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Abstract of context-sensitive languages. In other words,
_ _ standard Viterbi-style recognition algorithms for

It is shown how weighted context-free  \wCFGs can be used to recognize these classes
grammars can be used to recognize lan- py 5 one-step look-up that checks if the weight

guages beyond their weak generative ca- of the heaviest tree is inry,...,r,}. We
pacity by a one-step constant time exten-  gay that{r,, ..., r,}-languages aréri, ..., r,}-
sion of standard recognition algorithms. recognized.

Sect. 1.1 presents formal preliminaries and a
Viterbi-style recognition algorithm for WCFGs.
Weighted context-free grammars (WCFGs) ar®lote that for simplicity we restrict weights to be
used to disambiguate strings and thus filter ougtional numbers.
subsets of the tree languages of the underlying Sect. 2 defines{r,...,r,}-languages and
context-free grammars (CFGs). Weights can epresents some examples of WCFGs that
ther be used as probabilities, i.e. higher weights afer1, . . ., 7, }-recognize  context-sensitive  lan-
preferred, or as penalities, i.e. lower weights arguages. Sect. 3 gives a rough characterization of
preferred. The first convention, also followed bythe class of languages that can fe, ..., 7, }-
Smith and Johnson (2007), is followed here. Theecognized by WCFGs.
subsets of the tree languages that consist of theCortes and Mohri (2000) introduced a simi-
heaviest tree for each yield are called the Viterdiar idea in the context of weighted finite-state
tree languages. String languages are the yields afitomata (WFSAs) and showed that WFSAs
tree languages, and Viterbi string languages are tigan be used to{ry,...,r,}-recognize context-
yields of Viterbi tree languages. free languages. Their results are extended in

Infante-Lopez and de Rijke (2006) show that théect. 4. It is shown that WFSAs can also be
Viterbi tree languages strictly extend the tree lanused to{ry,...,r,}-recognize context-sensitive
guages. languages. It is shown, however, that the non-

The idea explored in this paper is simple. Ifcontext-free languages that can ba,...,r,}-
trees must have particular weights for their yieldsecognized by WCFGs strictly extend the non-
to be recognized, weights can be used to emontext-free languages that can ba,...,r,}-
code non-local dependencies. Technically, theecognized by WFSAs.

{r1,...,rn}-language is defined as all the strings Sect. 5 discusses a more exact characterization
for which the heaviest, i.e. most probable, treef the weak generative capacity of WCFGs in this
has weightr; € {ry,...,r,}. It is shown that view. Coprime WCFGs (CWCFGs), i.e. a subclass
this class of languages includes common classe§ WCFGs where the weights can be partitioned
" Thanks to Mark Hopkins, Daniel Quernheim and the?nto reciprocal coprimgs, are introduced. Itis con-
anonymous reviewers for helpful comments. jectured that the infinite hierarchy éfCWCFGs
Attrigtizgrﬁonco'-miﬁg‘;ﬁ S;J;rgekl ;Efgegti\fnp%ﬁgmﬁ_s is non-collapsing, and the classes of languages that
' canbe{ry,...,r,}-recognized by:--CWCFGs are

cense (http://creativecommons.org/licenses/by-ng-@&/ ’ i o .
Some rights reserved. characterized in terms of an untraditional modifi-
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cation of indexed grammars. 3 Bounds on weak generative capacity

1.1 Preliminaries The first result of this paper is the following:

A CFG is a 4-tupleid = (N, T, P, S) whereN, T Theorem 3.1. The BWCFLs dtrictly extend the
are finite and disjoint sets of nonterminal and tercontext-free languages.

minal symbols P a finite set of production rules of Proof. Itis not difficult to see that any context-free

the formA - ¢ whereA € N and¢ € (NUT),*’ language is a BWCFL. Simply construct a WCFG
andS € N is the start symbol. A WCFG is a G = (G',x) for any CFGG' = (N,T,P,S)

’ _ ’ - [ Rl
2-tuple G' = (G,m) whereG = (N,T,P,5) such that the weight associated with each produc-

isaCFGandr : P - {2 | m € Z",n € _ el
n ’ tion rule in P is <. It then holds that’,.,(G) =
Zt, m,n # 0} a (total) weight function. L&) I 1(©)

A left-most derivationt(w) for some CFGG = o - .
(N,T,P,S) is a sequence of production rules The other direction is not very difficult either.
B It is shown that{a"b"c® | n > 0}, which

fﬁ;ﬂ{""pm> with 1 < i < m : p; € P such is non-context-free by the Bar-Hillel lemma, is
o » a BWCFL. The language is, for instance, the
S=d1...0m1 —w set of stringsL1,(G) for the WCFG G =
w is called the yield of(w). The tree language (({S,S’},{a,b,c}, P, S), ) where P is the fol-
T'(G) is the set of all left-most derivations licensedowing set of production rules, and assigns the
by the production rules afi. The string language weights in the left column to the items in the right
of GG is the set of yields: column:

L(G) = {w | t(w) € T(G)} é: s — Sf’
The accumulated weight of a derivation of a N 2 - SS’b
stringw 7(t(w)) is the product of the weight of all I 5 - a
5- — €

the productions i(w). The Viterbi tree language
of a WCFG then is: L{%} = {a"™"c¢" | n > 0}. Some example
, derivations are presented in Example 3.2. [
V(G) ={t(w) | t(w) € arg max (7 (t'(w)))}
V(w)ET(G) Example 3.2. Consider the only and thus heaviest

A simple Viterbi recognition algorithm for tree forabe, resp.ab:

WCEFGs is presented in Figure 1 for further ref- S S
erence. PN |
_ S c S
2 Our extension | N
For a set ol many rational numbergry, ..., r,}, /S’\ a T b
the language that igr,...,r,}-recognized by 4 S b .
the WCFGG, Ly, .. 1 (G), is defined: |
L{rl,...,rn}(G) = {w | t(w) S V(G)aﬂ(t(w)) S €
{ri,... ot} The weight of the left tree, whose yield i$c,

Call the class of all languages that can bés - The weight of the left tree ig.

{r1,...,m}-recognized by a WCFG for all fi-  Consider also the{}}-language of G =
nite and non-empty sets of rational number§{5,D,T7T'},{a7b, c,d}, P, S) with production

{r1,...,ry,} for balanced weighted context-free rylesp:

languages (BWCFLS). In all our examples 1. s . TD

{r1,...,r} will be a singleton set. b . 4
Note that all there is needed to do to recognize i: D — ¢

the BWCFLs is to change line 7 of the Viterbi al- i: T — aTc

gorithm in Figure 1 to: o o7
if (S,r;) €t(0,n),r; € {r1,...,rn}then ... %Z T — bT

%: T — ¢
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BUILD (t, [wy . .. wy))

1 forj«—1ton

2 doi(j—Lj) — {(Aa) | A—w; € Plog(r(A — wy)) = a}

3 fork— (j—1)to0

4 dot(k,j) — {(A,a+pB) | A— B € P,log(n(A — B)) = «,
(B, ) € t(k,j),if (A, o) € t(k,j) thena > o'}

5 fori— (j—2)to0

6 dot(i,j) — {(A,a+ B+ k)| A— BC € P,/log(r(A — BC)) = a,
Ik.(B,pB) € t(i, k), (C,k) € t(k,j),if (A,a) € t(i,j) then a > o'}

7 if (S,7;) € t(0,n) then return success else failure

Figure 1: A Viterbi recognition algorithm for WCFGs

It should be relatively easy to see thatG;) = derivation with weight}. Sinces ¢ {}}, aab ¢
{a"b™c"d™ | n > 0}. Ly (T).

. o 1
It is not difficult to see that the BWCFLS are ¢, ya5 ang Mohri (2000) also formulated an ex-

a subset of the context-sensitive Ianguag'es.' ThiShsion of WESAs over cross-products of semi-
follows from the fact that the left-most derlvatlonsringS that recognized certain context-sensitive,

?n the Viterbi tree Ian'guages _Of W_CFGS are Iinear_e_ non-context-free languages, but their results
in the length of the input string; in other Words’can be considerably extended. The automaton
BWCFLs can be recognized in nondeterministi(;?n Example 4.2, for example, even recognizes a
linear space and thus by a linear bounded automgy, . qe conjectured to be outside the linear in-

ton. Since any language that can be represented 8¥xed languages, namely the MIX language (Gaz-
a linear bounded automaton is context-sensitiv ar, 1988)

the BWCFLs must be a subset of the context- ] o

sensitive ones. Example 4.2. The weighted finite-state automa-
The set of BWCFLs is also a subset of the rang®" 7' = ({a0, a1, 2,a3} {a,b, ¢},0, 0, {a0})

concatenation languages (Boullier, 1998) by th¥ith the foIIowmg d-transitions { 1 }-recognizes

observation made in the introduction that they caH1® MIX language:

be recognized in polynomial (i.e. cubic) time by % : 0(qo, ) q1

standard algorithms and a one-step inspection of g 0(q1,a) = q

the weight of the heaviest tree; and by the fact z : 0(q2,0) = g3

that the range concatenation languages are exactly ﬁ i 0(qo,b) = @

the languages that can be recognized in polynomial % : 0(q1,b) = @

time (Boullier, 1998). @ © (g2, b) = g3

4 Weighted finite-state automata % ggg?’g — Z;

Cortes and Mohri (2000) showed, in similar work, %g 6(a2,0) = a3

that WFSASs can be used to recognize context-free, % t6(g3s ) = q

I.e. non-regular, languages. This example is a bit more complicated. Note
Example 4.1. The weighted finite-state automa-that 8 x 125 x 729 = 90°. The strings

tonT = ({qo, q1}, {a, b}, 6, g0, {q1}) with the fol- cab, becabac, . .. have derivations with weight%,
. s . . 3 .
lowing J-transitions{1}-recognizes the languagesince g;199-=55 = 1, Whereas the stringababa,

L{%}(T) = {a"b" | n > 0}: for instance, has no derivations with weightThe
1 string cababa has exactly one derivation whose
g Ol@,a) = weight is 22"
% . 5(q07)\) = q 82x125°
£: q,b) = @ 5 Coprime WCFGs
It is not difficult to see that the strings

A 2-CWCFG is a WCFG over subsets of the ratio-

ab,aabb, ... have derivations with weights, nal numbersC = {L | n € S}U{Z [ n € 5}
— ln 1

whereas the stringab, for example, only has a
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\ B. (2000) \ WCFGs WCFG. It remains to be seen if the set of BWCFLs

{a}...a} | n >0} v v is a strict subset of the set of languages that can be
MIX v v recognized by this formalism. They all recognize
{a"b™c"d™ | m,n > 0} v v the classes of languages in Figure 2.

{wew | w € {a,b}*} v v
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6 Conclusions

It was shown how weighted context-free grammars
can be used to recognize languages beyond their
weak generative capacity by a one-step constant
time extension of standard recognition algorithms.
The class of languages that can be recognized this
way strictly extends the context-free languages,
but is included in the cubic time recognizable ones.
Boullier (2000) defines what he calls a “cu-
bic time extension of CFG” that recognizes gen-
eralizations of the copy language that are beyond
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