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Abstract

Neural language models are often trained
with maximum likelihood estimation (MLE),
where the next word is generated conditioned
on the ground-truth word tokens. During test-
ing, however, the model is instead conditioned
on previously generated tokens, resulting in
what is termed exposure bias. To reduce this
gap between training and testing, we propose
using optimal transport (OT) to match the se-
quences generated in these two modes. An ex-
tension is further proposed to improve the OT
learning, based on the structural and contex-
tual information of the text sequences. The
effectiveness of the proposed method is vali-
dated on machine translation, text summariza-
tion, and text generation tasks.

1 Introduction
Natural language generation is an essential com-
ponent of many NLP applications, such as ma-
chine translation (Bahdanau et al., 2015), image
captioning (You et al., 2016), text summarization
(See et al., 2017), dialogue systems (Vinyals and
Le, 2015), and machine comprehension (Nguyen
et al., 2016). Generating human-like natural lan-
guage is typically cast as predicting a sequence of
consecutive words in a recurrent manner. Max-
imum likelihood estimation (MLE) is commonly
employed as the objective to train such text-
generation models, maximizing the log-likelihood
of producing the ground-truth tokens within a sen-
tence or paragraph (Salakhutdinov, 2015). In Re-
current Neural Network (RNN) models, this is
also known as Teacher-Forcing (TF) (Williams
and Zipser, 1989), due to the use of ground-truth
tokens for next-token prediction.

However, in the maximum likelihood paradigm,
previous observed tokens are usually provided
during training, giving rise to an issue termed ex-
posure bias (Bengio et al., 2015): the ground-truth
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tokens seen by the model during training are not
available at inference time. During inference, the
model is required to use outputs from the last step
instead of the unseen ground-truth, which is often
referred to as Student-Forcing (SF). As a result,
there is a discrepancy between training and in-
ference, accumulating errors along the sequence-
generation trajectory (Ranzato et al., 2016a).

This challenge has been addressed by incorpo-
rating model-generated text at training time. Ben-
gio et al. (2015) proposed scheduled sampling
(SS), where the training samples are systemat-
ically tampered with by replacing some of the
ground-truth tokens with model-predicted tokens.
Other works regard text generation as a sequential
decision making problem, applying reinforcement
learning (RL) techniques (Ranzato et al., 2016b;
Bahdanau et al., 2017). In particular, quantita-
tive evaluation metrics such as BLEU and ROGUE
are used as sequence-level rewards for model-
generated texts.

Despite the encouraging results reported, con-
cerns have been raised w.r.t. the above strategies.
Scheduled sampling is known to be statistically in-
consistent and fails to address the fundamental is-
sues (Huszár, 2015). RL solutions usually suffer
from slow and unstable training due to the high
variance of REINFORCE-based policy gradients;
consequently, specific training techniques are of-
ten needed (Rennie et al., 2017; Liu et al., 2018).
Additionally, the results from RL models often do
not correlate well with human evaluations, as the
rewards used are typically biased towards specific
aspects of a language model (Wang et al., 2018).

On the other hand, recent developments
in likelihood-free modeling techniques, most
prominently the generative adversarial networks
(GANs), tackle exposure bias in a more principled
fashion (Lamb et al., 2016; Yu et al., 2017; Zhang
et al., 2017; Li et al., 2017). GAN-based text mod-
els, however, suffer from a number of severe dif-
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ficulties, including mode collapse, where gener-
ated text looks real but lacks necessary diversity
(Zhu et al., 2018; Caccia et al., 2018). Addition-
ally, the training of GAN-based models is often
unstable, and model learning easily breaks down
in the event of vanishing or exploding gradients
(Arjovsky et al., 2017; Zhang et al., 2017). There-
fore, existing adversarial methods may not be able
to match sentences generated by student-forcing
with ground-truth sentences.

To mitigate the challenges from the adversar-
ial methods, we utilize a sequence-matching loss
based on Optimal Transport (OT), which avoids a
neural discriminator and delivers a smoother gra-
dient for the generator. Recently, Chen et al.
(2019) leverage OT loss based on a Teacher-
Forcing scheme, however, it degenerates to word-
level matching, making it difficult to capture tem-
poral semantic information. In this work, in or-
der to enable sequence-level matching, we in-
stead propose an OT-based sequence-level training
scheme to directly optimize the discrepancy loss
between the ground-truth and free-running text
samples. Further, we introduced various OT cost
functions for loss calculation. The significance of
this work is two-fold: firstly, this approach alle-
viates the exposure bias, boosting model perfor-
mance at the inference stage by using a sequence-
level objective between free-running output and
reference. Secondly, with the use of OT, this ap-
proach provides a direct objective that is easy and
robust to optimize, without biasing towards a spe-
cific, manually-defined metric.

Our work provides the following contributions:
i) We introduce a novel method for text genera-
tion called Student-Forcing OT (SFOT), leverag-
ing OT loss to improve long-term sequence sam-
pling. ii) A new context-preserving OT approach
is proposed to effectively match a text sequence
with order information. iii) We examine the ne-
cessity of integrating OT with Student-Forcing via
Imitation Learning. iv) The proposed models are
robust demonstrated by extensive empirical eval-
uations on Neural Machine Translation (NMT),
Text Summarization, and Neural Text Generation
(NLG).

2 Student Forcing Optimal Transport

To reduce exposure bias, the output sequences of
the generator in the teacher-forcing (training) and
student-forcing (inference) stages should be indis-

tinguishable. Therefore, we propose to use OT
loss to measure sequence matching distance be-
tween the two stages, in conjunction with the max-
imum likelihood estimate.

2.1 Maximum Likelihood Estimate

We denote the training dataset as N sequence
pairs D = {xn,yn}Nn=1, with output sequence
x = [x1, · · · , xT ] and input sequence y =
[y1, · · · , yT ′ ]. Depending on the specific task, y
may have different definitions. For seq2seq mod-
els like neural machine translation, y represents
the source sequence, conditioned on which the tar-
get sequence x is generated. For language model-
ing tasks, y is empty, and x becomes the uncondi-
tionally generated sequence.

To generate a text sequence, neural language
models (Mikolov et al., 2010) generate every to-
ken xt conditioned on the previous tokens in an
auto-regressive manner:

log pθ(x|y) =
T∑
t=1

log pθ(xt|x<t,y) (1)

where θ are model parameters, and x<t indicates
all tokens before t. Learning θ is often performed
with maximum likelihood estimation (MLE):

LMLE = E(x,y)∼D[log pθ(x|y)] (2)

To facilitate MLE training, the teacher-forcing
scheme is considered. The word tokens x<t from
the ground-truth sequence are fed into (1) to gen-
erate the next token:

x̃ = [x̃1, · · · , x̃T ] with x̃t ∼ pθ(x̃t|x<t,y) (3)

Learned neural language models are often eval-
uated using the student-forcing scheme. The pre-
viously generated word tokens of the model are
conditioned to generate the next token:

x̂ = [x̂1, · · · , x̂T ] with x̂t ∼ pθ(x̂t|x̂<t,y) (4)

The difference between (3) and (4) reveals a
gap between training and evaluation in the MLE
method. To reduce the gap, a natural idea is to
define a tractable function to measure the discrep-
ancy between ground-truth and SF-generated text
sequences, to regularize TF-based MLE learning.
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<latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="7MG/lptKaPdeWk0P1UgYQoMS86I=">AAAB7XicbVDNSgMxGPy2/tVa7erVS7AInkrWix4FLx4r2B9ol5LNZtvQbLIkWbEufRIvHhTxdbz5NmbbHrR14CPDTELmmygT3FiMv73K1vbO7l51v3ZQPzxq+Mf1rlG5pqxDlVC6HxHDBJesY7kVrJ9pRtJIsF40vS393iPThiv5YGcZC1MyljzhlFgnjfxGMYyUiM0sdQd6mo/8Jm7hBdAmCVakCSu0R/7XMFY0T5m0VBBjBgHObFgQbTkVbF4b5oZlhE7JmA0clSRlJiwWwefo3CkxSpR2Iy1aqL9fFCQ1ZTR3MyV2Yta9UvzPG+Q2uQ4LLrPcMkmXHyW5QFahsgUUc82oFTNHCNXcZUV0QjSh1nVVcyUE6ytvku5lK8Ct4B5DFU7hDC4ggCu4gTtoQwco5PACb/DuPXuv3seyroq36u0E/sD7/AHORZIB</latexit><latexit sha1_base64="7MG/lptKaPdeWk0P1UgYQoMS86I=">AAAB7XicbVDNSgMxGPy2/tVa7erVS7AInkrWix4FLx4r2B9ol5LNZtvQbLIkWbEufRIvHhTxdbz5NmbbHrR14CPDTELmmygT3FiMv73K1vbO7l51v3ZQPzxq+Mf1rlG5pqxDlVC6HxHDBJesY7kVrJ9pRtJIsF40vS393iPThiv5YGcZC1MyljzhlFgnjfxGMYyUiM0sdQd6mo/8Jm7hBdAmCVakCSu0R/7XMFY0T5m0VBBjBgHObFgQbTkVbF4b5oZlhE7JmA0clSRlJiwWwefo3CkxSpR2Iy1aqL9fFCQ1ZTR3MyV2Yta9UvzPG+Q2uQ4LLrPcMkmXHyW5QFahsgUUc82oFTNHCNXcZUV0QjSh1nVVcyUE6ytvku5lK8Ct4B5DFU7hDC4ggCu4gTtoQwco5PACb/DuPXuv3seyroq36u0E/sD7/AHORZIB</latexit><latexit sha1_base64="aeWquan9U45KnBFRisL+o3vyvRM=">AAAB+HicbVC7TsMwFL3hWcqjAUYWiwqJqUpYYKxgYSwSfUhtVDmO01p17Mh2ECXql7AwgBArn8LG3+C0GaDlSJaPzrlXPj5hypk2nvftrK1vbG5tV3aqu3v7BzX38KijZaYIbRPJpeqFWFPOBG0bZjjtpYriJOS0G05uCr/7QJVmUtybaUqDBI8EixnBxkpDt5YPQskjPU3shR5nQ7fuNbw50CrxS1KHEq2h+zWIJMkSKgzhWOu+76UmyLEyjHA6qw4yTVNMJnhE+5YKnFAd5PPgM3RmlQjFUtkjDJqrvzdynOgimp1MsBnrZa8Q//P6mYmvgpyJNDNUkMVDccaRkahoAUVMUWL41BJMFLNZERljhYmxXVVtCf7yl1dJ56Lhew3/zqs3r8s6KnACp3AOPlxCE26hBW0gkMEzvMKb8+S8OO/Ox2J0zSl3juEPnM8fJVKTYA==</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit>

x̃
<latexit sha1_base64="MAQglGh7ZE5/fpc8xAOv+qlkKrM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWsA9oQplMJu3QySTMTMQSCv6KGxeKuPU73Pk3TtostPXAMIdz7mXOnCDlTGnH+bYqK6tr6xvVzdrW9s7unr1/0FFJJgltk4QnshdgRTkTtK2Z5rSXSorjgNNuML4p/O4DlYol4l5PUurHeChYxAjWRhrYR55mPKS5FyQ8VJPYXOhxOrDrTsOZAS0TtyR1KNEa2F9emJAspkITjpXqu06q/RxLzQin05qXKZpiMsZD2jdU4JgqP5/Fn6JTo4QoSqQ5QqOZ+nsjx7EqopnJGOuRWvQK8T+vn+noys+ZSDNNBZk/FGUc6QQVXaCQSUo0nxiCiWQmKyIjLDHRprGaKcFd/PIy6Zw3XKfh3l3Um9dlHVU4hhM4AxcuoQm30II2EMjhGV7hzXqyXqx362M+WrHKnUP4A+vzB97jlg4=</latexit><latexit sha1_base64="MAQglGh7ZE5/fpc8xAOv+qlkKrM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWsA9oQplMJu3QySTMTMQSCv6KGxeKuPU73Pk3TtostPXAMIdz7mXOnCDlTGnH+bYqK6tr6xvVzdrW9s7unr1/0FFJJgltk4QnshdgRTkTtK2Z5rSXSorjgNNuML4p/O4DlYol4l5PUurHeChYxAjWRhrYR55mPKS5FyQ8VJPYXOhxOrDrTsOZAS0TtyR1KNEa2F9emJAspkITjpXqu06q/RxLzQin05qXKZpiMsZD2jdU4JgqP5/Fn6JTo4QoSqQ5QqOZ+nsjx7EqopnJGOuRWvQK8T+vn+noys+ZSDNNBZk/FGUc6QQVXaCQSUo0nxiCiWQmKyIjLDHRprGaKcFd/PIy6Zw3XKfh3l3Um9dlHVU4hhM4AxcuoQm30II2EMjhGV7hzXqyXqx362M+WrHKnUP4A+vzB97jlg4=</latexit><latexit sha1_base64="MAQglGh7ZE5/fpc8xAOv+qlkKrM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWsA9oQplMJu3QySTMTMQSCv6KGxeKuPU73Pk3TtostPXAMIdz7mXOnCDlTGnH+bYqK6tr6xvVzdrW9s7unr1/0FFJJgltk4QnshdgRTkTtK2Z5rSXSorjgNNuML4p/O4DlYol4l5PUurHeChYxAjWRhrYR55mPKS5FyQ8VJPYXOhxOrDrTsOZAS0TtyR1KNEa2F9emJAspkITjpXqu06q/RxLzQin05qXKZpiMsZD2jdU4JgqP5/Fn6JTo4QoSqQ5QqOZ+nsjx7EqopnJGOuRWvQK8T+vn+noys+ZSDNNBZk/FGUc6QQVXaCQSUo0nxiCiWQmKyIjLDHRprGaKcFd/PIy6Zw3XKfh3l3Um9dlHVU4hhM4AxcuoQm30II2EMjhGV7hzXqyXqx362M+WrHKnUP4A+vzB97jlg4=</latexit><latexit sha1_base64="MAQglGh7ZE5/fpc8xAOv+qlkKrM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWsA9oQplMJu3QySTMTMQSCv6KGxeKuPU73Pk3TtostPXAMIdz7mXOnCDlTGnH+bYqK6tr6xvVzdrW9s7unr1/0FFJJgltk4QnshdgRTkTtK2Z5rSXSorjgNNuML4p/O4DlYol4l5PUurHeChYxAjWRhrYR55mPKS5FyQ8VJPYXOhxOrDrTsOZAS0TtyR1KNEa2F9emJAspkITjpXqu06q/RxLzQin05qXKZpiMsZD2jdU4JgqP5/Fn6JTo4QoSqQ5QqOZ+nsjx7EqopnJGOuRWvQK8T+vn+noys+ZSDNNBZk/FGUc6QQVXaCQSUo0nxiCiWQmKyIjLDHRprGaKcFd/PIy6Zw3XKfh3l3Um9dlHVU4hhM4AxcuoQm30II2EMjhGV7hzXqyXqx362M+WrHKnUP4A+vzB97jlg4=</latexit>

x̂
<latexit sha1_base64="GkjdGElhxTsGEJc6Rquq3eNajFs=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6LLoxmUF+4A2lMlk0g6dTMLMjRhC/RU3LhRx64e482+ctFlo64FhDufcy5w5fiK4Bsf5tipr6xubW9Xt2s7u3v6BfXjU1XGqKOvQWMSq7xPNBJesAxwE6yeKkcgXrOdPbwq/98CU5rG8hyxhXkTGkoecEjDSyK4PJwTyoR+LQGeRufDjbGQ3nKYzB14lbkkaqER7ZH8Ng5imEZNABdF64DoJeDlRwKlgs9ow1SwhdErGbGCoJBHTXj4PP8OnRglwGCtzJOC5+nsjJ5EuopnJiMBEL3uF+J83SCG88nIukxSYpIuHwlRgiHHRBA64YhREZgihipusmE6IIhRMXzVTgrv85VXSPW+6TtO9u2i0rss6qugYnaAz5KJL1EK3qI06iKIMPaNX9GY9WS/Wu/WxGK1Y5U4d/YH1+QNBZ5Ul</latexit><latexit sha1_base64="GkjdGElhxTsGEJc6Rquq3eNajFs=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6LLoxmUF+4A2lMlk0g6dTMLMjRhC/RU3LhRx64e482+ctFlo64FhDufcy5w5fiK4Bsf5tipr6xubW9Xt2s7u3v6BfXjU1XGqKOvQWMSq7xPNBJesAxwE6yeKkcgXrOdPbwq/98CU5rG8hyxhXkTGkoecEjDSyK4PJwTyoR+LQGeRufDjbGQ3nKYzB14lbkkaqER7ZH8Ng5imEZNABdF64DoJeDlRwKlgs9ow1SwhdErGbGCoJBHTXj4PP8OnRglwGCtzJOC5+nsjJ5EuopnJiMBEL3uF+J83SCG88nIukxSYpIuHwlRgiHHRBA64YhREZgihipusmE6IIhRMXzVTgrv85VXSPW+6TtO9u2i0rss6qugYnaAz5KJL1EK3qI06iKIMPaNX9GY9WS/Wu/WxGK1Y5U4d/YH1+QNBZ5Ul</latexit><latexit sha1_base64="GkjdGElhxTsGEJc6Rquq3eNajFs=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6LLoxmUF+4A2lMlk0g6dTMLMjRhC/RU3LhRx64e482+ctFlo64FhDufcy5w5fiK4Bsf5tipr6xubW9Xt2s7u3v6BfXjU1XGqKOvQWMSq7xPNBJesAxwE6yeKkcgXrOdPbwq/98CU5rG8hyxhXkTGkoecEjDSyK4PJwTyoR+LQGeRufDjbGQ3nKYzB14lbkkaqER7ZH8Ng5imEZNABdF64DoJeDlRwKlgs9ow1SwhdErGbGCoJBHTXj4PP8OnRglwGCtzJOC5+nsjJ5EuopnJiMBEL3uF+J83SCG88nIukxSYpIuHwlRgiHHRBA64YhREZgihipusmE6IIhRMXzVTgrv85VXSPW+6TtO9u2i0rss6qugYnaAz5KJL1EK3qI06iKIMPaNX9GY9WS/Wu/WxGK1Y5U4d/YH1+QNBZ5Ul</latexit><latexit sha1_base64="GkjdGElhxTsGEJc6Rquq3eNajFs=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6LLoxmUF+4A2lMlk0g6dTMLMjRhC/RU3LhRx64e482+ctFlo64FhDufcy5w5fiK4Bsf5tipr6xubW9Xt2s7u3v6BfXjU1XGqKOvQWMSq7xPNBJesAxwE6yeKkcgXrOdPbwq/98CU5rG8hyxhXkTGkoecEjDSyK4PJwTyoR+LQGeRufDjbGQ3nKYzB14lbkkaqER7ZH8Ng5imEZNABdF64DoJeDlRwKlgs9ow1SwhdErGbGCoJBHTXj4PP8OnRglwGCtzJOC5+nsjJ5EuopnJiMBEL3uF+J83SCG88nIukxSYpIuHwlRgiHHRBA64YhREZgihipusmE6IIhRMXzVTgrv85VXSPW+6TtO9u2i0rss6qugYnaAz5KJL1EK3qI06iKIMPaNX9GY9WS/Wu/WxGK1Y5U4d/YH1+QNBZ5Ul</latexit>

CT
<latexit sha1_base64="MojVrQtfS4KJysKC0IeP0VtRSG4=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMdiLx4r9EvapWTTbBuaZJckK5Slv8KLB0W8+nO8+W9M2z1o64OBx3szzMwLE8GN9bxvVNjY3NreKe6W9vYPDo/KxydtE6eashaNRay7ITFMcMVallvBuolmRIaCdcJJfe53npg2PFZNO01YIMlI8YhTYp30mPXDCNdng+agXPGq3gJ4nfg5qUCOxqD81R/GNJVMWSqIMT3fS2yQEW05FWxW6qeGJYROyIj1HFVEMhNki4Nn+MIpQxzF2pWyeKH+nsiINGYqQ9cpiR2bVW8u/uf1UhvdBhlXSWqZostFUSqwjfH8ezzkmlErpo4Qqrm7FdMx0YRal1HJheCvvrxO2ldV36v6D9eV2l0eRxHO4BwuwYcbqME9NKAFFCQ8wyu8IY1e0Dv6WLYWUD5zCn+APn8APRuQBg==</latexit><latexit sha1_base64="MojVrQtfS4KJysKC0IeP0VtRSG4=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMdiLx4r9EvapWTTbBuaZJckK5Slv8KLB0W8+nO8+W9M2z1o64OBx3szzMwLE8GN9bxvVNjY3NreKe6W9vYPDo/KxydtE6eashaNRay7ITFMcMVallvBuolmRIaCdcJJfe53npg2PFZNO01YIMlI8YhTYp30mPXDCNdng+agXPGq3gJ4nfg5qUCOxqD81R/GNJVMWSqIMT3fS2yQEW05FWxW6qeGJYROyIj1HFVEMhNki4Nn+MIpQxzF2pWyeKH+nsiINGYqQ9cpiR2bVW8u/uf1UhvdBhlXSWqZostFUSqwjfH8ezzkmlErpo4Qqrm7FdMx0YRal1HJheCvvrxO2ldV36v6D9eV2l0eRxHO4BwuwYcbqME9NKAFFCQ8wyu8IY1e0Dv6WLYWUD5zCn+APn8APRuQBg==</latexit><latexit sha1_base64="MojVrQtfS4KJysKC0IeP0VtRSG4=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMdiLx4r9EvapWTTbBuaZJckK5Slv8KLB0W8+nO8+W9M2z1o64OBx3szzMwLE8GN9bxvVNjY3NreKe6W9vYPDo/KxydtE6eashaNRay7ITFMcMVallvBuolmRIaCdcJJfe53npg2PFZNO01YIMlI8YhTYp30mPXDCNdng+agXPGq3gJ4nfg5qUCOxqD81R/GNJVMWSqIMT3fS2yQEW05FWxW6qeGJYROyIj1HFVEMhNki4Nn+MIpQxzF2pWyeKH+nsiINGYqQ9cpiR2bVW8u/uf1UhvdBhlXSWqZostFUSqwjfH8ezzkmlErpo4Qqrm7FdMx0YRal1HJheCvvrxO2ldV36v6D9eV2l0eRxHO4BwuwYcbqME9NKAFFCQ8wyu8IY1e0Dv6WLYWUD5zCn+APn8APRuQBg==</latexit><latexit sha1_base64="MojVrQtfS4KJysKC0IeP0VtRSG4=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMdiLx4r9EvapWTTbBuaZJckK5Slv8KLB0W8+nO8+W9M2z1o64OBx3szzMwLE8GN9bxvVNjY3NreKe6W9vYPDo/KxydtE6eashaNRay7ITFMcMVallvBuolmRIaCdcJJfe53npg2PFZNO01YIMlI8YhTYp30mPXDCNdng+agXPGq3gJ4nfg5qUCOxqD81R/GNJVMWSqIMT3fS2yQEW05FWxW6qeGJYROyIj1HFVEMhNki4Nn+MIpQxzF2pWyeKH+nsiINGYqQ9cpiR2bVW8u/uf1UhvdBhlXSWqZostFUSqwjfH8ezzkmlErpo4Qqrm7FdMx0YRal1HJheCvvrxO2ldV36v6D9eV2l0eRxHO4BwuwYcbqME9NKAFFCQ8wyu8IY1e0Dv6WLYWUD5zCn+APn8APRuQBg==</latexit>
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<latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="7MG/lptKaPdeWk0P1UgYQoMS86I=">AAAB7XicbVDNSgMxGPy2/tVa7erVS7AInkrWix4FLx4r2B9ol5LNZtvQbLIkWbEufRIvHhTxdbz5NmbbHrR14CPDTELmmygT3FiMv73K1vbO7l51v3ZQPzxq+Mf1rlG5pqxDlVC6HxHDBJesY7kVrJ9pRtJIsF40vS393iPThiv5YGcZC1MyljzhlFgnjfxGMYyUiM0sdQd6mo/8Jm7hBdAmCVakCSu0R/7XMFY0T5m0VBBjBgHObFgQbTkVbF4b5oZlhE7JmA0clSRlJiwWwefo3CkxSpR2Iy1aqL9fFCQ1ZTR3MyV2Yta9UvzPG+Q2uQ4LLrPcMkmXHyW5QFahsgUUc82oFTNHCNXcZUV0QjSh1nVVcyUE6ytvku5lK8Ct4B5DFU7hDC4ggCu4gTtoQwco5PACb/DuPXuv3seyroq36u0E/sD7/AHORZIB</latexit><latexit sha1_base64="7MG/lptKaPdeWk0P1UgYQoMS86I=">AAAB7XicbVDNSgMxGPy2/tVa7erVS7AInkrWix4FLx4r2B9ol5LNZtvQbLIkWbEufRIvHhTxdbz5NmbbHrR14CPDTELmmygT3FiMv73K1vbO7l51v3ZQPzxq+Mf1rlG5pqxDlVC6HxHDBJesY7kVrJ9pRtJIsF40vS393iPThiv5YGcZC1MyljzhlFgnjfxGMYyUiM0sdQd6mo/8Jm7hBdAmCVakCSu0R/7XMFY0T5m0VBBjBgHObFgQbTkVbF4b5oZlhE7JmA0clSRlJiwWwefo3CkxSpR2Iy1aqL9fFCQ1ZTR3MyV2Yta9UvzPG+Q2uQ4LLrPcMkmXHyW5QFahsgUUc82oFTNHCNXcZUV0QjSh1nVVcyUE6ytvku5lK8Ct4B5DFU7hDC4ggCu4gTtoQwco5PACb/DuPXuv3seyroq36u0E/sD7/AHORZIB</latexit><latexit sha1_base64="aeWquan9U45KnBFRisL+o3vyvRM=">AAAB+HicbVC7TsMwFL3hWcqjAUYWiwqJqUpYYKxgYSwSfUhtVDmO01p17Mh2ECXql7AwgBArn8LG3+C0GaDlSJaPzrlXPj5hypk2nvftrK1vbG5tV3aqu3v7BzX38KijZaYIbRPJpeqFWFPOBG0bZjjtpYriJOS0G05uCr/7QJVmUtybaUqDBI8EixnBxkpDt5YPQskjPU3shR5nQ7fuNbw50CrxS1KHEq2h+zWIJMkSKgzhWOu+76UmyLEyjHA6qw4yTVNMJnhE+5YKnFAd5PPgM3RmlQjFUtkjDJqrvzdynOgimp1MsBnrZa8Q//P6mYmvgpyJNDNUkMVDccaRkahoAUVMUWL41BJMFLNZERljhYmxXVVtCf7yl1dJ56Lhew3/zqs3r8s6KnACp3AOPlxCE26hBW0gkMEzvMKb8+S8OO/Ox2J0zSl3juEPnM8fJVKTYA==</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit>

x
<latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="7MG/lptKaPdeWk0P1UgYQoMS86I=">AAAB7XicbVDNSgMxGPy2/tVa7erVS7AInkrWix4FLx4r2B9ol5LNZtvQbLIkWbEufRIvHhTxdbz5NmbbHrR14CPDTELmmygT3FiMv73K1vbO7l51v3ZQPzxq+Mf1rlG5pqxDlVC6HxHDBJesY7kVrJ9pRtJIsF40vS393iPThiv5YGcZC1MyljzhlFgnjfxGMYyUiM0sdQd6mo/8Jm7hBdAmCVakCSu0R/7XMFY0T5m0VBBjBgHObFgQbTkVbF4b5oZlhE7JmA0clSRlJiwWwefo3CkxSpR2Iy1aqL9fFCQ1ZTR3MyV2Yta9UvzPG+Q2uQ4LLrPcMkmXHyW5QFahsgUUc82oFTNHCNXcZUV0QjSh1nVVcyUE6ytvku5lK8Ct4B5DFU7hDC4ggCu4gTtoQwco5PACb/DuPXuv3seyroq36u0E/sD7/AHORZIB</latexit><latexit sha1_base64="7MG/lptKaPdeWk0P1UgYQoMS86I=">AAAB7XicbVDNSgMxGPy2/tVa7erVS7AInkrWix4FLx4r2B9ol5LNZtvQbLIkWbEufRIvHhTxdbz5NmbbHrR14CPDTELmmygT3FiMv73K1vbO7l51v3ZQPzxq+Mf1rlG5pqxDlVC6HxHDBJesY7kVrJ9pRtJIsF40vS393iPThiv5YGcZC1MyljzhlFgnjfxGMYyUiM0sdQd6mo/8Jm7hBdAmCVakCSu0R/7XMFY0T5m0VBBjBgHObFgQbTkVbF4b5oZlhE7JmA0clSRlJiwWwefo3CkxSpR2Iy1aqL9fFCQ1ZTR3MyV2Yta9UvzPG+Q2uQ4LLrPcMkmXHyW5QFahsgUUc82oFTNHCNXcZUV0QjSh1nVVcyUE6ytvku5lK8Ct4B5DFU7hDC4ggCu4gTtoQwco5PACb/DuPXuv3seyroq36u0E/sD7/AHORZIB</latexit><latexit sha1_base64="aeWquan9U45KnBFRisL+o3vyvRM=">AAAB+HicbVC7TsMwFL3hWcqjAUYWiwqJqUpYYKxgYSwSfUhtVDmO01p17Mh2ECXql7AwgBArn8LG3+C0GaDlSJaPzrlXPj5hypk2nvftrK1vbG5tV3aqu3v7BzX38KijZaYIbRPJpeqFWFPOBG0bZjjtpYriJOS0G05uCr/7QJVmUtybaUqDBI8EixnBxkpDt5YPQskjPU3shR5nQ7fuNbw50CrxS1KHEq2h+zWIJMkSKgzhWOu+76UmyLEyjHA6qw4yTVNMJnhE+5YKnFAd5PPgM3RmlQjFUtkjDJqrvzdynOgimp1MsBnrZa8Q//P6mYmvgpyJNDNUkMVDccaRkahoAUVMUWL41BJMFLNZERljhYmxXVVtCf7yl1dJ56Lhew3/zqs3r8s6KnACp3AOPlxCE26hBW0gkMEzvMKb8+S8OO/Ox2J0zSl3juEPnM8fJVKTYA==</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit><latexit sha1_base64="1efNn6d1DrzFkFHX7KNsaE7Mst8=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMCLosunFZwT6gHUomk7ahmWRIMmId+iVuXCji1k9x59+YaWehrQdCDufcS05OmHCmjed9O6W19Y3NrfJ2ZWd3b7/qHhy2tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsLJTe53HqjSTIp7M01oEOORYENGsLHSwK1m/VDySE9je6HH2cCteXVvDrRK/ILUoEBz4H71I0nSmApDONa653uJCTKsDCOczir9VNMEkwke0Z6lAsdUB9k8+AydWiVCQ6nsEQbN1d8bGY51Hs1OxtiM9bKXi/95vdQMr4KMiSQ1VJDFQ8OUIyNR3gKKmKLE8KklmChmsyIyxgoTY7uq2BL85S+vkvZ53ffq/t1FrXFd1FGGYziBM/DhEhpwC01oAYEUnuEV3pwn58V5dz4WoyWn2DmCP3A+fwAmkpNk</latexit>

x̃
<latexit sha1_base64="MAQglGh7ZE5/fpc8xAOv+qlkKrM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWsA9oQplMJu3QySTMTMQSCv6KGxeKuPU73Pk3TtostPXAMIdz7mXOnCDlTGnH+bYqK6tr6xvVzdrW9s7unr1/0FFJJgltk4QnshdgRTkTtK2Z5rSXSorjgNNuML4p/O4DlYol4l5PUurHeChYxAjWRhrYR55mPKS5FyQ8VJPYXOhxOrDrTsOZAS0TtyR1KNEa2F9emJAspkITjpXqu06q/RxLzQin05qXKZpiMsZD2jdU4JgqP5/Fn6JTo4QoSqQ5QqOZ+nsjx7EqopnJGOuRWvQK8T+vn+noys+ZSDNNBZk/FGUc6QQVXaCQSUo0nxiCiWQmKyIjLDHRprGaKcFd/PIy6Zw3XKfh3l3Um9dlHVU4hhM4AxcuoQm30II2EMjhGV7hzXqyXqx362M+WrHKnUP4A+vzB97jlg4=</latexit><latexit sha1_base64="MAQglGh7ZE5/fpc8xAOv+qlkKrM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWsA9oQplMJu3QySTMTMQSCv6KGxeKuPU73Pk3TtostPXAMIdz7mXOnCDlTGnH+bYqK6tr6xvVzdrW9s7unr1/0FFJJgltk4QnshdgRTkTtK2Z5rSXSorjgNNuML4p/O4DlYol4l5PUurHeChYxAjWRhrYR55mPKS5FyQ8VJPYXOhxOrDrTsOZAS0TtyR1KNEa2F9emJAspkITjpXqu06q/RxLzQin05qXKZpiMsZD2jdU4JgqP5/Fn6JTo4QoSqQ5QqOZ+nsjx7EqopnJGOuRWvQK8T+vn+noys+ZSDNNBZk/FGUc6QQVXaCQSUo0nxiCiWQmKyIjLDHRprGaKcFd/PIy6Zw3XKfh3l3Um9dlHVU4hhM4AxcuoQm30II2EMjhGV7hzXqyXqx362M+WrHKnUP4A+vzB97jlg4=</latexit><latexit sha1_base64="MAQglGh7ZE5/fpc8xAOv+qlkKrM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWsA9oQplMJu3QySTMTMQSCv6KGxeKuPU73Pk3TtostPXAMIdz7mXOnCDlTGnH+bYqK6tr6xvVzdrW9s7unr1/0FFJJgltk4QnshdgRTkTtK2Z5rSXSorjgNNuML4p/O4DlYol4l5PUurHeChYxAjWRhrYR55mPKS5FyQ8VJPYXOhxOrDrTsOZAS0TtyR1KNEa2F9emJAspkITjpXqu06q/RxLzQin05qXKZpiMsZD2jdU4JgqP5/Fn6JTo4QoSqQ5QqOZ+nsjx7EqopnJGOuRWvQK8T+vn+noys+ZSDNNBZk/FGUc6QQVXaCQSUo0nxiCiWQmKyIjLDHRprGaKcFd/PIy6Zw3XKfh3l3Um9dlHVU4hhM4AxcuoQm30II2EMjhGV7hzXqyXqx362M+WrHKnUP4A+vzB97jlg4=</latexit><latexit sha1_base64="MAQglGh7ZE5/fpc8xAOv+qlkKrM=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoigi6LblxWsA9oQplMJu3QySTMTMQSCv6KGxeKuPU73Pk3TtostPXAMIdz7mXOnCDlTGnH+bYqK6tr6xvVzdrW9s7unr1/0FFJJgltk4QnshdgRTkTtK2Z5rSXSorjgNNuML4p/O4DlYol4l5PUurHeChYxAjWRhrYR55mPKS5FyQ8VJPYXOhxOrDrTsOZAS0TtyR1KNEa2F9emJAspkITjpXqu06q/RxLzQin05qXKZpiMsZD2jdU4JgqP5/Fn6JTo4QoSqQ5QqOZ+nsjx7EqopnJGOuRWvQK8T+vn+noys+ZSDNNBZk/FGUc6QQVXaCQSUo0nxiCiWQmKyIjLDHRprGaKcFd/PIy6Zw3XKfh3l3Um9dlHVU4hhM4AxcuoQm30II2EMjhGV7hzXqyXqx362M+WrHKnUP4A+vzB97jlg4=</latexit>

x̂
<latexit sha1_base64="GkjdGElhxTsGEJc6Rquq3eNajFs=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6LLoxmUF+4A2lMlk0g6dTMLMjRhC/RU3LhRx64e482+ctFlo64FhDufcy5w5fiK4Bsf5tipr6xubW9Xt2s7u3v6BfXjU1XGqKOvQWMSq7xPNBJesAxwE6yeKkcgXrOdPbwq/98CU5rG8hyxhXkTGkoecEjDSyK4PJwTyoR+LQGeRufDjbGQ3nKYzB14lbkkaqER7ZH8Ng5imEZNABdF64DoJeDlRwKlgs9ow1SwhdErGbGCoJBHTXj4PP8OnRglwGCtzJOC5+nsjJ5EuopnJiMBEL3uF+J83SCG88nIukxSYpIuHwlRgiHHRBA64YhREZgihipusmE6IIhRMXzVTgrv85VXSPW+6TtO9u2i0rss6qugYnaAz5KJL1EK3qI06iKIMPaNX9GY9WS/Wu/WxGK1Y5U4d/YH1+QNBZ5Ul</latexit><latexit sha1_base64="GkjdGElhxTsGEJc6Rquq3eNajFs=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6LLoxmUF+4A2lMlk0g6dTMLMjRhC/RU3LhRx64e482+ctFlo64FhDufcy5w5fiK4Bsf5tipr6xubW9Xt2s7u3v6BfXjU1XGqKOvQWMSq7xPNBJesAxwE6yeKkcgXrOdPbwq/98CU5rG8hyxhXkTGkoecEjDSyK4PJwTyoR+LQGeRufDjbGQ3nKYzB14lbkkaqER7ZH8Ng5imEZNABdF64DoJeDlRwKlgs9ow1SwhdErGbGCoJBHTXj4PP8OnRglwGCtzJOC5+nsjJ5EuopnJiMBEL3uF+J83SCG88nIukxSYpIuHwlRgiHHRBA64YhREZgihipusmE6IIhRMXzVTgrv85VXSPW+6TtO9u2i0rss6qugYnaAz5KJL1EK3qI06iKIMPaNX9GY9WS/Wu/WxGK1Y5U4d/YH1+QNBZ5Ul</latexit><latexit sha1_base64="GkjdGElhxTsGEJc6Rquq3eNajFs=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6LLoxmUF+4A2lMlk0g6dTMLMjRhC/RU3LhRx64e482+ctFlo64FhDufcy5w5fiK4Bsf5tipr6xubW9Xt2s7u3v6BfXjU1XGqKOvQWMSq7xPNBJesAxwE6yeKkcgXrOdPbwq/98CU5rG8hyxhXkTGkoecEjDSyK4PJwTyoR+LQGeRufDjbGQ3nKYzB14lbkkaqER7ZH8Ng5imEZNABdF64DoJeDlRwKlgs9ow1SwhdErGbGCoJBHTXj4PP8OnRglwGCtzJOC5+nsjJ5EuopnJiMBEL3uF+J83SCG88nIukxSYpIuHwlRgiHHRBA64YhREZgihipusmE6IIhRMXzVTgrv85VXSPW+6TtO9u2i0rss6qugYnaAz5KJL1EK3qI06iKIMPaNX9GY9WS/Wu/WxGK1Y5U4d/YH1+QNBZ5Ul</latexit><latexit sha1_base64="GkjdGElhxTsGEJc6Rquq3eNajFs=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6LLoxmUF+4A2lMlk0g6dTMLMjRhC/RU3LhRx64e482+ctFlo64FhDufcy5w5fiK4Bsf5tipr6xubW9Xt2s7u3v6BfXjU1XGqKOvQWMSq7xPNBJesAxwE6yeKkcgXrOdPbwq/98CU5rG8hyxhXkTGkoecEjDSyK4PJwTyoR+LQGeRufDjbGQ3nKYzB14lbkkaqER7ZH8Ng5imEZNABdF64DoJeDlRwKlgs9ow1SwhdErGbGCoJBHTXj4PP8OnRglwGCtzJOC5+nsjJ5EuopnJiMBEL3uF+J83SCG88nIukxSYpIuHwlRgiHHRBA64YhREZgihipusmE6IIhRMXzVTgrv85VXSPW+6TtO9u2i0rss6qugYnaAz5KJL1EK3qI06iKIMPaNX9GY9WS/Wu/WxGK1Y5U4d/YH1+QNBZ5Ul</latexit>

CT
<latexit sha1_base64="MojVrQtfS4KJysKC0IeP0VtRSG4=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMdiLx4r9EvapWTTbBuaZJckK5Slv8KLB0W8+nO8+W9M2z1o64OBx3szzMwLE8GN9bxvVNjY3NreKe6W9vYPDo/KxydtE6eashaNRay7ITFMcMVallvBuolmRIaCdcJJfe53npg2PFZNO01YIMlI8YhTYp30mPXDCNdng+agXPGq3gJ4nfg5qUCOxqD81R/GNJVMWSqIMT3fS2yQEW05FWxW6qeGJYROyIj1HFVEMhNki4Nn+MIpQxzF2pWyeKH+nsiINGYqQ9cpiR2bVW8u/uf1UhvdBhlXSWqZostFUSqwjfH8ezzkmlErpo4Qqrm7FdMx0YRal1HJheCvvrxO2ldV36v6D9eV2l0eRxHO4BwuwYcbqME9NKAFFCQ8wyu8IY1e0Dv6WLYWUD5zCn+APn8APRuQBg==</latexit><latexit sha1_base64="MojVrQtfS4KJysKC0IeP0VtRSG4=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMdiLx4r9EvapWTTbBuaZJckK5Slv8KLB0W8+nO8+W9M2z1o64OBx3szzMwLE8GN9bxvVNjY3NreKe6W9vYPDo/KxydtE6eashaNRay7ITFMcMVallvBuolmRIaCdcJJfe53npg2PFZNO01YIMlI8YhTYp30mPXDCNdng+agXPGq3gJ4nfg5qUCOxqD81R/GNJVMWSqIMT3fS2yQEW05FWxW6qeGJYROyIj1HFVEMhNki4Nn+MIpQxzF2pWyeKH+nsiINGYqQ9cpiR2bVW8u/uf1UhvdBhlXSWqZostFUSqwjfH8ezzkmlErpo4Qqrm7FdMx0YRal1HJheCvvrxO2ldV36v6D9eV2l0eRxHO4BwuwYcbqME9NKAFFCQ8wyu8IY1e0Dv6WLYWUD5zCn+APn8APRuQBg==</latexit><latexit sha1_base64="MojVrQtfS4KJysKC0IeP0VtRSG4=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMdiLx4r9EvapWTTbBuaZJckK5Slv8KLB0W8+nO8+W9M2z1o64OBx3szzMwLE8GN9bxvVNjY3NreKe6W9vYPDo/KxydtE6eashaNRay7ITFMcMVallvBuolmRIaCdcJJfe53npg2PFZNO01YIMlI8YhTYp30mPXDCNdng+agXPGq3gJ4nfg5qUCOxqD81R/GNJVMWSqIMT3fS2yQEW05FWxW6qeGJYROyIj1HFVEMhNki4Nn+MIpQxzF2pWyeKH+nsiINGYqQ9cpiR2bVW8u/uf1UhvdBhlXSWqZostFUSqwjfH8ezzkmlErpo4Qqrm7FdMx0YRal1HJheCvvrxO2ldV36v6D9eV2l0eRxHO4BwuwYcbqME9NKAFFCQ8wyu8IY1e0Dv6WLYWUD5zCn+APn8APRuQBg==</latexit><latexit sha1_base64="MojVrQtfS4KJysKC0IeP0VtRSG4=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMdiLx4r9EvapWTTbBuaZJckK5Slv8KLB0W8+nO8+W9M2z1o64OBx3szzMwLE8GN9bxvVNjY3NreKe6W9vYPDo/KxydtE6eashaNRay7ITFMcMVallvBuolmRIaCdcJJfe53npg2PFZNO01YIMlI8YhTYp30mPXDCNdng+agXPGq3gJ4nfg5qUCOxqD81R/GNJVMWSqIMT3fS2yQEW05FWxW6qeGJYROyIj1HFVEMhNki4Nn+MIpQxzF2pWyeKH+nsiINGYqQ9cpiR2bVW8u/uf1UhvdBhlXSWqZostFUSqwjfH8ezzkmlErpo4Qqrm7FdMx0YRal1HJheCvvrxO2ldV36v6D9eV2l0eRxHO4BwuwYcbqME9NKAFFCQ8wyu8IY1e0Dv6WLYWUD5zCn+APn8APRuQBg==</latexit>

CS
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(b) Student-Forcing OT

Figure 1: Comparison of (a) teacher-forcing (TF) and
(b) student-forcing (SF), where 〈s〉 is the start token. In
(a), the ground-truth (GT) sequencex is compared with
TF-generated sequence x̃ to produce the cost matrix
CT ; In (b), the GT sequence x is compared with SF-
generated sequence x̂ to produce the cost matrix CS .

2.2 Student Forcing Optimal Transport
We propose to use optimal transport (OT) to mea-
sure the discrepancy between the student-forcing
generated sequence x̂ and the ground-truth se-
quence x. Assuming there is an oracle/target dis-
tribution µ(x) to generate x, our goal is to learn
θ such that the model distribution pθ(x̂) matches
µ(x). Formally, OT provides a distance metric be-
tween the two probability measures µ and p on a
domain X (the sequence of word tokens):

Rot(x, x̂) = inf
γ∈Π(µ,p)

E(x,x̂)∼γ [c(x, x̂)], (5)

where Π(µ, p) denotes the set of all joint distribu-
tions γ(x, x̂) with marginals µ(x) and p(x̂). The
function c(x, x̂) : X× X → R defines the cost of
moving x̂ to x. Intuitively, OT provides a method
of matching the sequence x̂ to x with the mini-
mum cost, given µ, p and c(·, ·).

OT distance on discrete domains For discrete
distributions µ, p on X, we have µ =

∑T
i=1 uiδxi

and p =
∑T

j=1 pjδx̂j
with δx the Dirac function

centered on x. The weight vectors u = {ui}Ti=1 ∈
∆T and p = {pi}Ti=1 ∈ ∆T belong to the T -
dimensional simplex, i.e.,

∑T
i=1 ui =

∑T
j=1 pj =

1, as both µ and p are probability distributions.
Under such a setting, computing the OT distance is
equivalent to solving the following network-flow
problem (Luise et al., 2018):

Rot(x, x̂) = min
M∈Π(u,p)

T∑
i=1

T∑
j=1

Mij · c(xi, x̂j)

= min
M∈Π(u,p)

〈M,C〉 (6)

where Π(u,p) = {M ∈ RT×T+ |M1T =
u,M>1T = p}, 1T denotes a T -dimensional all-
one vector, C is the cost matrix given by Cij =
c(xi, x̂j), and 〈M,C〉 = Tr(M>C) represents
the Frobenius dot-product. We refer to the mini-
mizer M∗ of (6) as OT matching.

Summarizing, our student-forcing optimal
transport (SFOT) objective is:

LSFOT = E(x,y)∼D[log pθ(x|y)+ (7)

λEx̂∼pθ(x̂|y)Rot(x, x̂)]

where λ is the weighting hyper-parameter that bal-
ances the MLE and OT losses. In practice, we only
take one sample in student-forcing. Note that our
SFOT objective considersRot(x, x̂). This is a key
difference from Chen et al. (2019), where teacher-
forcing is used in OT Rot(x, x̃). To note the
difference, we refer to the method in Chen et al.
(2019) as TFOT.

The exact minimization over M is generally
computationally intractable (Arjovsky et al., 2017;
Genevay et al., 2018). Hence we use the recently
introduced Inexact Proximal point method for Op-
timal Transport (IPOT) (Xie et al., 2018) algo-
rithm to approximate M∗. The details of the IPOT
algorithm are shown in Appendix A.1.

2.3 Cost Functions in SFOT
OT-matching quality largely depends on the cost
function c(·, ·). In particular, there is flexibility in
how we represent the elements to be transported,
for which we outline two alternatives below.

Vanilla OT A natural choice for the cost dis-
tance is to use the word embeddings, denoted
{h0

t }Tt=1, as used by previous works:

c(xi, x̂j) = 1−
h0
i
>
h0
j

‖h0
i ‖‖h0

j‖
, (8)

However, a word-embedding-based cost func-
tion only captures the token-to-token similarity.
On the other hand, the semantics of words can be
different in different positions or contexts. This
inspires the proposal of two novel cost functions
to improve text sequence matching in OT.
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Figure 2: Illustration of the intuition of the proposed
OT extensions. The goal is to match the sequence
ABACA to the sequence AABAC. Left: traditional OT,
where only the token information is considered; thus
letter A in any positions of the two sequences can be
aligned. Right: the proposed extensions of OT, where
the context and ordering information help to eliminate
undesirable alignment. In terms of the context, letter
A will be matched to those that share a similar context
{A, B} and {A, C}. In terms of ordering, letter A will be
aligned to the letters with similar positions

.
Contextualized OT with Order-Preserving
Regularizer Because the same word in dif-
ferent linguistic contexts may have different
meanings, a cost function that cannot capture
such variability may lead to undesirable matching
results. While word embeddings {h0

t }Tt=1 may
be myopic, hidden representations {h`t}Tt=1 at
higher layers (` > 0) of deep language models
(e.g. LSTM (Hochreiter and Schmidhuber, 1997)
or the Transformer (Vaswani et al., 2017)) often
capture contextualized representations of the
word in the sequence. Inspired by works on deep
contextualized word representations (Peters et al.,
2018; Devlin et al., 2018; Radford et al., 2018),
we replace the word embeddings with {h`t}Tt=1

to represent the meaning of words inside the
sequence. Then the cost function can be defined

c(xi, x̂j) = 1−
hli
>
hlj

‖hli‖‖hlj‖
(9)

Figure 2 shows that the meaning of letter {A}
can be less ambiguous when considering its local
context {B, A} and {C, A}. This context informa-
tion further helps eliminate the undesirable match-
ing configurations. Otherwise, letter A can match
to A of any position in the other sequence. Note
that contextual information may implicitly capture
relatively long-term dependency information com-
pared with vanilla OT, and it can be perceived as a
“soft” n-gram matching.

We also consider an order-preserving regular-
izer for the contextualized OT, motivated by the

Algorithm 1 Student Forcing Optimal Transport

1: Input: Ground truth paired sequences D = {xn,
yn}Nn=1

2: Initialize MLE model parameters θ
3: while training do
4: Draw samples {xn,yn} ∼ D
5: Compute the outputs h of the model via teacher-

forcing and ĥ via student-forcing
6: Compute the cost matrix C based on the choice of

cost function in (8), (10)
7: Compute the OT Loss Rot(x, x̂) defined in (6) via

IPOT algorithm
8: Update θ by optimizing LSFOT defined in (7)
9: end while

fact that positional information of a token can be
crucial in natural language understanding. For ex-
ample, two sentences may have opposite meanings
when the word order is changed: “He hated it but
then started loving it” versus “He loved it but then
started hating it”. Hence, it is desirable to have
the transportation matrix concentrate to diagonal
entries, by transporting the neighboring elements
in one sequence into some other neighboring ele-
ments in another sequence with nearby temporal
position (Su and Hua, 2018). Inspired by Albregt-
sen et al. (2008), we penalize the contextual cost
function with inverse difference moment as

cc(xi, x̂j) = c(xi, x̂j)−
β

( iT −
j
T )2 + 1

(10)

where β ≥ 0 is the weighting hyper-parameter for
the order-preserving penalty. Figure 2 shows that
when only considering the token-to-token similar-
ity, the first letter A from the left sequence can be
moved to any A in the right sequence. However,
when considering the ordering penalty, letter A is
aligned to the letters with similar position. SFOT
is summarized in Algorithm 1.

Note that order-preserving regularization is
only applied to contextualized OT, as requiring
position-wise matching for the generated and tar-
get sentence may be too restrictive. Empirically,
we observed adding the order-preserving regular-
izer to vanilla OT gives marginal improvement.
However, since contextualized OT operates on a
feature space, the position-wise matching is soft-
ened and can be naturally coupled with contextual
cost function.

2.4 An Imitation Learning Interpretation of
Student-Forcing

The sequential text generation process can be
reformulated using Markov decision processes
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(MDPs). Formally, an MDPM = 〈S,A, Ps, r〉1
defines a transition probability Ps(s

′|s,a) from
state s ∈ S to the next state s′ ∈ S after the
agent takes an action a ∈ A; r(s,a) is an un-
known reward function. To cast text generation as
an MDP, we may consider the action as the selec-
tion of the next word xt from the vocabulary, con-
ditioned on the states of observed words x<t, i.e.,
st = x<t and at = xt. At each time step t, the
agent takes an action at at state st according to
policy π(at|st), and receives a reward r(st,at).
The conjunction of the generated word and the
previous methods constitute the next state st+1.

Imitation learning seeks to learn an optimal pol-
icy from demonstrations of an expert policy πE . In
language models, the training text plays the role of
expert trajectories. This objective is formally:

max
r∈RS×A

min
π∈Π

−H(π) +R(πE)−R(π) (11)

with R(π) =
∑
s,a

ρπ(s,a)r(s,a).

where ρπ(s,a) is the stationary joint distribution
of (s,a) induced by the learning policy π; H(π)
is the entropy. Intuitively, the objective encour-
ages that higher rewards are assigned to the expert
policy πE , while π is trained to mimic πE .

Importantly, (11) suggests that each individual
word of sentences that induces the distribution ρπ
should be fully generated by the learned language
model π. In other words, at each time step, π
generates a word using its own previously gen-
erated words. This is exactly the student-forcing
scheme we employ for the proposed SFOT algo-
rithm. This reveals the key difference with Chen
et al. (2019), where teaching-forcing is employed.
Since such an agent takes actions based on the par-
tial expert trajectories, it will induce a biased oc-
cupancy measure. This results in a sub-optimal
policy for text generation, even when the imitation
learning objective (11) is optimized.

3 Related Work
Text Generation Natural Language Generation
(NLG) is a challenging NLP task. Neural lan-
guage models parameterized by autogressive ar-
chitectures are widely used for NLG. To improve
the global control ability of generated sentences,
variational auto-encoders are considered for lan-
guage generation (Bowman et al., 2016; Fu et al.,

1The discount factor is set as one for simplicity

2019; Fang et al., 2019; Li et al., 2020a). Re-
cently, GPT-2 (Radford et al., 2019) and GPT-
3 (Brown et al., 2020) improve the generation
fluency via pre-training on massive text corpus.
All of them are trained with MLE using Teacher-
Forcing, which are known to suffer from expo-
sure bias in principle(Bengio et al., 2015). Several
methods have been proposed to solve the prob-
lem, including (Shao et al., 2018; Zhang et al.,
2019). Adversarial training techniques were also
proposed (Yu et al., 2017; Zhu et al., 2018; Che
et al., 2017; Lin et al., 2017; Guo et al., 2018;
Chen et al., 2018; Li et al., 2020b; Yang et al.,
2019; Zhang et al., 2018; Liang et al., 2018).
However, adversarial-based NLG models can suf-
fer from gradient vanishing and unstable train-
ing. Indeed, (Caccia et al., 2018) argues that
a temperature sweeping approach on MLE can
outperform GAN-based models. Our model fur-
ther improves this work by adopting a principled
sequence-matching loss via optimal transport and
achieve state-of-the-art results on NLG tasks.

Optimal Transport Optimal transport is widely
employed for a variety of NLP tasks, includ-
ing document classification (Kusner et al., 2015),
word embedding space alignment (Alvarez-Melis
and Jaakkola, 2018), and generative adversarial
networks (Chen et al., 2018). The most related
work to ours is TFOT Chen et al. (2019). We dis-
cuss the difference between the proposed SFOT
and TFOT as follows:

• Strong empirical evidence on long sentences.
While the overall performance of SFOT is
superior to TFOT only by a decent margin
on standard datasets, we emphasize that the
main advantage of SFOT is for long sen-
tences. As shown in the break-down analysis
(Figure 4), SFOT is significantly better than
TFOT when sentence length is larger than
60. This highlights the critical contribution
of this paper to addressing the exposure bias
problem, which longer sentences usually suf-
fer from.

• Methodology novelty. Besides the difference
in SF decoding and TF decoding in two meth-
ods, we also propose a technique on “Contex-
tualized OT with Order-Preserving Regular-
izer”, which improves both SFOT and TFOT,
as shown in Table 4. Note that, there is no
order information used in TFOT, which de-
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generates it to word embedding alignment
instead of sequence matching. In contrast,
the proposed technique can utilize sequence
level, thus improving the performance.

• Theoretical difference. In Section 2.3,
we provide theoretical justification on why
SFOT can reduce exposure bias, while TFOT
still suffers from it: TFOT is based on partial
expert trajectories and induces a bias occu-
pancy measure, while our proposed method
SFOT uses previous self-generated words
and can obtain an optimal policy.

Sequence matching Direct sequence matching
has been explored widely in various machine
learning tasks. Jaccard distance has been used to
retrieve prototypes for sentence generation (Guu
et al., 2018). Chernoff distance has been applied
to image classification (Su et al., 2015). How-
ever, these distances assume each instance in the
sequence is independent, ignoring temporal infor-
mation. These distances consequently measure se-
quence alignment poorly, as they miss semantic
relationships inside a sentence (e.g.cause and ef-
fect). Dynamic time warping (DTW) (Sakoe et al.,
1990) and Connectionist Temporal Classification
(CTC) (Graves and Jaitly, 2014) consider tempo-
ral information, and have been adopted widely in
speech recognition. However, these losses pre-
serve strict ordered alignment, and hence cannot
be directly applied to text sequences.

4 Experiments
We perform experiments on neural machine trans-
lation (NMT), abstractive text summarization and
unconditional natural language generation (NLG)
tasks. Algorithms are implemented in Tensorflow
and trained on an NVIDIA TITAN X GPU.

4.1 Neural Machine Translation
Two standard datasets are tested for NMT tasks:
a small-scale English-Vietnamese corpus from the
IWSLT 2015 Evaluation Campaign (Cettolo et al.,
2015) and a large-scale English-German corpus
from the WMT16 Evaluate Campaign2. Further
details of the datasets and the experimental setup
are shown in Appendix A.2.

We compare SFOT with a variety of meth-
ods: MLE (Luong et al., 2017), Scheudle Sam-
pling (SS), TFOT and several RL-based models,

2http://statmt.org/wmt16

Task Algorithm NT2012 NT2013

VI-EN

MLE 21.8 24.5
SS 21.8 24.6

RAML 22.0 25.0
MIXER 21.9 24.7

SPG 22.0 25.1
TFOT 21.9 25.5
SFOT 22.3 25.8

EN-VI

MLE 23.8 26.1
SS 23.9 26.2

RAML 24.2 26.6
MIXER 24.0 26.3

SPG 24.3 26.7
TFOT 24.5 26.9
SFOT 24.9 27.4

Table 1: VI-EN and EN-VI translation BLEU scores.
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Figure 3: Convergence on NT2012 EN-VI.

i.e. RAML (Norouzi et al., 2016), SPG (Ding
and Soricut, 2017), and MIXER (Ranzato et al.,
2016b). The results are summarized in Tables
1 and 2. The proposed SFOT approach consis-
tently improves upon MLE training and outper-
forms other models in all experimental setups.
Besides the quantitative results, we observe that
SFOT correctly maintains the information from
the source side to make correct translations (Ta-
ble 3). As can be seen from these examples, our
model can better preserve information from the
source and is less likely to transfer words incor-
rectly. Notice that most errors in the baseline
models occur in the latter part of sequences, due
to error accumulation from exposure-bias, which
SFOT addresses by matching the free-running out-
puts to the ground-truth. In conjunction with the
quantitative results presented above, these qualita-
tive observations confirm that our model can gen-
erate more reliable translation for long sentences
and address the exposure-bias problem.

We further investigate the performance on the
English-Vietnamese dataset. We first check the
convergence of the BLEU score on the validation
set, shown in Figure 3. SS converges similarly
to the MLE model and only shows marginal im-
provement. The models with OT converge much

http://statmt.org/wmt16
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Task Algorithm NT2013 NT2015

DE-EN

MLE 29.0 29.9
SS 29.0 29.9

RAML 29.1 30.1
MIXER 29.0 30.0

SPG 29.1 30.1
TFOT 29.2 30.1
SFOT 29.3 30.3

EN-DE

MLE 24.3 26.5
SS 24.3 26.5

RAML 24.5 26.7
MIXER 24.4 26.6

SPG 24.5 26.7
TFOT 24.6 26.8
SFOT 24.8 27.0

Table 2: DE-EN and EN-DE translation BLEU scores.
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Figure 4: Translation quality as sentences become
longer on NT2013 EN-VI.

faster in the early stages and finish with a higher
final performance. However, TFOT has an unsta-
ble convergence trajectory, as it can degrade MLE
training performance. SFOT by contrast is consis-
tently better than MLE training, achieving the best
BLEU score among the three models.

To further demonstrate SFOT’s ability to ad-
dress exposure bias, we follow Bahdanau et al.
(2015) and group sentences of similar lengths to-
gether, computing a BLEU score per group on the
test set. As errors accumulate in generation, longer
sentences suffer more from exposure bias and have
lower quality. Figure 4 shows that our model is
more effective in handling long sentences: com-
pared with other methods, SFOT is more robust for
longer sentence lengths, indicating that matching
the generated and ground-truth sentence in the se-
quence level may alleviate exposure bias for long-
text generation.

Additionally, we compare different OT cost
function variants in Table 4. We denote contex-
tualized OT with order-preserving regularizer as -
c. Contextualized OT improves translation quality
when used with TFOT and SFOT. The improve-
ments on both models indicate that contextualized
representations with order preservation is capable

of capturing more sentence semantic information.

4.2 Abstractive Text Summarization
We use a widely considered English Giga-
words corpus (Graff et al., 2003) for the text-
summarization task. Similar to NMT experiments,
we use MLE as our baseline model and further
compare SFOT with SS, TFOT, and several RL-
based methods, i.e. RAML, SPG and MIXER. We
evaluate the model performance using ROUGE
(including -1, -2, -L) score (Lin, 2004), the most
popular metric for summarization. Details of the
datsetsets and the experimental setup are shown in
Appendix A.3.

Summarization results are provided in Table 5.
Consistent with our NMT results, SFOT outper-
forms all other methods, showing that the contex-
tualized matching is capable of capturing seman-
tic information essential for high-quality genera-
tion. Moreover, the superiority of SFOT over RL-
based models demonstrates that the OT (sentence)
matching is more robust than word/phrase match-
ing in RL rewards.

4.3 Neural Language Generation
Following recent unconditional long text genera-
tion work (Caccia et al., 2018), we perform exper-
iments on EMNLP2017 WMT News dataset3. All
sentences are longer than 20, making the dataset
appropriate for testing the exposure bias problem.

To evaluate the effectiveness of our model,
we consider various baseline methods, includ-
ing recent GAN-based text generation approaches,
such as SeqGAN (Ramachandran et al., 2017),
RankGAN (Lin et al., 2017), MaliGAN (Che
et al., 2017), and LeakGAN (Guo et al., 2018), as
well as an MLE-trained model using temperature
sweep (Caccia et al., 2018). We apply SFOT with
contextualized OT to improve the temperature-
sweep MLE model. SS does not show signif-
icantly different results compared to the MLE
model. For the evaluation metric, we follow the
current protocol for NLG evaluation (Zhu et al.,
2018) w.r.t. both quality and diversity. Specif-
ically, the quality of the generation is measured
with BLEU score (Papineni et al., 2002) and the
diversity is evaluated with Self-BLEU (Zhu et al.,
2018). Human evaluation is further considered to
measure the quality of generation4. More details

3http://www.statmt.org/wmt17/
4We perform human evaluation using Amazon Mechan-

ical Turk. 100 generated sentences are sampled from each

http://www.statmt.org/wmt17/
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Reference: India’s new prime minister, Narendra Modi, is meeting his Japanese counterpart, Shinzo Abe, in Tokyo to discuss economic and security
ties, on his first major foreign visit since winning May’s election.

MLE: India ‘ s new prime minister , Narendra Modi , meets his Japanese counterpart , Shinzo Abe , in Tokyo , during his first major foreign visit
in May to discuss economic and security relations .

TFOT: India ‘ s new prime minister Narendra Modi meets his Japanese counterpart, Shinzo Abe, in Tokyo at his first major foreign visit since his
election in May in order to discuss economic and security relations .

SFOT: India ’ s new prime minister , Narendra Modi , is meeting his Japanese counterpart Shinzo Abe in Tokyo in his first major foreign visit since
his election victory in May to discuss economic and security relations.

Reference: Chinese leaders presented the Sunday ruling as a democratic breakthrough because it gives Hong Kongers a direct vote, but the decision
also makes clear that Chinese leaders would retain a firm hold on the process through a nominating committee tightly controlled by Beijing.

MLE: The Chinese leadership presented the decision of Sunday as a democratic breakthrough , because it gives Hong Kong citizens a direct right
to vote , but the decision also makes it clear that the Chinese leadership maintains the expiration of a nomination committee closely
controlled by Beijing .

TFOT: The Chinese leadership presented Sunday ’ s decision as a democratic breakthrough because it gives the citizens of Hong Kong a direct
right to vote , but the decision also makes it clear that the Chinese leadership keeps the process firmly in the hands of a government
-controlled Nomination Committee.

SFOT: The Chinese leadership presented the decision on Sunday as a democratic breakthrough , because Hong Kong citizens have a direct electoral
right , but the decision also makes it clear that the Chinese leadership remains firmly in hand with a nominating committee controlled by
Beijing.

Table 3: Comparison of German-to-Enlish translation examples. For each example, we show the human translation
(reference) and the translation from MLE, TFOT, and SFOT. We highlight the key phrase differences between
reference and translation outputs in blue and red, and annotate translation errors in bold. In the first example, SFOT
correctly maintains all the information in “since winning in May election” by translating to “since his election
victory in May”, whereras MLE only generates “in May” and TFOT also misses “winning” in the reference. In
the second example, SFOT successfully keeps the information “Beijing”, whereas MLE generates wrong words
“expiration of” and TFOT changes “Beijing” to “government”.

Task Algorithm NT2012 NT2013

VI-EN

MLE 21.8 24.5
TFOT 22.2 25.1

TFOT-c 22.2 25.4
SFOT 22.2 25.6

SFOT-c 22.3 25.8

EN-VI

MLE 23.8 26.1
TFOT 24.5 26.9

TFOT-c 24.8 27.2
SFOT 24.8 27.4

SFOT-c 24.9 27.4

Table 4: BLEU scores for VI-EN and EN-VI ablation
study.

Method ROUGE-1 ROUGE-2 ROUGE-L
MLE 36.1 16.4 32.3
SS 36.6 16.8 32.7

RAML 36.3 16.7 32.5
SPG 36.5 16.8 32.8

MIXER 36.3 16.6 32.6
TFOT 36.8 17.2 33.5
SFOT 37.0 17.5 33.9

Table 5: Results of text summarization on English Gi-
gawords dataset.

of experiment setup are shown in Appendix A.4.
To reasonably select the best model along the

temperature sweep, we are motivated by (Gu et al.,
2019) and propose the BLEU-F1 score to evaluate

model. Ten native speakers are asked to rate each sentence in
the scale 1 to 5 in terms of readability and meaningfulness

the trade-off between the quality and diversity si-
multaneously, defined as

BLEU-F1 =
2× BLEU× (1-Self-BLEU)

BLEU + (1-Self-BLEU)
. (12)

Figure 5 shows the BLEU-F1 score versus re-
verse temperature on MLE and SFOT. We ob-
served that the best temperature for MLE model
is 1/1.5 and for SFOT is 1/1.4. We further con-
duct analysis under these temperatures. Figure 5
also indicates that the SFOT model consistently
improves the MLE model on the BLEU-F1 score.

We compare SFOT with the proposed strong
baselines in Figure 6 and report human evaluation
of generated quality in Table 6. We observe that
SFOT has the highest generation quality in human
evaluation. With better guided sequence-level se-
mantics information, SFOT generates high-quality
sentences at higher temperatures, compared with
the MLE model. The MLE model decreases tem-
perature to concentrate on generating safe words
(with high probability); this avoids error accu-
mulation by avoiding risky words. However, the
model loses generation diversity when increasing
temperature, as the model only focuses on safe
words. SFOT obtains better quality at higher tem-
perature, indicating SFOT can generate reason-
able sequences on more risky words and hence
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Figure 5: BLEU-5 F1 score plotted against reverse tem-
perature α on EMNLP2017 News test set.
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Figure 6: Negative BLEU (lower is better) plotted
against Self-BLEU (lower is better) for EMNLP2017
News test set, for BLEU-4 (left) and BLEU-5 (right).

Method SeqGAN RankGAN MaliGAN
Score 2.56± 0.49 2.89± 0.56 2.50± 0.46

Method LeakGAN MLE SFOT
Score 3.45± 0.47 3.46± 0.42 3.54± 0.37

Table 6: Human evaluation of NLG on EMNLP news
2017 dataset. 100 generated sentences from each
model are rated 1-5, with means and standard devia-
tions reported. Real sentences were rated 4.21± 0.44.

can address exposure bias and gain more diver-
sity in generation. We also observe that SFOT
outperforms all text GANs in terms of quality-
diversity trade-off and human evaluation. Under
similar Self-BLEU score, SFOT significantly im-
proves the quality of LeakGAN (Guo et al., 2018),
the best GAN by BLEU metric.

5 Conclusions
We have introduced SFOT to mitigate exposure
bias in text generation. The proposed model
captures positional and contextual information of
word tokens in OT matching. Experiments on neu-
ral machine translation, text summarization, and
text generation have demonstrated the effective-
ness of our SFOT algorithm, yielding improved
performance over strong baselines on these tasks.
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Aude Genevay, Gabriel Peyré, and Marco Cuturi. 2018.
Learning generative models with sinkhorn diver-
gences. AISTATS.

David Graff, Junbo Kong, Ke Chen, and Kazuaki
Maeda. 2003. English gigaword. Linguistic Data
Consortium, Philadelphia, 4(1):34.

Alex Graves and Navdeep Jaitly. 2014. Towards end-
to-end speech recognition with recurrent neural net-
works. In ICML.

Xiaodong Gu, Kyunghyun Cho, Jungwoo Ha, and
Sunghun Kim. 2019. Dialogwae: Multimodal
response generation with conditional wasserstein
auto-encoder. ICLR.

Jiaxian Guo, Sidi Lu, Han Cai, Weinan Zhang, Yong
Yu, and Jun Wang. 2018. Long text generation
via adversarial training with leaked information. In
AAAI.

Kelvin Guu, Tatsunori B Hashimoto, Yonatan Oren,
and Percy Liang. 2018. Generating sentences by
editing prototypes. TACL.

Sepp Hochreiter and Jurgen Schmidhuber. 1997. Long
short-term memory. Neural computation.

Ferenc Huszár. 2015. How (not) to train your genera-
tive model: Scheduled sampling, likelihood, adver-
sary? In CoRR.

Guillaume Klein, Yoon Kim, Yuntian Deng, Jean
Senellart, and Alexander M. Rush. 2017. Open-
NMT: Open-source toolkit for neural machine trans-
lation. In ACL.

Matt Kusner, Yu Sun, Nicholas Kolkin, and Kilian
Weinberger. 2015. From word embeddings to docu-
ment distances. In ICML.

Alex M Lamb, Anirudh Goyal Alias Parth Goyal, Ying
Zhang, Saizheng Zhang, Aaron C Courville, and
Yoshua Bengio. 2016. Professor forcing: A new al-
gorithm for training recurrent networks. In NIPS.

Chunyuan Li, Xiang Gao, Yuan Li, Xiujun Li, Baolin
Peng, Yizhe Zhang, and Jianfeng Gao. 2020a. Opti-
mus: Organizing sentences via pre-trained modeling
of a latent space. arXiv preprint arXiv:2004.04092.

Dianqi Li, Yizhe Zhang, Hao Peng, Liqun Chen, Chris
Brockett, Ming-Ting Sun, and Bill Dolan. 2020b.
Contextualized perturbation for textual adversarial
attack. arXiv preprint arXiv:2009.07502.

Jiwei Li, Will Monroe, Tianlin Shi, Sébastien Jean,
Alan Ritter, and Dan Jurafsky. 2017. Adversarial
learning for neural dialogue generation. In EMNLP.

Kevin J Liang, Chunyuan Li, Guoyin Wang, and
Lawrence Carin. 2018. Generative adversarial net-
work training is a continual learning problem. arXiv
preprint arXiv:1811.11083.

Chin-Yew Lin. 2004. Rouge: A package for auto-
matic evaluation of summaries. Text Summarization
Branches Out.

Kevin Lin, Dianqi Li, Xiaodong He, Zhengyou Zhang,
and Ming-Ting Sun. 2017. Adversarial ranking for
language generation. In NIPS.

Hao Liu, Yihao Feng, Yi Mao, Dengyong Zhou, Jian
Peng, and Qiang Liu. 2018. Action-depedent con-
trol variates for policy optimization via stein’s iden-
tity. In ICLR.

Giulia Luise, Alessandro Rudi, Massimiliano Pontil,
and Carlo Ciliberto. 2018. Differential properties
of sinkhorn approximation for learning with wasser-
stein distance. arXiv:1805.11897.

Minh-Thang Luong, Eugene Brevdo, and Rui Zhao.
2017. Neural machine translation (seq2seq) tutorial.
https://github.com/tensorflow/nmt.

Minh-Thang Luong and Christopher D Manning. 2015.
Stanford neural machine translation systems for spo-
ken language domains. In IWSLT.

Minh-Thang Luong, Hieu Pham, and Christopher D
Manning. 2015a. Effective approaches to attention-
based neural machine translation. In EMNLP.

Minh-Thang Luong, Ilya Sutskever, Quoc V Le, Oriol
Vinyals, and Wojciech Zaremba. 2015b. Addressing
the rare word problem in neural machine translation.
In ACL.
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A Appendix

A.1 Inexact Proximal point method for
Optimal Transport (IPOT) Algorithm

The IPOT algorithm to approximate M∗ is shown
in Algorithm 2

Algorithm 2 IPOT algorithm

1: Input: two sequencex, x̂with length T , and generalized
step size 1/ε, σ

2: σ = 1

T
′′ 1T ,M

(1) = 1T1T
> ,

3: Cij = c(xi, x̂j), Aij = e−
Cij
ε

4: for t = 1, 2, 3 . . . do
5: Q = A�T(t) // � is Hadamard product
6: for k = 1, . . .K do // K = 1 in practice
7: δ = 1

TQσ
, σ = 1

TQ>δ

8: end for
9: M(t+1) = diag(δ)Qdiag(σ)

10: end for
11: Return 〈M,C〉

.

A.2 Neural Machine Translation
Experiments

Dataset Two standard datasets are tested for
NMT tasks. The first one is a small-scale English-
Vietnamese corpus from the IWSLT 2015 Evalu-
ation Campaign (Cettolo et al., 2015), which is a
parallel corpus of TED-talks and contains 133K
sentence pairs. We follow the pre-processing pro-
cedure in (Luong and Manning, 2015) by replac-
ing words with frequencies less than 5 with 〈unk〉.
As a result, our vocabulary reduces to 17K for
English and 7.7K for Vietnamese. We use TED
tst2012 as development set and TED tst2013 as
the test set. For a large-scale dataset, we select an

English-German corpus from the WMT16 Eval-
uate Campaign5, which contains 4.5M sentence
pairs. Newstest 2013 is used as the development
set and Newstest 2015 is used as the test set. We
conduct the sub-word tokenization on the corpus
using the Byte Pair Encoding (BPE) method (Sen-
nrich et al., 2015). Following Klein et al. (2017),
we set the vocabulary size of both English and
German to 32K.

Setup We use Google’s Neural Machine Trans-
lation (GNMT) system (Wu et al., 2016) as our
baseline MLE model, which follows the standard
architecture and hyper-parameters6 for fair com-
parison. All other models are built on top of with
same network structure. We evaluate the model
performance using BLEU scores (Papineni et al.,
2002). We set OT weighting parameter λ = 0.1
and order-preserving penalty weighting parameter
β = 0.1.

For English-Vietnamese translation tasks (i.e.,
EN-VI or VI-EN), we follow the setup in
(Sutskever et al., 2014; Luong et al., 2015b,a). We
use one bidirectional LSTM layer with 512 hid-
den units as encoder and two-layer LSTM with
512 hidden units at each layer as decoder. The
embedding dimension is set as 512. We follow
the attention method described in (Luong et al.,
2015a) and use dropout with probability 0.2 as
suggested by (Zaremba et al., 2014). All parame-
ters are initialized uniformly between [−0.1, 0.1].
We train the model for 12 epochs with 12 epochs
using Stochastic Gradient Decent (SGD). For the
first 8 epochs, we set learning rate as 1.0. After
that, we anneal the learning rate at half at every
epoch.

For English-German translation tasks (i.e., EN-
GE or GE-EN), we adopt a stacked LSTM with a
2-layer bidirectional of 1024 units as encoder and
4-layer LSTM with units 1024 as decoder. The
embedding dimension is set to 1024. We adopt
the attention used in (Wu et al., 2016). We train
the model for 10 epochs. For the first 5 epochs,
we set the learning rate as 1 and then halving the
learning rate every half epoch.

A.3 Abstractive Text Summarization
Experiments

We use a widely accepted English Gigawords cor-
pus (Graff et al., 2003) for the text summariza-

5http://statmt.org/wmt16
6https://github.com/tensorflow/nmt

http://statmt.org/wmt16
https://github.com/tensorflow/nmt
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tion task. We follow the pre-process in (Rush
et al., 2015). The dataset is sampled and split into
train/dev/test set with size 200K/8K/2K.

A.4 Natural Language Generation
Experiment

In the NLG experiment, 200K sentences are col-
lected as the training set and 10K sentences as
the test set. In the NLG experiment, we set
OT weighting parameter λ = 1 and the order-
preserving penalty weighting parameter is β =
0.1. Since input sequence y is empty in a language
model, to better guide the student forcing output,
we adopt schedule sampling with ratio 0.3 in our
experiments. The samples generated by SFOT are
presented in Table 7 .

So , this is a great way , but I’m not sure how to do that , he said .

When made an emergency landing , the driver who was also injured in the
blast was arrested on suspicion of causing death .

The result is that the company’s economic growth rate is rising by a
substantial margin in November, which is even higher than a year ago .

It’s really a big deal for us and we’re going to get ready for the
second game .

We feel like it’s very hard to say that it’s really going to be the next
generation .

You don’t want to be a kid , and there are a lot of things that you can do .

The government’s decision to extend its coal policy vote will be
announced in the first half of 2017 .

I’m not able to do it , but I think it’s pretty important for him to be the
best player .

But I’m not sure what the supporters can do in this election , he said ,
referring to the Sanders campaign .

Table 7: Examples generated by SFOT in NLG experi-
ments


