Math-Shepherd: Verify and Reinforce LLLMs Step-by-step
without Human Annotations
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Abstract

In this paper, we present an innovative process-
oriented math process reward model called
MATH-SHEPHERD, which assigns a reward
score to each step of math problem solutions.
The training of MATH-SHEPHERD is achieved
using automatically constructed process-wise
supervision data, breaking the bottleneck of
heavy reliance on manual annotation in existing
work. We explore the effectiveness of MATH-
SHEPHERD in two scenarios: 1) Verification:
MATH-SHEPHERD is utilized for reranking
multiple outputs generated by Large Language
Models (LLMs); 2) Reinforcement Learning
(RL): MATH-SHEPHERD is employed to rein-
force LLMs. With MATH-SHEPHERD, a se-
ries of open-source LLMs demonstrates excep-
tional performance. For instance, process RL
with MATH-SHEPHERD significantly enhances
Mistral-7B (77.9%—84.1% on GSM8K and
28.6%—33.0% on MATH). The accuracy can
be further improved to 89.1% and 43.5% on
two benchmarks with verification of MATH-
SHEPHERD. We believe that automatic process
supervision holds significant potential for the
future evolution of LLMs.

1 Introduction

Large language models (LLMs) have demonstrated
remarkable capabilities across various tasks (Park
et al., 2023; Kaddour et al., 2023; Song et al.; Li
et al., 2023a; Wang et al., 2023a; Chen et al., 2023;
Zheng et al., 2023; Wang et al., 2023c), However,
even the most advanced LLMs face challenges in
complex multi-step mathematical reasoning prob-
lems (Lightman et al., 2023; Huang et al., 2023).
To address this issue, prior research has explored
different methodologies, such as pre-training (Azer-
bayev et al., 2023), fine-tuning (Luo et al., 2023;
Yu et al., 2023b; Wang et al., 2023b), prompting
(Wei et al., 2022; Fu et al., 2022), and verification
(Wang et al., 2023d; Li et al., 2023b; Zhu et al.,
2023; Leviathan et al., 2023). Among these tech-
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niques, verification has recently emerged as a fa-
vored method. The motivation behind verification
is that relying solely on the top-1 result may not
always produce reliable outcomes. A verification
model can rerank candidate responses, ensuring
higher accuracy and consistency in the outputs of
LLMs. In addition, a good verification model can
also offer invaluable feedback for further improve-
ment of LLMs (Uesato et al., 2022; Wang et al.,
2023b; Pan et al., 2023).

The verification models generally fall into the
outcome reward model (ORM) (Cobbe et al., 2021;
Yu et al., 2023a) and process reward model (PRM)
(Li et al., 2023b; Khalifa et al., 2023; Uesato et al.,
2022; Lightman et al., 2023; Ma et al., 2023). The
ORM assigns a confidence score based on the entire
generation sequence, whereas the PRM evaluates
the reasoning path step-by-step. PRM is advanta-
geous due to several compelling reasons. One ma-
jor benefit is its ability to offer precise feedback by
identifying the specific location of any errors that
may arise, which is a valuable signal in reinforce-
ment learning and automatic correction. Besides,
The PRM exhibits similarities to human behavior
when assessing a reasoning problem. If any steps
contain an error, the final result is more likely to
be incorrect, mirroring the way human judgment
works. However, gathering data to train a PRM can
be an arduous process. (Uesato et al., 2022) and
(Lightman et al., 2023) utilize human annotators to
provide process supervision annotations, enhancing
the performance of PRM. Nevertheless, annotation
by humans, particularly for intricate multi-step rea-
soning tasks that require advanced annotator skills,
can be quite costly, which hinders the advancement
and practical application of PRM.

To tackle the problem, in this paper, we pro-
pose an automatic process annotation framework.
Inspired by Monte Carlo Tree Search (Kocsis &
Szepesvari, 2006; Coulom, 2006; Silver et al.,
2016; Swiechowski et al., 2023), we define the
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quality of an intermediate step as its potential to
deduce the correct final answer. By leveraging the
correctness of the answer, we can automatically
gather step-wise supervision. Specifically, given
a math problem with a golden answer and a step-
by-step solution, to achieve the label of a specific
step, we utilize a fine-tuned LLM to decode multi-
ple subsequent reasoning paths from this step. We
further validate whether the decoded final answer
matches with the golden answer. If a reasoning
step can deduce more correct answers than another,
it would be assigned a higher correctness score.

We use this automatic way to construct the
training data for MATH-SHEPHERD, and ver-
ify our ideas on two widely used mathematical
benchmarks, GSM8K (Cobbe et al., 2021) and
MATH (Hendrycks et al., 2021). We explore the ef-
fectiveness of MATH-SHEPHERD in two scenarios:
1) verification: MATH-SHEPHERD is utilized for
reranking multiple outputs generated by LLMs; 2)
reinforcement learning: MATH-SHEPHERD is em-
ployed to reinforce LLMs with step-by-step PPO.
With the verification of MATH-SHEPHERD, a series
of open-source LLMs from 7B to 70B demonstrates
exceptional performance. For instance, the step-by-
step PPO with MATH-SHEPHERD significantly im-
proves the accuracy of Mistral-7B (77.9%—84.1%
on GSMS8K and 28.6%—33.0% on MATH). The
accuracy can be further enhanced to 89.1% and
43.5% on GSMS8K and MATH with verification.
DeepSeek 67B (DeepSeek, 2023) achieves accu-
racy rates of 93.3% on the GSMS8K dataset and
48.1% on the MATH dataset with verification of
MATH-SHEPHERD. To the best of our knowledge,
these results are unprecedented for open-source
models that do not rely on additional tools.

Our main contributions are as follows: 1) We
propose a framework to automatically construct
process supervision datasets without human anno-
tations for math reasoning tasks; 2) We evaluate
our method on both step-by-step verification and
reinforcement learning scenarios. Extensive exper-
iments on two widely used mathematical bench-
marks - GSM8K and MATH, in addition to a series
of LLMs ranging from 7B to 70B, demonstrate the
effectiveness of our method; 3) We empirically an-
alyze the key factors for training high-performing
process reward models, shedding light on future
directions toward improving reasoning capability
with automatic step-by-step verification and super-
vision.

2 Related Works

Improving and eliciting mathematical reasoning
abilities of LLMs. Mathematical reasoning tasks
are one of the most challenging tasks for LLMs.
Researchers have proposed various methods to im-
prove or elicit the mathematical reasoning ability
of LLMs, which can be broadly divided into three
groups: 1) pre-training: The pre-training methods
(OpenAl, 2023; Anil et al., 2023; Touvron et al.,
2023; Azerbayev et al., 2023) pre-train LLMs on
a vast of datasets that are related to math prob-
lems, such as the Proof-Pile and ArXiv (Azerbayev
et al., 2023) with a simple next token prediction
objective. 2) fine-tuning: The fine-tuning meth-
ods (Yu et al., 2023b; Luo et al., 2023; Yue et al.,
2023; Wang et al., 2023b; Gou et al., 2023) can
also enhance the mathematical reasoning ability
of LLMs. The core of fine-tuning usually lies in
constructing high-quality question-response pair
datasets with a chain-of-thought reasoning process.
and 3) prompting: The prompting methods (Wei
et al., 2022; Zhang et al., 2023; Fu et al., 2022;
Bi et al., 2023) aim to elicit the mathematical rea-
soning ability of LLMs by designing prompting
strategy without updating the model parameters,
which is very convenient and practical.

Mathematical reasoning verification for LLMs.
Except for directly improving and eliciting the
mathematical reasoning potential of LLMs, the
reasoning results can be boosted via an extra ver-
ifier for selecting the best answer from multiple
decoded candidates. There are two primary types
of verifiers: the Outcome Reward Model (ORM)
and the Process Reward Model (PRM). The ORM
allocates a score to the entire solution while the
PRM assigns a score to each individual step in
the reasoning process. Recent findings by (Light-
man et al., 2023) suggest that PRM outperforms
ORM. In addition to verification, reward models
can offer invaluable feedback for further training
of generators (Uesato et al., 2022; Pan et al., 2023).
Compared to ORM, PRM provides more detailed
feedback, demonstrating greater potential to en-
hance generator (Wu et al., 2023). However, train-
ing a PRM requires access to expensive human-
annotated datasets (Uesato et al., 2022; Lightman
et al., 2023), which hinders the advancement and
practical application of PRM. Therefore, we aim to
build a PRM for mathematical reasoning without
human annotation, and we explore the effective-
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ness of the automatic PRM with both verification
and reinforcement learning scenarios.

3 Methodology

In this section, we first present our task formula-
tion to evaluate the performance of reward models
(§3.1). Subsequently, we outline two typical cat-
egories of reward models, ORM and PRM(§3.2).
Then, we introduce our methodology to automat-
ically build the training dataset for PRM(§3.3),
breaking the bottleneck of heavy reliance on man-
ual annotation in existing work (Uesato et al., 2022;
Lightman et al., 2023).

3.1 Task Formulation

We evaluate the performance of the reward model
in two scenarios:

Verification Following (Lightman et al., 2023),
we consider a best-of-N selection evaluation
paradigm. Specifically, given a problem p in the
testing set, we sample N candidate solutions from a
generator. These candidates are then scored using
a reward model, and the highest-scoring solution is
selected as the final answer. An enhanced reward
model elevates the likelihood of selecting the so-
lution containing the correct answer, consequently
raising the success rate in solving mathematical
problems for LLMs.

Reinforcement learning We also use the auto-
matically constructed PRM to supervise LLMs
with step-by-step RL. In this scenario, we eval-
uate the accuracy of the LLMs’ greedy decoding
output. An enhanced reward model is instrumental
in training higher-performing LLMs.

3.2 Reward Models

ORM Given a mathematical problem p and its
solution s, ORM (P x .S — R) assigns a single real-
value to s to indicate whether s is correct. ORM
is usually trained with a cross-entropy loss (Cobbe
et al., 2021; Li et al., 2023b):

Lorm = —(yslogrs + (1 —ys)log(l —7s)), (1)

where y; is the golden answer of the solution s,
ys = 1 if s is correct, otherwise ys = 0. ry is the
sigmoid score of s assigned by ORM. The success
of the reward model hinges on the effective con-
struction of the high-quality training dataset. As the
math problem usually has a certain answer, we can
automatically construct the training set of ORM by

two steps: 1) sampling some candidate solutions
for a problem from a generator; 2) assigning the la-
bel to each sampling solution by checking whether
its answer is correct. Although false positives solu-
tions that reach the correct answer with incorrect
reasoning will be misgraded, previous studies have
proven that it is still effective for training a good
ORM (Lightman et al., 2023; Yu et al., 2023a).

PRM Take a step further, PRM (P x S — R™)
assigns a score to each reasoning step of s, which
is usually trained with:

K
LprM = — Zysi logrs, + (1 —ys;)log(1 —rs;), (2)
i=1

where y;, is the golden answer of s; (the i-th step
of s), ry, is the sigmoid score of s; assigned by
PRM and K is the number of reasoning steps for
s. (Lightman et al., 2023) also conceptualizes
the PRM training as a three-class classification
problem, in which each step is classified as either
‘good’, ‘neutral’, or ‘bad’. In this paper, we found
that there is not much difference between the binary
and the three classifications, and we regard PRM
training as the binary classification. Compared to
ORM, PRM can provide more detailed and reliable
feedback (Lightman et al., 2023). However, there
are currently no automated methods available for
constructing high-quality PRM training datasets.
Previous works (Uesato et al., 2022; Lightman
et al., 2023) typically resort to costly human an-
notations. The annotation cost invariably impedes
both the development and application of PRM.

3.3 Automatic Process Annotation

In this section, we propose an automatic process
annotation framework to mitigate the annotation
cost issues associated with PRM. We first define the
quality of a reasoning step, followed by the intro-
duction of our solution that obviates the necessity
for human annotation.

3.3.1 Definition

Inspired by Monto Carlo Tree Search (Kocsis &
Szepesvari, 2006; Coulom, 2006; Silver et al.,
2016; Swiechowski et al., 2023), we define the
quality of a reasoning step as its potential to deduce
the correct answer. This criterion stems from the
primary objective of the reasoning process, which
essentially is a cognitive procedure aiding humans
or intelligent agents in reaching a well-founded
outcome (Huang & Chang, 2023). Therefore, a
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Problem: Let p(x) be a monic polynomial of degree 4. Three
of the roots of p(x)are 1, 2, and 3. Find p(0) + p(4).

’ ‘ Golden Answer: 24

~

Solution: § = 1, 52,53,**, Sk H Answer: 20 X } (a) Outcome Annotation: yg = 0

-

J

~

Problem: .... S$21 H S$31 H H Ski1 H Answer: 24 \/}
S1: Since three of the

roots of p(x)are 1, 2, and S22 H S32 H H SK,2 H Answer: 24/ }
3, we can write : p(x) =

(- D(x-2)(x-3)(x-1). Sp3 ¥ Ssa [ v [ Skga| ¥ Answer:20X |

2
(b): Process Annotation: y3r = = yiE=1
[ s;: the Z#th step of the solution S.  s;;: the /th step of the j-th finalized solution. ]

Figure 1: Comparison for previous automatic outcome annotation and our automatic process annotation. (a):
automatic outcome annotation assigns a label to the entire solution .S, dependent on the correctness of the answer;
(b) automatic process annotation employs a ‘completer’ to finalize N reasoning processes (N=3 in this figure) for an
intermediate step (s in this figure), subsequently use hard estimation (HE) and soft estimation (SE) to annotate this

step based on all decoded answers.

step that has the potential to deduce a well-founded
result can be considered a good reasoning step.
Analogous to ORM, this definition also introduces
some degree of noise. Nevertheless, we find that it
is beneficial for effectively training a good PRM.

3.3.2 Solution

Completion To quantify and estimate the po-
tential for a give reasoning step s;, as shown
in Figure 1, we use a ‘completer’ to finalize N
subsequent reasoning processes from this step:
{(sit1,55 7 5 8K, aj)}j-vzl, where a; and K are
the decoded answer and the total number of steps
for the j-th finalized solution, respectively. Then,
we estimate the potential of this step based on the
correctness of all decoded answers A = {a; }é\le

Estimation In this paper, we use two methods to
estimate the quality y,, for the step s;, hard estima-
tion (HE) and soft estimation (SE). HE supposes
that a reasoning step is good as long as it can reach
the correct answer a*:

yHE — 1
Eh 0

SE assumes the quality of a step as the frequency
with which it reaches the correct answer:

SE Z;V=1 ]I(aj = a*)
Ys; = N .

Jaj € A,aj =a"

Otherwise

3

)

Once we gather the label of each step, we can train
PRM with the cross-entropy loss. In conclusion,

our automatic process annotation framework de-
fines the quality of a step as its potential to deduce
the correct answer and achieve the label of each
step by completion and estimation.

3.4 Ranking for Verification

Following (Lightman et al., 2023), we use the min-
imum score across all steps to represent the final
score of a solution assigned by PRM. We also ex-
plore the combination of self-consistency and re-
ward models following (Li et al., 2023b). In this
context, we initially classify solutions into distinct
groups according to their final answers. Follow-
ing that, we compute the aggregate score for each
group. Formally, the final prediction answer based
on N candidate solutions is:

N
Asctrm = arg maxz I(a; = a) - RM(p, S;). (5)
=1
Where RM (p, S;) is the score of the i-th solution
assigned by ORM or PRM for problem p.

3.5 Reinforcement Learning

Upon achieving PRM, we employ reinforcement
learning to train LLMs. We implement Proximal
Policy Optimization (PPO) in a step-by-step man-
ner. This method differs from the conventional out-
come RL with ORM, which only offers a reward
at the end of the response (Ouyang et al., 2022).
Conversely, process RL offers rewards at the end
of each reasoning step. Formally, for the response
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with n tokens, Outcome RL provides the reward at
the last token:

n:{t#” o ©)

t=mn TrorMm

while process RL provides rewards for each step:

7
t € EOS TPRM; ’ 7

- {t ¢ EOS 0
where EOS denotes the set of indices that corre-
spond to the end of each step.

4 Experiments

Datasets We conduct our experiments using two
widely used math reasoning datasets, GSM8K
(Cobbe et al., 2021) and MATH (Hendrycks et al.,
2021). For the GSMS8K dataset, we leverage the
whole test set in both verification and reinforce-
ment learning scenarios. For the MATH dataset, in
the verification scenario, due to the computation
cost, we employ a subset MATHS500 that is iden-
tical to the test set of Lightman et al. (2023). The
subset consists of 500 representative problems, and
we find that the subset evaluation produces similar
results to the full-set evaluation. To assess different
verification methods, we generate 256 candidate so-
lutions for each test problem. We report the mean
accuracy of 3 groups of sampling results. In the
reinforcement learning scenario, we use the whole
test set to evaluate the model performance. We
train LLMs with MetaMATH (Yu et al., 2023b).

Parameter Setting Our experiments are based
on a series of large language models, LLaMA2-
7B/13B/70B (Touvron et al., 2023), LLemma-
7B/34B (Azerbayev et al., 2023), Mistral-7B (Jiang
et al., 2023) and DeepSeek-67B (DeepSeek, 2023).
We train the generator and completer for 3 epochs
on MetaMATH. We train the Mistral-7B with a
learning rate of 5e-6. For other models, The learn-
ing rates are set to 2e-5, le-5, and 6e-6 for the
7B/13B, 34B, and 67B/70B LLMs, respectively.
To construct the training dataset of ORM and PRM,
we train 7B and 13B models for a single epoch
on the GSM8K and MATH training sets. Sub-
sequently, we sample 15 solutions per problem
from each model for the training set. Following
this, we eliminate duplicate solutions and annotate
the solutions at each step. We use LLemma-7B
as the completer with the decoded number N=8.
Consequently, we obtain around 170k solutions for

GSMSK and 270k solutions for MATH. For veri-
fication, we choose LLaMA2-70B and LLemma-
34B as the base models to train reward models for
GSMS8K and MATH, respectively. For reinforce-
ment learning, we choose Mistral-7B as the base
model to train reward models and use it to super-
vise LLama2-7B and Mistral-7B generators. The
reward model is trained in 1 epoch with a learn-
ing rate le-6. For the sake of convenience, we
train the PRM using the hard estimation version
because it allows us to utilize a standard language
modeling pipeline by selecting two special tokens
to represent ‘has potential’ and ‘no potential’ la-
bels, thereby eliminating the need for any specific
model adjustments. In reinforcement learning, the
learning rate is 4e-7 and le-7 for LLaMA2-7B and
Mistral-7B, respectively. The Kullback-Leibler co-
efficient is set to 0.04. We implement a cosine
learning rate scheduler, employing a minimal learn-
ing rate set to le-8. We use HAI-LLM (High-flyer,
2023) to train all models with the max sequence
length of 512.

Baselines and Metrics In the verification sce-
nario, following (Lightman et al., 2023), we evalu-
ate the performance of our reward model by com-
paring it against the Self-consistency (majority vot-
ing) and outcome reward model. The accuracy of
the best-of-N solution is utilized as the evaluation
metric. For PRM, the minimum score across all
steps is adopted to represent the final score of a
solution. In the reinforcement scenario, we com-
pare our step-by-step supervision with the outcome
supervision provided by ORM, and Rejective Sam-
pling Fine-tuning (RFT) (Yuan et al., 2023), we
sample 8 responses for each question in Meta-
MATH for RFT. We use the accuracy of LLMs’
greedy decoding output to assess the performance.

4.1 Main Results

MATH-SHEPHERD as verifier Table | presents
the performance comparison of various methods on
GSMB8K and MATH. We find that: 1) As the veri-
fier, MATH-SHEPHERD consistently outperforms
self-consistency and ORM on two datasets with
all generators. Specifically, enhanced by MATH-
SHEPHERD, DeepSeek-67B achieves 93.3% and
48.1% accuracy on GSM8K and MATH; 2) In com-
parison to GSM8K, PRM achieves a greater advan-
tage over ORM on the more challenging MATH
dataset; This outcome aligns with the findings in
(Uesato et al., 2022) and (Lightman et al., 2023).

9430



Models Verifiers GSMSK MATHS00
Self-Consistency 88.0 394
ORM 91.8 40.4
LLaMA2-70B: MetaMATH  Self-Consistency + ORM 92.0 42.0
MATH-SHEPHERD (Ours) 93.2 44.5
Self-Consistency + MATH-SHEPHERD (Ours) 924 45.2
Self-Consistency 82.6 44.2
ORM 90.0 43.7
LLemma-34B: MetaMATH  Self-Consistency + ORM 89.6 454
MATH-SHEPHERD (Ours) 90.9 46.0
Self-Consistency + MATH-SHEPHERD (Ours) 89.7 47.3
Self-Consistency 88.2 454
ORM 92.6 45.3
DeepSeek-67B: MetaMATH  Self-Consistency + ORM 92.4 47.0
MATH-SHEPHERD (Ours) 93.3 47.0
Self-Consistency + MATH-SHEPHERD (Ours) 92.5 48.1

Table 1: Performances of different LLMs on GSM8K and MATH with different verification strategies. The reward
models are trained based on LLama2-70B and LLemma-34B on GSM8K and MATH, respectively. The verification
is based on 256 outputs. We report the mean accuracy of 3 groups of sampling results.

Models Verifiers GSMSK MATHS00
Self-Consistency 83.9 35.1
ORM 86.2 36.4
Mistral-7B: MetaMATH  Self-Consistency + ORM 86.6 38.0
MATH-SHEPHERD (Ours) 87.1 37.3
Self-Consistency + MATH-SHEPHERD (Ours) 86.3 38.3
. . Self-Consistency 87.4 423
Mistral-7B: MetaMATH ORM 376 413
+Process RL (Ours) Self-Consistency + ORM 89.0 43.1
MATH-SHEPHERD (Ours) 88.4 41.1
Self-Consistency + MATH-SHEPHERD (Ours) 89.1 43.5

Table 2: Results of reinforcement learning and verification combination. The reward models are trained based on
Mistral-7B. The verification is based on 256 outputs. We report the mean accuracy of 3 groups of sampling results.

The former discovers that PRM and ORM yield
similar results on GSM8K, whereas the latter shows
that PRM significantly outperforms ORM on the
MATH dataset. This could be attributed to the rel-
ative simplicity of the GSM8K dataset compared
to MATH, i.e., the GSM8K dataset necessitates
fewer steps for problem-solving. As a result, ORM
operates efficiently when handling this particular
dataset; 3) In GSM8K, when combined with self-
consistency, there’s a drop in performance, whereas
in MATH, performance improves. These results
indicate that if the reward model is sufficiently pow-
erful for a task, combining it with self-consistency
may harm the verification performance.

MATH-SHEPHERD as reward model on rein-
forcement learning Table 3 presents the perfor-
mance of different LLMs with greedy decoding out-
puts. As is shown: 1) RL with process supervision

significantly improves the performance of two su-
pervised fine-tuned models. For example, Mistral-
7B with Process RL achieves 84.1% and 33.0% on
the GSM8K and MATH datasets, respectively; 2)
RFT only slightly improves the model performance,
we believe this is because MetaMATH already has
conducted some data augmentation strategies like
RFT; 3) Outcome RL can also enhance the model
performance. However, it does not perform as well
as the Process RL with MATH-SHEPHERD, demon-
strating the potential of our method.

MATH-SHEPHERD as both reward models and
verifiers We also combine RL and verification.
As shown in Table 2: 1) RL and verification are
complementary. For example, in MATH, Mistral-
7B utilizing process RL outperforms supervised
fine-tuning Mistral-7B 7.2% accuracy with self-
consistency as the verifier; The performance gap
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Figure 2: Performance of LLaMA2-70B using different verification strategies across different numbers of solution

candidates on GSM8K and MATH.

Models GSMS8K MATH

LLaMA2-7B: MetaMATH 66.6 19.2
+ RFT 68.5 19.9
+ Outcome RL 70.8 20.8
+ Process RL 73.2 21.6

Mistral-7B: MetaMATH 77.9 28.6
+ RFT 79.0 29.9
+ Outcome RL 81.8 31.3
+ Process RL 84.1 33.0

Table 3: Performances of different models with greedy
decoding. We use the questions in MetaMATH for RFT
and RL. Both LLaMA2-7B and Mistral-7B are super-
vised by Mistral-7B-ORM and -MATH-SHEPHERD.

is even larger than that of greedy decoding results,
1.e., 4.4%; 2) after RL, the vanilla verification meth-
ods with only reward models are inferior to self-
consistency, we think the reason is that the initial
reward model is not sufficient to supervise the RL-
enhanced model. These results can show the po-
tential of iterative RL, which we leave for future
work.

5 Analysis

5.1 Performance with Different Number of
Candidate Solutions

Figure 2 illustrates the performance comparison of
various strategies when applied to different num-
bers of candidates ranging from 1 to 256 on two
benchmarks. The key observations are as follows:
1) PRM exhibits consistent superior performance
when compared to both ORM and majority voting,
with the degree of this superiority becoming more
pronounced as N escalates. 2) In MATH, our auto-
matically annotated datasets outperform the human-

annotated PRM80OK (Lightman et al., 2023). We
ascribe this superiority to the distribution gap and
the data quantity. Specifically, PRM800K is anno-
tated based on the output from GPT-4, and conse-
quently, a discrepancy arises for the output of open-
source LLaMA models fine-tuned on MetaM ATH.
Furthermore, when considering the quantity of data,
our automated reward model data exhibits both
high scalability and a reduced labeling cost. Con-
sequently, our dataset is four times larger than that
provided in PRM80OK. Overall, these results fur-
ther underscore the effectiveness and potential of
our method. We also explore the performance of
different verification strategies on different sizes
of generators and verifiers from 7B to 70B. Please
refer to Appendix A for details.

5.2 Quality of Automatic Process Annotations

In this section, we explore the quality of our auto-
matic PRM dataset. To achieve this, we manually
annotate 160 steps sampled from the training set of
GSMBSK and use different completers to infer from
each step to achieve their label. We find that:

Automatic process annotation exhibits satisfac-
tory quality. Figure 3(a) demonstrates that uti-
lizing LLaMA2-70B trained on MetaMATH as the
completer, the accuracy of the hard estimation (HE)
reaches 86% when N equals 4. This suggests that
our automatically constructed dataset is of high
quality. However, we observed a decline in the
accuracy of the constructed dataset with further
increases in N. Our analysis indicates that larger
values for N may lead to false positives.

Figure 3(b) shows the cross-entropy loss be-
tween SE and HE labels compared to the human-
annotated distribution: as N increases, SE progres-
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Methods Models Acc. completers trained on MetaMath. The results indi-
DIVERSE-NLI DeBERTa 613 cate that a larger completer is adept at generating
DIVERSE-NLI LLaMA2-13B 75.6 superior-quality datasets. Figure 3(c) depicts the
DIVERSE-Rule - 75.0

MATH-SHEPHERD LLaMA2-13B (N=4) 85.0

Table 4: Performance of MATH-SHEPHERD and
NLI/Rule-based annotation methods (Li et al., 2023b).

sively aligns closer to the standard distribution,
in contrast to HE which does not exhibit similar
behavior. It is essential to note that at N=4, HE
achieves an accuracy of 86%. We can theoretically
attain higher quality data exceeding 86% accuracy
by utilizing SE. However, we discovered that the
performance of the verifier exhibits no substantial
divergence whether trained with either SE or HE.
This may be attributable to the already high-quality
annotations provided by HE.

Furthermore, we also delve into other automatic
process annotation methodologies. For instance,
(Li et al., 2023b) employs a natural language infer-
ence (NLI) model and a string match rule to anno-
tate a given step. The NLI-based method annotates
a step as correct if it is entailment with any step
in the reference solutions. The Rule-based method
annotates a step as correct if its support number
precisely matches that of any steps in the reference
solutions. As demonstrated in Table 4, our anno-
tation strategy exhibits substantial superiority over
the two approaches.

The ability of the LLM completer plays an im-
portant role in the data quality. We employ a
completer to finalize multiple subsequent reason-
ing processes for a given step. Therefore, we in-
vestigate the impact of the LLM completer. Figure
3(b) presents the cross-entropy loss across diverse

cross-entropy loss of LLaMA2-70B trained with
different datasets. ‘Normal’ denotes the original
GSMSK training dataset; “Weak’ refers to the Nor-
mal set excluding examples whose questions are
in our 160 evaluation set; while ‘Augmented’ sym-
bolizes MetaMath, an augmented version of the
Normal set. The findings suggest that high-quality
training sets allow the model to operate more profi-
ciently as a completer. Importantly, the ‘Weak’ set
exhibits a markedly larger loss than other datasets.
This insight drives us to infer that LLMs should
acquire the questions in advance to enhance their
performance as completers. We can also conjecture
that a stronger foundational model, coupled with
superior training data, could further enhance the
quality of automatic annotation.

5.3 Influence of the Number of Data

We delve deeper into the analysis of PRM and
ORM by utilizing varying quantities of training
data. As depicted in Figure 4(a), it is clear that
PRM exhibits superior data efficiency. Specifi-
cally, it outperforms ORM by approximately 4%
accuracy when applying a modestly sized training
dataset (i.e., 10k instances). Furthermore, PRM
seems to have a higher potential ceiling than ORM.
These observations highlight the efficacy of PRM
for verification purposes.

54 Out-of-distribution Performance

To further demonstrate the effectiveness of our
method, we conduct an out-of-distribution evalua-
tion on the Hungarian national final exam!, which

"https://huggingface.co/datasets/
keirp/hungarian_national_hs_finals_exam
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Figure 4: (a): Performance of different reward models using different numbers of training data; (b) performance of
different verification strategies on the out-of-distribution Hungarian national exam.

consists of 33 questions. The total score of these
questions is 100. We use the LLemma-34B trained
on MetaMATH to serve as the generator and gen-
erate 256 candidate solutions for each question.
We use LLemma-34B-ORM and LLemma-34B-
PRM to select the solution for each question. As
shown in Figure 4(b): 1) both LLemma-34B-
ORM and LLemma-34B-PRM outperform the ori-
gin LLemma-34B, showing the reward model can
generalize to other domains; 2) PRM outperforms
ORM 9 scores, further demonstrating the superi-
ority of PRM. We also conduct a case study to
intuitively demonstrate the effectiveness of MATH-
SHEPHERD. Please refer to Appendix B for details.

6 Conclusion

In this paper, we introduce a process-oriented math
verifier called MATH-SHEPHERD, which assigns
a reward score to each step of the LLM’s out-
puts on math problems. The training of MATH-
SHEPHERD is achieved using automatically con-
structed process-wise supervision data, thereby
eradicating the necessity for labor-intensive human
annotation. Remarkably, this automatic method-
ology correlates strongly with human annotations.
Extensive experiments in both verification and re-
inforcement learning scenarios demonstrate the ef-
fectiveness of our method.

Limitations

Our paper has some limitations, which we leave for
future work:

The computational cost of the completion pro-
cess. To determine the label of each reasoning
step, we utilize a ‘completer’ to decode N subse-
quent reasoning processes. We observe that as N

increases, so does the quality of automatic annota-
tions. However, this completion process demands
a lot of computing resources, potentially imposing
a limitation on the usage of our method. Despite
this limitation, the cost remains significantly lower
than human annotation. Furthermore, we are op-
timistic that advancements in efficient inference
techniques such as speculative decoding (Xia et al.,
2022; Leviathan et al., 2023) and vLLM (Kwon
et al., 2023) could mitigate this limitation.

The automatic process annotation consists of
noise. Similar to the automatic outcome anno-
tation, our automatic process annotation also has
noise. Despite this, our experiments verify the effi-
cacy of our method for training a PRM. In particu-
lar, the PRM trained on our dataset outperforms the
human-annotated PRMS800K dataset. However, a
noticeable gap remains between PRM800OK and the
candidate responses generated by the open-source
models utilized in this study, which may result in
the invalidation of PRM800K. As a result, the im-
pact of this potential noise on PRM performance
is still undetermined. A comprehensive compari-
son between human and automated annotations is
envisaged for future studies. Furthermore, we as-
sert that integrating human and automated process
annotations could play a vital role in constructing
robust and efficient process supervision.
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A Influence of the Model Size for
Verification

To conduct an exhaustive evaluation of MATH-
SHEPHERD’s effectiveness, we performed a diverse
range of experiments using model sizes 7B, 13B,
and 70B. Figures 5(a), 5(b), and 2(a) display the re-
sults from the 7B, 13B, and 70B generators paired
with equal-sized reward models, respectively. It be-
comes evident that PRM exhibits superiority over
self-consistency and ORM across all sizes of base
models. Moreover, bigger reward models prove to
be more robust; for instance, the accuracy of the
70B reward models escalates as the number of can-
didate solutions rises, while the 7B reward models
show a decreasing trend.

Figure 5(c) and 5(d) presents the performance
of 7B and 70B generators interfaced with different-
sized reward models. The findings illustrate that
utilizing a larger reward model to validate the out-
put of a smaller generator significantly enhances
performance. Conversely, when a smaller reward
model is employed to validate the output of a larger
generator, the verification process adversely im-
pacts the model’s performance compared to SC.
These results substantiate that we should utilize a
more potent reward model for validating or super-
vising the generator.

B Case Study

As outlined in Table 5, when presented with a ques-
tion from the Hungarian national final exam, our
MATH-SHEPHERD accurately selected the correct
solution from a pool of 256 potential solutions,
which ORM failed. Moreover, MATH-SHEPHERD
displayed superior discernment by precisely identi-
fying incorrect steps within the solutions selected
by ORM. Notably, it recognized errors in Step 2,
Step 6, and Step 9 and so on, and subsequently as-
signed them lower scores relative to those for steps
present in the correct solutions.
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Figure 5: Performance of different verification strategies on different sizes of generators and verifiers.

Question The first term of an arithmetic sequence is 18. The sum of the first six terms of the sequence is equal to the sum of the first
seven terms. Show that the sum of the first 13 terms of the sequence is 0 and calculate the 13th term of the sequence.
Y Step 1: Let the common difference of the arithmetic sequence be d. MATH-SHEPHERD: 0.99.
@23’ Step 2: The sum of the first six terms of the sequence is 18 + (18 + d) + (18 + 2d) + (18 + 3d) + (18 + 4d) +
g?g’ (18 + 5d) = 108 + 30d. MATH-SHEPHERD: 0.85.
&
RS
ﬁ\?’ Step 6: Therefore, d = —3. MATH-SHEPHERD: 0.85.
Step 8: The 13th term of the sequence is 18 — 36 = —18. MATH-SHEPHERD: 0.93. ORM Score: 0.73.
Step 1: Let the common difference of the arithmetic sequence be d. MATH-SHEPHERD: 0.99.
Step 2: The sum of the first six terms is 18 + (18 + d) + (18 + 2d) + (18 + 3d) + (18 + 4d) + (18 + 5d) =
Q§\ 90 + 15d. MATH-SHEPHERD: 0.53.
O

Step 9: The 13th term of the sequence is 18 — 26 = —8. MATH-SHEPHERD: 0.38. ORM Score: 0.84.

Table 5: A case study from the Hungarian national exam. Red text denotes the mistake that ORM fails to detect.
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