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Abstract

Extracting finite state automata (FSAs) from
black-box models offers a powerful approach
to gaining interpretable insights into complex
model behaviors. To support this pursuit, we
present a weighted variant of Angluin’s (1987)
L* algorithm for learning FSAs. We stay faith-
ful to the original algorithm, devising a way
to exactly learn deterministic weighted FSAs
whose weights support division. Furthermore,
we formulate the learning process in a manner
that highlights the connection with FSA min-
imization, showing how L* directly learns a
minimal automaton for the target language.

O github.com/rycolab/weighted-angluin

1 Introduction

Learning formal languages from data is a classic
problem in computer science. Unfortunately,
learning only from positive examples is impossible
(Gold, 1978). By granting the learner access
to more than just positive examples, Angluin
(1987) introduced the active learning scheme
L*, where the learner interacts with an oracle by
asking it queries. Concretely, Angluin’s (1987)
L* algorithm learns regular languages in the form
of deterministic finite-state automata (DFSAs)
from membership queries (analogous to asking
for a ground truth label of a string in the training
dataset) and equivalence queries (analogous to
asking whether a hypothesis is correct).

Weighted formal languages, where strings are
assigned weights such as probabilities or costs, nat-
urally generalize membership-based (boolean) for-
mal languages. Weighted languages, especially
probabilistic languages, serve as a cornerstone in
the conceptual framework of many NLP problems
(Mohri, 1997). Their significance is twofold: First,
in practical applications, where they underpin algo-
rithms for tasks such as parsing (Goodman, 1996)
and machine translation (Mohri, 1997), and second,
as an analytical framework for better understand-
ing modern language models (Weiss et al., 2018;

Jumelet and Zuidema, 2023; Nowak et al., 2024,
inter alia). This has motivated the development of
various weighted extensions of Angluin’s (1987)
L* algorithm. For instance, Weiss et al. (2019) de-
scribes a generalization that (approximately) learns
a probabilistic DFSA by querying a neural lan-
guage model to interpret it. Less faithfully to
the original L* algorithm, multiple algorithms for
learning non-deterministic weighted FSAs have
been proposed (Bergadano and Varricchio, 1996;
Beimel et al., 2000; Balle and Mohri, 2012; Balle
et al., 2014; Daviaud and Johnson, 2024; Balle and
Mohri, 2015). These algorithms involve the solu-
tion of a linear system of equations, and therefore
they cannot be used when the underlying algebraic
structure lacks subtraction.

We present a novel weighted generalization of
the L* algorithm that learns semifield- weighted
deterministic FSAs. In contrast to other algorithms
inspired by L*, ours is a more faithful generaliza-
tion of the original learning scheme. We generalize
Angluin’s (1987) original algorithm, resulting in a
familiar procedure that, just like the original, learns
a DFSA exactly in a finite number of steps if the
automaton can be determinized.! Additionally, we
loosen the requirement for field-weighted FSAs;
our algorithm works for semifield-weighted FSA.
Our exposition further illuminates the connection
between weighted minimization (Hopcroft and
Ullman, 1979; Mohri, 1997) and L*.

2 Weighted Regular Languages

Semirings and Semifields. Throughout this pa-
per, we fix a semifield K = (K,®,®, 0, 1), where
K is a set equipped with two associative laws, @
and ®, along with distinguished elements 0 and 1,
satisfying the following conditions:

1.(K, @, 0) is a commutative monoid,
2.(K\{0},®,1) is a group,

All boolean-weighted FSA can be determinized, which is
why Angluin’s (1987) L* always halts.
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3.The law & distributes over @, so for all
wi, we, w3 € K, (w @wz) Qw3 = (w1 @wsz)®
(w2 ®ws3) and w1 @ (w2 D wz) = (w1 @w2) B
(w1 ® ws); and

4.0 acts as an annihilator for &, meaning w ® 0 =
0®w = 0 for all w € K.

Strings and Languages. An alphabet X is a
non-empty, finite set of symbols. A string is a
finite sequence of symbols from an alphabet. We
write xy to denote the concatenation of the strings
xandy. Let 2"t € {yq | y € ¥" a € ¥} and
0 & (¢}, where ¢ is the empty string. The Kleene
closure ¥* < Uiy £ of X is the set containing
all strings made with symbols of 3. We further
introduce the set U<F = Uﬁ:o ™. Given an alpha-
bet ¥ and a semiring (K, ®, ®, 0, 1), a weighted
formal language is a function L: ¥* — K that
assigns weights w € K to strings y € ¥*. Unless
differently specified, in this paper we will assume
that all weighted languages are semifield-weighted.

Weighted Finite-state Automata. A weighted
finite-state automaton (WFSA) A over a semifield
K,®,®,0,1) is a 5-tuple (2, Q,J, A, p) where
> is an alphabet, () is a finite set of states, ¢ is

a set of weighted arcs rendered as p afw, q with
p,geQ,ae Y, andwe K2 and X\: Q — K and
p: @ — K are the initial and final weight function,
respectively. A path 7 in A is a finite sequence of
contiguous arcs, denoted as

al/wl a‘N/wN
g ——q1, "+ ,qn—1 ——>qn. (1)

We call i (7) = qo the initial state of the path, and
f(m) = qn the final state of the path. The weight
of misw (7)) = w1 ® -+ ® wy and its yield is
o(m) = ay---ayn. With I 4, we denote the set of
all paths in A, and with II4(p) the subset of all
paths in A with yield p. A state q is accessible if
there exists a path 7 with w(7) # 0, A(i (7)) # 0
and f(mw) = q. It is coaccessible if there exists
a path 7 with w(w) # 0, p(f(w)) # 0 and
i(w) = q. A WFSA is trimmed if all its states
are simultaneously accessible and coaccessible.
We say that a WFSA A = (X, Q, 0, A, p) is deter-
ministic (a WDFSA) if, for every p € Q,a € %,
there is at most one q € () such that p afw, qeod

with w > 0, and there is a single state gr with

>We do not consider e-transitions. This is without loss
of generality; any regular language can be represented by an
e-free automaton (Mohri, 2009, Theorem 7.1).

A(gr) # 0. In such case, we refer to ¢y as the
initial state. A WDFSA can have at most one path
yielding a string y € X.* from the initial state ;. A
WDFSA A is said to be minimal if no equivalent
WDEFSA with fewer states exists.

Weighted Regular Languages.
A generates the weighted language

Lap) = D AMi(m)@w (m)@p(f(r)) )

well 4 (p)

Every WEFSA

for p € X*. We define the set supp(L) = {p €
¥* | L(p) # 0} to be the support of L. A
weighted language is said to be regular if there
exists a WESA that generates it. If two WFESAs
generate the same language, they are said to be
equivalent. Finally, a weighted regular language is
said to be deterministic if there exists a WDFSA
that generates it. In contrast to the boolean case,
not every weighted regular language can be
generated by a deterministic WFSA (Allauzen
and Mohri, 2003). Weighted deterministic regular
languages are thus a strict subset of weighted
regular languages. This distinction plays a
critical role in our exposition—we develop a
generalization of Angluin’s (1987) algorithm that
learns weighted deterministic regular languages.

Homothetic equivalence. Let X be a subset of
¥* and (K, ®, ®, 0, 1) a semifield. Let us denote
with £(X) the set of functions X, We introduce
the equivalence relation

L =x Ly — JkeK\{0}: 3)
Li(x) = k®La(x), Vxe X

between any two functions L1, Lo in £(X). We
call this relation homothetic equivalence.

For every string x € ¥*, we introduce the right
language x 'L: y — L(xy), and define the fol-
lowing equivalence relation on ¥*:

X~z < X 'L=g:2z 'L 4)

3 Empirical Hankel Systems

Hankel matrices. Let P € >* be a prefix-closed
set of prefixes and let S € X* be a suffix-closed
set of suffixes.> An empirical Hankel matrix is
amap H: PoXs! x ¥S1oS — K. For every
p € P o ¥S! we define the right language map

3A set of strings is prefix-closed (suffix-closed) if it con-

tains all prefixes (suffixes) of each of its elements. In particular
eePnS.



H,: ©<' oS - K, s — H(p, s). Using homoth-
etic equivalence (Eq. (4)), we introduce the equiva-
lence relation ~gg on PoX<! for p, g € PoX <! as

p~aq — Hj,=y<.,Hy ®))

We denote p’s equivalence
[p] = {qe Poxst| g~ p}.

class by

The naive Hankel automaton. Given an empiri-
cal Hankel matrix H, consider the map

dip: PoXS! 5 K, p> @sesH(p,5)  (6)

We introduce it here to streamline the construction
of the naive Hankel automaton associated with
H; the WFSA* Ay = (2, Qu, 0, g, pu) with:
(1) States. We define the states Qg &p.

(2) Transitions. For every state p € P and every

symbol a € 3, let the transition p afw, p’ bein oy

whenever p a ~g p’ and where

du(pa)
wE ) dulp) if du(p) # 0, (7
0 otherwise

(3) Initial weight. For every state p € P, we
define its initial weight as

o Jdu(e) ifp=c¢
Au(p) = ’ 8
u(p) {0 otherwise ®

(4) Final weights. For every state p € P, we
define its final weight

H(p,e) if dH
X p) # 0,
pr(p) £ { @) ( .) ()]
0 otherwise

Empirical Hankel systems.

Definition 1. An empirical Hankel system is a
triplet H = (P, S, H), where P = X* prefix closed,
S € ¥* a suffix closed, and H: P o 51 x ¥l o
S — K is an empirical Hankel matrix that is:

(1.) non-trivial: Hy, # O, for all p € P;

(2.) closed: for every p € P and a € 3 such that
H,, # 0, there exists q € P such that pa ~g q—
in particular, P o ¥/ ~g= P/ ~g; and
(3.) conmsistent: for every p,q € P

Ya € 3.

P~Hq=Ppa~Hqa, (10)

We define the dimension of an empirical Hankel
system to be dim(H) £ [P/ ~ |. Given an em-

pirical Hankel matrix H: Po XSt x ©¥S1o§ — K

“This automaton is not necessarily determinisitc.

and a weighted language L, we say that L contains
H if H(p, s) = L(ps) forevery p € P o ©<! and
s € Sl oS. Likewise, we say that a WFESA A
contains H if the language L 4 contains H.

We define a partial order on the set of empir-
ical Hankel systems as follows: given two em-
pirical Hankel systems H; = (P1,S;, H;) and
ﬁg = (PQ, SQ,HQ), we define ﬁl < ﬁg, if
P; < Py, S1 < S9 and Hy(p,s) = Ha(p, s)
for any (p, s) € Py o =1 x Sy o US1,

3.1 Minimal Hankel Automaton

Theorem 1 (Ay is transition-regular). Let H =
(P,S,H) be an empirical Hankel system. The
equivalence relation ~yg on Ay is transition-
regular (see Def. 2), which means that for every
p € Pandeverya e X:

1. There exists r € P such that p afun, T € 0y for
some w1y € K\{0}.

2. If q € P is another prefix with p ~y q, then:
(a) forall r € P:

p aw, reEdy <= q afw2, T €0y
and: (i) r ~g pa ~g qa, (i) w1 = wo.
(b) Mu(p) = Aul(q) and pu(p) = pu(q).

Proof. Fix a prefix p € P and a symbol a € 3.
1. Since H is closed, there exists 7 € P and k €
K\{0} such that H,, = k ® Hp,, which implies,

by definition of Ay, that p A, r € oy for some
wy € K. Since H is non-trivial, dg(r) = k ®

dp(pa) # 0, and so w; = %(1;“)) £0.

2. (a.i) By definition of Ag, if p 2% 7 is in
om, then pa ~yg r for some r € P. Now, let
q € P such that p ~y1 q. By consistency of H, we

have ga ~y pa ~g r and so q a/wz, 7 € 0y for
some ws € K. The reverse follows similarly.

2. (a.i) Let us show wy = w;. By assump-
tion, we know that there exists k£ € K\{0} such
that Hy(s) = k ® Hy(s) Vs € X! o S. Hence
du(pa) = @sesHp(as) = k ® du(ga) and
du(p) = @sesHp(s) = k ® du(q). Accordingly,
du(p) # 0 < du(q) # 0 and in which case

_ du(pa) _ du(qa)

— = 11
U= da(p)  dug) 2
2. (b) If p ~g1 q, then we have
H H
pup) = T2C) _KOHE) _ 1)

" du(p)  K®dulq)

The computation for Agg(p) follows similarly. W



Theorem 2 (The empirical Hankel Automaton
An). Let H = (P,S,H) be an empirical Hankel
system and let .%TH be the quotient of Ayg modulo
the transition-regular equivalence relation ~y1 as
defined in Def. 3. Then:

(1) The weighted automaton .ZlH is trimmed and
deterministic.

(2) LﬁH(ps) = H(p, s) forallpe Pand s € S,

meaning that Ay contains H.

Proof. (1) Since the automaton is built on an empir-
ical Hankel system, by definition, every p is the pre-
fix of a string x = ps, such that H(p, s) # 0 for
at least one s € S, hence p is accessible and coac-
cessible. This shows that Ay is trimmed, and so is
./ZH. Determinism and (2) follow from Lem. 1. W

Theorem 3 (Minimality of .ZH).
(i) For any p, q € P, we have

P~Hq < P~L; 4 (13)
(ii) P/ ~u=supp(L ; )/ MLy

(iii) Any automaton that contains H must have at
least [P/ ~u | = |@Q ;| states.

(iv) Let A’ be a WDFSA that contains H. Then,
L (x) = Lag(x), Vx € supp(Lay). If A is
not equivalent to Ay, then

Qu| =[P/ ~u |+ 1.
(v) In particular, /TH is minimal.

Proof.

(i) (<). If p‘leH =y q_leH, then restrict-
ing the two maps to ©<! o S shows that we also
have H, =y<i1,5 Hq. (=). Clearly, p ~g g
implies [p] = [q].

(ii) From (i), we have that the restriction

{p~'Ly :peP}— (14)

{p""™H=p 'L; |s:peP}

provides a natural surjection. Let x € supp(L -ZH)
and 7y its path in Ag. Let Px = f(mx) € P be the
final state of 7 in Ag. Thus, by definition, we
have pi 'Lz =s» x 1L Jy- Accordingly, the
natural projection map P — supp(L fTH)/ =y
is surjective, and hence we have a bijection
P/ ~Lg S supp(L 3 )/ =s+. Since in (i) we
showed P/ ~g~ P/ ~L; »we conclude
H

P/~m=supp(Liz )/ ~L; (15

(iii) Let A’ be any WDFSA that contains H.
Clearly, we have p ~1,,, ¢ = p ~H g, hence we
have a surjective map P/ ~r, ,,— P/ ~m, which
shows

Qu| =[P/ ~L, [Z[P/~u|=1[Q4,| (16)
(iv) Consider the sub-WDFSA A, < A’ with
states

Qp ={qe€Qu | q=f(mp) forp e P}

Clearly Aj contains H. In addition, because H
is closed and consistent, A}, and Ag have the
same transitions (not necessarily same weights).
We hence have Ly, = L. In other words,

(17)

Ly(x) = Lgu(x) for all x e supp(Ag).

Accordingly, if Ly # L4y, then there ex-

ists x € supp(La)\supp(La,) and [x] €

(supp(Lia)/ ~L , \(supp(Liag )/ ~1 ). Thus:
Q| = [supp(La)/ ~L,, |

> [supp(Liag)/ ~L, [ +1

> [supp(Lag)/ ~Lay | +1

=[P/ ~u[+1

(v) If in particular, A’ is any WDFSA equivalent

to Ay, then by (iii) |Q 4| = |Qﬂn“ [ |

Corollary 1 (Termination). Let H be an empirical
Hankel system and A" any automaton that contains
it. If|QA/| = |P/ ~¥ |, then LAH = L.

4 A Weighted L* Algorithm

Like Angluin (1987), we assume we have access to
an oracle that answers the following queries about
a deterministic regular language .* : ©* - K:

(1) Membership query: What is the weight
L* (p) of the string p € ¥*?

(2) Equivalence query: Does a hypothesis au-
tomaton Ag generate /.*? If it does not, the oracle
provides a counterexample, which is a string £
such that L 3_(t) # L*(t).

At a high level, the algorithm iteratively constructs
empirical Hankel systems of increasing dimensions
that capture observed patterns of the target lan-
guage L*. Once sufficient observations are accu-
mulated, the automaton derived from these Hankel
systems will generate exactly L*.

4.1 The Learning Algorithm

Our weighted L* algorithm, with its main loop
detailed in Alg. 1, employs the subroutines
outlined in Alg. 2.



Algorithm 1 The Weighted L* algorithm. Initially,
the empirical Hankel matrix H is set to the zero
matrix and the sets P, S to {¢}.
I def L* (0):
while true :
while true :
3 if H is not consistent :
MAKECONSISTENT(Q, H)
6. else if H is not closed :
MAKECLOSED(O, H)
8. else : break
9. H < REMOVENULLROWS(H)
10 Ay — MAKEAUTOMATON (H)
1 if EQUIVALENT(O, Ag) : return Agy

2. else :

3 p <— COUNTEREXAMPLE(Q, /TH)
14, fort =1to|p|+1:

15 PP ) {p<t}

16. CoMPLETE(O, H)

Initialization. P and S are initialized as {¢} and
the H to the zero matrix.

Handling inconsistencies. MAKECONSISTENT
in Line 7 of Alg. 1 looks for rows p,p’ € P that
make H non-consistent, i.e., Hp, #xn<1,5 Hyry:
It normalizes a row Hy,, as % (Alg. 2, Line 5),
which allows testing homothetic equivalence
with equality.’ For every s € S that makes H
inconsistent, as is added to S. This results in the
new equivalence classes [p] and [p'] because H,
and H, do not match anymore on the column
indexed by as. See Lem. 2 for more details.

Closing H. MAKECLOSED (Alg. 1, Line 7;
Alg. 2) adds to P the missing prefixes required to
make H closed. This results in the new equivalence
class [pa]. See Lem. 2 for more details.

Filling out H. COMPLETE fills the empty entries
of H by asking membership queries to the oracle.

Handling inconsistencies, closing H, and filling
H is carried out by the inner while loop (Lines 3 to
8) of Alg. 1 until H is both closed and consistent.

Generating Ag.  When H is closed and consis-
tent, Alg. 1 first removes O-rows from the matrix
to obtain an empirical Hankel system, then it gen-
erates the empirical Hankel automaton /TH, and
lastly submits an equivalence query to the oracle

>When the entire row H,, is zero, we do not normalize;
this is omitted in the pseudocode for brevity.

Algorithm 2 Subroutines of Alg. 1.
.. def MAKECONSISTENT(O, H):
for (p,p’)eP xP:
if Hp =y»<1s§ Hp/ :

. for (a,s)e ¥ x S:

. H_ . (s

it 52500 # o
6. S —Su{as}

CoMPLETE(O, H)

5. def MAKECLOSED(Q, H):

o. for(p,ayeP x%:

10. if ﬂp/ € Ps.t. Hpy =y<i1,5 Hy -
1 P — P u {pa}
CoMPLETE(O, H)

. def COMPLETE(O, H):

. forpePoXxst:

forse X<1oS:

16. H(p, s) <— MEMBERSHIP(O, ps)

N

(Line 11). If the oracle answers positively, Alg. 1
halts and returns ﬂH Otherwise, the oracle pro-
vides a counterexample, which is added to P along
with its prefixes. H is then updated through mem-
bership queries (Lines 13 to 16). The algorithm
continues until H is closed and consistent again.

Theorem 4. Let K be a semifield and Y an alpha-
bet. Let Q) be an oracle for a deterministic regular
language 1* : ¥* — K, whose minimal WDFSA
has N states. Then, Alg. I returns a minimal
WDFSA generating L* in time O (N°M?|S|?),
where M is the length of the longest counterexam-
ple that Q can provide.

Proof. See App. B. ]

5 Conclusion

We introduce a weighted L* algorithm, an oracle-
based algorithm for learning weighted regular lan-
guages, building upon the paradigm pioneered by
Angluin (1987). While similar methods have been
proposed before, our method is novel in that it
learns an exact deterministic WFSA, akin to the
original Angluin’s (1987) unweighted version.

Limitations

One of the limitations of weighted L* is that it re-
quires an oracle capable of answering membership
and equivalence queries. However, in the case we
want to use L* to study a language model, this is



the ideal setting, as we can use the language model
itself as the oracle (Weiss et al., 2018; Okudono
et al., 2019; Weiss et al., 2019). Another limitation
to the applications of our work is that not every
language model is efficiently representable as a
finite-state machine. For instance, Merrill (2019)
shows that LSTMs are strictly more powerful than
FSAs. Therefore, in practice, one may have to use
a simplified abstraction of the model one aims to
learn (Weiss et al., 2019), inevitably reducing the
model’s expressivity.
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A Transition-regular Equivalence Relations on Automata

Definition 2. Let A = (X,Q, 0, A, p) be a WFSA. An equivalence relation ~ on Q) is transition-regular
if, for any states p, q € ), whenever p ~ q, we have:

¢ Qutgoing Transition Consistency: For every symbol a € Y, if there exists a state v € () such that

P M T € 6 with weight wy # 0, then

. .. a/w .
— there must exist a transition q Q r € 0 with weg = wj.

a/w}
— for any other state v’ € Q) such that p SN r’ € 0 we must have r ~ r'.

* Initial and Final Weight Consistency: The initial and final weights of p and q are identical:

Alp) = Mq) (18a)
r(q)- (18b)

Definition 3. Let A = (X,Q,0, )\, p) be a WFSA. Given a transition-regular equivalence relation ~ on
Q, we define the quotient automaton A = (Q, %, 0, \, p) as follows:

* States: The state set of the quotient automaton is QQ = Q/ ~ .

* Transitions: Define the transition set S as follows. For each equivalence class [p] € @ and each

/

symbol a € ¥, if there exists a state q € () such that p RN q € 6, then there is a corresponding
transition

[p] % [q] €,

where [q] denotes the equivalence class of q.

o Initial and Final Weights: Define the initial and final weight functions for each equivalence class

[p] € Q as:

A([p]) = A(p),
p p(p).

Lemma 1. The quotient automaton A is deterministic and it generates the following weighted language:

La(p) = [Ma(p)|Lz(p), VpeX™ (19)

Proof. The proof is straightforward.
|

B Proof of Thm. 4

Theorem 4. Let K be a semifield and Y. an alphabet. Let Q) be an oracle for a deterministic regular
language 1.* : ¥* — K, whose minimal WDFSA has N states. Then, Alg. I returns a minimal WDFSA
generating L* in time O (N SM 2|E\2), where M is the length of the longest counterexample that O can
provide.

B.1 Terminination

We begin by stating the following lemma

Lemma 2 (Number of equivalence classes increases). When Alg. 1

(1) adds a suffix to S because H is not consistent,

(2) adds a prefix to P because the table is not closed,

(3) adds a prefix to P because the oracle replied with a counterexample,



the number of equivalence classes P/ ~y increases.

Proof.

(1) If the empirical Hankel matrix is not consistent, MAKECONSISTENT (Alg. 1, Line 5) finds two prefixes
p,p’ € P such that H, = H,, but Hy,, # H,,. Then it searches for a tuple (a,s),a € X, s € yslos
that makes the relation Hp, = H,y,, false, and adds as to S. After adding as to S, we have that Hy, = H,,
and therefore the equivalence class [p] is divided in two different ones.

(2) If H is not closed, MAKECLOSED (Alg. 1, Line 7) finds p € P and a € X such that Hy,, # H,, for
every p’ € P and adds pa to P. Since there was no p’ in P such that p’ ~y pa, it follows that a new
equivalence class [pa] is added to P/ ~y.

(3) When the Oracle replies negatively to the equivalence query, the counterexample ¢, together with
its prefixes, is added to P. We show that even in this case, dlm( H) increases. Let H and H' denote
the empirical Hankel system before and after adding £, and let AH and AHt denote the corresponding
empirical Hankel automaton in each case. We note that both Ay and AHt contain H and therefore by
Thm. 3—since the automata are not equlvalent—A must have at least one more state than AH By
construction of the empirical Hankel automaton, we know that this implies that dim(H) increases. W

Let (Hg = (P, Sk, Hi)) x>0 be the sequence of empirical Hankel systems constructed at each iteration
of the main loop of Alg. 1. By Lem. 2, this sequence is increasing; that is, H;, < Hj; for all k > 0
Let A* denote any minimal automaton for the target language .. *. On the one hand, we know that the
automaton A* contains Hj, for all £ > 0. On the other hand, by Lem. 2, there exists n € N such that
dim(H,) = |Py/ ~ 4y, | = |Q.1x|. Therefore, by applying Cor. 1, we conclude that L* = L4, .

Consequently, after a finite number of iterations, the oracle will respond positively to the equivalence
query, causing the algorithm to halt. Furthermore, we observe that the inner loop of Alg. 1 executes at
most |Q 4« | times, as dim(H) increases at every step by Lem. 2, and at each iteration, .A* continues to
contain H.

B.2 Run-Time

First, we note that since L* always contains H, by Lem. 2 any of the following events can only occur at
most N times in total, where N is the number of states of the minimal automaton accepting L*: i) we
add a prefix because the table is not closed, ii) we add a suffix because the table is not consistent, iii) we
add a counterexample because the oracle replies negatively to the equivalence query. Then, let us give a
bound on the size of the prefix and suffix sets:

* |P| € O(NM), in fact initially P = {¢}, and P can be incremented at most N times because the
matrix is not consistent and at most N M times because the oracle replies with a counterexample,
where M is the length of the longest counterexample.

* |S| € O(N), in fact initially S = {£}, and S can be incremented at most N times.

Next, we shall analyze the runtime of the operations executed during the main loop of Alg. 1.

« MAKECONSISTENT € O (|P[?[S|?|2[?)

* MAKECLOSED € O (|P|?[S||Z[?)

« COMPLETE € O (|P||S]|Z[?)

* MAKEAUTOMATON € O (|P| + |P||X]),

In the analysis above we used the fact that the map dyr : P o ¥S! — K is fixed for every empirical

Hankel matrix and can be precomputed in time O (|P||S||2|?) and reused multiple times.

We note that each of these operations can be executed at most N times before the algorithm halts, and

therefore—by substituting in the bounds for P and S—we compute the total runtime of Alg. 1 as:

O (N (N*M?Z)? + N*M?|Z) + N2M (S + N2M|Z| + MN + NM|S))) (20a)
=0 (N°M?|2?) (20b)
We note an important distinction between our weighted version of L* and Angluin’s (1987). In fact, in

the weighted case, we need to make sure that the empirical Hankel matrix has a column for every element
¥.<! o S and not only for S. This is a fundamental step to enforce that the relation ~yy is transition regular



(Thm. 1), and it is related to the fact that in the weighted case, we don’t seek language equality, but rather
equality modulo multiplication by a constant k.
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