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T H E ~ E N T R O P Y  O F  R E C U R S I V E  M A R K O V  P R O C E S S E S  

B y  

B E N N Y  B R O D D A  

K V A L ,  F a c k ,  S t o c k h o l m  40,  S w e d e n  

S u m m a r y  

The  a i m  of  t h i s  c o m m u n i c a t i o n  i s  to o b t a i n  an  e x p l i c i t  f o r m u l a  f o r  c a l c u l a t -  
ing  the  e n t r o p y  of  a s o u r c e  w h i c h  b e h a v e s  in  a c c o r d a n c e  w i t h  t he  r u l e s  of an  
a r b i t r a r y  P h r a s e  S t r u c t u r e  G r a m m a r ,  in  w h i c h  r e l a t i v e  p r o b a b i l i t i e s  a r e  
a t t a c h e d  to t h e  r u l e s  in t he  g r a m m a r .  W i t h  t h i s  a i m  in  m i n d  we  i n t r o d u c e  an 
a l t e~ rna t ive  d e f i n i t i o n  of  the  c o n c e p t  of  a P S G  as  a s e t  o f  s e l f - e m b e d d e d  ( r e -  
C u r s i v e )  F i n i t e  S t a t e  G r a m m a r s ;  w h e n  the  p r o b a b i l i t i e s  a r e  t a k e n  i n t o  a c c o u n t  
in  s u c h  a g r a m m a r  we  c a l l  i t  a R e c u r s i v e  M a r k o v  P r o c e s s .  

1. In t he  f i r s t  s e c t i o n  we  g i v e  a m o r e  d e t a i l e d  d e f i n i t i o n  o f  w h a t  k i n d  of  M a r -  
k o v  P r o c e s s e s  we  a r e  g o i n g  to g e n e r a l i z e  l a t e r  on (in s e c .  3), a n d  we  a l s o  
o u t l i n e  t he  c o n c e p t  of  e n t r o p y  in  an  o r d i n a r y  M a r k o v  s o u r c e .  M o r e  d e t a i l s  "of 
i n f o r m a t i o n  m a y  be  foupd~ e . g . ,  in  K h i n c h i n s  " M a t h e m a t i c a l  F o u n d a t i o n s  of  
I n f o r m a t i o n  T h e o r y " ,  N . Y .  ~ 1957~ o r  " I n f o r m a t i o n  T h e o r y "  b y  R .  A s h ,  N.  Y. , 
1965.  

A M a r k o v  G r a m m a r  i s  d e f i n e d  as  a M a r k o v  S o u r c e  w i t h  the  f o l l o w i n g  p r o p e r -  
t i e  s : 

A s s u m e  t h a t  t h e r e  a r e  n +  1 s t a t e s ,  s a y  S O , S1, . . . ,  Sn,  in  t h e  s o u r c e .  S O i s  

d e f i n e d  a s  t he  i n i t i a l  s t a t e  and  S i s  d e f i n e d  a s  t he  f i n a l  s t a t e  a n d  the  o t h e r  
n 

s t a t e s  a r e  c a l l e d  i n t e r m e d i a t e  s t a t e s .  We s h a l l ,  of c o u r s e ,  a l s o  h a v e  a t r a n s i -  

t i on  m a t r i x ,  M = (Pi j ) ,  c o n t a i n i n g  the, t r a n s i t i o n  p r o b a b i l i t i e s  o f  t h e  s o u r c e .  

a) A t r a n s i t i o n  f r o m  s t a t e  S i to  s t a t e  S k i s  a l w a y s  a c c o m p a n i e d  by  a p r o d u c -  

t i o n  of  a ( n o n - z e r o )  l e t t e r  a i k  f r o m  a g i v e n  f i n i t e  a l p h a b e t .  T r a n s i t i o n  to  

d i f f e r e n t  s t a t e s  f r o m  one  g i v e n  s t a t e  a l w a y  s p r o d u c e  d i f f e r e n t  l e t t e r s .  

b) F r o m  the" i n i t i a l  s t a t e ,  S0~ d i r e c t  o r  i n d i r e c t  t r a n s i t i o n s  s h o u l d  be  p o s s i b l e  

to  a n y  o t h e r  s t a t e  in  the  s o u r c e .  F r o m  no  s t a t e  i s  a t r a n s i t i o n  to  S O a l l o w e d .  

c) F r o m  a n y  s t a t e ,  d i r e c t  o r  i n d i r e c t  t r a n s i t i o n s  to the  f i n a l  s t a t e  S s h o u l d  
n 

be p o s s i b l e .  F r o m  S n no t r a n s i t i o n  i s  a l l o w e d  to any  o t h e r  s t a t e  (S n i s  an  

" a b s o r b i n g  s t a t e " ) .  

The  w o r k  r e p o r t e d  in t h i s  p a p e r  h a s  b e e n  s p o n s o r e d  by  H u m a n i s t i s k a  f o r s k -  
n i n g s r ~ d e t ,  T e k n i s k a  f o r s k n i n g s r ~ d e t  a n d  R i k s b a n k e n s  J u b i l e u m s f o n d ,  S t o c k -  
h o l m ,  S w e d e r i .  



A ( g r a m m a t i c a l )  s e n t e ' n c e  s h o u l d  n o w  be  d e f i n e d  a s  t h e  ( l e f t - t o - r i g h t )  c o n c a -  
t e n a t i o n  of  t he  l e t t e r s  p r o d u c e d  by  the  s o u r c e ,  w h e n  p a s s i n g  f r o m  t h e  i n i t i a l  
s t a t e  to the  f i n a l  s t a t e .  

T h e  l e n g t h  of  a s e n t e n c e  i s  d e f i n e d  a s  t h e  n u m b e r  o f  l e t t e r s  in  t he  s e n t e n c e .  
To s i m p l i f y  m a t t e r s  w i t h o u t  d r o p p i n g  m u c h  of  g e n e r a l i t y  we  a l s o  r e q u i r e  t h a t  

d) T h e  g r e a t e s t  c o m m o n  d i v i s o r  f o r  a l l  t h e  p o s s i b l e  l e n g t h s  of  s e n t e n c e s  i s  = l 

( i . e . ,  the  s o u r c e  b e c o m e s  an  a p e r i o d i c  s o u r c e ,  i f  i t  i s  s h o r t - c i r c u i t e d  b y  

i d e n t i f y i n g  the  f i n a l  a n d  i n i t i a l  s t a t e s ) .  ~- 

W i t h  the  p r o p e r t i e s  a - d a b o v e ,  t he  s o u r c e  o b t a i n e d  b y  i d e n t i f y i n g  the  f i n a l  
and  i n i t i a l  s t a t e s  i s  an  i n d e c o m p o s a b l e ,  e r g o d i c  M a r k o v  p r o c e s s  (cf .  F e l l e r ,  
" P r o b a b i l i t y  T h e o r y  and  I t s  A p p l i c a t i o n s " ,  ch .  15, N.  Y. s 1950) .  

In t h e  t r a n s i t i o n  m a t r i x  M f o r  a M a r k o v  g r a m m a r  of o u r  t y p e  a l l  e l e m e n t s  
in  t h e  f i r s t  c o l u m n  a r e  z e r o ,  and  in the  l a s t  r o w  a l l  e l e m e n t s  a r e  z e r o  e x -  
c e p t  t he  l a s t  one  w h i c h  i s  = 1. F o r  a g i v e n  M a r k o v  g r a m m a r  we  d e f i n e  the  
u n c e r t a i n t y  o r  e n t r o p y ,  H i ,  f o r  e a c h  s t a t e  S i ,  i = 0, 1 . . . .  , n,  a s :  

n 

H i = ~ l  Pij  l ° g  P i j ;  i =  1, Z . . . . .  n. 

j=O 

We a l s o  d e f i n e  t he  e n t r o p y ,  H o r  H(M) ,  f o r  the  g r a m m a r  as  

n= 1 

(1). = x .H .  
1 1 

i= 0 

w h e r e  x = (x0,  x z ,  . . . ,  Xn_l )  i s  d e f i n e d  as  t he  s t a t i o n a r y  d i s t r i b u t i o n - ~  the  

s o u r c e  o b t a i n e d  w h e n  S O and  S n a r e  i d e n t i f i e d ;  t h u s  x i s  d e f i n e d  as  t h e  ( u n i q u e )  

s o l u t i o n  to  the  s e t  o f  s i m u l t a n e o u s  e q u a t i o n s  

(z) 
x M  1 = x 

x0 + X l + ' ' "  + Xn-1 = 1 

w h e r e  M 1 i s  f o r m e d  b y  s h i f t i n g  the  l a s t  a n d  f i r s t  c o l u m n s  and  t h e n  o m i t t i n g  

the  l a s t  r o w  and  c o l u m n .  T h e  m e a n  s e n t e n c e  l e n g t h .  ~, o f  the  s e t  of  g r a m m a t -  

i c a l  s e n t e n c e s  c a n  n o w  be  e a s i l y  c a l c u l a t e d  a s  



(3) = 1 /x  0 

(cf. Feller, op. tit.) 

2. E m b e d d e d  G r a m m a r s  

We now assume t h a t  we have two M a r k o v  g r a m m a r s ,  M a n d  M1,  w i t h  s t a t e s  

S O , S 1 . . . .  , S n ,  a n d  T o , T I ,  . . . ,  T m ,  r e s p e c t i v e l y ,  w h e r e  S O a n d s  n ,  T O 

a n d  T m a r e  the  c o r r e s p o n d i n g  i n i t i a l  a n d  f i n a l  s t a t e s .  Now c o n s i d e r  two 

s t a t e s  S i a n d  S k in  the  g r a m m a r  M; a s s u m e  t h a t  the  c o r r e s p o n d i n g  t r a n s i t i o n  

p r o b a b i l i t y  i s  = Pik" We now t r a n s f o r m  the  g r a m m a r ,  M1,  in to  a n e w  o n e ,  

M ] ,  b y  e m b e d d i n g  the  g r a m m a r  M 2 i n  M 1 b e t w e e n  the s t a t e s  S i a n d  Sk, a n  

o p e r a t i o n  w h i c h  is  p e r f o r m e d  b y  i d e n t i f y i n g  the  s t a t e s  T O a n d  T w i t h  the  
m 

s t a t e s  S i and  S k r e s p e c t i v e l y .  O r ,  to be  m o r e  p r e c i s e ,  a s s u m e  t h a t  i n  the  

g r a m m a r  M 1 the  t r a n s i t i o n s  to  the  s t a t e s  T j ,  j ~ l ,  h a s  the  p r o b a b i l i t i e s  q0j" 

T h e n ,  i n  the  g r a m m a r  M ' ,  t r a n s i t i o n s  to  a s t a t e  T.  f r o m  the  s t a t e  S. w i l l  
3 1 

t ake  p l a c e  w i t h  the p r o b a b i l i t y  = .P ikq0  j .  A r e t u r n  to  the  s t a t e  S k i n  the  " m a i n "  

g r a m m a r  f r o m  an  i n t e r m e d i a t e  s t a t e  Tj i n  M 1 t a k e s  p l a c e  w i t h  the  p r o b a b i l i t y  

qjm" 

With  the  c o n d i t i o n s  a b o v e  f u l f i l l e d ,  we p r o p o s e  t h a t  the  e n t r o p y  f o r  the. c o m -  

p o s e d  g r a m m a r  be c a l c u l a t e d  a c c o r d i n g  to the  f o r m u l a :  

(4) H(M') = H(M) + xipik " ~I " H(M|) 

1 + x i P i k  (~1 - 1) 

w h e r e  H(M) i s  the e n t r o p y  of the  g r a m m a r  M w h e n  t h e r e  i s  a n  o r d i n a r y  c o n -  

n e c t i o n  (wi th  p r o b a b i l i t y  Pik) b e t w e e n  the s t a t e s  S i a nd  Sk, a n d  w h e r e  x. i s  
1 

the i n h e r e n t  p r o b a b i l i t y  of b e i n g  in  the  s t a t e  S. u n d e r  the s a m e  c o n d i t i o n s .  
1 

~1 is  the  m e a n  s e n t e n c e  l e n g t h  of the  s e n t e n c e s  p r o d u c e d  b y  the  g r a m m a r  

M 1 a l o n e .  (It i s  q u i t e  n a t u r a l  t h a t  t h i s  n u m b e r  a p p e a r s  a s  a w e i g h t  i n  the  

f o r m u l a ,  s i n c e  if  one  i s  p r o d u c i n g  a s e n t e n c e  a c c o r d i n g  to the  g r a m m a r  M 

and  a r r i v e s  a t  the  s t a t e  S i a n d  f r o m  t h e r e  " d i v e s "  i n to  the  g r a m m a r  M1,  

t h e n  ~1 i s  the e x p e c t e d  w a i t i n g  t i m e  f o r  e m e r g i n g  a g a i n  in  the m a i n  g r a m m a r  

M . )  The  f a c t o r  x i P i k  m a y  be i n t e r p r e t e d  a s  the  c o m b i n e d  p r o b a b i l i t y  of e v e r  

a r r i v i n g  a t .S  i a n d  t h e r e  c h o o s i n g  the  p a t h  o v e r  to M 1 (you  m a y ,  of c o u r s e ,  

c h o o s e  q u i t e  a n o t h e r  p a t h  f r o m  Si) .  



The p r o o f  of f o r m u l a  (4) i s  v e r y ' s t r a i g h t f o r w a r d ,  o n c e  the  p r e m i s e s  a c c o r d -  
ing  to the  a b o v e  h a v e  b e e n  g i v e n ,  a n d  we o m i t  i t  h e r e ,  as  i t  does  no t  g i v e  
m u c h  e x t r a  i n s i g h t  to the  t h e o r y .  THe f o r m u l a  m a y  be  e x t e n d e d  to t he  c a s e  
w h e n  t h e r e  a r e : m o r e  t h a n  one  s u b - g r a m m a r  e m b e d d e d  in  the g r a m m a r  M ' ,  
by  a d d i n g  s i m i l a r  t e r m s  a s  the  one  s t a n d i n g ,  to the  r i g h t  i n  the  n u m e r a t o r  
a n d  the  d e n o m i n a t o r .  The  i m p o r t a n t  t h i n g  h e r e  i s  t h a t  the  f a c t o r s  of the  t y p e  
x . p . ~  d e p e n d  o n l y  on  the  p r o b a b i l i t y  m a t r i x  f o r  the  g r a m m a r  M a n d  a r e  d e -  

1 1 p e n d e n t  of the  s u b - g r a m m a r s  i n v o l v e d .  

3. R e c u r  s i v e  o r  S e l f - e m b e d d e d  S o u r c e s  ~-. .... 

I t  i s  n o w  q u i t e  n a t u r a l  to a l l o w  a g r a m m a r  to h a v e  i t s e l f  a s  a s u b - g r a m m a r  

o r  to a l l o w  a g r a m m a r  M 1" to c o n t a i n  a g r a m m a r  M~. w h i c h ,  i n  i t s  t u r n ,  c o n -  

t a i n s  M 1, a n d  so on .  The  g r a m m a r s  t h u s  o b t a i n e d  c a n n o t ,  howeverB  be  r e -  

w r i t t e n  as  a n  o r d i n a r y  M a r k o v  g r a m m a r .  The  r e l a t i o n  b e t w e e n  an  o r d i n a r y  

M a r k o v  g r a m m a r  a n d  a r e c u r s i v e  one  i s ~ e x a c t l y  s i m i l a r  to the  r e l a t i o n  b e -  

t w e e n  F i n i t e  s t a t e  L a n g u a g e s  an d  P h r a s e  S t r u c t u r e  L a n g u a g e s .  

To be more precise, assume that we have a set of Markov grammars M~ 

M l ..... M~ where MI 0 is called the main grammar and in the sense that 

the process always starts at the initial state in M ~ and ceases when it 

reaches the final state in M 0. Each of the grammars may contain any number 

of the others (and itself) as sub-grammars. The only restriction is that from 

any state in any one of the grammars there should exist a path which ends up 

a t  the  f i n a l  s t a t e  of M O. 

Remark 

If we i n t e r p r e t  a s o u r c e  of o u r  k i n d  a s  a P h r a s e  S t r u c t u r e  L a n g u a g e ,  the  r e -  

w r i t i n g  r u l e s  a r e  a l l  of  the  f o l l o w i n g  k i n d :  

(5) S i -* Aik + Sk o..r_r S n -, #; 

where the S' s are all non-terminal symbols. (They stand for the names of 

the states in the sources - M~, l~i I ..... M~and where S O is assumed to be 

the initial symbol /the Chomskyan S/ and S n is the terminating state which 

produces the sentence delimiter #. The symbols Aik ar e either terminal sym- 

bols / l e t t e r s  f r o m  a f i n i t e  a l p h a b e t /  o r  n o n - t e r m i n a l  s y m b o l s  e q u a l  to t he  

n a m e  of the  i n i t i a l  s t a t e  i n  one  of the  g r a m m a r s  M~,  Ni~ . . . . .  M ~  / o n e  m a y  

4 



a l s o  s a y  t h a t  A i k  

grammar/.) 

: i :  

s t a n d s  a s  an  a b b r e v i a t i o n  f o r  a n  a r b i t r a r y  s e n t e n c e  o f  t h a t  

We a s s o c i a t e  e a c h  g r a m m a r  M!  w i t h  t he  g r a m m a r  M . ,  j = 0, 12 . . . .  , N,  b y  
3 3 

j u s t  c o n s i d e r i n g  i t  a s  a n o n - r e c u r s i v e  o n e ,  t h a f  i s ,  we  c o n s i d e r  a l l  t h e  s y m -  

b o l s  A i k  a s  t e r m i n a l  s y m b o l s  ( e v e n  i f  t h e y  a r e : ' n o t ) .  The  g r a m m a r s  t h u s  o b -  

t a i n e d  a r e  o r d i n a r i l y  M a r k o v  g r a m m a r s  a c c o r d i n g  to  o u r  d e f i n i t i o n ,  a n d  t h e  

e n t r o p i e s  Hj = H(Mj )  a r e  e a s i l y  c o m p u t e d  a c c o r d i n g  to  f o r m u l a  (1) ,  a s  a r e  

the  s t a t i o n a r y  d i s t r i b u t i o n s  / f o r m u l a  ( 2 ) / .  The  f o l l w o i n g  t h e o r e m  s h o w s  how 

the  e n t r o p i e s  H! f o r  t h e  f u l l y  r e c u r s i v e  g r a m m a r s  M !  a r e  c o n n e c t e d  w i t h  t he  
J 3 

n u m b e r s  H . .  
J 

T h e o r e m  

T h e  e n t r o p y  H! f o r  a s e t  of  r e c u r s i v e  M a r k o v  g r a m m a r  M j ,  j = 0, 1, 
J 

c a n  b e  c a l c u l a t e d  a c c o r d i n g  to  t h e  f o r m u l a  

. . . ,  N,  

(6) 
k k 

j = 0 ,  1 . . . .  , N .  

H e r e  t h e  f a c t o r s  Yjk a r e  d e p e n d e n t  o n l y  of  t h e  p r o b a b i l i t y  m a t r i x  of  t h e  

• g r a m m a r  a n d  the  n u m b e r s  ~k  d e f i n e d  a s  t h e  m e a n  s e n t e n c e  l e n g t h  o f  t h e  

s e n t e n c e s  of  t h e  g r a m m a r  M ~ ,  k = 0, 1, . . . .  N,  a n d  c o m p u t a b l e  a c c o r d -  

ing  to  l e m m a  b e l o w .  

H~ i s  t he  e n t r o p y  f o r  t he  g r a m m a r .  

The  t h e o r e m  a b o v e  i s  a d i r e c t  a p p l i c a t i o n  f o r  t he  g r a m m a r  of  f o r m u l a  (4) ,  

s e c .  2.  

The  c o e f f i c i e n t s  Yjk in  f o r m u l a  (6) c a n ,  m o r e  p r e c i s e l y ,  be  c a l c u l a t e d  a s  

a s u m  of  t e r m s  of  the  t y p e  x i P i m  w i t h  t h e  i n d i c e s  ( i ,  m)  a r e  w h e r e  t h e  g r a m -  

!" x i a n d  a r e  t he  c o m p o n e n t s  t h e  s t a -  m a r  M~ a p p e a r s  in  the  g r a m m a r  M3~ P i m  

t i o n a r y  d i s t r i b u t i o n  a n d  p r o b a b i l i t y  m a t r i x  f o r  t he  g r a m m a r  M.o 
, J 



A s s u m e  n o w  t h a t  we  h a v e  a M a r k o v  g r a m m a r  of  o u r  t y p e ,  b u t  f o r  w h i c h  
e a c h  t r a n s i t i o n  w i l l  t a k e  a c e r t a i n  a m o u n t  of  t i m e .  A v e r y  n a t u r a l  q u e s t i o n  
i s  t h e n :  " W h a t  i s  t he  e x p e c t e d  t i m e  to  p r o d u c e  a s e n t e n c e  in  t h a t  l a n g u a g e  ? "  
The  a n s w e r  i s  in  t he  f o l l o w i n g  l e m m a .  

Lemma 

L e t  M b e  a_MMarkov g r a m m a r  w i t h  s t a t e s  S i ,  i =  O, 

S a r e  t h e  i n i t i a l  a n d  f i n a l  s t a t e s  r e s p e c t i v e l y ,  
n 

1 .... , n, w h e r e  S O and 

A s s u m e  t h a t  e a c h  t r a n s i t i o n  S i -. S k w i l l  t a k e  Ylk t i m e  u n i t s .  

Denote the expected time for arrival at S given that the grammar is in state 
n 

S i by ti, i = 0, I, ...~ n~ (thus t o is the expected time for producing asen- 

tence). The times t I will then fulfill the following set of simultaneously linear 

equations : 

(7) t i  = ~ P i k  ( t i k  + tk) 
k 

F o r m u l a  (7) i s  i t s e l f  a p r o o f  of  t h e  l e m r n a .  

W i t h  m o r e  c o n v e n i e n t  n o t a t i o n s  w e  c a n  w r i t e  (7) a s  

(E - P )  t = Pt 

w h e r e  E i s  t he  u n i t  m a t r i x ,  P i s  t he  p r o b a b i l i t y  m a t r i x  ( w i t h  P = 0) a n d  
n n  

Pt i s  the  v e c t o r  w i t h  c o m p o n e n t s  

Pi  (t) = ~  P i m  t i m '  i = 0, 1 . . . .  , n .  

m 

The  a p p l i c a t i o n  o f  ~he  l e m m a  f o r  c o m p u t i n g  t h e  n u m b e r s  ~k in  f o r m u l a  (6) i s  

now the  f o l l o w i n g .  

The transition times of the lemma are, of course, the expected time (or 

"lengths" as we have called it earlier) for passing via a sub-grammar of the 

grammar under consideration. Thus the number tik i-~]itself the unknown en- 

title s ~k" 
6 



F o r  e a c h  o f  t h e  s u b - g r a m m a r s  M~, j : 0, I ,  . . . ,  N,  we  g e t a  s e t  of  l i n e a r  
J 

e q u a t i o n s  of  t y p e  (7)  f o r  d e t e r m i n i n g  t h e  v e c t o r s  t o f  1 e m m a .  T h e  f i r s t  c o m -  

p o n e n t  of  t h i s  v e c t o r ,  i . e . j  t he  n u m b e r  t O , i s  t h e n  e q u a l  to  t h e  e x p e c t e d  

l e n g t h ,  ~,  of  t he  s e n t e n c e s  of  t h a t  g ~ a m m a r .  ( U n f o r t u n a t e l y ,  w e  h a v e  to  

c o m p u t e  e x t r a  the  e x p e c t e d  t i m e  f o r  g o i n g  f r o m  a n y  s t a t e  of  t h e  s u b - g r a m -  

m a r s  to  t h e  c o r r e s p o n d i n g  f i n a l  s t a t e . )  

The  t o t a l  n u m b e r  of  u n k n o w n s  i n v o l v e d  w h e n  c o m p u t i n g  t h e  e n t r o p y  o f  o u r  

g r a m m a r  ( i .  e .  , t he  e n t r o p y  H~) i s  e q u a l  to  

( the  t o t a l  n u m b e r  of  s t a t e s  in  a l l  o u r  s u b - g r a m m a r s )  p l u s  

( the  n u m b e r  of  s u b - g r a m m a r s ) .  

T h i s  i s  a l s o  t he  n u m b e r  of  e q u a t i o r ~ , _ f o r  w e  h a v e n  + 1 e ~ u a t i o n s  f r o m  f o r m u l a  

(6) a n d  t h e n  (n + 1) s e t s  of  e q u a t i o n s  o f  t he  t y p e  (7) .  We  a s s e r t  t h a t  a l l  t h e s e  

s i m u l t a n e o u s  e q u a t i o n s  a~e  s o l v a b l e ,  i f  t h e  g r a m m a r  f u l f i l l s  t he  c o n d i t i o n s  

we e a r l i e r  s t a t e d  f o r  t he  g r a m m a r ,  i . e . ,  t h a t  f r o m  ' e a c h  s t a t e  in  a n y  s u b -  

g r a m m a r  e x i s t s  a t  l e a s t  one  p a t h  to  the  f i n a l  s t a t e  o f  t h a t  g r a m m a r .  


