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Abstract

This is the supplementary material for (Lu et
al., 2016). Here we present a detailed proof of
Lemma 2.2 and give details to show how we
arrive at Equation 7 in the main paper.

1 Proof of Lemma 2.2

Lemma 2.2 For any vectors v1,v2, . . . ,vN ∈
Rm, any scalars λ0, λ1, . . . , λN ∈ R+, let v0 =
(
∑N

i=1 λivi)/λ0, then the following always holds:

λ0||v0||2 +
N∑
i=1

λi||vi||2

=

N∑
i=1

η0,i||vi + v0||2 +
∑

1≤j<k≤N
ηj,k||vj − vk||2

where

ηi,j =
λiλj∑N
l=0 λl

for all 0 ≤ i < j ≤ N .

Proof First note that
∑N

j=0 ηj,k = λk and since
λ0v0 =

∑N
j=1 λivj we also have

N∑
j=1

N∑
k=1

ηj,kvj · vk =

N∑
i=1

η0,ivj · v0 = η0,0 ‖v0‖2 .

Although we formally specify i < j for the param-
eters ηj,k we wil relax this for now to simplify the
notation. We denote the terms on the right hand in

original equation by A and B respectively and ex-
pand them as follows:

A =
N∑
i=1

η0,i ‖vi + v0‖2

=

N∑
i=1

η0,i ‖vi‖2 +
N∑
i=1

η0,i ‖v0‖2

+ 2

N∑
i=1

η0,ivi · v0

=
N∑
i=1

η0,i ‖vi‖2 + (λ0 − η0,0) ‖v0‖2

+ 2η0,0 ‖v0‖2

=
N∑
i=1

η0,i ‖vi‖2 + λ0 ‖v0‖2 + η0,0 ‖v0‖2

B =
∑

1≤j<k≤N
ηj,k ‖vj − vk‖2

=
1

2

N∑
j=1

N∑
k=1

ηj,k ‖vj − vk‖2

=

N∑
j=1

N∑
k=1

ηj,k ‖vj‖2 −
N∑
j=1

N∑
k=1

ηj,kvj · vk

=

N∑
j=1

(
N∑
k=0

ηj,k ‖vj‖2 − ηj,0 ‖vj‖2
)

− η0,0 ‖v0‖2

=

N∑
j=1

λj ‖vj‖2 −
N∑
j=1

η0,j ‖vj‖2 − η0,0 ‖v0‖2

The full right hand side is A+B and cancelling the



terms gives us

RHS = A+B = λ0 ‖v0‖2+
N∑
i=1

λi ‖vi‖2 = LHS.

2 Proof of Equation 7

In the main paper, we defined

w′0 =
1∑N

l=0 λl

N∑
i=1

λiw
∗
i , (1)

and we also defined

w′i = w∗i −w′0 (2)

.
We need to prove the following equation (Equa-

tion 7 in the main paper):

w′0 =

(
N∑
i=1

λiw
′
i

)
/λ0 (3)

Proof Since

w′0 =
1∑N

l=0 λl

N∑
i=1

λiw
∗
i , (4)

we have:
N∑
i=1

λiw
∗
i =

(
N∑
l=0

λl

)
w′0 (5)

Since
w′i = w∗i −w′0, (6)

we have:
N∑
i=1

λiw
′
i =

N∑
i=1

λi
(
w∗i −w′0

)
=

N∑
i=1

(
λiw

∗
i − λiw′0

)
=

N∑
i=1

λiw
∗
i −

N∑
i=1

λiw
′
0 (7)

Based on Equation 5 above, we have:
N∑
i=1

λiw
′
i =

N∑
i=1

λiw
∗
i −

N∑
i=1

λiw
′
0

=

(
N∑
l=0

λl

)
w′0 −

(
N∑
i=1

λi

)
w′0

= λ0w
′
0 (8)

Therefore, we have:

w′0 =

(
N∑
i=1

λiw
′
i

)
/λ0 (9)
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