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Abstract

Large language models (LLMs) have demon-
strated remarkable capabilities across various
natural language processing (NLP) scenar-
ios, but they still face challenges when han-
dling complex arithmetic and logical reasoning
tasks. While Chain-Of-Thought (CoT) reason-
ing, self-consistency (SC) and self-correction
strategies have attempted to guide models in
sequential, multi-step reasoning, Multi-agent
Debate (MAD) has emerged as a viable ap-
proach for enhancing the reasoning capabili-
ties of LLMs. By increasing both the num-
ber of agents and the frequency of debates, the
performance of LLMs improves significantly.
However, this strategy results in a significant
increase in token costs, presenting a barrier to
scalability. To address this challenge, we intro-
duce a novel sparsification strategy designed
to reduce token costs within MAD. This ap-
proach minimizes ineffective exchanges of in-
formation and unproductive discussions among
agents, thereby enhancing the overall efficiency
of the debate process. We conduct comparative
experiments on multiple datasets across various
models, demonstrating that our approach sig-
nificantly reduces the token costs in MAD to a
considerable extent. Specifically, compared to
MAD, our approach achieves an impressive re-
duction of up to 94.5% in token costs while
maintaining performance degradation below
2.0%.

1 Introduction

Large language models (LLMs) have shown excep-
tional capabilities across a variety of natural lan-
guage processing (NLP) tasks (Achiam et al., 2023;
Brown et al., 2020; Bubeck et al., 2023; Radford
et al., 2018, 2019; Touvron et al., 2023a,b; Anil
et al., 2023; Chowdhery et al., 2023). However,
even the most advanced LL.Ms exhibit limitations
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in complex mathematical reasoning and logical in-
ference scenarios (Liu et al., 2023).

To address these challenges, researchers have
introduced techniques such as Chain-of-Thought
(CoT) reasoning (Wei et al., 2022) which decom-
poses complex problems into sequential steps,
and self-consistency (SC) mechanisms (Wang
et al., 2022), along with self-correction strategies
(Welleck et al., 2022; Madaan et al., 2024; Shinn
et al., 2024).

Despite these innovations, studies have shown
that LLMs still struggle to improve through self-
correction alone (Huang et al., 2023; Valmeekam
et al., 2023; Stechly et al., 2023). An emerging
alternative is the Multi-agent Debate (MAD) frame-
work, in which multiple independent agents pro-
pose and critique their own answers through rounds
of debate, ultimately converging on a more robust
consensus (Sun et al., 2023). MAD has demon-
strated promise in addressing the limitations of
LLM self-correction by leveraging diverse agent
perspectives to refine answers over iterative discus-
sions (Chan et al., 2023; Du et al., 2023; Liang
et al., 2023). However, as the number of agents and
debate rounds increase, the token cost escalates
significantly, limiting the scalability of MAD, es-
pecially in resource-constrained environments (Li
et al., 2024; Liu et al., 2024). To alleviate the token
cost problem in multi-agent debates, researchers
have proposed several strategies. For instance, (Du
et al., 2023) summarizes agents’ outputs at the end
of each round, while (Sun et al., 2023) introduces
a "forgetting" mechanism, where only the previous
round’s outputs is retained for future rounds. An-
other approach, Sparse-MAD (S-MAD) (Li et al.,
2024), reduces communication overhead by lim-
iting information exchange to neighboring agents.
GroupDebate (GD) (Liu et al., 2024) further re-
duces token cost by clustering agents into smaller
debate groups that exchange intermediate results
between groups.
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Question: Bob is in charge of doing laundry for a large hotel. Each room has two sheets, one comforter, twice as many pillow cases as sheets
and twice as many towels as pillow cases. How many pieces of laundry are there in 80 rooms?

Agent 1:

First, let's calculate how many of each item are in each room: 2 sheets, 1 comforter, 4 pillow cases (twice as many as sheets), 8
towels (twice as many as pillow cases). Therefore, in each room, there are a total of 2 + 1 + 4 + 8 = 15 pieces of laundry. For 80

qe°p

e rooms, the total number of pieces of laundry would be 15 * 80 = 1200.

Agent 2:

number of pieces of laundry would be 80 rooms * 9 pieces of laundry per room = 720 pieces of laundry.

Let's break it down by each item of laundry per room: 2 sheets, 1 comforter, 2 pillow cases (twice as many as sheets), 4 towels
o

Agent 3:

Let's break down the number of each item in one room: 2 sheets, 1 comforter, 4 pillow cases (twice as many as sheets), 8 towels
(twice as many as pillow cases). Adding all of these up, there are a total of 2 + 1 + 4 + 8 = 15 pieces of laundry in one room. Since
there are 80 rooms, we can multiply the number of pieces of laundry in one room by the number of rooms: 15 pieces/room * 80

2 rooms = 1200 total pieces of laundry.

i (twice as many as pillow cases). Therefore, each room has a total of 2 + 1 + 2 + 4 = 9 pieces of laundry. For 80 rooms, the total

Figure 1: Redundant Viewpoints Exchange between Agents. The perspectives of Agent 1 and Agent 3 demonstrate
a notable similarity. Throughout the debate, these viewpoints are exchanged with Agent 2, who receives these akin

and repetitive viewpoints.

Although the reduction in token cost have
achieved by the aforementioned approaches, our
experiment reveals a substantial presence of redun-
dancy and duplicate information in the inter-agent
information exchange. As depicted in Figure 1,
Agent 1 and Agent 3 exhibit repetitive viewpoints,
leading to exacerbate the issue of token cost due
to redundant duplication during the inter-agent in-
formation exchange. The issue of redundancy and
duplication primarily stems from two potential fac-
tors: the limited solution space inherent in complex
reasoning tasks, and the tendency of large language
models to generate repetitive responses when faced
with similar inputs (Holtzman et al., 2019; Xu et al.,
2022; Yan et al., 2023).

To address these limitations, we propose a novel
approach Selective Sparse Multi-Agent Debate
(S2-MAD), as shown in Figure 2. This approach
utilizes a Decision-Making Mechanism to deter-
mine whether to participate in the debate, thereby
further reducing token cost within multi-agent de-
bates. Specifically, based on a grouping strategy,
S2-MAD first generates initial viewpoints for the
agents. In each round of debate, the Decision-
Making Mechanism enables agents to selectively
incorporate non-redundant responses that differ
from their current viewpoints for answer checking
and updating. The agents have the option to selec-
tively engage in both intra-group and inter-group
discussions, enabling them to actively participate
in debates. The process concludes either when con-
sensus is reached among the agents or when a final
answer is obtained through majority voting.

To validate the effectiveness of S2-MAD, we
conduct a theoretical analysis of total token cost

and perform extensive experiments across five
tasks using different models. These experiments
compare S2-MAD with existing multi-agent de-
bate strategy as well as single-agent reasoning ap-
proaches, demonstrating its capability to signifi-
cantly reduce token counts while maintaining com-
parable accuracy. Specifically, S2-MAD reduces to-
ken cost by up to 94.5% compared to MAD, 90.2%
compared to MAD-Sparse, and 87.0% compared
to GD, while also significantly reducing token cost
by up to 81.7% compared to CoT-SC. Importantly,
these reductions come with a performance degrada-
tion of less than 2.0%, demonstrating that S>-MAD
maintains high accuracy while minimizing commu-
nication overhead.

The main contributions of this paper are as fol-
lows:

1. We propose S2-MAD, an innovative sparse
multi-agent debate strategy with Decision-
Making Mechanism that reduces redundant
information and inefficient debate.

2. We theoretically demonstrate the token cost
advantages of S2-MAD over MAD, S-MAD,
and GD.

3. We validate the effectiveness of S?-MAD
across five datasets using commercial and
open-source models, demonstrating a signif-
icant reduction in token cost with minimal
performance loss.

2 Preliminary

Problem Definition. MAD, which integrates
multiple agents for interactive communication to
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Initial question prompt: Can you solve the folling problem? A food caterer was told to prepare gourmet
hot dogs for 36 guests. While most people would only eat one hotdog, he prepared enough for half of the !
guests to be able to have two hotdogs. However, 40 guests showed up, and everyone wanted a second
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Figure 2: Process of S>-MAD. The S?>-MAD includes three stages: all agents generate initial responses inde-
pendently at the first round and participate in group discussions to reach consensus under a Decision-Making
Mechanism, which comprises: (1) Similarity calculation module accesses the similarity of responses either between
or within groups. (2) Redundancy filter module filters redundant information, retaining only unique information that
differs from the agent’s own perspective. (3) Conditional participation module decide to participate in debate or not.

derive solutions, has demonstrated an effective
approach in the application of LLMs, particu-
larly in addressing complex logical reasoning and
mathematical problems (Liang et al., 2023; Chan
et al., 2023). Given an input question () that
requires an answer, a total of M participating
Language Model (LLM)-based agents engage in
a multi-round debate, which is denoted as A;,
where i € {1,2,...,M}. Given a total of T" de-
bate rounds, each round of debate is denoted as
t € {1,2,...,T}. We define the output of each
agent A; at round ¢ as O!. We assume that the up-
per bound of the token cost for each agent’s output
is C. Our goal is to maximize answer accuracy
while minimizing token consumption through op-
timizing the interaction patterns among the agents
in multi-agent debate.

MAD-based Methods and Token Cost. (i)
MAD (Liang et al., 2023) involves several steps.
Initially, each agent is provided with a question and
generates an individual response. These responses
then form the new input context for each agent,
leading to the generation of subsequent responses.
This debate procedure is repeated over multiple
rounds, with the final answer derived through
majority voting. The token cost complexity is
TokenMAP = O (MTQ + (M?T + MT?)C).
(i1)) S-MAD (Li et al., 2024) decreases token
consumption by sparsifying the fully connected
topology of information exchange among agents
within the standard MAD framework. Let P, de-
note the probability of each edge being removed.

The token cost complexity can be represented as
TokenS~MAD = O (MTQ + (1 — P,)M*TC).
(iii) GD (Liu et al., 2024) reduces token consump-
tion through a group discussion strategy. Let
N denote the number of groups and S represent
the number of inter-group debate stages. The to-
ken cost complexity is computed as Token®P =

O (MTQ 4 (MT MSN)C).

3 Methodology

In this section, we first introduce the overall pro-
cess of S2-MAD along with the details of Decision-
Making Mechanism. And then we provide mathe-
matical analysis of the token cost for our method
subsequently.

3.1 Selective Sparse MAD Process

As illustrated in Figure 2, the debate process of
S2-MAD consists of three main stages: the genera-
tion of initial responses, group discussions under
the Decision-Making Mechanism and finally reach-
ing consensus.

Initial Response Generation. In the initial round
of debate, each agent is initialized as a LLM. To
simulate diverse thought processes and ensure the
generation of varied solutions, we employ a random
decoding strategy by adjusting the temperature of
model. During the first round, all agents indepen-
dently produce their respective solutions for the
given problem.
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Grouping Discussion with Decision-Making
Mechanism. From the second round onward, the
Decision-Making Mechanism empowers agents to
evaluate whether to engage in debate by assessing
the similarity of intra- or inter-group viewpoints
relative to their own perspectives. Agents will ac-
tively participate in debates when they encounter
responses that present differing viewpoints, either
from within their group or from other groups. Fol-
lowing these discussions, agents update their an-
swers accordingly based on insights gained during
the debate process.

Reaching Consensus. Our approach incorpo-
rates an early termination mechanism that allows
us to conclude the debate when information has
been exchanged between groups and all summa-
rized viewpoints align. Conversely, if discrepancies
remain among agents’ solutions after the debate
concludes, a majority vote will determine which
solution is accepted as consensus.

3.2 Decision-Making Mechanism

Upon receiving information, the Decision-Making
Mechanism first employs the Similarity Calcula-
tion Module to calculate similarities among differ-
ent pieces of information. Subsequently, it elim-
inates redundant perspectives of agents through
the Redundancy Filtering Module. Finally, Condi-
tional Participation Module is utilized to determine
whether the agent should engage in the debate.

Similarity Calculation Module. Following the
generation of outputs, each agent undertakes a com-
prehensive assessment of the similarity between its
own output and those produced by other agents or
groups. This evaluation can be conducted through
various methodologies; in this context, we employ
a straightforward approach that involves analyzing
key points within the outputs to determine their de-
gree of similarity. Specifically, we employ regular
expression matching to extract answers from the
agents’ responses and identical answers are con-
sidered to reflect similar viewpoints. Additionally,
we also propose an alternative vectorization-based
approach, where the responses are vectorized using
an embedding model, and the cosine similarity is
computed to evaluate the similarity of their view-
points. In our further experiments, we conduct a
comprehensive comparison of the performance of
these two methods (See Section 4.3). By focus-
ing on essential elements, agents can effectively

gauge how closely aligned their perspectives are
with those presented by others.

Redundancy Filtering Module. Prior to engag-
ing in the debate, agents systematically filter all in-
coming information to ensure relevance and unique-
ness. Outputs that are identified as similar to either
their own or previously received viewpoints are
promptly discarded from consideration. This rig-
orous filtering process guarantees that each agent
exclusively considers unique perspectives during
discussions, thereby minimizing redundancy and
fostering a more dynamic exchange of ideas.

Conditional Participation Module. Agents ac-
tively engage in debate when divergent viewpoints
exist within or among groups, recognizing that such
differences enrich the discourse and lead to more
robust conclusions. Conversely, if all outputs align
consistently without variation, agents will opt to
remain silent rather than contribute redundant infor-
mation. At the conclusion of each round of debate,
agents update their knowledge base with accepted
viewpoints gleaned from interactions with others;
this iterative learning process enhances their ability
to respond thoughtfully and effectively in subse-
quent rounds.

3.3 Token Cost Analysis

In S2-MAD, we summarize the outputs from wht-
nin each group at the end of each stage. Given a
group of agents G; which has completed a stage s
of debate, we denote its summary as .S ums. Since
in S2-MAD each agent determines participation
based on whether viewpoints are consistent, we de-
fine the number of agents with differing viewpoints
from the i** agent D; is:

Y Sim(0i 05 <,
i'eGy
(s—1)R+1<t<min(sR,T)
N ey
ZSim(Offl, Sumjfl) <€,
1

t=(s—1)R+1

Therefore, apart from generating the initial answer,
the probability of agent A; participating in the de-
bate in round ¢ is

(@)

1, DI>0
0, D!=0
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Then token cost T'oken’, in round ¢ at stage s is:
N

Sy o MRS o) o

7=1 ’iGGj iIEGj

where (s — 1)R+ 1 < t <= min(sR,T), and

M pt N
> PQ+0I+ 0+ ~ > SumsTh) (@)
i=1 j=1

where ¢ = (s — 1)R + 1. Finally, the

total token cost of S2.-MAD is Token =
@ (MTQ + (MTQT + MSN)CP), where C rep-
resents the upper bound on the token number for
each agent’s response and the generated summary,
P represents the upper bound of the average prob-
ability of each agent participating in the debate
globally. More calculation details are shown in
Appendix B.

Discussion. From the perspective of total token
cost complexity comparison, S2-MAD exhibits the
same token cost complexity as standard MAD since
the initial viewpoints of agents are generated by
retaining the question input. However, for the same
M and T, since agents’ answers tend to become
consistent as the debate progresses, we define the
probability of obtaining a answer different with
other agents is p. Thus, the token cost will only
increase to be comparable to that of Group Debate
when different answers are obtained in each round,
which occurs with a probability of only pM V.

4 [Experiments

4.1 Experimental Setup

Tasks and Metrics. To evaluate the effectiveness
and efficiency of S2-MAD in mathematical and
logical reasoning tasks, we use total token cost
and accuracy (ACC) as evaluation metrics across
five representative tasks: (1) GSM8K (Cobbe et al.,
2021): a dataset designed to assess the model’s
reasoning ability in complex mathematical prob-
lems. (2) MATH (Hendrycks et al., 2021): a dataset
covers various branches of mathematics to evalu-
ate the capacity to generate problem-solving logic
and reasoning processes. (3) MMLU (Hendrycks
et al., 2020): a dataset that aimed at evaluating the
model’s overall performance across diverse tasks.
(4) GPQA (Rein et al., 2023): a multiple-choice
question dataset, containing 448 questions across
various disciplines. (5) Arithmetic (Brown et al.,
2020): a datasets evaluates the model’s fundamen-
tal mathematical reasoning abilities.

Baselines. We compare our S>-MAD with the
following baselines: (1) Chain-of-Thought (CoT)
(Wei et al., 2022); (2) Self-Consistency with Chain-
of-Thought (CoT-SC) (Wang et al., 2022); (3)
Multi-agent Debate (MAD) (Liang et al., 2023);
(4) Sparse MAD (S-MAD) (Li et al., 2024); (5)
GroupDebate (GD) (Liu et al., 2024).Experiments
are conducted with different numbers of agents,
rounds, and group strategies. For example, (5,4)
represents using 5 agents and 4 rounds, while CoT-
SC(40) indicates CoT-SC with 40 reasoning paths.

Implementation Details. We set the number of
intra-group rounds to 2 and use a forgetting mecha-
nism to retain the outputs from the previous round
only. At the end of each intra-group discussion
phase, we filter and summarize the results from the
same groups. Our experiments use GPT-3.5-turbo-
0301, GPT-4-0613 and Llama-3.1-8B-Instruct as
agents, evaluating all baselines and our S>-MAD
in a zero-shot setting. Since the accuracy rate of
the Arithmetic dataset reached 100% in a single
GPT-4, no further comparison was conducted. De-
tails about the prompts and additional results for
GPT-40-mini and GPT-40-0806 are showed in the
Appendix C and Appendix D.

For the Similarity Calculation Module, we pri-
marily use regular expression matching for the
main results and cosine similarity for further anal-
ysis, which uses the Bert-base-uncased model to
vectorize the agent’s responses and calculate the
cosine similarity between the responses.

4.2 Main Result

In this section, we conducted a detailed compari-
son of our method with multi-agent debate meth-
ods (including MAD, S-MAD, GD) and single-
agent methods (including CoT, CoT-SC). The main
observations are as follows: firstly, we compare
S2-MAD with MAD. The results presented in Ta-
ble 1 shows that S>-MAD consistently reduces total
token cost across different models while maintain-
ing comparable accuracy, it achieves a reduction
of 94.5%, 84.2%, 92.4%, 83.6% and 88.7% on the
five datasets respectively compared to MAD. The
variation in these percentages is due to the varying
difficulty of the questions, which impacts model
performance. Furthermore, compared to S-MAD
and GD, our approach achieves up to 90.2% and
87.0% less token cost, respectively. This demon-
strates that there is a significant amount of redun-
dancy in the information exchange during multi-
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GSMSK MATH

Methods

MMLU GPQA Arithmetic

ACC(%)1 Tokens(k)] ACC(%)1T Tokens(k)] ACC(%)7T Tokens(k)] ACC(%)T Tokens(k)| ACC(%)1 Tokens(k)|

GPT-3.5-turbo-0125

CoT 78.8+0.04
CoT-SC(40) 85.6-+0.01
MAD(5,4) 83.6+0.01
S-MAD(5,4) 85.6+0.02
GD(5,4) 85.4+0.03
S2-MAD(5,4) 84.8+0.02

0.2540.03
10.0+0.02
20.4+0.12
17.9+0.22
15.5+0.08
4.5340.31

35.2+0.02
48.2+0.01
40.5+0.00
40.3+0.01
40.7+0.01
40.3+0.00

0.37+0.01
14.6+0.15
23.4+0.24
19.0+0.17
18.7+0.13
11.440.29

72.940.02
78.4+0.01
T4.140.03
74.3+0.01
76.0+0.02
76.840.02

0.24+0.00
9.64+0.03
26.9+0.11
22.2+0.23
16.1+0.06
4.78+0.57

31.2+0.03
32.0+0.01
41.4+0.03
45.0+0.00
45.0+0.03
43.8+0.01

2.02+0.02
80.5+0.27
64.3+3.06
57.3+0.77
50.5+0.67
23.6+7.05

82.2+0.04
95.0+0.01
96.2+0.02
96.8+0.01
99.3+0.00
99.6-:0.00

0.16+0.02
6.25+0.13
20.3+0.32
9.83+0.06
13.7+0.64
2.29+0.07

GPT-4-0613

CoT 92.8+0.01
CoT-SC(40) 94.3+0.00
MAD(5,4) 93.3+0.01
S-MAD(5,4) 93.0+0.02
GD(5,4)  94.3+0.00
S2-MAD(5,4) 94.2+0.00

0.38+0.00
15.240.03
50.4+0.19
24.4+0.04
21.4+0.08
2.78+0.16

73.0+0.01
81.0-+0.01
78.7+0.00
79.3+0.00
76.7+0.01
77.3+0.01

0.71+0.00
27.9+0.00
70.940.20
59.5+0.53
36.8+0.28
11.2+0.79

83.7+0.01
88.4+0.01
90.8+0.00
91.5+0.00
87.8+0.01
88.1+0.01

0.39+0.00
15.4+0.02
61.7+0.09
48.240.24
25.3+0.11
4.71+0.35

47.240.02
53.0+0.00
59.7+0.01
60.7+0.02
62.7+0.02
60.8+0.04

2.23+0.10 - -
90.0+0.30 - -
109.6+5.22 - -
97.8+0.42 - -
64.6+1.25 - -
27.1+95 - -

Llama-3.1-8B-Instruct

CoT 83.2+0.01
CoT-SC(40) 89.0-+0.01
MAD(5,4) 86.7+0.02
S-MAD(5.4) 87.3+0.02
GD(5,4)  86.5+0.00
S2-MAD(5,4) 85.7+0.02

0.3240.00
12.640.00
31.4+0.27
26.0+0.36
17.0+0.07
5.39+0.16

32.0+0.03
43.0+0.01
46.0-+0.01
45.0+0.00
44.0+0.01
44.0+0.05

0.53+0.00
21.1+0.02
80.5+0.20
66.3+0.43
39.9+0.28
21.9+0a7

61.2+0.04
74.1+0.02
73.440.02
74.5+0.00
73.5+0.01
73.840.04

0.43+0.00
17.2+0.04
54.7+0.58
43.340.14
39.5+0.11
10.6+1.74

19.7+0.02  2.35+0.01 74.0+0.01
33.5+0.02 93.9+0.01 83.0+0.01
37.0+0.01 117.5+4.23 91.0+0.02
40.0+0.01 102.2+2.53 89.5+0.01
37.0+0.02 71.6+2.25 89.3+0.03
39.0+0.04 19.3+15  90.0+0.03

0.19+0.00
7.63+0.00
76.1+0.12
62.3+0.53
33.4+0.02
13.9+0.29

Table 1: Comparison of Token Cost and Accuracy Between S>-MAD and Other Methods. The results of
highest accuracy are bold and the results of both highest accuracy and lowest token cost except from CoT are
underlined. The dash (-) indicates that the model achieved a correctness rate of 1 for all methods on this dataset.

agent debate, leading to the inefficiency of token
cost throughout the debate process.

We also conducted a comparison with the single-
agent method CoT, achieving a significant improve-
ment in accuracy across five datasets, especially
achieving up to 19.3% and 12.6% on GPQA and
MMLU dataset. Furthermore, when compared with
the Cot-SC method, we successfully reached or ex-
ceeded Cot-SC’s performance on certain datasets,
such as GPQA and Arithmetic, while using rela-
tively fewer token cost.

4.3 In-Depth Analysis

Similarity Calculation Strategy. In this section,
we conduct further comparison on similarity calcu-
lation strategies using GPT-40-mini. As shown in
Table 2, the method of vectorizing the responses
and calculating their cosine similarity can achieve
the best accuracy and the lowest token cost at a spe-
cific threshold. Specifically, on the MATH dataset
using GPT-40-mini, setting 7 to 0.40 results in a
2.2% improvement in accuracy and a 94.7% reduc-
tion in token cost compared to the MAD method.
However, when 7 is set to 0.96, the increased to-
ken cost actually leads to a decrease in ACC. Fur-
thermore, as illustrated in the Figure 3, the token

Method ACC (%) Token (k) Cost Saving
MAD(G,4) 72.3+0.00 78.7+0.31 -
S2-MAD

RE-Matching 70.7+0.01 12.4+0.73  -84.2%
VecCS,—pg9s 09.0+0.02 18.6+067 -76.4%
VecCS,—o940 74.5+t0.02 4.18+000 -94.7%

Table 2: Comparison of different similarity calcula-
tion strategies on MATH using GPT-40-mini. RE-
Matching refers to regular expression matching and
VecCS . —¢.9¢ means vectorization and cosine similarity
calculation with 7 = 0.96. The results of highest accu-
racy or lowest token cost are bold and the suboptimal
results are underlined.

cost remains relatively low when 7 < 0.85, but in-
creases sharply thereafter. This is attributed to the
prompt’s strict formatting constraints on the agent’s
output, which cause high similarity among outputs.
Additionally, we observed that the relative optimal
threshold values for accuracy vary across different
datasets (e.g., approximately 0.1 for GSM8K and
0.4 for MATH), making it challenging to manually
determine the optimal threshold settings.
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Figure 3: The relationship between the threshold
7, ACC, and Token Cost on the GSM8K and MATH
datasets.

Group Strategy. To assess the impact of differ-
ent grouping strategies on performance and token
cost, we conducted experiments involving 8 agents
across 3 rounds on the GSM8K. As shown in Table
3, increasing the number of groups can reduce the
total token cost as the quantity of information ex-
change is limited by communication constraints.
However, when the number of agents within a
group increases, agents can more effectively re-
ceive diverse information, achieving higher accu-
racy. Our findings indicate a clear trade-off be-
tween optimizing token cost and maintaining high
accuracy, emphasizing the importance of selecting
an appropriate grouping strategy.

Agent, Round and Token Cost Scaling. To as-
sess the impact of the number of rounds and agents
on the accuracy and token cost across different
methods, we analyze the trends in accuracy and
token cost for different combinations of rounds and
agents. As shown in the Figure 4, with the increase
in the number of agents and rounds, there is a no-
ticeable enhancement in the overall performance
of various methods; however, this also leads to a
significant increase in token cost. Our approach
maintains a certain level of performance while ex-
hibiting a gradual increase in token cost as agents
and rounds increase, achieving the lowest token

Method ACC (%) Token (k) Cost Saving
MAD(8,3) 86.7+0.02 28.5+0.08 -
S-MAD(8,3) 86.5+0.01 18.7+0.04 -34.4%
GD

2+6 86.7+0.00 20.3+0.08 -28.8%
4+4 87.3+0.01 19.1+0.00 -33.0%
2+3+3 87.3+0.02 18.0+0.05 -36.8%
2+2+4 87.7+0.00 18.3+0.03 -35.7%
2424242 87.8+0.00 17.4+004 -38.9%
S2-MAD

2+6 84+0.00 8.01x013 -71.9%
4+4 84.6+0.00 7.28+0.19  -74.5%
24343 85.1+0.00 6.97+0.14 -75.5%
2+2+4 84.5+0.00 7.02+0.20 -75.4%
2424242 83.4+0.02 6.78+0.12  -76.2%

Table 3: Comparison of different group strategies
with GD and S°-MAD on GSMSK datasets. The no-
tation 2+6 signifies two distinct groups containing 2 and
6 agents respectively. The results of highest accuracy or
lowest token cost are bold and the suboptimal results
are underlined.

cost across different setting, as shown in Figure
5. This indicates that there is a significant amount
of redundant and repetitive information exchange
during debates, resulting in higher token cost and
less effective agent interactions.

4.4 Ablation Study

To investigate the impact of different modules and
strategies on performance, we conducted ablation
experiments on the GSM8K dataset using GPT-
3.5-turbo, are shown in Table 4. Our S2.-MAD
achieved an accuracy of 85.6% with a token cost
of 4.73k, demonstrating a significant 72.7% reduc-
tion compared to MAD. We further explored spar-
sity through constrained communication topolo-
gies, which slightly decreased accuracy to 84.7%
while retaining a similar token cost. Without the
early stopping strategy led to a slight accuracy drop
to 84.4% but maintained a comparable token cost
of 4.99k. In contrast, removing the jump strategy
resulted in a more substantial decline in accuracy to
80.8% and an increase in token usage to 9.45k, We
hypothesize that this is due to insufficient informa-
tion diversity, causing redundant checks that impact
response accuracy. Finally, although removing the
filtering module can increase accuracy to 87.6%,
it also leads to an increase in token cost of 13.4k.
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Figure 4: Scaling study of Agents and Rounds.

Although our method has not yet achieved optimal
performance in terms of accuracy and token cost,
it still shows a slight improvement over the MAD
method while significantly reducing token usage,
highlighting the efficiency of our proposed method
in balancing accuracy and token saving.

5 Related Work

5.1 LLM Reasoning

Many studies have explored ways to improve the
logical reasoning abilities of LLMs. CoT (Wei
et al., 2022) mimics human thought processes by
breaking complex tasks into sequential steps. Many
CoT variants (Zelikman et al., 2022; Wang et al.,
2022; Shum et al., 2023) extend this framework by
generating multiple reasoning chains and selecting
the optimal one based on specific criteria. Build-
ing on this, Tree-of-Thoughts (ToT) (Yao et al.,
2024) structures the reasoning process into a tree-
like path, where each step serves as a decision
point, enabling the evaluation of multiple reason-
ing paths and self-assessment. Similarly, Skeleton-
of-Thought (Ning et al., 2023) accelerates answer
generation by first creating a skeletal framework
and then completing the content in parallel for each
point. Table-of-Thoughts (Jin and Lu, 2023) im-
proves reasoning accuracy through structured mod-
eling of the reasoning process. While these CoT-
based methods follow structured reasoning paths,

Method ACC (%) Token (k)
MAD 85.440.02 18
S2-MAD 85.6+0.00 4.73 (-72.7%)

w/ Sparse Commu. 84.7+0.00 4.71 (-73.8%)

w/o Early Stop 84.4+0.00 4.99 (-72.3%)
w/o Jump 80.8+0.02 9.45 (-47.5%)
w/o Filter 87.6+0.01 13.4 (-25.6%)

Table 4: Comparison of accuracy and cost saving
against MAD on GSMS8K dataset. All experiments
were conducted using GPT-3.5-turbo.

more complex reasoning structures have been pro-
posed. For instance, Graph-of-Thoughts (Besta
et al., 2024) models reasoning as a flexible graph,
allowing for non-linear task solving beyond the lim-
itations of chains or trees. Methods such as Least-
to-Most (Zhou et al., 2022) and Lambada (Kazemi
et al., 2022) take a problem decomposition ap-
proach, breaking tasks into subproblems and solv-
ing them step-by-step, where each sub-answer in-
forms the next step. Additionally, frameworks like
LReasoner (Wang et al., 2021) introduce mecha-
nisms that enhance reasoning by extracting logi-
cal structures embedded in the problem. Logic-
LM (Pan et al., 2023) combines symbolic solvers
to convert natural language into symbolic formulas
and introduces a self-refinement module to correct
errors during the reasoning process.

5.2 Multi-agent Debate

MAD is a promising approach to enhance the rea-
soning capabilities of LLMs by facilitating dis-
cussions among multiple agents who collabora-
tively refine and update generated answers. (Liang
et al., 2023) presents a MAD framework where
multiple agents engage in "tit for tat" argumenta-
tion, managed by a judge, to stimulate divergent
thinking in LLMs. Building on this foundation,
(Xiong et al., 2023) introduce the FORD frame-
work, which organizes a three-stage debate aligned
with real-world scenarios, comprising fair debate,
mismatched debate, and round-table debate for-
mats. (Xu et al., 2023) present a framework that
mirrors the academic peer review process, allow-
ing models to autonomously develop solutions, re-
view each other’s work, and revise their answers
based on feedback. ChatEval (Chan et al., 2023),
another MAD framework, employs diverse com-
munication strategies and varied role prompts to
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foster human-like interactions and evaluations in
natural language dialogue. Moreover, (Wang et al.,
2023) address cognitive constraints in multi-agent
debates by integrating prior knowledge retrieval
and a self-selection module, enhancing reasoning
capabilities and overall performance. Further ex-
ploring collaboration, (Fu et al., 2023) analyze the
autonomous enhancement of negotiation strategies
among LLMs through role-playing and iterative
Al feedback within a structured negotiation game,
highlighting the trade-offs between deal quality
and risk management. However, as the number of
agents and debate rounds increases, token costs can
rise significantly. To mitigate this, (Du et al., 2023)
suggests summarizing agent outputs at the end of
each round for subsequent inputs, and (Sun et al.,
2023) introduces a "forgetfulness" mechanism to
retain only the previous round’s output. The MAD-
Sparse approach (Li et al., 2024) utilizes a sparse
communication strategy, limiting information ex-
change to adjacent agents. Additionally, GroupDe-
bate (Liu et al., 2024) promotes a grouping strategy,
allowing agents to debate internally while sharing
interim results. However, these methods do not
enable agents to critically assess the redundancy of
incoming information, limiting overall efficiency.

6 Conclusion

In this work, we identified the issue of redundant
viewpoints among agents in Multi-agent Debate
(MAD). To address this, we proposed Selective
Sparse Multi-Agent Debate (S>-MAD), a novel
strategy designed to reduce token cost by se-
lectively incorporating non-redundant viewpoints
from different agents, thereby significantly improv-
ing the efficiency of information exchange and
debate. Our theoretical analysis verify the effec-
tiveness of S>-MAD, and extensive experiments
conducted on five benchmark datasets demonstrate
that S>-MAD can significantly reduce token cost in
MAD while maintaining competitive performance.

For future work, we aim to refine S>-MAD by fur-
ther optimizing the identification and condensation
of non-redundant viewpoints between agents, with
the goal of further reducing token cost and enhanc-
ing efficiency. Additionally, exploring methods
to increase the diversity of thought among agents
will be key to improving the overall accuracy of
S2-MAD.

7 Limitation

Despite the significant reduction in token cost
achieved by S2-MAD, our method has several lim-
itations. First, the reduction in token cost exhibits
variability depending on the consistency of agent
responses. When agents’ answers differ signifi-
cantly, the efficiency gains are limited, whereas
more consistent responses yield a greater reduc-
tion in token cost. This variability introduces an
element of unpredictability to the system’s overall
efficiency. Second, the judge module in S>-MAD
is sometimes unable to filter out redundant view-
points. The module relies on keyword extraction
using regular expressions to determine whether
agents’ outputs convey the same idea. However,
when agents express similar views with different
wording or synonyms, the judge module may fail
to detect these similarities, resulting in redundant
exchanges of information. This can undermine the
potential gains in efficiency and contribute to token
cost redundancy. Therefore, there remains room
for improvement in optimizing the token cost of
S?-MAD.
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A Selective Sparse MAD Algorithm

The detailed S>-MAD Algorithm is as follows:
Algorithm 1 S>-MAD Methods

Require: Number of groups N, number of agents
M, question @, total rounds T, intra-group
debate round R, total stages S, redundancy
filter ', Opinion Judger J, answer extracter
VOTE

Ensure: Answer

1. A« [Al,AQ,... ,AM]
> Initialize and shuffle the agents randomly
2: G+ [Gl,GQ,...,GN]
> Initialize each group
3 H «+ [Hl,HQ,...,HM]
> Initialize each agent with empty memory

4: Sum < [Sumq, Suma, ..., Sumy]

5: fori =1to M do

6: H; + [Q]

7. end for

8: for s=1to S do

9: for j =1to N do

10: fort = (s — 1)R + 1 to min(sR,T)
do

11: for A; € G do

12: if s=1andt =1 then

13: h; « AZ(HZ)

14: H;, + H; + h;

15: H,+ H;+ BUF

16: else

17: buf < [ ]

18: ifs#1landt = (s—1)R+
1 then

19: for S; € Sum do

20: if J(HZ[—Q], Sz)
then

21: buf < buf +
Si

22: end if

23: end for

24: else

25: for Ay € G; and
Ai/ 75 Ai do

26: if
J(H;[-2], Hy[—2]) then

27: buf < buf +
Replay;

28: end if

29: end for

30: end if

31 if len(buf) # 0 then

32: H;[—1] « buf

33: h; < Az(Hz)
34: HZ'[—Q] — h;
35: end if

36: end if

37: end for

38: end for

39: if s # S then

40: summary < | |

41: for A; € G do

42: sum < sum + H;[—2]
43: end for

44: Sum; < LLM (sum)
45: end if

46: end for

47: Sum <+ F(Sum)

48: if len(Sum) = 1 then break> End debate
if only one summary

49: end if

50: end for

51: Answer < VOTE(H)

52: return Answer

B Token Cost Analysis

In this appendix section, we aim to provide a the-
oretical analysis of the token cost for S>-MAD.
As LLMs’ outputs typically are not too long and
we can actually control the token length of LLMs’
outputs in prompts to some extent, we assume
that the upper bound on the number of tokens
output by each agent participating in debate is
Output ez and the upper bound on the number of
tokens in the generated summary is Summarymqz-
We define C' as the maximum of Qutput,,q, and
Summarymaz, P represents the upper bound of
the average probability of each Agent participating
in the debate globally.

As mentioned in Section 3, our S>-MAD in-
cludes three types of processes and thus the total
token cost T'oken®™ can be further dividied into:

Token = Tokeni +
——
initial thinking
S
Z(Token?i"fmmy + Token(>~ D+

s=2

®)

inter-group discussion

S min(sR,T)

DIEDY

s=1t=(s—1)R+2

Token.

intra-group discussion

Specifically, for initial thinking, the token cost
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of each agent includes the initial question prompt
and its own output. For intra-group debate, the
token cost of each agent includes the unique re-
sponses from other agents within the same group
that differ from its own in the previous round and
its output. For inter-group debate, the token cost
includes the summary generation cost, which com-
prises the unique responses from all groups and
the output summary, as well the token cost of each
agent which comprises as its output and summary
from from other groups that differ from its own.
The detailed computation process of the token cost
in S>-MAD can be found in Algorithm 2.
Following Alogorithm 2 and Eq. B, we have:

M
Token = MQ + ZOll
i=1

S N
+ D 0TI 4 Sums )

s=2 j=1 iEGj

M
+ Zpi(s—l)R(Q + Ogs—l)R—H
=1

Dt Y 1 (s—1)R+1
+ Wl Z Sumj™" + Output, )]
j=1

S min(sR,T) N
> PR+ O}

> >

s=1 t=(s—1)R+2 j=1i€G;
- MNDg > o
=er
< MTQ + Praz % {
[3BMS — 2M + (T — S)(K +1)M] X Opaa
+ (S —1)(M +1)N x Sumpqz}
2M?T
N
+2MSN x Summaz}
M?T

SMTQ‘i’Pma:JcX{ XOmax

-0 (MTQ +( + MSN)CP

(6)
When we set N — ) ]quT>,

we can theoretically obtain Token —
@] (MTQ +V M3TSCP). Furthermore, If

we consider setting S to a very small positive
integer and the average probability of their partici-
pation decreases as the capability of individual
agents improves, then Token can approach

(@] (MTQ + V M3TCP). This complexity is

significantly lower than that of MAD.

C Prompts

In this section, we present some examples of
prompts. Table 5 displays the input prompts used
in our S>-MAD across different datasets, which
encompass five different types. Table 6 outlines the
prompts regarding output Format Requirements in
our S2.-MAD.
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Type Task Prompt

Welcome to the debate! You are a seasoned debater with expertise in succinctly and persuasively expressing your viewpoints.
You will be assigned to debate groups, where you will engage in discussions with fellow participants. The outcomes of

each group’s deliberations will be shared among all members. It is crucial For you to leverage this inFormation effectively
in order to critically analyze the question at hand and ultimately arrive at the correct answer. Best of luck!

System All

Arithmetic  What is the result of {}+{}*{}+{}-{}*{}? < Output Format >.

Starti GSMBK  Can you solve the following math problem? <Problem> Explain your reasoning. < Output Format >.
arting

MMLU  Can you answer the following question? <Problem>:A), B), C), D) Explain your answer, <Output Format>.

MATH Can you solve the following math problem? <Problem> Explain your reasoning as concise as possible. <Output Format> .

GPQA Can you answer the following question? <Problem>: A), B), C), D) Explain your answer, <Output Format>.

These are the recent unique opinions from other agents that differ with yours: <other agent responses> Using the opinions
carefully as additional advice, can you provide an updated answer?
Examine your solution and that other agents step by step. <Output Format> .

Intra-group Debate All

These are the recent/updated and unique opinions from all agents: <all agent responses>
Summary All Summarize these opinions carefully and completly in no more than 80 words.
Aggregate and put your final answers in parentheses at the end of your response.

These are the recent unique opinions from all groups: one group responses: <group summary>.
Inter-group Debate All Using the reasoning from all groups as additional advice, can you give an updated answer?
Examine your solution and that all groups step by step. <Output Format>.

Table 5: Prompts in Each Stage. List of prompts used in each task.

Dataset Output Format Requirements

Arithmetic Make sure to State your answer at the end of the response.

GSMSK Your final answer should be a single numerical number, in the Form \boxed{{answer}},
at the end of your response.

MMLU Put your final choice in parentheses at the end of your response.

MATH Put your final answer in the Form \boxed{{answer}}, at the end of your response.

GPQA Put your final answer in the Form \The correct answer is (insert answer here)

Table 6: Output Format Requirements in Each Dataset.

D More Result

In this appendix section, we conducted a detailed
comparative experiment between our proposed
method and other multi-agent debate methods us-
ing GPT-40-mini and GPT-40-0806. As shown in
the Table 7, S>-MAD consistently reduces the total
token cost while maintaining comparable accuracy.
Specifically, on four datasets, our method achieved
a reduction of 94.3%/84.2%/94.0%/79.4% com-
pared to MAD, respectively. Furthermore, to en-
hance the accuracy, we initialized agents with mul-
tiple prompt settings as MS?-MAD, encouraging
them to explore multiple thought paths, thereby
achieving optimal accuracy. This suggests that pro-
moting the exploration of multiple thought paths in
multi-agent debates can be beneficial for the agent
system to solve problems more accurately.
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Methods GSMS8K MATH MMLU GPQA
ACC(%)1 Tokens(k)] ACC(%)T Tokens(k)| ACC(%)1 Tokens(k)] ACC(%)T Tokens(k)]
GPT-40-mini
MAD(5,4) 91.0+0.00 50.6+0.16 72.3+0.00 78.7+0.31 89.5+0.02 63.4+0.20 43.7+0.00 118.9+2.33
S-MAD(5,4)  90.0+0.01 50.6+0.49 71.7+0.02 65.9+0.42 89.1+0.01 49.3+0.19 44.7+0.02 97.6+0.30
GD(5.,4) 89.3+0.00 22.1+0.07 72.0+0.01 38.8+0.07 88.8+0.00 23.9+0.08 46.6+0.00 64.9+0.48
S2-MAD(5,4) 90.7+0.01 3.29+0.20 70.7+0.01 12.4+073 86.1+0.00 3.84+0.28 42.3+0.02 24.5+7.38
MS%2-MAD(5,4) 91.7+0.01 3.75+0.19 72.3+002 14.4+010 89.8+001 5.50+0.39 46.8+0.03 20.8+3.94
GPT-40-0806
MAD(5,4)  94.0+0.00 48.4+0.08 79.0+0.01 67.8+0.09 88.4+0.01 52.9+0.13 52.2+0.04 102.6+2.84
S-MAD(5,4) 93.7+0.00 39.1+015 76.7+0.02 54.8+0.11 89.840.00 41.2+033 53.0+0.01 93.7+2.16
GD(5,4) 92.7+0.01  20.7+0.06 74.7+0.01 44.9+0.07 88.4+0.00 22.4+004 52.5+0.03 60.1+1.34
S2-MAD(5,4) 92.8+0.01 2934020 7534002 11.8+046 88.3+0.01 4.34+013 51.040.04 21.9+7.49
MS?-MAD(5.,4) 94.0+0.01 3.35+0.14 77.04001 12.7+141 88.6+0.00 5.48+026 52.7+0.01 26.5+9.52

Table 7: Comparison of Token Cost and Accuracy Between S?-MAD and Other Methods. The results of
highest accuracy are bold and the results of both highest accuracy and lowest token cost except from CoT are
underlined. The dash (-) indicates that the model achieved a correctness rate of 1 for all methods on this dataset.
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Algorithm 2 Tokens Cost in S>-MAD Methods

Require: Number of groups N, number of

agents M, question length (), total rounds
T, group debate round R, total stages S,
summary of each group at the end of each
stage Summary = {Summaryj|j =
1,2,...,N,s = 1,2,...,S} , output length
of each agent A;(i = 1,2,..., M) in each
round t(t = 1,2,...,T) Outputl, each group
agents set G = {G;|j = 1,2,...,N},
probability of participating in the debate of
each agent P = {P!|i = 1,2,...,M,t =
1,2,...,T}.

Ensure: Total token cost Token
I: Token} «+ M x Q+ M, 0}

2:

&~ W

AN 4

11:
12:
13:

14:

> First round

:fort =2to Rdo

Tokeni « 3301 Yieq, (@ + Oi+
Zz 'eG; Ot’_l)
> Subsequent rounds of the first stage
end for
for s =2to .S do
Token "™ « Z;yﬂ(zz'eaj
—-1R -1
OES + Sum; ™)
> Summary at the end of stage s — 1
~1)R+1 M ~1)R+1
Token$ VEH doicy P(S ) (Q+
OZ(S DE ZN Sum?™ !
1R+1
+0 Y
> First round of the stage s
fort = (s —1)R + 2 tomin(sR,T) do
N
Token < 3751 Dieq, P (Q+
t—1
O’f + Zi'EGj Oi/ )
> Subsequent rounds of the stage s
end for
end for
Token «— "% Token! + 35 (

summary min(sR,T) t
Token."| + 2 im(s-1) R+1 Token’)

> Total token cost in debate
return Token
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