but it wasstill easyto derive cor-
rect descriptionsof the reducts. But this is not
always the case. ConsiderFigure3, an abstract
but simpleexample. In the left description,there
aretwo possiblepositionsfor the � : above

3
or

below
�

. Proceedingnäıvely asabove, we arrive
attheright-handdescriptionin Fig.3. But thisde-
scriptionis alsosatisfiedby theterm

E 6 � 6JF�6 G 8�8�8 ,
which cannotbeobtainedby reducingany of the
termsdescribedon theleft-handside.More gen-
erally, the näıve “graph rewriting” approachis
unsound;the resultingdescriptionscanhave too
many readings.Similar problemsarisein (more
complicated)examplesfrom semantics,suchas
thecoordinationin Fig. 8.

The underspecified
�

-reductionoperationwe
proposeheredoesnot rewrite descriptions. In-
stead,we describethe resultof the stepusinga



“
�

-reductionconstraint”that ensuresthat the re-
ducedtermsarecapturedcorrectly. Thenweusea
saturationcalculusto make thedescriptionmore
explicit.

3 Treedescriptionsin CLLS

In this section,we briefly recall the definitionof
the constraintlanguagefor � -structures(CLLS).
A morethoroughandcompleteintroductioncan
befoundin (Egget al., 2001).

We assumea signature K ? L E%M&N#MPOPOPORQ
of

function symbols, eachequippedwith an arity���
6 E 8TSVU
. A tree W consistsof a finite set of

nodesXZY;[]\ , eachof whichis labeledby asym-
bol ^_\ 6 X 8 Y`K . Eachnode X hasa sequenceof
children X+a MPOPOPO7M X�bTYc[]\ where b ?d���&6 ^e\ 6 X 8�8
is thearity of thelabelof X . A singlenode f , the
rootof W , is not thechild of any othernode.

3.1 Lambda structures

Theideabehind � -structuresis thata � -termcan
beconsideredasa pair of a treewhich represents
the structureof the term and a binding function
encodingvariablebinding.WeassumeK contains
symbols� �-� (arity 0, for variables),

� �g�
(arity 1,

for abstraction),
�

(arity 2, for application),and
analogouslabelsfor thelogical connectives.

Definition 1. A � -structure h is a pair
6 W M � 8 of

a tree W anda bindingfunction � thatmapsevery
nodeX with label � ��� to a nodewith label

� ���
,
�

,
or i dominatingX . � ���

�
E � ���

The binding function � explicitly
mapsnodesrepresentingvariablesto
the nodesrepresentingtheir binders.
Whenwe draw � -structures,we rep-
resentthebinding function usingdashedarrows,
asin thepictureto theright, which representsthe
� -term � 5 OjE 6k598 .

A � -structurecorrespondsuniquelyto aclosed
� -term modulo l -renaming. We will freely
consider � -structuresas first-ordermodel struc-
tures with domain []\ . This structuredefines
the following relations. The labeling relation
Xnm E 6 X � MPOPOPO M X#o 8 holds in W if ^_\ 6 X 8p? E

and
XBq ? X�r for all atsur]sub . The dominancere-
lation X9vxw<X�y holdsiff thereis a path X�y y suchthat
X9X y y ? X y . Inequality z? is simply inequalityof
nodes;disjointnessX {2X�y holdsiff neither X9vxw<X�y
nor X y v w X .

3.2 Basicconstraints

Now we define the constraintlanguagefor � -
structures(CLLS) to talk about theserelations.3 M � M )

arevariablesthatwill denotenodesof a
� -structure.
| m1m ? 3 v w �~}=3 z? �~}=3 { �~} |t�t| y} 3 m E 6 3�� MPOPOPO M 3 o 8 6J����6 E 8+? b 8} � 6 3 8�? ��} �9�

� 6 34� 8�?@L 3�� MPOPOPORM 3 o Q
A constraint| is a conjunctionof literals (for

dominance,labeling, etc). We usethe abbrevi-
ations

3 vx� � for
3 vxw � � 3 z? �

and
3 ?

�
for

3 v w � � � v w 3 . The � -binding literal
� 6 3 8�? � expressesthat

�
denotesa nodewhich

the binding function maps to
3

. The inverse
� -bindingliteral �9�

� 6 34� 8�?@L 3�� MPOPOPO M 3 o Q states
that

3 � MPOPOPO M 3 o denotethe entire set of vari-
able nodesboundby

34�
. A pair

6 h M�� 8 of a � -
structureh andavariableassignment

�
satisfiesa

� -structureiff it satisfieseachliteral, in theobvi-
ousway.

� ���

� �-� � ���

3

3 � 3 !
Figure 4: The constraint graph of
� �
� 6 3 8�?CL 3�� M 34! Q � 3 vxw 3�� � 3 vxw 34!

Wedraw constraintsasgraphs(Fig.4) in which
nodesrepresentvariables.Labelsandsolid lines
indicatelabelingliterals,while dottedlinesrepre-
sentdominance.Dashedarrowsindicatethebind-
ing relation; disjointnessand inequality literals
arenot represented.Theinformal diagramsfrom
Section2 can thusbe readasconstraintgraphs,
whichgivesthemapreciseformalmeaning.

3.3 Segmentsand Correspondences

Finally, we definesegmentsof � -structuresand
correspondencesbetweensegments.This allows
us to define parallelism and

�
-reduction con-

straints.
A segmentis acontiguouspartof a � -structure

thatisdelineatedby severalnodesof thestructure.
Intuitively, it is a treefrom which somesubtrees
have beencut out, leaving behindholes.

Definition 2 (Segments).A segment l of a � -
structure

6 W M � 8 is a tuple X �J� X � OPOPO M X#o of nodes



in []\ such that X � v w X#q and X#qJ{2X�� hold in W for
a�s�r�z?�� s�b . The root � 6 l 8 is X � , and�#��6 l 8�? X � MPOPOPO M XBo is its (possiblyempty)se-
quenceof holes. Theset � 6 l 8 of nodesof l is

� 6 l 8_?dL X�Y;[�� } � 6 l 8 vxw<X M andnot X q vx�nX
for all a�s�r_s�b Q

To exempt the holes of the segment, we define
� � 6 l 8�? � 6 l 8�������6 l 8 . If

����6 l 8 is a singleton
sequencethenwewrite

� 6 l 8 for theuniquehole
of l , i.e. theuniquenodewith

��6 l 8 Y �#��6 l 8 .
For instance,l ? X ��� X ! M X � is a segmentin

Fig. 5; its root is X � , its holesare X ! and X � , and
it containsthenodes� 6 l 8_?�L X � M X $ M X ! M X � Q .

Two tree segments l M�� overlap properly if f
�x� 6 l 8�� �x� 6 � 8 z?��

. The syntacticequivalent
of a segmentis a segmentterm

34�P�R3�� MPOPOPO 3 o .
Weusetheletters  M�¡¢M¤£2M [ for themandextend
� 6   8 , ����6   8 , and

� 6   8 correspondingly.
A correspondencefunctionis intuitively aniso-

morphismbetweensegments,mappingholesto
holesandrootsto rootsandrespectingthestruc-
turesof thetrees:

Definition 3. A correspondencefunction be-
tweenthe segments l M�� is a bijective mapping¥ m¦� 6 l 8 � � 6 � 8 such that ¥ mapsthe r -th hole
of l to the r -th holeof

�
for each r , andfor every

XZYZ�x� 6 l 8 andeverylabel
E

,

Xnm E 6 X+a MPOPOPORM X�b 8n§ ¥ 6 X 8 m E 6 ¥ 6 X+a 8 MPOPOPO ¥ 6 X�b 8�8 O
Thereis at mostonecorrespondencefunction

betweenany two givensegments.Thecorrespon-
denceliteral co

6 £(M [ 8<6 3 8�? � expressesthat a
correspondencefunction ¥ betweenthesegments
denotedby

£
and [ exists,that

3
and

�
denote

nodeswithin thesesegment,andthat thesenodes
arerelatedby ¥ .

Together, theseconstructsallow us to define
parallelism, which wasoriginally introducedfor
theanalysisof ellipsis(Eggetal.,2001).Thepar-
allelismrelation l�¨ �

holdsiff thereis a corre-
spondencefunction betweenl and

�
that satis-

fies somenaturalconditionson � -binding which
we cannotgo into here. To modelparallelismin
thepresenceof global � -bindersrelatingmultiple
parallelsegments,Bodirsky et al. (2001) general-
ize parallelismto group parallelism. Grouppar-
allelism

6 l � MPOPOPO M l o 8 ¨ 6 � � MPOPOPO M�� o 8 is entailed

� ���
N

E
�

� �g�
�

� ��� � ���

G

E
�

� ��� G

X � X�y�
X �

X $
X y �

X !
X "

X � X�y�

Figure5:
E 6�6 � 5 Oª© 6k598�8<6 G 8�8 �¬« E 6 © 6 G 8�8

by theconjunction � oq>­ � l q ¨ � q of ordinarypar-
allelisms,but imposesslightly weakerrestrictions
on � -binding.By wayof example,considerthe � -
structurein Fig. 5, where

6 X ��� X � M X !=� X " M X ��� 8 ¨6 X�y� � X�y� M X�y� � X�y" M X�y" � 8 holds.
On the syntactic side, CLLS provides

group parallelism literals
6   � MPOPOPO M   o 8 ¨6 ¡ � MPOPOPO®M�¡ o 8 to talk about(group)parallelism.

4 Beta reduction constraints

Correspondencesarealsousedin thedefinitionof�
-reductionconstraints (Bodirsky et al., 2001).

A
�

-reduction constraintdescribesa single
�

-
reductionstepbetweentwo � -terms; it enforces
correctreductioneven if the two termsareonly
partially known.

Standard
�

-reductionhastheform

£ 6�6 � 5 Oª¡ 8   8 �¬« £ 6 ¡°¯ 5 �  ²± 8³5
freefor   O

Thereducing� -termconsistsof context
£

which
containsa redex

6 � 5 Oª¡ 8   . Theredex itself is an
occurrenceof an applicationof a � -abstraction
� 5 Oª¡ with body

¡
to argument   .

�
-reduction

then replacesall occurrencesof the boundvari-
able

5
in thebodyby theargumentwhile preserv-

ing thecontext.
Wecanpartitionbothredex andreductinto ar-

gument,body, and context segments. Consider
Fig. 5. The � -structurecontainsthe reducing � -
term

E 6�6 � 5 Oª© 6k5�8�8<6 G 8�8 startingat X � . Thereduced
term can be found at X y� . Writing ´ M ´ y for the
context,

�,M�� y for the body and l M l y for the ar-
gumenttreesegmentsof thereducingandthere-
ducedterm,respectively, we find

´ ? X �µ� X � � ? X !µ� X " l ? X �µ�
´�y ? X�y� � X�y� � y ? X�y� � X�y� l y ? X�y� �



Becausewe have both the reducingtermandthe
reducedtermaspartsof thesame� -structure,we
can expressthe fact that the structurebelow X y�
canbe obtainedby

�
-reducingthe structurebe-

low X � by requiringthat l correspondsto l y , �
to
� y , and ´ to ´ y , againmodulobinding. This is

indeedtrue in the given � -structure,aswe have
seenabove.

More generally, we definethe
�

-reductionre-
lation 6 ´ M��,M l 8

«� � 6 ´ y M�� y M l y � MPOPOPO�M l yo 8
for abody

�
with b holes(for thevariablesbound

in the redex). The
�

-reductionrelationholds iff
two conditionsaremet:

6 ´ M��,M l 8 mustform a re-
ducingterm,andthestructuralequalitiesthatwe
havenotedabovemustholdbetweenthetreeseg-
ments. The latter canbe statedby the following
groupparallelismrelation,which alsorepresents
thecorrectbindingbehaviour:6 ´ M��,M l MPOPOPOnM l 8 ¨ 6 ´%y M�� y M l y � MPOPOPO®M l yo 8
Note that any � -structuresatisfyingthis relation
must containboth the reducingand the reduced
termassubstructures.Incidentally, this allows us
to accommodatefor global variablesin � -terms;
Fig. 5 shows this for theglobalvariable

©
.

We now extend CLLS with
�

-reductioncon-
straints

6 £(M�¡¶M   8
«� � 6 £ y M�¡ y M   y � MPOPOPO®M   yo 8 M

whichareinterpretedby the
�

-reductionrelation.
The reduction stepsin Section 2 can all be

representedcorrectlyby
�

-reductionconstraints.
Considere.g.thefirst stepin Fig.1. This is repre-

sentedby theconstraint
6 �@������� M �%!������ M ��"�� 8 «� �6 �2!��P)+� M )+���P),� M )+��� 8

. The entire middle con-
straintin Fig. 1 is entailedby the

�
-reductionlit-

eral. If we learn in addition that e.g.
��� vxw ��� ,

the
�

-reductionliteral will entail
) � vxw ) � because

the segmentsmust correspond.This correlation
betweenparallel segmentsis the exact sameef-
fect (quantifier parallelism) that is exploited in
the CLLS analysisof “Hirschbühler sentences”,
where ellipses and scope interact (Egg et al.,
2001).�

-reductionconstraintsalsorepresenttheprob-
lematic examplein Fig. 3 correctly. The spuri-
oussolutionof theright-handconstraintdoesnot

usb( | , X) =
if all syntacticredexesin | below

3
arereducedthenreturn

6 | M 3 8
else

pick a formularedex · 6 £(M�¡¶M   8 in |
thatis unreduced,with

3 ? � 6 £ 8 in |
add

6 £(M�¡¶M   8
«� � 6 £ y M�¡ y M   y � MPOPOPO®M   yo 8

to | where
£ y M�¡ y M  ¸y � MPOPOPO M  ¸yo arenew

segmenttermswith freshvariables
add

3 {2� 6 £ y 8 to |
for all | y9Y solve 6 | 8 dousb

6 | y M � 6 £ y 8�8
end

Figure6: Underspecified
�

-reduction

satisfy the
�

-reductionconstraint,as the bodies
wouldnot correspond.

5 UnderspecifiedBetaReduction

Having introduced
�

-reduction constraints,we
now show how to processthem. In this section,
we presenttheprocedureusb, which performsa
sequenceof underspecified

�
-reductionstepson

CLLS descriptions.This procedureis parameter-
izedby anotherproceduresolve for solving

�
-

reductionconstraints,whichwediscussin thefol-
lowing section.

A syntacticredex in a constraint| is a subfor-
mulaof thefollowing form:

redex · 6 £(M�¡¶M   8_? df
� 6 £ 8 m � 6 � M � 6   8�8

� � m � ���@6 � 6 ¡ 8�8 � � �
� 6 � 8+?¹�#��6 ¡ 8

A context
£

of a redex musthave a uniquehole��6 £ 8
. An b -ary redex has b occurrencesof the

boundvariable,i.e. thelengthof
�#��6 ¡ 8

is b . We
call a redex linear if b ? a .

The algorithm º9»�¼ is shown in Figure 6. It
startswith aconstraint| andavariable

3
, which

denotesthe root of the current � -term to be re-
duced. (For example, for the redex in Fig. 2,
this root would be

� �
.) The procedurethense-

lectsanunreducedsyntacticredex andaddsa de-
scriptionof its reductat a disjoint position.Then
thesolve procedureis appliedto resolve the

�
-

reductionconstraint,at leastpartially. If it has
to disambiguate,it returnsoneconstraintfor each
readingit finds.Finally, usb is calledrecursively
with the new constraintand the root variableof
thenew � -term.



Intuitively, thesolve procedureaddsentailed
literals to | , making the new

�
-reductionliteral

moreexplicit. Whenpresentedwith theleft-hand
constraintin Fig. 1 andtheroot variable

�@�
, usb

will adda
�

-reductionconstraintfor the redex at�®�
; thensolve will derive themiddleconstraint.

Finally, usb will call itself recursively with the
new root variable

�2!
andtry to resolve theredex

at
),�

, etc.Thepartialsolvingstepsdoessentially
the sameas the näıve graphrewriting approach
in this case;but the new algorithm will behave
differentlyonproblematicconstraintsasin Fig.3.

6 A singlereductionstep

In this sectionwepresentaproceduresolve for
solving

�
-reductionconstraints.We go through

several examplesto illustratehow it works. We
have to omit somedetailsfor lack of space;they
canbefoundin (Bodirsky etal., 2001).

The aim of the procedureis to make explicit
information that is implicit in

�
-reductioncon-

straints: it introducesnew correspondingvari-
ablesand copiesconstraintsfrom the reducing
termto thereducedterm.

We build uponthesolver for
�

-reductioncon-
straintsfrom (Bodirsky et al., 2001). This solver
is complete,i.e. it canenumerateall solutionsof
a constraint;but it disambiguatesa lot, which we
want to avoid in underspecified

�
-reduction.We

obtain an alternative proceduresolve by dis-
abling all rules which disambiguateand adding
some new non-disambiguatingrules. This al-
lows us to performa completeunderspecified

�
-

reductionfor many examplesfrom underspecified
semanticswithout disambiguatingat all. In those
caseswherethenew rulesalonearenotsufficient,
we canstill fall backon thecompletesolver.

6.1 Saturation

Our constraintsolver is basedon saturation with
a given setof saturation rules. Very briefly, this
meansthataconstraintis seenasthesetof its lit-
erals,to which moreandmoreliterals areadded
accordingto saturation rules. A saturationrule
of the form | � � ½7oq>­ � | q saysthat we canadd
one of the | q to any constraintthat containsat
leasttheliteralsin | � . Weonly applyruleswhere
eachpossiblechoiceaddsnew literalsto theset;a
constraintis saturatedunderaset ¾ of saturation

rulesif norulein ¾ canaddanythingelse.solve
returnsthesetof all possiblesaturationsof its in-
put. If the rule systemcontainsnondeterminis-
tic distribution rules,with bÀ¿Áa , this setcanbe
non-singleton;but theruleswearegoingto intro-
duceareall deterministicpropagation rules(with
b ? a ).
6.2 Solving Beta ReductionConstraints

The main problem in doing underspecified
�

-
reductionis thatwe maynot know to which part
of a redex a certainnodebelongs(as in Fig. 1).
We addressthis problemby introducingunder-
specifiedcorrespondenceliterals of theform

co
6'L�6 £ � M [ � 8 MPOPOPO�M 6 £ o M [�o 8 Q 8<6 3 8�? � O

Such a literal is satisfiedif the tree segments
denoted by the

£
’s and by the [ ’s do not

overlap properly, and there is an r for which
co
6 £ q M [�q 8<6 3 8e? �

is satisfied.
In Fig. 7 we presentthe rulesUB for under-

specified
�

-reduction;the first five rules are the
coreof thealgorithm.To keeptherulesshort,we
usethefollowing abbreviations(with a�s�r_s�b ):

beta
?2Â�ÃÅÄÆ6 £2M�¡¢M   8

«� � 6 £ y M�¡ y M  ¸y � MPOPOPO M  ¸yo 8
coq ?2Â�ÃÅÄ

co
6'L�6 £(M¤£ y 8 M 6 ¡¶M�¡ y 8 M 6   M   yq 8 Q 8

The proceduresolve consistsof UB together
with thepropagationrulesfrom (Bodirsky et al.,
2001). The rest of this sectionshows how this
procedureoperatesandwhatit canandcannotdo.

First, we discussthe five core rules. Rule
(Beta)statesthat whenever the

�
-reductionrela-

tion holds,groupparallelismholds,too. (This al-
lowsusto fall backonacompletesolverfor group
parallelism.)Rule(Var) introducesanew variable
asa correspondentof a redex variable,and(Lab)
and(Dom) copy labelinganddominanceliterals
from the redex to the reduct. To understandthe
exceptionsthey make,considere.g.Fig. 5. Every
nodebelow X � hasa correspondentin thereduct,
exceptfor X � . Every labelingrelationin theredex
alsoholdsin thereduct,exceptfor thelabelingsof
the

�
-nodeX � , the

� ���
-nodeX � , andthe � ��� -node

X " . For the variablesthat possessa correspon-
dent,all dominancerelationsin theredex hold in
thereducttoo. Therule ( � .Inv) copiesinverse � -
binding literals, i.e. the informationthat all vari-
ablesboundby a � -binderareknown. For now,



(Beta) Ç1È%ÉËÊ7ÉËÌ%ÍeÎÏ ÇÐÈ%ÑÒÉkÊ�ÑÒÉkÌ�Ñ Ó&ÉÅÔµÔÅÔ0ÉkÌ�ÑÕRÍ Ï ÇÐÈ%ÉJÊ7ÉkÌ ÉÅÔÅÔ'ÔRÉÒÌ�ÍgÖ¢Ç1È%Ñ:ÉËÊ�Ñ:ÉkÌ#Ñ Ó�ÉÅÔµÔµÔ0ÉÒÌ#ÑÕ�Í
(Var) beta × redex Ø ÇÐÈ%ÉJÊ7ÉkÌ�Í�×_Ù�ÇÐÈ9Í1Ú¤Û�Ü¸×¦ÜnÝ­ · ÏpÞ Ü Ñ Ô coßJÇ1Ü�Í ­ Ü Ñ
(Lab) beta × redex Ø ÇÐÈ%ÉJÊ7ÉkÌ�Í�×¦Ügà�á â0Ç1Ü Ó É'ÔÅÔÅÔ�ÉkÜxã'ÍR×¦ä ã å
æ à coßËÇÐÜ å Í ­ Ü#Ñå ×eÜgà�Ý­�ç ÇÐÈ9Í0×eÜ�àRèé ç�ê ÇÐÊ®Í Ï ÜBÑà á â0Ç1ÜBÑÓ ÉµÔÅÔµÔ0ÉkÜ#Ñã Í
(Dom) beta × änëå&æ Ó coßËÇÐÜ å Í ­ Ü#Ñå ×¦Ü Ó Ú Û Ü ë Ï Ü#ÑÓ Ú Û ÜBÑë
( ì .Inv) beta× redex Ø Ç1È%ÉËÊnÉÒÌ%Í'×Bì�í Ó Ç1Ügà�Í ­®î Ü Ó ÉÅÔµÔµÔ0ÉkÜgï,ð<× ä ï å&æ à coÓ Ç1Ü å Í ­ Ü Ñå Ï ì�í Ó ÇÐÜ Ñà Í ­®î Ü ÑÓ ÉÅÔ'ÔÅÔRÉËÜ Ñï ð redex linear

(Par.part) betaÕ × coßËÇ1Ü�Í ­ Ü Ñ × · é�ñ ÇÐÌ%Í�×¦ÜBÚ¤Û · Ï Ü Ñ èé�ò ÇÐÊ Ñ Í �9ó q ó o
(Par.all) coÇ î Ç1ôeÉËô Ñ ÍËÉÅÔ'ÔÅÔJð&ÍJÇÐÜ%Í ­ Ü Ñ ×¦Ü éõñ ÇÐô+Í Ï Ü Ñ éõñ ÇÐô Ñ Í0× coÇÐôeÉËô Ñ ÍËÇ1Ü�Í ­ Ü Ñ

Figure7: New saturationrulesUB for constraintsolvingduringunderspecified
�

-reduction.

it is restrictedto linear redexes;for thenonlinear
case,wehave to take recourseto disambiguation.

It canbeshown that therulesin UB aresound
in thesensethatthey arevalid implicationswhen
interpretedover � -structures.

6.3 SomeExamples

To seewhat the rulesdo, we go throughthefirst
reductionstep in Fig. 1. The

�
-reductioncon-

straintthatbelongsto this reductionis6 £(M�¡¶M   8
«� � 6 £ y M�¡ y M  ²y � 8 with£ ? �@�¤���%� M ¡ ? �®�¤���%� M   ? �#"�� M

£ y ? �2!=�P)+� Mö¡ y ? ),�=�P)+� M  ²y � ? ),���
Now saturationcan add more constraints,for

examplethefollowing:Ç � Í ·=÷ Ý­ · Ó Ç $ Í ·=÷ Ý­ ·=øÇ ! Í ·�ù Ý­ · Ó Ç � ÍúÜ ÷ á ûüÇÐÜ ù Í (Lab)Ç � Í Þ Ü ÷ Ô coÓ Ç ·=÷ Í ­ Ü ÷ (Var) Ç � Íúý ë Ú Û Ü ÷ (Dom)Ç " Í Þ Ü ù Ô coÓ Ç ·�ù Í ­ Ü ù (Var)

We get (1), (2), (5) by propagationrulesfrom
(Bodirsky et al., 2001): variablesbearingdiffer-
ent labelsmustbe different. Now we canapply
(Var) to get(3) and(4), then(Lab) to get(6). Fi-
nally, (7) shows oneof thedominancesaddedby
(Dom). Copiesof all othervariablesandliterals
canbecomputedin acompletelyanalogousfash-
ion. In particular, copying givesusanotherredex
startingat

),*
, andwecancontinuewith thealgo-

rithm usb in Figure6.
Notewhathappensin caseof anonlinearredex,

asin the left pictureof Fig. 8: asthe redex is þ -
ary, therulesproducetwo copiesof the � labeling
constraint,onevia co

�
andonevia co

!
. Theresult

is shown on theright-handsideof thefigure. We
will returnto thisexamplein aminute.

6.4 More ComplexExamples

The last two rules in Fig. 7 enforceconsistency
betweenscopingin the redex andscopingin the

reduct.Therulesuseliteralsthatwereintroduced
in (Bodirsky etal.,2001),of theforms

3 Y�� 6   8 ,3 �Y�ÿ 6 ¡ 8 , etc.,where   ,
¡

aresegmentterms.
Wetake

3 YZ� 6   8 to meanthat
3

mustbeinside
thetreesegmentdenotedby   , andwe take

3 Y
ÿ 6 ¡ 8 (i for ’interior’) to meanthat

3 Y�� 6 ¡ 8 and3
denotesneithertherootnoraholeof

¡
.

As an example, reconsiderFig. 3: by rule
(Par.part), the reduct (right-handpicture of Fig.
3) cannotrepresentthe term

E 6 � 6JF06 G 8�8�8 because
thatwould requirethe � operatorto bein ÿ 6 ¡ y 8 .

Similarly in Fig. 8, wherewe have introduced
two copiesof the � label. If the � in the redex
on the left endsup as part of the context, there
shouldbe only one copy in the reduct. This is
broughtaboutby therule(Par.all) andthefactthat
correspondenceis a function (which is enforced
by rulesfrom (Erk et al., 2001)which arepartof
the solver in (Bodirsky et al., 2001)). Together,
they canbe usedto infer that

),�
canhave only

onecorrespondentin thereductcontext.

7 Conclusion

In this paper, we have shown how to performan
underspecified

�
-reductionoperationin theCLLS

framework. Thisoperationtransformsunderspec-
ified descriptionsof higher-order formulas into
descriptionsof their

�
-reducts.It canbeusedto

essentially
�

-reduceall readingsof anambiguous
sentenceatonce.

It is interesting to observe how our under-
specified

�
-reduction interactswith parallelism

constraintsthat were introduced to model el-
lipses. Considerthe elliptical three-readingex-
ample“Peterseesa loophole.Every lawyer does
too.” Under the standardanalysisof ellipsis in
CLLS (Egg et al., 2001), “Peter” must be rep-
resentedasa generalizedquantifierto obtainall
threereadings.This leadsto a spuriousambigu-
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Figure8: “PeterandMary donot laugh.”

ity in thesourcesentence,which onewould like
to get rid of by

�
-reducingthe sourcesentence.

Our approachcan achieve this goal: Adding�
-reductionconstraintsfor the sourcesentence

leavestheoriginal copy intact,andthetargetsen-
tencestill containstheambiguity.

Under the simplifying assumptionthat all re-
dexes are linear, we canshow that it takes time� 6
	 b

� 8
to perform

	
stepsof underspecified

�
-

reductionon a constraintwith b variables. This
is feasiblefor large

	
aslong as b���
 U , which

should be sufficient for most reasonablesen-
tences.If therearenon-linearredexes,thepresent
algorithmcantake exponentialtimebecausesub-
termsareduplicated.Thesameproblemis known
in ordinary � -calculus;an interestingquestionto
pursueis whetherthe sharingtechniquesdevel-
opedthere(Lamping,1990)carryover to theun-
derspecificationsetting.

In Sec.6, we only employ propagationrules;
that is, we never disambiguate.This is concep-
tually very nice, but on morecomplex examples
(e.g. in many caseswith nonlinearredexes) dis-
ambiguationis still needed.

Thisraisesboththeoreticalandpracticalissues.
On the theoreticallevel, the questionsof com-
pleteness(eliminationof all redexes)andconflu-
encestill have to be resolved. To that end, we
first have to find suitablenotionsof completeness
andconfluencein oursetting.Also wewould like
to handlelarger classesof exampleswithout dis-
ambiguation.On thepracticalside,we intendto
implementthe procedureand disambiguatein a
controlledfashionso we can reducecompletely
andstill disambiguateaslittle aspossible.
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