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Abstract

Large reasoning models (LRMs) achieve state-
of-the-art performance on challenging bench-
marks by generating long chains of intermedi-
ate steps, but their inference cost is dominated
by decoding, where each new token must attend
to the entire growing sequence. One approach
to reduce this latency is to evict entries from
the key-value (KV) cache, thereby reducing the
active context used in attention computation.
However, such sparse attention methods suffer
from severe accuracy degradation on reason-
ing tasks due to cumulative selection errors and
the evolving importance of tokens over long
derivations. We present DELTA, a training-free
sparse attention mechanism that improves com-
putational efficiency without sacrificing model
accuracy. DELTA partitions transformer lay-
ers into three groups: initial layers that use
full attention, a small set of A-layers that iden-
tify salient tokens via aggregated head-level at-
tention scores, and subsequent sparse-attention
layers that attend only to the selected subset.
This design preserves the full KV cache in GPU
memory for accuracy, while avoiding expensive
full-attention computation over many layers.
On reasoning benchmarks such as AIME and
GPQA-Diamond, DELTA matches or surpasses
full attention in accuracy, while reducing the
number of attended tokens by up to 4.25x and
delivering 1.54x end-to-end speedup. Our re-
sults show that selective reuse of intermediate
attention maps offers a robust path toward effi-
cient long-context reasoning. The code is avail-
able at https://github.com/hoenza/DELTA.

1 Introduction

Recent progress in large language models (LLMs)
has led to systems with impressive capabilities
in reasoning and self-reflection. Large reasoning
models (LRMs) such as DeepSeek-R1 (Guo et al.,
2025), Gemini-2.5-pro (Google DeepMind, 2025),
OpenAl-03 (OpenAl, 2025b), Qwen3 (Yang et al.,
2025), and GPT-OSS (OpenAl, 2025a) leverage

test-time scaling by generating long chains of in-
termediate reasoning steps, significantly improving
accuracy on challenging benchmarks (AIME, 2025;
Rein et al., 2024; Hendrycks et al., 2021; Wei et al.,
2022). However, serving such models efficiently re-
mains difficult due to severe memory and compute
bottlenecks in attention operation (Vaswani et al.,
2017), especially under long-context generation
settings (Dao, 2023; Ye et al., 2025).

LLM inference consists of two stages: prefilling
and decoding. In the prefilling stage, the model
processes the prompt, computes hidden representa-
tions, and materializes all key—value (KV) vectors
as a KV cache in GPU high-bandwidth memory
(HBM). During decoding, tokens are generated au-
toregressively: for each new token, the model com-
putes its KV vectors, appends them to the cache
in HBM, and attends over the entire history to pro-
duce the next output. Because the KV cache grows
linearly with sequence length and batch size (Kwon
et al., 2023), the amount of data that must be read
from HBM increases rapidly. For instance, with a
32K-token context and a batch size of 128, the KV
cache of Llama-3-8B in float16 already exceeds
500 GB.! Unlike the prefilling stage, which writes
the KV cache once, the decoding stage must repeat-
edly stream all previously stored KV entries from
HBM for every new token. This makes decoding
inherently memory-bandwidth bound: throughput
is limited by the cost of moving hundreds of giga-
bytes of KV data per step. As context length or
batch size grows, this bandwidth pressure scales lin-
early, quickly overwhelming GPU memory systems
and severely constraining long-context inference.

These bandwidth limitations are particularly
acute for reasoning workloads. Unlike typical NLP
tasks that involve long inputs but short outputs, rea-
soning problems often begin with concise prompts

!Computed as Layers x Sequence Length x Batch Size
x KV Heads x Head Dim x 2 (for K&V) x 2 bytes = 32 X
32K x 128 x 8 x 128 x 2 =~ 512 GB.
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yet require lengthy derivations spanning tens of
thousands of tokens. This decode-heavy profile
magnifies the bandwidth bottleneck, as each step
involves scanning ever-larger KV caches. As a re-
sult, the decoding stage dominates both latency and
resource usage: for example, using full attention
in HuggingFace, DeepSeek-R1-Distill-Llama-8B
requires more than 15 minutes on a single NVIDIA
A100 GPU to generate 32K tokens for one AIME
problem (Yue et al., 2025). Optimizing the decod-
ing stage is therefore essential for efficient LLM
serving in reasoning applications.

Meanwhile, the unique structure of reasoning
workloads opens new opportunities for efficiency.
While prefilling benefits from full attention to cap-
ture global context, the much longer decoding
phase is well-suited to sparsity. Sparse attention
reduces computation and bandwidth requirements
by restricting reads to a subset of salient tokens
rather than scanning the entire KV cache. Prior
work has explored two complementary directions:
selection-based methods (Tang et al., 2024; Hao
etal., 2025; Liu et al., 2024a; Gao et al., 2025; Yuan
et al., 2025; Yang et al., 2024), which preserve the
full KV cache but attend only to chosen tokens, and
eviction-based methods (Hu et al., 2025; Li et al.,
2024; Xiao et al., 2023b; Zhang et al., 2023; Adnan
et al., 2024; Cai et al., 2025), which permanently
discard unselected tokens to reduce storage cost
of KV cache. Both rely on identifying important
tokens using predefined criteria, and together they
demonstrate the potential of sparse attention as a
foundation for efficient long-decode inference.

However, applying sparse attention to long rea-
soning generations remains challenging. Unlike
standard generation tasks, where some informa-
tion loss can be tolerated, step-by-step reasoning
demands that critical context be preserved through-
out the entire derivation to maintain logical consis-
tency (Hu et al., 2025). In practice, accuracy drops
sharply when token selection errors accumulate
over long sequences (Gao et al., 2025). Eviction-
based methods such as RaaS (Hu et al., 2025) il-
lustrate this issue: by permanently removing to-
kens judged less important, they risk discarding
tokens that later become essential once the gener-
ation length grows beyond the KV cache capacity.
The core difficulty is twofold: (1) attention patterns
evolve over time, and (2) a token’s importance can
change, so tokens that seem irrelevant early may
become highly influential later in the reasoning
process.

At the same time, we make two key observations.
First, attention maps across consecutive layers ex-
hibit strong correlation: within a local block of
layers, the first layer often predicts the important
tokens for subsequent layers with high reliability.
Second, attention distributions change gradually
during decoding, which suggests that token im-
portance can be predicted using intermediate lay-
ers without computing full attention everywhere.
These insights highlight both the risk of aggressive
eviction and the opportunity for accurate, low-cost
selection.

To address the accuracy—efficiency tradeoff, we
introduce DELTA, a training-free, selection-based
sparse attention mechanism. DELTA preserves the
full KV cache but restricts computation to a care-
fully chosen subset of tokens at each decoding step.
It operates as a plug-and-play module that lever-
ages the full attention maps of a small set of inter-
mediate layers to predict the salient tokens for the
upcoming layers. By selecting tokens using head-
wise attention signals together with a stable recency
window, DELTA significantly reduces the runtime
cost of attention without incurring noticeable accu-
racy degradation. In summary, our contributions
are:

* We provide a detailed token-level analysis of at-
tention distributions in large reasoning models,
revealing two properties: (1) strong correlation
of attention patterns across consecutive layers,
and (2) gradual but ongoing shifts in token im-
portance during long generations.

* We propose DELTA, a training-free sparse at-
tention mechanism that combines a head-aware
token scoring rule with a stable recency window
to retain the recent context most critical for rea-
soning.

* We demonstrate that DELTA achieves accuracy
on par with, or better than, full attention on chal-
lenging reasoning benchmarks, while delivering
up to 1.54x end-to-end speedups. Compared
with state-of-the-art sparse attention methods,
DELTA reduces the number of attended tokens
by up to 4.25x, all without sacrificing accuracy.

2 Background

LLM inference process. Decoder-only LLMs gen-
erate tokens auto-regressively in two stages: the
prefilling stage and the decoding stage.
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Prefilling stage. At layer ¢, the input hidden
states are X? € RP*$*" where b is the batch size,
s is the prompt length, and £ is the embedding di-
mension. Queries, keys, and values are projected
as

Q' = X'Wh K' = X'Wi; V! = X'Wy, (1)
where
Wh € RPM - Wie, Wi € R0 dhean),

Here m denotes the number of query heads, g < m
the number of KV groups, and dheaa = h/m the
per-head dimension.

In grouped-query attention (GQA), the queries
are divided into m query heads,

Q' =[Q1..., Q). QR (2)

while the keys and values are divided into only g
groups,

KZ:[KiaaK;]v VZ:[‘/IZ?’VZ]’ 3
Ké ‘/82 c RbXSthead. ( )

Each query head j is assigned to one KV group
o(7) € {1,...,9}. GQA generalizes standard at-
tention mechanisms: when g = m, it reduces to
multi-head attention (MHA), and when g = 1, it
reduces to multi-query attention (MQA).

The scaled dot-product attention for head j is
QUKL o
Al = % O = softmax(A%)V ;.

' G
where A’ are the attention scores and O €
RO*sXdhead i the head output.

The outputs of all query heads are concatenated

and linearly projected:

O =[0,...,0,,]Wh, W, eR™ (5)

A feed-forward network (FFN) follows the GQA
block: ‘ o ‘
X =o(0'W)Ws, 6)
where Wi € Rixdmn )i ¢ RImXD and o(-) is
a non-linear activation.

Decoding stage. At step ¢, each layer receives a
single token embedding 2/ € R®*1*" The new
key and value are concatenated to the cached ones:

K« [KY a'Wi ], Vi [VE 2T W] ()

The subsequent GQA and FFN computations mir-
ror the prefilling stage.

Decode cost and memory I/O.  While prefilling
writes the KV cache once, decoding must repeat-
edly read all past K/V entries for each new token,
making long-context inference inherently memory-
bandwidth bound. Prior work reports that decoding
dominates end-to-end latency under long contexts
and that KV memory movement constitutes a ma-
jor fraction of decode time, underscoring the need
to reduce KV reads without sacrificing accuracy
(Kwon et al., 2023; Dao, 2023).

Sparse attention. Full attention requires each
query to attend to all past tokens, which scales lin-
early with sequence length. For clarity, the sparse-
selection formulation below is written for a single
decoding query, and we therefore omit the batch
dimension. Sparse attention reduces this cost by
restricting computation to a subset of k tokens. For
head j, let the exact attention weights be

aé- = softmax(Aé») € R®.

Instead of attending to all s tokens, we select an
index set p C {1,...,s} with |[p| = k. Since
computing p from a;'- directly is expensive, practi-
cal methods rely on an approximation function f
that predicts which tokens are likely to have high

attention:
p = arg max f(Qj, K;(j), Vqﬁ(j), o). (8

p'lp’ |=k

The quality of the selection is measured by the at-
tention recall, defined as the fraction of the ground-
truth attention mass preserved in the selected sub-

set: ,
R = L),
> u=1 aj(“)
Maximizing R;- under the budget constraint k is

the central objective of sparse attention methods,
ensuring efficiency while maintaining accuracy.

®

Sparsity and query dependence.  Self-attention
exhibits substantial sparsity beyond the earliest
layers: a small subset of critical tokens typically
accumulates most attention mass, enabling accu-
rate computation on a reduced context. However,
criticality is strongly query dependent: the tokens
that matter vary with the current query vector @),
and may change rapidly across consecutive decode
steps. Heuristics based only on past usage (evic-
tion) risk losing later-salient tokens, whereas query-
aware selection retains high recall under long rea-
soning traces (Tang et al., 2024; Zhang et al., 2023;
Ge et al., 2023).
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Figure 1: (Left) Attention maps from Qwen-7B at decoding steps 900 and 1000, where each row corresponds to a
Transformer layer. (Right) Decoding runtime of FFN and attention modules across generation, showing attention’s

linear growth with context length.

3 Motivating Observation

Depth-wise context sharpening. Figure 1 (left)
illustrates how attention patterns evolve with depth.
In early layers, the model primarily attends to
nearby tokens and exhibits diffuse, low-mass at-
tention over the broader context, showing little fo-
cus on distant information. As depth increases,
attention becomes progressively sharper and more
selective, concentrating on a small set of far-away
tokens that carry high relevance.

Layer-wise correlation. Empirical profiling of
large reasoning models such as Qwen-7B reveals
that consecutive layers exhibit highly correlated
attention patterns. Tokens that receive high atten-
tion in one layer tend to remain salient in the next
layers, as illustrated in Figure 1 (left), which visu-
alizes layer-wise attention maps at decoding steps
900 and 1000 of a reasoning sequence. Each row
corresponds to a Transformer layer, showing that
deeper layers largely preserve the spatial configura-
tion of attention established in earlier layers. This
structural continuity suggests that adjacent layers
refine rather than reconstruct attention, enabling
later layers to reuse the relational patterns captured
by their predecessors. As a result, computing full
attention in every layer becomes redundant: once
salient tokens are identified, subsequent layers can
effectively operate on a reduced, high-recall subset
of the context.

Sequential drift. While the overall structure of
attention is stable across depth, it evolves gradually
along the decoding trajectory. Between decoding
steps 900 and 1000 in Figure 1, the regions of
strongest attention shift across key positions, re-
vealing how the model dynamically repositions its
focus as new tokens are generated. We refer to this
phenomenon as sequential drift.

This progressive movement reflects an adaptive

retrieval process, where the model continuously
updates which parts of the context are relevant to
the current query embedding ();. Such behavior
highlights the need for a query-adaptive sparse at-
tention mechanism that dynamically adjusts token
selection at each decoding step rather than relying
on fixed or history-based heuristics.

Runtime dominated by attention. Figure 1
(right) presents the measured decoding runtimes
of FFN and attention modules. While the FFN cost
remains nearly constant, attention latency increases
almost linearly with context length. Beyond 8k
tokens, attention dominates total inference time,
driven primarily by repeated KV-cache memory ac-
cess rather than compute operations. These trends
confirm that long-context decoding is bottlenecked
by attention and motivate our approach: perform-
ing full attention only in a few strategically chosen
layers to identify salient tokens, while letting the
remaining layers operate on a compact, high-recall
context subset.

4 DELTA: Dynamic Layer-Aware Token
Attention

The empirical patterns described in Section 3 mo-
tivate a layer-aware sparse attention design that
minimizes redundant computation while preserving
reasoning accuracy. In early layers, attention maps
are diffuse and unstable, requiring full-sequence at-
tention to build reliable representations. In contrast,
deeper layers exhibit high inter-layer correlation:
once a small set of context tokens becomes salient,
subsequent layers largely reuse them. Finally, as
decoding proceeds, the regions of strong attention
shift gradually along the sequence, a phenomenon
we term sequential drift. Together, these observa-
tions suggest that only a few layers need to com-
pute full attention to refresh salient tokens, while
the rest can reuse them at low cost.

11505



Layer #0

Layer #1

Layer #2 (A-layer)

Vi

Query

Full Attention
Feed Forward
!

Full Attention
Feed Forward
b
Full Attention

EMaxf

L - » | — Select Top-K

Recent L tokens

Feed Forward

c c c c
28D 18HTD SHD Sipi (9HTD
i w© i w® .gcu i w© ti®
<L < i gu_ <L < i
o © o ©
o o o o o
LI} [Z TS =i 0 LG} [Z Tt
© i O ® i © S i 0 © i O ® i ©
Qi Qi i o i o i
n wn wn (7]

Layer #3 Layer #4

Layer #14 (A-layer)

Layer #15

Layer #16

Figure 2: Overview of the DELTA decoding process. The first two layers perform full attention for initialization,
A-layers (e.g., Layers 2 and 14) run full attention to select salient tokens, and subsequent sparse attention layers
attend only to those selected tokens, as indicated by green arrows.

Core idea. DELTA operationalizes this principle
through a structured three-tier layer design. The
first few layers perform full attention to stabilize
representations, as early layers show no consistent
sparsity structure. A small number of intermediate
A-layers act as selection layers that re-run full at-
tention to identify a compact set of salient tokens
carrying most of the attention mass. The remaining
layers perform sparse attention restricted to those
selected tokens, reusing them until the next A-layer
updates the selection. This design removes redun-
dant full-sequence computation across correlated
layers while maintaining a high-recall context for
reasoning.

Query-adaptive refresh. Because attention fo-
cus evolves with each new query embedding (),
the salient set must be updated at every decoding
step. Skipping or caching old selections would
cause stale focus and recall loss. Therefore, each A-
layer recomputes full attention per generated token,
ensuring that the reduced context remains aligned
with the evolving query. However, this update oc-
curs only at the sparse set of A-layers, keeping
total computation cost low. Notably, DELTA never
discards tokens from the KV cache: older tokens
may regain relevance due to long-range reasoning
dependencies. Instead, it restricts computation, not
memory, by letting sparse attention layers attend
only to the currently selected subset while retaining
the full cache for later refreshes.

Token-level formulation. We first describe
DELTA as selecting salient tokens under a fixed to-
ken budget. This formulation clarifies the selection
objective. We then describe the page-based imple-
mentation used in practice for efficient KV-cache
access on GPUs.

Selection mechanism. At each A-layer i, we
form a reduced token set p by preserving a recency
window of ¢ tokens and selecting the remaining k —
¢ tokens by importance. Let aé = softmaX(Az-) €
R® denote the attention weights of head j (Eq. 4).
We define the score of token ¢ as its maximum
attention weight across heads:

7
St ji{lf‘_?fmo‘ﬂ( )

We then select the top-(k — ¢) tokens by s; among
{1,...,s — ¢} and merge them with the recency
window:

p = Topk ({s; : t < s—L}, k—0)U{s—(+1,...,s}.

Page-based DELTA. Token-level KV manage-
ment fragments memory and hinders efficient GPU
access. Following common practice, we store the
KV cache in fixed-size pages of P tokens (Kwon
et al., 2023; Dao, 2023). For the page-based imple-
mentation, let K denote the total page budget and
L the recency-window budget in pages; the corre-
sponding token budgets are k = K P and { = LP.
Let P = {1,...,[s/P]} be the page set and let
p(t) € P map token ¢ to its page. We score each
page by summing the token scores it contains:

Su = Z St.

t:p(t)=u

We then keep the last L pages and select the top-
(K — L) remaining pages by S,,. The reduced con-
text is the union of tokens in these pages, enabling
coalesced memory access and lower gather/scatter
overhead during decoding. All experiments in this
work use the page-based implementation.
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5 Experiments

Experimental setup. We evaluate DELTA on
four distilled DeepSeek-R1 variants (Guo et al.,
2025): DeepSeek-R1-Distill-Qwen-1.5B, 7B, and
14B, and DeepSeek-R1-Distill-Llama-8B, abbrevi-
ated as DS-Qwen-1.5B, DS-Qwen-7B, DS-Qwen-
14B, and DS-Llama-8B, respectively. We as-
sess reasoning performance on four open-source
benchmarks: AIME-2024, AIME-2025 (AIME,
2025), GPQA-Diamond (Rein et al., 2024), and
MATHS500 (Hendrycks et al., 2021). The AIME
datasets contain advanced high-school mathematics
problems spanning algebra, geometry, number the-
ory, and combinatorics. MATHS500 is drawn from
high-school competitions and covers five difficulty
levels in the Art of Problem Solving framework,
while GPQA-Diamond evaluates graduate-level sci-
entific reasoning across biology, chemistry, and
physics. We evaluate all 30 problems from AIME-
2024 and AIME-2025, and the first 100 problems
from GPQA-Diamond and MATHS500.

Implementation details. We implement DELTA
with the FlashInfer Just-In-Time (JIT) module (Ye
et al., 2025), which extracts attention logits directly
from the decoding kernel, and use the native Py-
Torch topk operator for page selection. This de-
sign keeps DELTA lightweight and easy to inte-
grate across models. Unless otherwise specified,
all experiments use the page-based implementa-
tion of DELTA with page size P=16, following
common practice (Kwon et al., 2023; Dao, 2023).
For readability, we sometimes report budgets in
token-equivalent units; for example, a page budget
of K'=64 corresponds to 1k tokens. We reproduce
the baselines, RaaS and Quest, in Hugging Face
Transformers (Hugging Face, 2025) to ensure a
consistent comparison. All experiments are con-
ducted on a single node with eight NVIDIA A100
(SXM4, 40GB) GPUs.

Baselines. We compare DELTA against three ap-
proaches. Full denotes standard decoding where
all layers attend to the entire KV cache. Quest
(Tang et al., 2024) is a selection-based method that
compresses each KV page into two representative
vectors (element-wise min/max of keys), scores
pages against the current query, and retrieves the
top-k for attention; it preserves the full cache in
HBM but incurs overhead from storing represen-
tatives (two key vectors per page, i.e., 1/8 of KV
memory for a page size of 16). RaaS (Hu et al.,

2025) is an eviction-based method that removes
pages with consistently low attention scores, low-
ering memory usage but risking the loss of tokens
that may later become important.

Metrics. Accuracy measures whether the model’s
final answer is mathematically equivalent to the
ground-truth answer, and is reported as the fraction
of correctly solved problems in the evaluation set.
Decoding length denotes the number of tokens gen-
erated before either the end-of-sequence token or
the maximum generation limit is reached, capturing
the length of the reasoning trajectory. Throughput
is defined as the total number of generated tokens
divided by the total decoding time. Forward time
is defined as the time required for a single model
forward pass.

5.1 A-layer configuration

We use a fixed A-layer configuration for each
model across all experiments, unless otherwise
specified. For all models, we use full attention
in layers [0, 1] during initialization, since the earli-
est layers exhibit diffuse attention and do not yet
form stable sparsity patterns. Layer [2] is always
selected as the first A-layer to perform the initial
salient-page selection. Two additional A-layers are
placed later in the network to refresh the selected
pages as attention evolves with depth.

A-layer calibration. To choose these later A-
layers, we use a lightweight calibration proce-
dure on a small calibration set. Specifically, we
run full-attention decoding, record the attention
maps of all layers, and compute the average inter-
layer shift between consecutive layers using 1 —
cosine similarity, averaged over decoding steps
and samples. We then select layers with large shifts
while ensuring that they are well distributed across
the network depth. The intuition is that large inter-
layer shifts indicate transition points where the pre-
vious layer becomes less reliable for predicting
salient pages for later layers, making these layers
effective refresh points.

Model-specific A-layers. Following this proce-
dure, DS-Qwen-1.5B uses layers [2, 14, 23] out of
[0-27], and DS-Qwen-7B uses layers [2, 14, 22] out
of [0-27]. DS-Qwen-14B uses layers [2, 6, 42] out
of [0-47], and DS-Llama-8B uses layers [2, 8, 31]
out of [0-31] as A-layers. We use the same cali-
brated layer configuration for all datasets evaluated
for a given model.
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Figure 3: Accuracy of sparse attention methods on reasoning benchmarks. DELTA consistently matches or exceeds
the accuracy of full attention under limited context budgets and remains robust across datasets.

5.2 Accuracy Results

For all accuracy experiments, we use a page bud-
get of K=64 with page size P=16, correspond-
ing to a total token budget of 1k, and reserve
L=8 pages (128 tokens) for the recency window.
Figure 3 compares the accuracy of Quest, RaaS,
and DELTA, across four reasoning datasets and
three models. Three consistent patterns emerge.
First, with a 1k-token budget, DELTA consistently
outperforms existing sparse methods and often
matches or even surpasses the full attention base-
line. For instance, on AIME-2024 with DS-Qwen-
14B, Quest and RaaS achieve below 20% accuracy,
whereas DELTA attains nearly 50%, approaching
the 60% accuracy of full attention. Second, increas-
ing the token budget from 1k to 2k often improves
performance, reflecting the diminishing effect of
sparsity-induced selection errors. In several cases,
DELTA with a 2k-token budget even surpasses the
full attention baseline; for example, on GPQA with
DS-Qwen-7B, DELTA outperforms full attention
by roughly 30%. Finally, expanding the budget
further to 4k yields marginal or no improvement
and occasionally a slight decline in accuracy. This
plateau suggests that DELTA captures most salient
context within small budgets, beyond which addi-
tional tokens primarily introduce redundancy rather
than useful information.

5.3 Speedup Results

Figure 4 (left) shows the cumulative distribution
function (CDF) of decoding lengths across eval-
uated samples, with the CDF on the x-axis and

decoding length on the y-axis. Better methods
achieve the same cumulative fraction at smaller
decoding lengths, corresponding to curves that are
shifted to the right. DELTA consistently matches or
improves over full attention and outperforms other
sparse-KV baselines, showing that its sparsity does
not lengthen reasoning trajectories.

To measure runtime and throughput, we use syn-
thetic decoding traces that increase the generated
length from 1 token up to the target maximum
length for each model. Figure 4 (right) shows
the per-round decoding latency of full attention
and DELTA with a 1k-token budget. Experiments
are conducted on DS-Qwen-1.5B with batch size
64 and a maximum decoding length of 18k to-
kens. The gray vertical line marks the point where
DELTA begins page selection. Beyond this point,
latency grows much more slowly under DELTA:
full attention increases from 7.5 ms to about 30 ms,
whereas DELTA rises to only 13 ms, corresponding
to about 4 x smaller growth. Overall decoding time
decreases from 403 to 261 seconds, while through-
put increases from 2,921 to 4,517 tokens/s, a 55%
improvement. These results show that DELTA im-
proves end-to-end decoding efficiency without in-
creasing output length.

6 In-depth Analysis

Unless otherwise specified, all experiments in this
section use a mixed evaluation set of 120 samples,
constructed from 30 samples from each benchmark:
AIME-2024, AIME-2025, GPQA, and MATHS500.
We refer to this set as Mixed120.
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Figure 4: (Left) CDF of decoding lengths across evaluated samples, where DELTA achieves shorter or comparable
decoding lengths than full attention and other sparse-KV baselines. (Right) Once token selection is activated (gray
line), DELTA slows the growth of latency relative to full attention, increasing throughput.

6.1 Effect of A-layers Configuration

We first study how the number of A-layers affects
runtime. We vary the number of A-layers from 1
up to the maximum possible value. Figure 5 shows
the results for DS-Qwen-1.5B, DS-Qwen-7B, and
DS-Qwen-14B. DS-Qwen-1.5B is evaluated on a
single GPU with batch size 64 and generation up to
18k tokens, DS-Qwen-7B on 2 GPUs with tensor
parallelism and batch size 64 up to 16k tokens, and
DS-Qwen-14B on 4 GPUs with tensor parallelism
and batch size 32 up to 19k tokens. We report
both the forward time of the last decoding step,
corresponding to the maximum context length, and
the average forward time across all decoding steps.
The dashed lines indicate the corresponding full at-
tention latencies. Across all models, increasing the
number of A-layers consistently increases runtime.
This is because each additional A-layer performs
full attention to refresh the selected pages. As the
number of A-layers approaches the total number of
layers, DELTA gradually reduces to full attention,
and its runtime correspondingly approaches the full
attention baseline.
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Figure 5: Adding more A-layers consistently increases
runtime and approaches the full attention baseline.

A-layer configurations generalize across
datasets, but affect overall accuracy. To
study the sensitivity of accuracy to the choice
of A-layers, we evaluate DS-Qwen-1.5B and
DS-Qwen-7B using 10 different A-layer configu-
rations on Mixed120. Figure 6 shows that overall

accuracy can vary noticeably across configurations,
indicating that selecting suitable A-layers is
important for each model. This effect is more
visible for the larger model, where accuracy
is higher and more sensitive to the underlying
configuration. At the same time, the relative
trends across datasets remain largely consistent
for a given model as the A-layer configuration
changes. This suggests that, although the absolute
accuracy depends on the selected A-layers, a good
configuration generalizes across datasets and does
not exhibit dataset-specific behavior.
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Figure 6: While overall accuracy varies across con-
figurations, the trends across datasets remain largely
consistent within each model.

6.2 Effect of Recency Window L

Figure 7 shows the effect of the recency-window
size L on accuracy under different page budgets
K for DS-Qwen-7B on Mixed120. We observe
that accuracy is sensitive to the choice of L, with
differences of up to 10% across settings. Under
larger page budgets, such as K=256 and K=512
pages (4k and 8k tokens), smaller recency windows
tend to perform best, with L=8 giving the highest
accuracy. In contrast, under the smallest budget,
K=64 pages (1k tokens), a larger recency win-
dow performs better. This trend reflects a trade-off
between preserving very recent context and allocat-
ing budget to a broader set of salient tokens: when
the budget is large, the model benefits more from
broader contextual coverage, whereas under tighter
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budgets, retaining recent context becomes more
important.
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Figure 7: Accuracy under different page budgets K and
recency-window sizes L for DS-Qwen-7B

7 Related Work

Efficient long-context inference. Long-context
LLMs face quadratic compute and memory over-
head from full self-attention, making inference
increasingly dominated by KV-cache bandwidth.
Even with optimized kernels such as FlashAtten-
tion (Dao, 2023) and paged caching (Kwon et al.,
2023), decoding throughput scales poorly with se-
quence length. Modern architectures (e.g., Llama-
3.1, GPT-40, Claude 3.5 Sonnet) extend context to
128k-200k tokens through rotary positional encod-
ing (Su et al., 2024), yet runtime remains bottle-
necked by repeated KV reads rather than arithmetic
compute, highlighting the need for structural spar-
sity that reduces redundant memory access.

Architectural and KV-compression methods.
Architectural approaches such as Multi-Query and
Grouped-Query Attention (Shazeer, 2019; Ainslie
et al., 2023) reduce redundant KV heads, while re-
current alternatives like RWKYV (Peng et al., 2023),
RetNet (Sun et al., 2023), and Mamba (Gu and Dao,
2023) replace self-attention with stateful recur-
rence. These designs improve efficiency but require
model retraining and often underperform Trans-
formers on complex reasoning tasks. In contrast,
KV-compression strategies optimize inference at
runtime. Quantization (Xiao et al., 2023a; Yao
et al., 2022; Dettmers et al., 2022; Liu et al., 2024b)
lowers precision to save bandwidth, whereas prun-
ing methods exploit sparsity to drop less impor-
tant tokens. Eviction-based schemes such as H20
(Zhang et al., 2023), SnapKV (Li et al., 2024),
TOVA (Oren et al., 2024), ScissorHands (Liu et al.,
2023), R-KV (Cai et al., 2025), and RaaS (Hu
et al., 2025) bound memory by discarding low-

score pages, but may lose tokens that later become
critical for reasoning continuity.

Sparse and  selection-based  attention.
Selection-based methods preserve the full
KV cache but compute attention only over a
subset of salient tokens. Early static patterns in
Sparse Transformers, Longformer, and BigBird
(Child et al., 2019; Beltagy et al., 2020; Zaheer
et al., 2020) established fixed sparsity layouts,
later refined into adaptive mechanisms guided
by query-dependent importance. Quest (Tang
et al., 2024) scores KV pages against the current
query to retrieve the most relevant subset, while
TidalDecode (Yang et al., 2024) exploits the strong
spatial coherence of attention across layers by
performing full attention only in a few token-
selection layers and reusing the selected tokens
in intermediate sparse layers. SeerAttention-R
(Gao et al., 2025) employs a self-distilled gating
module to learn block-sparse attention, achieving
near-lossless decoding but requiring additional
training. However, existing sparse attention
methods either incur notable accuracy degradation
at low retention ratios or depend on costly post-
training procedures to recover performance, both
of which substantially increase decoding length
and computational overhead for reasoning tasks. In
contrast, DELTA is proposed as a selection-based,
training-free approach that leverages inter-layer
attention correlation during reasoning to maintain
high accuracy under reduced token budgets,
without extending the overall generation length.

8 Conclusion

We introduced DELTA, a training-free, layer-aware
sparse attention mechanism that improves the effi-
ciency of long-context reasoning in large language
models. By leveraging cross-layer correlation and
gradual evolution of token importance, DELTA
computes full attention only in a few key A-layers
and reuses their selected high-recall subsets across
subsequent sparse attention layers. This design sub-
stantially reduces decoding-time bandwidth and
latency while maintaining accuracy comparable
to full attention. Experiments on multiple reason-
ing benchmarks confirm that DELTA achieves con-
sistent speedups over state-of-the-art sparse and
eviction-based methods without retraining, high-
lighting layer-aware reuse as a promising direction
for efficient reasoning-time inference.
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Limitations

While DELTA enables efficient long-context rea-
soning, it has the following limitations.

KV-memory footprint. DELTA preserves the
full KV cache in HBM and reduces compute rather
than peak memory. As a result, it does not directly
address out-of-memory failures at extreme context
lengths or on smaller GPUs. Future work includes
integrating DELTA with complementary memory-
saving techniques (e.g., quantization, eviction un-
der guarantees, or offloading) while maintaining
high selection recall.

Generality. Our results are limited to distilled
DeepSeek-R1 models evaluated on reasoning
benchmarks, mainly math and science QA. Gen-
eralization to other architectures, modalities, or
workloads such as open-ended conversation and
code generation remains unverified and may re-
quire re-tuning of the A-layer schedule and context
budgets.

Sensitivity and overhead. Performance depends
on A-layer placement and (K, L); the max-
attention scoring adds small overhead and can lag
under fast attention drift. Adaptive per-sample
scheduling or lightweight learned selectors are
promising fixes.
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A Algorithm

At each refresh layer, DELTA converts attention
weights into token importance scores by taking the
maximum attention over heads for each token. It
then aggregates token scores within each page, al-
ways preserves the most recent £ = [L/P| pages,
and fills the remaining budget with the highest-
scoring older pages. The resulting page set is
reused by subsequent sparse layers until the next
refresh layer.

Algorithm 1 DELTA decoding for one generation
step

Require: current hidden state hY, full KV cache C;, warm-
up depth r, refresh-layer set D, page budget k, recency
window L, page size P

1: p <+ all pages in C;
2: £+ [L/P] > number of recency pages
3: fori =1to N do
4: if 7 < r then
5: Run layer ¢ with full attention over C¢
6: Obtain updated hidden state h}
7: else if i € D then
8: Run layer ¢ with full attention over C¢
9: Obtain updated hidden state h; and attention
weights A" )
10: p < REFRESHPAGES(A" k, ¢, P)
11: else
12: Run layer ¢ with sparse attention over the selected
pages p ,
13: Obtain updated hidden state h}
14: end if
15: end for

16: return next-token prediction from A2

Algorithm 2 Refreshing the selected pages in
DELTA

1: procedure REFRESHPAGES(A', k, ¢, P)
2: Convert the attention weights at layer ¢ into a token
importance score
by taking, for each token, its largest attention weight
across heads

3: Group tokens into pages of size P

4: Compute a page score by summing the importance
scores of tokens in the same page

5: Keep the last £ pages to preserve recency

6: From the remaining older pages, select the top-(k — £)
pages by page score

7 Return the union of the recent pages and the selected

high-score pages
8: end procedure

B Extended Experimental Results

B.1 Speedup Results

Experimental Setup. Figures 8—10 present the
per-decoding-round runtime breakdown for the
speedup experiments in Figure 4 (right) for three

model settings: DS-Qwen-1.5B on a single GPU,
DS-Qwen-7B with tensor parallelism degree 2
(TP2, using two GPUs), and DS-Qwen-14B with
tensor parallelism degree 4 (TP4, using four GPUs).
In each case, the figure compares Full and DELTA
with page budget K =64 side by side across decod-
ing rounds, so the plots show not only the speed
difference but also how the runtime composition
evolves as generation proceeds and the effective
context grows.

Breakdown Components. Each decoding step
is decomposed into four measured components:
collect-pages, planning, model-forward, and
post-processing. The collect-pages term cov-
ers gathering the KV-page metadata and page in-
dices needed for the current step. The planning
term measures the preparation of the decode
wrappers and related execution metadata. The
model-forward term measures the actual decode
computation, and for DELTA this also includes
the planner-side attention dump, page-score com-
putation, and top-k page selection logic that are
executed as part of the forward path. Finally,
post-processing covers the remaining bookkeep-
ing after the forward pass, such as extracting the
next token and updating request state. The black
step total curve is the sum of these components,
while the stacked plots visualize how each compo-
nent contributes to the total latency at each decod-
ing round.

Interpretation. Compared with Full, DELTA in-
troduces higher overhead in collect-pages and
planning because it must support two attention
paths rather than one: a full-context planner/dump
attention path used to obtain attention statistics for
page selection, and a subset-attention path used af-
ter the selected pages have been determined. Conse-
quently, DELTA must gather page information and
prepare execution state for both the full and subset
paths, which increases these overhead terms. Nev-
ertheless, the dominant effect in all three settings
is the reduction in model-forward time. Although
the DELTA model-forward component still in-
cludes the page-scoring and top-k selection logic, it
substantially reduces the later-layer attention work-
load by running those layers on a selected subset
of KV pages instead of the full context. This differ-
ence becomes increasingly visible at later decoding
rounds, where the cost of full-context attention con-
tinues to rise with sequence length, while DELTA
keeps the later-layer attention cost much smaller,
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yielding consistently lower total decoding latency
for DS-Qwen-1.5B, DS-Qwen-7B TP2, and DS-
Qwen-14B TP4.

DS-Qwen-1.5B
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Figure 8: Runtime breakdown of DELTA and full
attention on DS-Qwen-1.5B, corresponding to the
speedup setting in Figure 4 (right). We report the la-
tency of collect-pages, planning, model forward, post-
processing, and total step time across decoding steps.
DELTA introduces a small overhead for page collection
and planning, but substantially reduces model-forward
time, which dominates the overall runtime.

DS-Qwen-7B « TP2
Full DELTA

Runtime (ms)
s 8 8
g 8

220 20
£
E
10 10
g
-4
o 0 15k 0 0 15k

5k 10k 5k 10k
Decoding Round Decoding Round

@ collect pages e@ww» plan ess» model forward postprocess —— step total

Figure 9: Runtime breakdown of DELTA and full at-
tention on DS-Qwen-7B. As in DS-Qwen-1.5B, the
additional overhead from collect-pages and planning re-
mains small compared to the savings in model-forward
time, leading to a clear reduction in total step latency.

C Effect of Recency Window L,
Per-dataset Results

Figures 11-14 show the per-dataset version of Fig-
ure 7, breaking down the effect of recency-window
size L across AIME-2024, AIME-2025, GPQA,
and MATH-500. Only valid configurations with
L < K are shown. The dependence on L is visi-
ble in all four datasets, but the pattern is not uni-
form. On AIME-2024, small or moderate recency
windows are usually best at intermediate budgets,
while the best setting shifts to a larger L at the
largest budget. On AIME-2025, smaller L values
perform best at budgets K = 32—128, while a mod-
erate recency window performs best at K = 256.
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Figure 10: Runtime breakdown of DELTA and full atten-
tion on DS-Qwen-14B. The same trend holds at larger
model scale: DELTA incurs modest non-forward over-
head while consistently lowering forward latency, re-
sulting in lower end-to-end decoding time per step.

On GPQA, the preferred L changes with budget,
indicating a clearer trade-off between preserving
recent context and retaining broader coverage. In
contrast, MATH-500 is comparatively insensitive
to L across most budgets, with only localized gains
from particular settings. Overall, these per-dataset
results show that the effect of L is dataset- and
budget-dependent rather than following a single
uniform trend.
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Figure 11: Accuracy on AIME-2024 under different
page budgets K and recency-window sizes L for DS-
Qwen-7B. The best setting varies with budget: L=8 is
best at K=32, 128, 256, L=16 is best at K =64, and the
largest budget K = 512 peaks at L = 128, indicating a
non-monotonic dependence on L.

D Consecutive-Layer Attention Shift

Setup. Figure 15 plots the attention shift be-
tween consecutive layers as a function of layer
index for three models: DS-Qwen-1.5B, DS-Qwen-
7B, and DS-Qwen-14B, without tensor parallelism.
The probe dataset is a fixed Mixed4@ artifact con-
structed from the Mixed120 dataset by selecting
exactly 10 prompts from each of AIME-2024,
AIME-2025, GPQA, and MATH-500, for a total
of 40 prompts. Each prompt is decoded for up to
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Figure 12: Accuracy on AIME-2025 under differ-
ent page budgets K and recency-window sizes L for
DS-Qwen-7B. Smaller recency windows are strongest
at budgets K=32-128, L=16 gives the best result at
K =256, and several L values tie at K=>512, showing a
mixed dependence on the recency window.
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Figure 13: Accuracy on GPQA under different page
budgets K and recency-window sizes L for DS-Qwen-
7B. The preferred recency window shifts with budget:
the best accuracy occurs at L=16 for K =64, at L=32
for k=128, and at L=8 for K=256 and K =512, indi-
cating that the balance between recent-context preser-
vation and broader page coverage matters for scientific
reasoning.
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Figure 14: Accuracy on MATH-500 under different
page budgets K and recency-window sizes L for DS-
Qwen-7B. Compared with the other datasets, perfor-
mance is relatively insensitive to L across most budgets,
although K'=256 reaches its peak at L=32.

1000 generated tokens.

Measurement Procedure. At each one-token au-
toregressive decode step, and for each transformer
layer ¢, we capture the attention distribution of the
last query token over the valid context positions.
Concretely, we collect the attention weights for all
heads, apply a softmax over the context dimension,
and flatten the resulting per-head maps into a sin-
gle vector agt) for decode step ¢. We first compute
cosine similarity between consecutive layers,
t t
Sé?lé = —ag_)l : aé) )
© el llag?)

and then define the plotted quantity as the corre-
sponding attention shift,

t (t)

de—u =1=s52,

For each layer pair, we report the mean shift over
all valid one-token decode steps and prompts. Thus,
larger values correspond to larger changes in atten-
tion behavior from the previous layer.

Figure Structure. In each panel, the black curve
shows the overall mean attention shift aggregated
over all 40 prompts in Mixed4@, while the col-
ored curves show the per-dataset means for AIME-
2024, AIME-2025, GPQA, and MATH-500.
The horizontal axis is the layer index ¢, correspond-
ing to the right member of the consecutive pair
(¢ — 1,¢), and the vertical axis is the mean value
of 1 — cosine similarity between the attention dis-
tributions of those two neighboring layers. High
values therefore mark layers whose attention pat-
tern changes sharply relative to the previous layer,
whereas low values indicate smoother transitions
and more similar consecutive-layer behavior.

Overall Trends Across Models. The three mod-
els exhibit substantially different shift scales. Av-
eraged over all consecutive layer pairs, the over-
all shift is approximately 0.733 for DS-Qwen-
1.5B, 0.631 for DS-Qwen-7B, and 0.323 for DS-
Qwen-14B. Thus, the larger model shows much
smaller consecutive-layer shifts on average, in-
dicating more aligned attention behavior across
neighboring layers. At the same time, the shift is
not monotonic with depth in any model. Instead,
all three curves contain localized peaks that mark
abrupt transitions in attention behavior. DS-Qwen-
7B shows a particularly strong peak between layers
(3, 4) with shift ~ 0.907, followed immediately by
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Figure 15: Attention shift between consecutive layers, measured as 1 — cosine similarity between their attention
distributions during autoregressive decoding. Each panel shows a different model, with the black curve denoting the
overall mean on Mixed4@ and the colored curves showing per-dataset means. Peaks indicate layers where attention
behavior changes sharply relative to the previous layer, while low-shift regions indicate smoother transitions. The
major peaks are largely consistent across datasets within each model, suggesting that consecutive-layer attention
shift is primarily driven by model architecture and provides a useful signal for selecting A-layers.

a much smaller shift between (4, 5) of about 0.397.
DS-Qwen-14B shows its strongest peak between
(4,5) with shift ~ 0.953, after which a long mid-
dle block has very small shifts; for example, pairs
such as (6,7), (7,8), and (8,9) are all near 0.10
or below. DS-Qwen-1.5B maintains comparatively
high shift throughout much of the stack, with its
largest shift appearing at the earliest pair (0, 1) at
about 0.896.

Dataset-wise Behavior. The per-dataset curves
generally track the black overall curve closely
within each model. This indicates that the dominant
layerwise shift structure is driven more by model ar-
chitecture than by the particular reasoning dataset.
Quantitatively, the deviation from the overall curve
is modest: the mean absolute difference between a
dataset-specific curve and the overall curve is typ-
ically on the order of 0.004-0.019, depending on
the model and dataset. GPQA and MATH-500
show somewhat larger deviations than the AIME
subsets in some settings, but the major transition
layers remain in essentially the same locations. In
other words, the datasets affect the magnitude of
the shift curve more than its global structure.

Interpretation. These results suggest that
consecutive-layer attention behavior is organized
into stages rather than changing smoothly and
uniformly across depth. Peaks in the shift curve
mark layers where the model substantially changes
how it distributes attention over the context, while
low-shift regions indicate stretches of neighboring
layers with more similar attention behavior. This

interpretation is especially relevant for DELTA:
layers with large shift are natural candidates
for A-layers, since they mark points where the
model’s attention behavior changes most sharply
relative to the previous layer. Conversely, regions
with consistently low shift suggest groups of
layers with more redundant attention behavior,
which are more natural candidates for stronger
compression or subset-based treatment. Under this
view, the probe provides an architectural signal for
identifying promising DELTA layer placements
by highlighting where the model undergoes its
strongest layer-to-layer attention shift.

D.1 Per-model Accuracy Under Different
A-layer Configurations

Extended results across three model sizes. Fig-
ure 16 extends Figure 6 by including DS-Qwen-
14B. To construct the A-layer configurations eval-
uated here, we use the prominent shift points
identified in the consecutive-layer attention-shift
plots from Section D, selecting candidate layers
around these peaks while ensuring coverage across
network depth. Across all models, overall accu-
racy varies across A-layer configurations, showing
that A-layer placement is important. This effect
is stronger for larger models, where accuracy is
more sensitive to the chosen configuration. How-
ever, within each model, the relative trends across
datasets remain broadly consistent. This suggests
that although the absolute accuracy depends on the
selected A-layers, good configurations generalize
across datasets rather than being dataset-specific.
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Figure 16: Accuracy across different A-layer configurations on Mixed120 for DS-Qwen-1.5B, DS-Qwen-7B, and
DS-Qwen-14B. Each panel reports overall accuracy and the per-dataset breakdown on AIME-2024, AIME-2025,

GPQA, and MATH-500.

E Breakdown of DELTA Runtime
Overhead

To better understand the runtime overhead intro-
duced by DELTA, we conduct a component-wise
microbenchmark that isolates the decode-time at-
tention kernel and the two downstream primitives
used for page-aware selection. Specifically, on a
single GPU without tensor parallelism, we measure
four components: (1) the baseline FlashInfer de-
code attention kernel, (2) a JIT-instrumented Flash-
Infer variant that additionally dumps attention log-
its, (3) DELTA’s fused page-scoring kernel, which
aggregates token-level attention into page-level im-
portance scores, and (4) DELTA’s page-selection
step, which selects the pages retained for sparse
attention.

Figure 17 shows the resulting runtime break-
down. The bottom area corresponds to the baseline
FlashInfer kernel, the second area to the incremen-
tal overhead of JIT logit dumping, and the top two
areas to DELTA’s page scoring and page selection.
The results show that DELTA’s relative overhead is
highest at short contexts, where page selection con-
tributes an almost fixed per-step cost while the base-
line attention kernel is still small. At 1k context,
the total overhead is about 154%, 81%, and 42%
of the baseline FlashInfer runtime for the 1.5B, 7B,
and 14B models, respectively. As context grows,
the baseline attention cost increases much faster
than the fixed portion of DELTA’s control path, so
the relative overhead decreases. By 32k context,
the total overhead drops to about 25%, 29%, and
21% of the baseline runtime for the 1.5B, 7B, and
14B models, respectively.

The breakdown also reveals a shift in which com-
ponent dominates. At 1k context, page selection
is the largest source of overhead, accounting for

DS-Qwen-1.58 DS-Qwen-7B DS-Qwen-14B
B=64 B=64 B=64

I

Figure 17: Stacked runtime breakdown of DELTA’s
auxiliary overhead across decoding rounds on a single
GPU (B = 64). The areas show baseline FlashInfer
attention, incremental JIT logit-dump overhead, DELTA
page scoring, and DELTA page selection. The relative
overhead is highest at short contexts due to the nearly
fixed cost of page selection, but decreases as context
length grows and the baseline attention kernel becomes
dominant.

roughly 68—76% of the total extra cost across mod-
els. At longer contexts, the JIT logit-dump path
becomes dominant, contributing roughly 46—-72%
of the overhead at 32k, while fused page scoring
remains smaller and page selection stays nearly
flat at around 0.08—0.09 ms. Overall, these results
show that DELTA’s overhead is most pronounced
at short decoding lengths, where fixed control costs
are less amortized, and becomes progressively less
significant as context grows. This trend is favor-
able for DELTA’s target setting, since long-context
decoding is precisely where reducing attention cost
matters most.
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