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Some difficulties in automatic analysis ~ n d  transla- 

t i o n  bound to symbolic insertions in mathematical t e x t s  are 

discussed. Rules dealins with these d i f f i c u l t i e s  a r e  pro- 

posed, These rules  are based on the use of the whole t e x t  

of the a ~ C i c l e  incorporating a formula.  

For satisfactory automatic analysis of texts, it is 

necessary to provide in the dictionary exhaustive serrianti- 

cal Information ascribed to its entries. But t h i s  i n fo r -  

mation can a p p e a r  to be insufficient in cases where the 

meaning of! linauistic elements is ascribed to their occur- 

rences by t h e  very t e x t  in whlch they. a r e  encountered 

cf . I or example, pronouns. 

The o the r  example is provided by symbolic insertions 

in mathematical t e x t s ,  which we shall call 'If ormulaeN . 
So n o t  on ly  'a= b , 'X 2 Y '  e t c . ,  but a l so  



Ox* @ @ and so on are nforrnulaew. 

Mathematical formula resembles pronouns in one respect: 

it is semantically *voidqt being out of context. 

For example, @ G 9  may be * s e t H ,  " ~ u b s e t * ,  N~rouplt  , 
%peratorn, Mfunctim*, " s t r i ngw,  *elementu, 9qrule of 

grammarH, e t o .  

The meaning is ascribed ta a formula by the context. 

There are a f e w  types  of fo~mulae with f ixed meanings. 

F'or example, *dx/dyf I s  @derlVatlve8. B u t  this s l t b -  

t i o n  1s not  typical. 

One of t h e  basic usages of formulae conSist's of naming 

by formula A s o m e  individual object a belonging to 

s o m e  class b of objects such t h a t  there  exists  s o m e  noun 

block C l ( A )  that names b. 

For example, i'n the expression 'set R' the formula 

*R' names some individual s e t  belonging to the class of 

%etsN-. N o u n  block @seta (consisting in this case- of a 

single -noun) names this class. 

So here 
c ~ ( R )  = *sete. 

Consider some diff icultAes arising in translation 

because of the  absence in a source sentence of the Cl(f) 

f o r  a formula E. 



L e t  US try to translate from, Engllcsh-to 'Russian the 

sentence 
n\yn -- 

W c i r s t  find an x m e n t  r of R v .  (1) 

(Previous surface syntactical analysis is, assumed, i ts  

results being represented in dependency-tr-ee form). 

Syntactically, t h i s  sentence (is very simple, but even 

an experienced "humanq* interpreter would n o t  be able t o  

properly understadd this expression and translate it. 

h Russian. t h e  element corresponding to the English 

preposition ?ofv is, generally, the grammatical meaning 

wgenlt ivel l .  We can ascribe this meaning to t he  formula  

* R n  [.governed by the prep~s i t iorr  'of'): --- 
*We first f ind  element r R + genitive'. 

(Syntactical links are also shown). 

At ^this point, the process of translation is suspendea 

because of the fact  t h a t  in Russian two non-coordinate 

formulae cannot depend on the s a m e  now. 

Similar examples are provicted by other languages:. 

German : In jeder Umgebung V von o X* . 



A human interpreter does not usually hesitate to 

properly translate such expressions only because he under- 

stmnds their meaning from a general background or vast 

context. We can point out some characteristic construe-- 

t ions  in mathematical t e x t s  that are sufficient as con- 

t e x t s  in such cases. Consider, f o r  example, such a con- 

text.(i.e. an expression From the same t e x t ) :  

'Let R be a ring with a unity I*. (2 

E a r  expression (I), and l e t  us formulate.;~very s imple  

rules t 

* L e t  f b e a  N -  Cl(f) = * N e ;  (R 
1 

H e r e  f is some flformulan, N - a noun block,  

means syntactical irnlr, - reads: 'if . . . 
then*, and icllb means substitutability. 

With the aid of t h e  r a e s  R and R we can 
1 2 

obtain from (1) and (2) the following expressions 

@'-i\ We first find an e l e c t  r 
/"4/3, 
'of ring R 

which is easily translatable kr;, Russian: 



( T h e  relevant syntacticaI links are shown; the two 

"f ormulaeN depend on different nouns ) . 
Of course, 'ri'ng R* I s  no t  substitutable f o r  R 

in the expression 'ring R' 

The expression 

*Components x are nonnegative * 
i ' 

w . i t h  the a i d  of the r e  R 
3' 

provides us O1(xi) and 

helps  to translate the expression: 

* A  unique value s of x- @ i 

Cf. also the contexts: 

'Lgespaoe topolopique Y e  and 

mEln topoqener R a m  X*  

f o r  the French and German examples abqve, 

Let us n o w  try to trans1at.e to Russian, the f o l -  

l o w i n g  expressions: 

'H is cyclic' ( 3 ) ;  ' A  smallest k* (4 ) .  

A predicative adjective in Russian must be put 

In grammatical agreement With the subject of the  seri- 

tence; an attributive adjective - with the qoverning 

noun. Tha t  Is, t he  Russian adjectives for cyclicp In 

( 3 )  and for *smallestm in (4 )  mus* asree in gender 



75 

with 'H' and *kt correspondingly. It is clear that t h e  

inf  brmation about the gender of a I t f  omulafl can be pro- 

yided by, Cl(f). Having defined. Cl(H) = 'matrixw for 

wh1chb..t;he translation 
'KATRXTSAw 

is. remlnine, we receive f o r  ( 3 )  the translation 

There exist numerous o t h e r  ex,pre.ssions f o r  which the 

finding o f  Cl(f) is very desirable, for example: 

We deflne 3 and k by j = m + n; k = m - no. ( 5 )  

The "direct* translation of ( 5 )  to Russian: 

'Qpredeltm j i k putjorn j = m + n; k = m - n b  
is not smooth enough; the translation: 

'Opredelim J i k s pomosh ju so~tn~shenij 

3 = m  + n; k -= m - n*, 
(*We ikefine j and k by correspondences j = m + n; 

k = m - n") is much better.  

~ l ( f ]  can be sometimes defined f r o m  the very formula 

f. For example, 'a = b' is nequalityl,, ,, ,*a ) b" fs 

"inequalityqt, and so on. Somet%mns t-he .he"meming18 of a 

formula f ban be derived f r o m  words syntactically linked 

to t h i s  formula or from a more complex fo2niula F incor -  

p r a t i n g  f. 



For example, f r o m  the e2presSion 

we can derive t h a t  T is a wtransformatianw and tha t  

A and @ B W  are w s e t s M .  From the expression 

we can derive t h a t  'B' is a "setu and that 'ap is an 

'Subset of A' 

A @  i s  a *.setN. In 

'Differentiation (.or : integration.') w i t h  

respect t o  xv, 'x '  IS a l%arlabldN, and s o  on. 

Cl(f) f o r  a formula f can be sometimes a more 

or less bulky expression consisting of a noun w i t h  words 

depending on the noun d i r e c t l y  or Indirectly. 

'Tous l e s  ensembles Li d indices lnferieurs 

a un nombre donne IS@ ( c ~ ( L ~ )  is underlined). 

In this case we can reduce C1(L ) to only one word 
i 

*ensembles*. But in rare cases such reduction will pro- 

duce absolutely inadequate translations, 

Example t 

In the expression 

'Pour les fonctlons x ( t )  de Lg 



w i t h  a context 

,La partie cornwe L de tous l es  ensembles Li ' 
(Cl(L) is underlined), 

we cannot reduce C 1 ( , L )  to only one w o r d  upartlee, which 

I s  i ts  syntactical governor, 

'St is very difficult to formulate a general Pule ta 

discriminate between cases of typee (6) and (7 ) .  

The expression. ( 7 )  o m  be translated using a 

synonym for C~(L), f o r  example. 'ensemble', having in 

m i n d  tha t  the intersection of several s e t s  is also a 

s e t .  The computability of such synonyms can, of course, 

be questioned, 

Now we shall consider s o m e  p r o D l e m s  a r i s i ng  in trans- 

lation of Russian mathematical texts into European and 

other  languages. 

The construction 

in Russian has t w o  syntactical meanings, 

(a) appositive:, 

(b) genitive:' 



The cause of thls difficulty is the  omission of 

Cl(f) in r;ne surfaoe syntactical structure of s o m e  

Russian sentences: 

lpodmnozhestvo mnozhestva Bv- 'podrnozhestvo B p  

"SubseT (of 1 s e t  B" "Subset (of) B n .  

In such cases m e  qenitive link is rare ( 5 %  of 
n 

all occurrences of constructions of type N f, i . e m  

several-dozen occurrences in a mathematical article). 

The task of automatic cho1c.e here is very d i f f i c u l t .  It 

was solved o n l y  partially. We can c h ~ o s e  from the t e x t  

of an article about 70% of all occurrences of t h e  appo- 

s i t i v e  links and a l so  sowe occurrences of geni't-ive 

links, The rest of occurrences remain ambiguous. 

The proposed procedures w e r e  checked in exhausting 

manual experiments, hue their aaaptation f o r  computer is 

quite  feasible.  

C h o i c e  of appositive l i n k s  

Let us consider the following empirically stated 

ax h o m s  val id : 

( A  ) In t he  same Russian t e x t  every t w o  different 
1 

occurrences o f  t.he same expsre,ssion of type . - N f are or both appositive or both 



So, if we have s-ucceeded in clarifying the meaning of a 

link in one occurreme of a construction, we can ascribe 

this meaning to every occurrence of t h e  same construction. 

( A ~ )  In a.construction of the type  

where fl and f2 are two syntactt;cally co- 
_T 

~rdinate formulae, the t w o  l inks  are  both  

appositive or both qenitive. 

For example, havirlg a construction 

( " s e t s  A and BH or '@se ts  of and 13") 

and knowing that in 

'mnozhesf va Am 

t h e  link is appositiye, we can consider t h e  link in 

*mnozhestva Be 

to also be appositive (1.e. "sets A and B"). 

( A  ) Let us call constructions of the type 
3 

f jest' N* 

and 
*oboznachim N cherez f *  

( I * ~ e t  us desiqnate N by f") 



introductory construotions. Every introductory construc- 

tion ascr-ibes the meanizg to the formula which It in t ro-  

duces. 

n 
In every construc,ti.on N f, for which m. lntro- 

ductory construct ion exists i n  the same t e x t .  the 

( A  ) Sometimes the meaning is ascribed to a formu- 
4 

la without any introductory con.struction. 

The l i n k  in an occurrence r of a construction 
n 

o f t  e N  f L f  t h e  expression 

f has not occurred in the t e x t  berore. r,. 

In this case the formu3.a f must also not occur before 

r as any coherent part (subformula) of some other formula 

F,  Because t -Re  meaning can be ascribed to a formula f by 

its place In F tsee above). Sut t o  use t h e  distinction 

between a coherent and a non-coherent part  of a formula 

(Cf. 'a + b' in '(a + b)/d8 and in 'ca +bd9), we need 

a calculus of' all mathematical symbolic notations, of which 

only small portions exist (Cf. arithmetic expresssionS 0f 

prograhming languages ) . Becaus-e of this Ah was formu1.a- 

ted in the above form). 

(A ) Sometimes there  occur in mathematical t e x t s  5 
expressions where verbal and symbolic parts are interwoven 



so that irl syntactic analysis a s-ymbolic insertion appears 

no t  as a single unit but as a complex construction having 

i t s  own struct'ure. Some p a r t s  of tr formula can have links 

of their o m  wish t h e  external verbal parts of the sen- 

tence. 

Examples : 

( tmFunotion L H ( I 1 ) "  ). 

He re * is the predicate of .the sentence, 'Funs- 

tidn9 is iks subject and C H ( R ) *  - an indi~ect object, 
The sentence Can be read as' 'F.unction L b e l o n ~ s  to 

H ( E I ) ' *  

( "For every 1 6 B".. . ) 
Here is anmattribute *of 1 and can be read as 

'belonging to'. 

3. 'funktsija L E  H(R) opredeljajetsjam..,. 

"Function LO H(R) is defined by*... ) 

Here @ H ( R )  @ is an attribute of *Function9, and @t9 is 

an apposition modif-ying the same word. B u t  the whole 

string L E H(R) can a l s o  be corlsidered an apposition 

modifying t h e  w o r d  'functioh' . So, w e  can formulate a ru le :  
m If the link in some construction of t h e  type N -A f I s  

apposiCt;'ve, then the link of t h e  same N w i t h  the formula - 
f R-- f * . where R is one of the ~ y m b o l s ~ , * , < , & ~ ~ , , 3 . ~  

a.c,C.f.% or 3. and f! is a (coherent) p a r t  of the 



formula f R f' Ls a l s o  appositive. 

The  inverse also holds t r u e .  

Using the axioms A1 to A5 c y c l i c l y  , we receive 
t h e  70% mentioned above. 

Example : 

Let us assume that the fo l lowing Russi.an expresslions 

belong to the  same mathematical tex t  (and the p r e l i m i -  

nary syntactical analysis has already been done): 

(I) @Oboenachim e tu  tsepochku cherea A' 

("Let us designate ths iS  s t r ing by A" ) ; 

( 2 )  'tsepochki A i B = D @  

("strings. A and B = p"? Strlngs of A and 

B = D"?); 

( 3 )  tsepochki B 1 F' 

("strings B and Fw? "Strings of 3 and F"?); 

(4 )  tsepochka F g  

("string Fg'? "Stride; of Fw?) 

U s i n g  axioms A 3 9  A=, A 2 9  kg* A19 Az and A1 we 

can ascribe the meaning "appositive" to the link in (4) .  

Assuming t h a t  In a t e x t  expressions (2), 3 and 

(4 )  are present, and thar; the occurrence of @ in ( 4 )  1s 

the f1rs.t; occurrence of this formula, w e  Can ascri3e to t h e  



1 ink 

'tsepachkl A' 

in ( 2 )  the meaning "appositive" with the a i d  of axioms A4, 

A1 A ,  A5 and A2 . 
So, we receive f o r  expressio2s ( 3 )  to ( 4 )  translations: 

"strings - A  and B = DM; *stxings B and FH ; *string F* 

It is worthwhile to mention t h a t  the same formula 

may occur in a t e x t  being linked appositively to several 

d%ffe,rent n o m s ,  for example, 

and 'mno~oobrazi je it (l'manlfold a R* ) . 
-f Different N in expressions of t h e  type N 

(with the s a m e  f) can r'ef'er to each other as genus and 

species or can name obdects f o r  which the  f a c t  of their 

identlty has been proven in the t e x t .  Using tho  axiom A4 

we can (very r a r e l y )  make an error. An error can occur in 

a case where the f ~ r m u l a  has the meaning specified once 

and f o r  all independently from t he  text .  So, wit,haut any 

previous definition of the meaning in an introductory con- 

struction or in a construction w f t n  tne apposftive link, a 

formula can at once be linked ~ e n i t 1 v e l . y  to a noun. 

This situation is not  typical in mathematical 

t e x t s ,  Ih thls case we have a hieroqlyphio w o r d  (cf. '&', 

@ $ '  in common Enqlish) and n o t  a freely chosen notation. 

Such a word must be storea in the dictionary (wlth the 



8 4  

epecific m e a n i n g  ascribed to it). For example, 'dx/dyW is 

'derivativeq. 

Using Cl (f ) in every case of occurrence of e-yery 

formula, authors  of mathematical cexts  w o u l d  nake the above 

procedures unnecessary. The problem qf standardizing t h e  

lanquage of scientifFc publications is n o t  new, and in 

many cases some format of texts is prescribed. 

The problem of choos-ing occurrences of qenitive 

links in constructlons of the type N- f f r o m  the set 

of all occurrences af such constructions in mathematical 

texts and, a l so ,  of choosinq t h e  on ly  semantically relevant 

governor f o r  a f o r m m l a  which has several f o rma l ly  equiva- 

lent ones I s  considered in (1). The qeneral procedure 

for resolving ambiguities in surface syntactical arialysis 

us ing  broad context  I s  proposed in ( 2  ). 
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