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Abstract

Selecting an embedding model for a specific
target corpus is difficult when task-specific
labels are unavailable. Existing label-free
metrics based on kernel estimators or Gaus-
sian mixtures fail in high-dimensional spaces
and produce unstable rankings. We propose
FLARE (Flow-based Label-free Assessment
of Representation Embeddings), which uses
normalizing flows to estimate information suf-
ficiency directly from log-likelihoods, avoid-
ing distance-based density estimates. We give
finite-sample bounds showing that the estima-
tion error depends on the intrinsic dimension
of the data manifold rather than the raw em-
bedding dimension. On 11 datasets and eight
embedders, FLARE attains Spearman’s p up
to 0.90 with supervised benchmarks and re-
mains stable for high-dimensional embeddings
(d > 3,584), where existing label-free base-
lines collapse.

1 Introduction

Recent advances in text embeddings have produced
powerful semantic representation models such as
Qwen3 Embedding (Yang et al., 2025) and Gem-
ini Embedding (Lee et al., 2025). However, as the
number of available models grows, each with differ-
ent architectures, training objectives, and pretrain-
ing corpora, selecting the most suitable model for
a given corpus has become increasingly challeng-
ing. The standard approach relies on supervised
benchmarks like MTEB (Muennighoff et al., 2023),
ranking models by their performance on annotated
tasks.

This approach requires labeled data, which is
often unavailable in practice. Consider deploying a
retrieval system over proprietary documents such
as legal contracts, medical records, or financial re-
ports. These collections have no existing labeled
query-document pairs, and creating annotations re-
quires significant time and domain expertise. Spe-
cialized corpora may also differ substantially from

public benchmarks in vocabulary, style, and topic
distribution (Tang and Yang, 2025). An embedding
model that ranks highly on MTEB may perform
poorly on domain-specific text, but without labels
we cannot measure this gap. Benchmark contami-
nation further undermines public leaderboards: as
test sets appear in pretraining data, scores become
inflated. This raises our central question: how can
we evaluate embedding models without labels?

Recent work has explored task-agnostic evalua-
tion using only unlabeled corpora. One approach
analyzes geometric properties of embedding mod-
els like uniformity and alignment (Wang and Isola,
2020; Rudman et al., 2022). However, these met-
rics measure the embedding hypersphere structure
rather than semantic content. A random projec-
tion can achieve perfect uniformity while preserv-
ing no information. A more principled alterna-
tive estimates mutual information between embed-
dings, quantifying how much information the em-
bedding retains. Existing implementations use non-
parametric estimators like Kernel Density Estima-
tion (KDE) or Gaussian Mixtures (Darrin et al.,
2024). These methods suffer from the curse of di-
mensionality (Beirlant et al., 1997): as embedding
dimension grows (modern models often exceed
d = 3,000), reliable density estimation requires ex-
ponentially more data. In high-dimensional space,
these estimators become unstable and fail to predict
downstream performance.

In this work, we propose Flow-based Label-
free Assessment of Representation Embeddings
(FLARE), a framework grounded in information-
theoretic sufficiency (Darrin et al., 2024). Specifi-
cally, we quantify embedding quality by measuring
the reduction in uncertainty about input data given
the embedding. The core innovation lies in lever-
aging Normalizing Flows (Durkan et al., 2019),
deep generative models that learn invertible trans-
formations from complex distributions to simple
base densities. Flows enable exact log-likelihood
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estimation via the change-of-variables formula, ef-
fectively mitigating the curse of dimensionality
inherent to distance-based estimators. Our finite-
sample bounds provide theoretical justification: the
estimation error depends on the intrinsic effective
dimension of the data manifold, not the embed-
ding dimension. This ensures that FLARE remains
reliable when scaling to the high-dimensional em-
beddings of modern LLMs.

We evaluate FLARE on 11 datasets across four
task families. It attains Spearman’s p up to 0.90
with supervised rankings, outperforms geometry-
based and information-theoretic baselines, and re-
mains stable for high-dimensional embeddings
(d > 3,584) where existing methods fail.

Our contributions are summarized as follows:

* We introduce FLARE, a task-agnostic text em-
bedding evaluation framework using normal-
izing flows to estimate information sufficiency
without labeled data.

* We prove finite-sample generalization bounds
whose dominant term scales with the intrinsic
dimension of the data manifold rather than
the raw embedding dimension, explaining the
estimator’s behaviour in high dimensions.

e Across 11 datasets and eight embedders,
FLARE predicts downstream rankings more
reliably than existing baselines, particularly
for high-dimensional LLM-based embed-
dings.

2 Related Work

Embedding Evaluation. Modern text embed-
ding models, often leveraging Large Lan-
guage Model (LLM) architectures, provide high-
dimensional representations that generalize across
diverse semantic tasks without requiring task-
specific fine-tuning (Neelakantan et al., 2022;
Wang et al., 2024). Currently, the Massive Text Em-
bedding Benchmark (MTEB) (Muennighoff et al.,
2023) and its specialized variants like FinMTEB
(Tang and Yang, 2025) serve as the primary evalu-
ation standards. These benchmarks aggregate per-
formance across diverse labeled tasks including
clustering, retrieval, and semantic textual similarity
(STS). All of them depend on ground-truth annota-
tions and are therefore unsuitable when labels are
absent, as is typical for proprietary, dynamic, or
out-of-distribution corpora. To address this setting,
we propose FLARE, a task-agnostic framework

that quantifies embedding quality directly from the
data distribution, offering a reliable performance
proxy without the need for supervision.

Task-Agnostic Approaches. Task-agnostic met-
rics offer a long-standing alternative to supervised
benchmarks by eliminating labeling costs. Classic
indices such as the Silhouette Score (Rousseeuw,
1987) evaluate cluster separation, while more re-
cent studies emphasize spectral and geometric prop-
erties. Examples include Effective Rank (Roy
and Vetterli, 2007) for dimensionality estimation
along with Uniformity (Wang and Isola, 2020) and
IsoScore (Rudman et al., 2022) for spatial distribu-
tion analysis. A primary limitation of these metrics
is their focus on geometric structure rather than se-
mantic content. Such methods often rely on global
priors like isotropy, which may not represent the in-
trinsic low-dimensional manifold structure charac-
teristic of text embeddings. To address this, EMIR
(Darrin et al., 2024) introduces the concept of In-
formation Sufficiency to quantify how well one
embedding model can reconstruct another. How-
ever, standard implementations of EMIR utilize
Gaussian Mixture Models (GMM), which struggle
with high-dimensional data and lack the generaliza-
tion guarantees required for modern LLM-based
embeddings.

Density Estimation. Calculating information-
theoretic measures like differential entropy requires
an accurate model of the underlying probability
density. Traditional non-parametric approaches,
notably Kernel Density Estimation (KDE), are fun-
damentally limited by the curse of dimensionality
(Silverman, 2018; Beirlant et al., 1997). In high-
dimensional spaces, these methods become statisti-
cally inefficient because the sample size needed to
control estimation error grows exponentially with
dimensionality. While neural variational estima-
tors such as MINE (Ishmael Belghazi et al., 2018)
and CLUB (Cheng et al., 2020) improve scalabil-
ity, they optimize variational bounds instead of
exact likelihoods. These bounds often suffer from
a severe bias-variance trade-off, leading to loose
estimates and optimization instability (Poole et al.,
2019). Normalizing Flows provide a robust alter-
native by learning a sequence of invertible trans-
formations that map complex data to a simple base
distribution (Rezende and Mohamed, 2015; Dinh
etal., 2016). A key advantage is their support for
exact log-likelihood computation via the change-
of-variables formula (Papamakarios et al., 2021).
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Based on this property, we treat embedding evalua-
tion as a problem of estimating probability densities
directly. By integrating flows into the information-
sufficiency framework (Darrin et al., 2024), we en-
sure that our metrics remain theoretically grounded
and empirically stable even for high-dimensional
embeddings.

3 Method

To evaluate embedding quality without task-
specific labels, we propose FLARE, which quanti-
fies representation quality by measuring informa-
tion sufficiency using normalizing flows.

3.1 Problem Formulation

Given an unlabeled corpus X, we consider a set of
candidate embedding models £ = {Ey, ..., Ex}.
Each model E € £ maps an input text z € X to a
high-dimensional representation:

2= E(z) € R% (1)

To evaluate a specific model E,, we pair it with
a reference model £ (b # a). We denote the
embedding being evaluated as the source U, and
the reference embedding as the target V:

U=EFE,(x), V =Ex). (2)

Our objective is to derive a task-agnostic score
for E, based solely on these representations such
that the resulting model ranking aligns with down-
stream supervised performance.

3.2 Information-Sufficiency Score

We build upon the information-sufficiency frame-
work of (Darrin et al., 2024). The core intuition
is that a high-quality source embedding U should
act as a sufficient representation of the semantic
space, enabling the reconstruction of the target rep-
resentations V. We formalize this via Information-
Sufficiency (), which measures the reduction in
uncertainty of V' once U is observed.

Let F be a family of marginal densities and K be
a family of conditional densities. The directional
I score from U to V is defined as the difference
between marginal and conditional entropy:

L(U—V) = inf B[~ log f(v)

H(V)

—E, ]\}[IéflC Ev|u[_ IOgM(U ’ u)]

H(VIU)

3)

To obtain a single quality score for model E,, we
compute the normalized median of its pairwise
scores against all other models in the pool:

Is(Ua — Ub)

dm@y) = @

Linorm(Ea) = medianb;éa

Normalization by the target dimension dim(Uy) is
essential for comparability across reference models
with varying output sizes, as raw entropy naturally
scales with dimensionality.

3.3 Normalizing-Flow Implementation

We instantiate the density families in Eq. 3 using
normalizing flows (Durkan et al., 2019). Flows en-
able exact log-likelihood computation via invertible
transformations, providing stable estimation.

Two-Stage Training. As shown in Figure 1, we
employ a progressive training strategy. We first
train a marginal flow py(v) on target embeddings
to model distribution. Next, we initialize a condi-
tional flow py(v|u) by copying the marginal back-
bone weights. This warm-start strategy ensures
the conditional model begins from a well-defined
density baseline.

Low-Rank Conditioning. Standard conditional
flows often use hypernetworks with O(d?) com-
plexity, which is prohibitive for high-dimensional
embeddings. We instead inject the source infor-
mation u through a parameter-efficient low-rank
residual branch. Let hy, be the intermediate fea-
tures of the target flow. The conditional feature is
computed as:

hcond = hbase + B(A(U))7 (5)

where A € R"*? projects the d-dimensional source
embedding to a low-rank bottleneck of dimension
r = 64, and B maps from the bottleneck to the
output space. This mechanism allows the source u
to adjust the transformation trajectory of the target
v with minimal parameter overhead.

Zero Initialization. We initialize B to zeros and
A with random initialization. At the start of train-
ing, the conditioning term B(A(u)) is zero, mak-
ing the conditional flow py(v|u) initially equivalent
to the pre-trained marginal flow py(v). The depen-
dence on the source U is learned gradually, which
prevents gradient instability and improves conver-
gence speed.
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Figure 1: Overview of our two stage flow based estimation pipeline. Stage 1: Train a marginal flow p,(v) on target
embeddings V' to model their intrinsic distribution. Stage 2: Initialize a conditional flow py(v|u) by copying the
marginal backbone weights and adding a zero-initialized low-rank conditioning branch. This branch is then trained
to capture the dependency between source embeddings U and target embeddings V, enabling computation of the

information-sufficiency score via Eq. 3.

4 Theoretical Justification

Motivation. In real-world deployment, embed-
ding models must generalize to vast amounts of
unseen data that extend far beyond the validation
set. Purely empirical evaluation on a fixed dataset
cannot theoretically guarantee reliability on the un-
derlying population distribution. To address this,
we establish a theoretical framework relying on two
pillars: the spectral stability of our flow architec-
ture and the low-dimensional manifold hypothesis.

Core Assumptions. Our theory relies on two
core assumptions (Appendix A.2): a low intrin-
sic dimension (Assumption 1) to enable scaling to
high-dimensional embeddings, and layer-wise ap-
proximate independence (Assumption 2) to ensure
stable gradient propagation. The latter, theoreti-
cally motivated by (Cohen et al., 2021), is practi-
cally realized by our Zero-Initialization strategy,
which ensures the network exhibits stable, linear
growth rather than exponential instability.

Finite-Sample Generalization Bound. Building
on this stability, we verify the reliability of FLARE
by bounding the gap between the training and vali-
dation losses.

Theorem 1 (Finite-sample generalization bound).
Under Assumptions 1 and 2, for any fixed flow
model py and any 6 € (0, 1), with probability at
least 1 — 6, the train-validation gap satisfies:

2éRad Lodeg
T
log(2/0)

+ M. val 27
Myal

log(2/6
30y 280

2m
(6)

Interpretation. The bound scales with the in-
trinsic dimension dg¢ rather than the raw embed-
ding dimension d. Because deff < d for semantic
representations, reliable evaluation is possible on
high-dimensional embeddings with moderate sam-
ple sizes. The error also depends linearly on depth
L and spectral stability &, both kept small by our
zero-initialization strategy.

ffval(e) - ﬁtrain(e)‘ <

S Experiments

We design our experiments to evaluate the empiri-
cal utility of the Flow-based estimator across three
primary dimensions: (Q1) its reliability in pre-
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dicting model rankings across diverse downstream
tasks; (Q2) its comparative performance against
kernel-based baselines in high-dimensional embed-
ding spaces; and (Q3) the alignment between em-
pirical observations and our theoretical generaliza-
tion guarantees.

5.1 Embedders and Datasets

Embedding Models. Our evaluation encom-
passes eight representative embedding models, cov-
ering a broad spectrum of architectures and di-
mensionalities. We focus specifically on high-
dimensional space, including BGE-Multilingual-
Gemma2 (d = 3,584) (Chen et al., 2024a), gte-
Qwen2-7B-instruct (d = 3,584) (Li et al., 2023),
and four Mistral-7B-based models (d = 4,096):
Zeta-Alpha-E5-Mistral ', GritLM-7B (Muen-
nighoff et al., 2024), SFR-Embedding-Mistral
(Meng et al., 2024), and Ling-Embed-Mistral (Kim
et al., 2024). For lower-dimensional benchmarks,
we include stella-base-en-v2 2 (d = 768) and
all-MiniLM-L6-v2 (Reimers and Gurevych, 2019)
(d = 384).

Dataset Selection and Task Categorization. To
approximate the realistic setting in which models
are evaluated on novel internal corpora, we deviate
from standard benchmarks such as MTEB. Public
benchmarks routinely leak into pre-training data
and inflate reported scores, so we apply a tempo-
ral filter and select 11 Hugging Face datasets re-
leased after the training cutoff of every candidate
model. FLARE itself is unsupervised; ground-truth
labels are used only as an oracle to validate the
predicted rankings. Dataset statistics are reported
in Appendix B. The 11 datasets cover four task
categories:

* Classification: Apt-eval (Saha and
Feizi, 2025) (safety/robustness), GT-
FintechLab (Shah et al., 2025) (finance), and
BhashaBench-Finance (Devane et al., 2025)
(multilingual finance).

¢ Retrieval: AIR-Bench-Finance (Chen
et al., 2024b), LIMIT (Weller et al., 2025)
(instruction-following), and ArXiv-Abstracts
2025 3 (scientific literature). For retrieval

"https://huggingface.co/zeta-alpha-ai/
Zeta-Alpha-E5-Mistral

https://huggingface.co/infgrad/
stella-base-en-v2

3https://huggingface.co/datasets/almanach/
arxiv_abstracts_2025

tasks, we embed the passage corpus only (not
queries) to simulate the label-free setting.

* Semantic Textual Similarity (STS): Aug-
mented STS-B 4, LivNLP-STS (Zhang et al.,
2025), and Philosophical-STS 7.

* Clustering: Clustered-FunPang Medical®,
and Reasoning-Clustering .

Evaluation Protocol. We assess the reliability of
our unsupervised Information Sufficiency (IS) met-
ric by measuring its alignment with ground-truth
supervised rankings. Ground-truth performance is
established using standard MTEB metrics (Muen-
nighoff et al., 2023): F1 macro for classification,
nDCG @10 for retrieval, Spearman correlation for
STS, and V-measure for clustering. We quantify
ranking alignment using Spearman’s rank correla-
tion (p) and Pearson correlation () between the
predicted IS scores and the supervised metrics.

Baselines. We benchmark FLARE against exist-
ing unsupervised metrics, explicitly categorized
into two types of unsupervised evaluation meth-
ods: geometric-based and information-theoretic.
For the geometric-based methods, we considered
(1) Uniformity (Wang and Isola, 2020) and (2)
IsoScore (Rudman et al., 2022); and (3) Silhouette
Score (Rousseeuw, 1987). For the information-
theoretic methods, we considered (4) EMIR (Dar-
rin et al.,, 2024). Our work aligns with the
information-theoretic evaluation (specifically the
framework established by EMIR), as we share the
fundamental objective of quantifying representa-
tion quality via information retention. However,
we diverge by employing normalizing flows to
robustly estimate densities in high-dimensional
spaces where the GMMs used in EMIR may fail.

5.2 Main Results

Table 1 summarizes the ranking correlations across
eleven representative datasets, revealing three key
findings. Detailed per-dataset results are shown in
Appendix B.

*https://huggingface.co/datasets/maiammar/
Augmented_stsb_multi_mt
Shttps://huggingface.co/datasets/
johnnyboycurtis/Philosophical-STS-Text-Pairs
6https://huggingface.co/datasets/mukulb/
clustered_FUNPANG_dataset_with_groups
7https://huggingface.co/datasets/Ibisbill/
Clustering_deduplicated_reasoning
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Spearman’s p Pearson’s r
Task | Uni. Iso. Sil. EMIR Owurs | Uni. Iso. Sil. EMIR Ours
Class. | 0.18 -0.40 -0.06 -0.06 0.56 | 0.35 -0.58 -0.08 -0.20 0.31
STS 0.01 -033 056 -0.06 070 | 0.70 -0.14 0.53 -0.08 0.70
Retr. 0.08 -045 -0.03 -0.22 072 | 043 -0.37 039 -0.18 0.64
Clust. | -0.14 029 -024 -0.16 083 | -043 0.05 -025 -0.10 0.69
Avg 0.05 -027 0.08 -0.12 0.69 | 033 -0.29 0.18 -0.14 0.58

Table 1: Task-aggregated Comparison with Unsupervised Baselines.

Flow-Based Estimation Succeeds Where Ker-
nel Methods Fail. FLARE achieves an average
Spearman correlation of p = 0.70, outperforming
all unsupervised baselines. EMIR, which shares
our information-sufficiency framework but relies
on Gaussian Mixture Model (GMM) density es-
timation, yields a negative average correlation
(p = —0.12), i.e. systematically inverted rankings:
in high-dimensional spaces (d > 3,584) kernel
densities become vanishingly sparse and distance-
based estimates unreliable. Our flow-based ap-
proach replaces these estimates with an explicit
parametric density that adapts to the intrinsic mani-
fold, and maintains positive correlations across all
task categories.

Geometric Baselines Exhibit Inconsistent Per-
formance. Table 1 reveals that existing unsuper-
vised metrics struggle to maintain consistent cor-
relations across task types. Uniformity achieves
near-zero average correlation (p = 0.05), suggest-
ing that embedding space uniformity alone is not
predictive of downstream quality. IsoScore exhibits
negative correlations across nearly all categories
(Avg p = —0.27), as it penalizes anisotropy under
the assumption that uniformity maximizes infor-
mation capacity. However, high-quality semantic
spaces are inherently anisotropic—meaningful con-
cepts naturally form dense, non-uniform clusters
on the manifold rather than populating the hyper-
sphere uniformly. Silhouette shows task-specific
success only on STS (p = 0.56) but fails elsewhere,
indicating that geometric cohesion does not gener-
alize as a universal quality indicator. As Figure 2
shows, these rigid geometric assumptions produce
high variance and frequent ranking inversions. The
information-theoretic objective behind FLARE in-

stead adapts to the intrinsic data density rather than
imposing a target shape on it, enabling FLARE to
remain aligned with ground truth across heteroge-
neous task families.

Performance Stability Analysis

-l B
N

Silhouette

Iy
)

Spearman Correlation (p)
& o
(%] (=)

l
Iy
)

Flow-IS (Ours) EMIR Uniformity IsoScore

Figure 2: Stability Analysis. Distribution of Spearman
correlations across all datasets. Geometric baselines
(grey) and kernel-based EMIR (blue) exhibit high vari-
ance and frequent negative correlations, while FLARE
(red) stays positively aligned with ground truth on every
dataset.

Consistent Performance Across Task Families.
A useful label-free metric must rank embedders
across heterogeneous downstream tasks, not just
on a single family. Existing baselines fail this re-
quirement: each one has at least one task family
on which it correlates negatively with ground truth
(Table 1). FLARE correlates positively on every
family, with p = 0.83 on Clustering, p = 0.72
on Retrieval, p = 0.70 on STS, and p = 0.56 on
Classification, and the per-dataset breakdown in
Table 7 (Appendix B) contains no negative entries.
The signal is strongest on STS, Retrieval, and Clus-
tering, which score embeddings directly through
similarity in the embedding space. Classification
involves an additional supervised predictor that can
exploit features beyond the distributional structure
captured by an unsupervised metric, which caps
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Task Type Bound Ratio Rademacher %
Classification 11.0x 92.4%
STS 21.1x 94.5%
Retrieval 21.2% 95.5%
Clustering 18.4x 98.5%
Average 17.9x 95.2%

Table 2: Theoretical validation. Bound Ratio

(A¢heo/Aemp) and Rademacher complexity contribu-
tion, grouped by task type.

the achievable correlation.

Ranking Stability under Subsampling. We
probe sample-size sensitivity by recomputing I,
on subsamples of the validation set at ratios o €
{0.05,0.1,...,1.0} and measuring the deviation
A,(a)=|p(a)—p(1.0)| from the full-data ranking.
For 8 of the 11 datasets, A, < 0.05 even at a=0.2;
the remaining three datasets are STS corpora where
rank-based metrics are inherently more sample-
sensitive, and even there A, < 0.07 once a>0.2.
The flow therefore recovers the global manifold
from far fewer observations than non-parametric
estimators require, suggesting that 20-40% of the
validation set is sufficient for reliable ranking on
small, specialized corpora. Per-dataset stability
curves are reported in Appendix C.

5.3 Generalization Bound Analysis

To empirically validate the guarantee provided by
Theorem 1, we compare the derived theoretical
bound against the observed empirical generaliza-
tion gap. This validation is crucial for addressing
the practical challenges of enterprise deployment,
ensuring that the evaluation method generalizes
reliably as new data continuously arrives.

Setup. Since the Information Sufficiency estima-
tor decomposes into marginal and conditional com-
ponents, its total estimation error is bounded by
the sum of their respective generalization gaps. We
therefore compute the empirical gap as the sum of
the absolute differences between training and vali-
dation Negative Log-Likelihoods (NLL) for both
flows, and compare this empirical quantity against
the theoretical bound derived from our model ar-
chitecture and sample complexity.

Analysis. As reported in Table 2, the theoretical
bound Agpe, upper-bounds the empirical gap Aemp
by a margin ranging from 11.0x to 21.2x across
task types (average ratio 17.9x). This confirms that

our conservative linear bound remains informative,
providing meaningful generalization guarantees
without being vacuously loose. The Rademacher
complexity term accounts for 92.4% to 98.5% of
the total bound (average 95.2%), which aligns with
its dependence on the effective intrinsic dimension
der. As expected, higher-dimensional embedding
spaces incur larger complexity penalties. Notably,
classification tasks exhibit tighter bounds (11.0x)
compared to retrieval and STS tasks (~ 21x), a
discrepancy that reflects the richer representational
capacity required for fine-grained semantic match-
ing in the latter. Practically, these findings certify
that FLARE provides a trustworthy and theoreti-
cally grounded signal on unseen data.

5.4 Ablation Study

Shuffle ablation. We partially shuffle the cor-
respondence between source embeddings U and
target embeddings V' at a ratio p € [0, 1] while
keeping the remaining pairs unchanged. As visu-
alized in Figure 3 and detailed in Appendix D.1,
the Spearman correlation with downstream perfor-
mance degrades significantly as p increases, tran-
sitioning from positive to negative around p = 0.2
to 0.4. The degradation pattern varies across task
types: Retrieval and Clustering exhibit a gradual de-
cline, whereas Classification and STS show sharper
transitions at lower shuffle ratios. At full shuffle
(p = 1.0), all categories converge to negative cor-
relations (averaging p ~ —0.4). This confirms that
our metric relies heavily on the correct alignment
between source and target embeddings rather
than marginal statistics, and the varying sensitivity
across tasks may reflect differences in the underly-
ing embedding structure.

Conditional-only ablation. We investigate the
contribution of the marginal term by comparing
the full metric against a conditional-only variant,
defined as Icona(u,v) = logpe(v | u). While
this variant may be competitive when the target
marginal distribution varies little, it lacks consistent
reliability across diverse tasks. As quantified in Ta-
ble 9 and visualized in Figure 5 (see Appendix D.2),
removing the marginal term E[log pg4(v)] reduces
the average Spearman correlation substantially
from 0.70 to 0.21. Both components are there-
fore necessary: the conditional term captures the
cross-model mapping, the marginal term the intrin-
sic structure of the target space. We use the full
score as default.
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Figure 3: Partial shuffle ablation by task type. Increasing the shuffle proportion p causes correlation to degrade from
positive (p = 0) to negative (p = 1), confirming that the metric relies on correct alignment.

Aggregation strategy. We aggregate the N—1
per-pair I scores of each source model into a sin-
gle number using the median. The per-pair dis-
tribution is heavy-tailed: a few targets with very
different geometry (e.g. tokenizer or pooling mis-
matches) inflate the mean and add noise unrelated
to the source model’s quality. Table 10 compares
the mean, the median, and a 20% trimmed mean,
and the median attains the highest or near-highest
Spearman correlation with ground truth on every
task family. The trimmed mean closes most of this
gap but introduces an extra hyperparameter, so we
keep the median as the default.

5.5 Additional Analysis

Assumption validation. Our theoretical guaran-
tees in Theorem 1 are established under Assump-
tion 2, which requires that the Jacobians of suc-
cessive coupling layers act along approximately or-
thogonal directions. Under this condition, the over-
all Lipschitz constant grows approximately linearly
with depth rather than exponentially (Lemma 2,
Eq. 25). Although this assumption is idealized,
it is supported by empirical evidence from three
validation experiments; full results are reported
in Appendix E.1. First, the singular vectors of
inter-layer Jacobians exhibit a mean cosine similar-
ity of 0.010, which is below the random baseline
1/+/d = 0.016, indicating near-orthogonality be-
tween layers. This behavior is consistent with the
alternating binary masks and random permutations
used in the NSF architecture. Second, the average
per-layer spectral amplification is 1.049, showing
that each layer contributes only a small and con-
trolled perturbation, as encouraged by our zero-
initialization strategy. Third, the cumulative per-
turbation amplification across all 18 atomic trans-
forms in the composite flow (the 6 coupling layers,

each followed by ActNorm and a random permu-
tation) is only 2.38x, which is consistent with the
approximately linear Lipschitz growth implied by
Assumption 2. Overall, these results indicate that
the structural regime required by Assumption 2 is
well matched to the behavior of the trained models
in practice.

Top-3 model identification. For practical model
selection, the top of the ranking matters more
than the tail: a practitioner mostly needs to know
which two or three candidates to fine-tune or de-
ploy, not the relative order of the weakest ones.
We therefore compare the top-3 models ranked by
I against the supervised top-3 on each of the 11
datasets. FLARE recovers the exact top-3 set on
4/11 datasets and matches at least 2 out of 3 on
10/11 datasets (the per-dataset breakdown is given
in Appendix E.2). The single dataset on which only
1/3 models agree is BhashaBench, where the top
three supervised scores are all within one accuracy
point and the ordering is essentially noise. In other
words, whenever the supervised signal cleanly sep-
arates a leading group, FLARE identifies that group
on its own, so the estimator is precise enough to
drive model selection on an unlabeled corpus with-
out any task-specific supervision.

Statistical robustness. To quantify ranking sta-
bility under a small pool (N=8), we run a leave-
one-out bootstrap on the per-dataset 8 x 8 IS matrix.
As reported in Table 3, ppi, remains positive on
every dataset, and the resampled Spearman p aggre-
gates to [0.583, 0.843], so the positive-correlation
finding does not hinge on the inclusion of any
particular model (full protocol in Appendix E.3).
As a complementary test, converting rankings
into 11 x (g) =308 pairwise preferences, FLARE
matches the supervised ordering on 73.1% of pairs

39278



(225/308; binomial p=1.37x 10716, 95% CI lower
bound 68.6%), well above the 50% chance baseline.
Most residual disagreement comes from pairs with
near-identical downstream performance, while the
90.9% Top-3 overlap confirms that FLARE reliably
separates strong from weak models, the primary
goal of model selection.

Dataset Spearman p Bootstrap range
FunPang 0.905 [0.857, 0.964]
Aug-STSB 0.833 [0.750, 0.964]
LivNLP-STS 0.833 [0.750, 0.964]
LIMIT 0.810 [0.714, 0.893]
BhashaBench 0.802 [0.739, 0.919]
arXiv ’25 0.762 [0.643, 0.857]
Reasoning 0.762 [0.643, 0.857]
AIR-Bench 0.714 [0.607, 0.857]
apt-eval 0.429 [0.321, 0.750]
gtfintechlab 0.429 [0.143, 0.607]
Philo-STS 0.429 [0.250, 0.643]
Average 0.701 [0.583, 0.843]

Table 3: Leave-one-out bootstrap over the 8-model pool.
“Spearman p” is the full 8-model estimate (matching
Table 7); “Bootstrap range” is [pmin, Pmax] across the
8 resampled replicates obtained by recomputing p on
each 7-model subset. The lower bound stays positive on
every dataset.

Training stability. To test whether FLARE relies
on a brittle optimum, we add Gaussian noise to
each parameter tensor at c=1—20% of its mean
absolute value and re-evaluate the held-out NLL.
Across the 616 conditional flows trained for the
11 datasets, the median relative NLL change is
below 0.03% at 0<5% and 1.22% at 0=20%; the
median—mean gap indicates that the few sensitive
pairs are outliers rather than the rule. The trained
flows therefore lie in flat basins, and the resulting
rankings are not driven by training randomness
(Appendix E.4).

6 Conclusion

We presented FLARE, a label-free evaluator of
text embedding models that estimates information
sufficiency with normalizing flows. The frame-
work replaces the kernel-density backbone of prior
information-theoretic estimators with an exact log-
likelihood from a normalizing flow, removing the
dimensional sparsity that destabilises kernel meth-

ods on modern LLM-based embeddings. Finite-
sample bounds derived via Rademacher complex-
ity show that the estimation error scales with the
intrinsic dimension of the data manifold rather than
the raw embedding dimension, accounting for the
estimator’s behaviour in high-dimensional regimes.
Across 11 datasets and eight embedders, FLARE
correlates positively with supervised rankings on
every task family (average Spearman p=0.70, up
to 0.90), agrees with supervised pairwise prefer-
ences on 73.1% of pairs, and recovers > 2/3 of the
supervised top-3 on 10/11 datasets. The induced
ranking is also stable: the leave-one-out bootstrap
keeps pmin > 0 on every dataset, and 20-40% of
the validation data is sufficient to reproduce the
full-data ranking. Together, these properties make
FLARE a practical alternative to annotated bench-
marks for model selection on unlabeled corpora.

Practitioner’s guide. The intended workflow is
label-free model selection: a practitioner curates
an unlabeled target corpus, picks a small pool of
N candidate embedders, computes pairwise I; on
the corpus, and selects the top-scoring candidates.
No downstream task or annotation is required. I
is a relative quantity, comparable within a single
dataset and candidate pool but not across datasets;
the per-dimension normalization in Eq. 4 places en-
coders of differing widths on a common scale. The
induced ranking is reliable when the per-dimension
gap between adjacent candidates exceeds the leave-
one-out bootstrap range (Appendix E.3); for tightly
clustered candidates, the Top-3 overlap is a more
robust summary than the full Spearman p. When a
candidate exhibits an unexpectedly low score, the
decomposition Iy = H(V) — H(V | U) both lo-
calises the cause and indicates a remedy. A low
marginal H (V') reflects a poorly structured tar-
get density (e.g., collapsed or anisotropic), and
motivates either substituting the candidate with a
higher-capacity encoder or applying anisotropy-
reducing post-processing such as whitening. A
low conditional H(V | U) accompanied by a
healthy marginal indicates weak cross-model trans-
ferability, for which lightweight alignment such as
a learned linear projection or distillation from a
stronger reference is typically sufficient. Before
attributing a depressed score to embedding qual-
ity, however, one should verify that the marginal
flow’s validation NLL has converged, as under-
fitting biases I downward for reasons unrelated to
representation quality.
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Limitations

FLARE has three main limitations. First, as a
learning-based evaluation method, FLARE incurs
non-trivial training cost: one conditional flow on
Reasoning (d=3,584) takes ~1.33 GPU hours on
a V100, and the full N=8 pairwise evaluation
costs ~74.5 GPU hours. Caching the marginal
flow makes adding a new model O(N) (~10 GPU
hours) rather than O(N?), and we further miti-
gate inference latency by using discrete normal-
izing flows instead of continuous-time approaches
like flow matching; however, training a gener-
ative model remains a bottleneck for resource-
constrained scenarios. Training-free baselines such
as KDE-based EMIR cost only ~6 GPU hours,
though they degrade in high-dimensional spaces
(d>3,584) where density estimates can collapse to
a single kernel component.

Second, we observe a performance discrep-
ancy across task types. While FLARE excels on
geometry-centric tasks like STS and Retrieval, its
correlation is lower for Classification (p = 0.56).
This suggests that global information sufficiency
captures the overall semantic manifold but may
miss fine-grained, class-specific features required
for linear separability.

Third, our theoretical analysis relies on simplify-
ing assumptions. Specifically, regarding Assump-
tion 2, parameter coupling during end-to-end back-
propagation inevitably introduces inter-layer cor-
relations, making the approximate independence
assumption an idealization that is computationally
intractable to verify in high dimensions.
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A Theoretical Assumptions and Proofs

A.1 Problem setup

Let D be an unknown distribution on R?. We ob-
serve an i.i.d. training sample

Strain _ {U‘imin7 L traln} pm. (7)

A normalizing flow Tj induces a density

po(v) = pz(Tp(v)) |det Jr,(v)], (8

where py is a fixed base density and Jr, (v) is the
Jacobian of the flow transformation. We use the

negative log-likelihood loss ¢p(v) = —log py(v).
The empirical training risk is
Lirain(6) Z Lo (vj™™) ©)
The population risk is
L(6) = Eyp [lo(v)]. (10)
Given a validation set
Sval = {01, ... v}~ D (11)
the empirical validation risk is
A "val 1
Lea(9) = - — Z l (v} (12)

We aim to bound the generalization gap between
the validation risk (observable proxy for perfor-
mance) and the training risk (optimization objec-
tive):

ﬁval(g) - ztrain(9)|'
Note that bounding this gap involves controlling
the deviation of both empirical risks from the pop-
ulation risk L(#).

We first consider a marginal flow for a fixed em-
bedder, then apply the same argument to a condi-
tional flow. The Information Sufficiency (/) score
is defined as

A(9) = (13)

1S = Lmarg(v) - Lcond(v ’ U)7 (14)

and the empirical 1S score replaces the population
risks with their validation counterparts. Establish-
ing a finite-sample bound on the generalization
gaps of the marginal and conditional flows directly
yields a bound for the estimation error of the I,
score.

A.2 Core assumptions

Assumption 1 (Low intrinsic dimension). The em-
bedding distribution is supported on a compact sub-
set M C R with intrinsic dimension dog < d and
bounded diameter. This type of low-dimensional
structure for learned representations is consistent
with empirical measurements of intrinsic dimen-
sionality in deep features (Ansuini et al., 2019).

Assumption 2 (Approximate layer independence).
The flow Ty is a composition of L invertible blocks
with perturbation rank at most r. Assuming a
regime of near-identity mappings (e.g., via residual
connections or zero-initialization), the Jacobians of
different blocks are approximately independent in
their dominant singular directions. Consequently,
the overall Lipschitz behaviour of the composition
grows linearly in depth rather than exhibiting ex-
ponential growth. This assumption is consistent
with analyses of signal propagation and dynamical
isometry in deep architectures (Cohen et al., 2021 ).

Remark: Validity via Zero-Initialization.
While assuming approximate independence be-
tween layer Jacobians is non-trivial for generic
deep networks, our Zero-Initialization strategy
(Section 3.3) provides a rigorous structural justifi-
cation. Specifically: (1) Identity Start: By initial-
izing the conditioner’s projection matrix B to zero,
the conditional flow starts as an identity transforma-
tion relative to the backbone (Ty = T}), ensuring
that initial layer-wise Jacobians satisfy J; = 1. (2)
Linear Accumulation: During progressive train-
ing, the deviation A; from identity (where J; =
I 4+ A;) is explicitly constrained via Lo regulariza-
tion. In this small-perturbation regime, the norm of
the composed Jacobian follows a first-order approx-
imation || TTE, (I+A)|| =~ [T+, Ayl which
implies that the Lipschitz constant grows linearly
with depth L rather than exponentially. This design
effectively aligns the flow’s architectural behavior
with the stability postulated in Assumption 2.

A.3 Rademacher complexity on a manifold

Let F be a class of real-valued functions on M.
Given a sample S = {v1,...,v,} C M, the em-
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pirical Rademacher complexity of F is

R (F) =E, [sup — Zsz (v; ] (15)

feF m =

where o; are i.i.d. Rademacher variables.

Lemma 1 (Rademacher complexity on a manifold).
Let F be the class of linear functions f(v) =
(w,v) restricted to M, where ||w|| < Ly. Under
Assumption 1, there exists a constant Cr,q > 0
such that

Craa Lf D+/d
Rm ( f) < Rad L f eff )
vm
Proof. The manifold M admits a covering number
bound of the form

(16)

D deﬁ
N(M,e) < C (5) foralle > 0. (17)

Here, NV (M, ¢) represents the covering number
of the manifold, and () is a geometry-dependent
constant.

For the class of linear functions F with bounded
norm |(w|| < Ly, the covering number of the func-
tion space is controlled by the covering number of
the domain M via a duality argument. Specifically,
distinguishing two linear functions on M is equiv-
alent to covering the domain at a finer scale ¢ /L.
Consequently, we have:

N(F.e) gJ\/(M Lif) (18)
DL\ %"
<Cy (f) . (19)
3
Taking logarithms yields
DL;
log N'(F, &) < logCo + dog 1og< ) (20)

Let F' = LD be the uniform bound on | f(v)|.
Dudley’s entropy integral gives

F
< \}%/0 Vieg N (F,e)de. (21)

Substituting the covering number bound and sim-
plifying (absorbing log Cj into the constant factor
for asymptotic behavior), we obtain:

12L
Ro(F) < 2L / N eﬁlog t, (22)

R (F

where we utilized the substitution t = /L. Let
I= fOD \/log(D/t) dt. Using the change of vari-
ables u = log(D/t), we have t = De™", which
yields I = D [°ul/?e""du = D -T(3/2) =
D@. Substituting this back yields:

6/ Ly D /deg

12Lgvdeg ( DT\
Rm(F) < N ( 5 )— (é?;

By setting Craq = 6+/7, we recover the bound in
(16). O

A.4 Architectural stability of the flow

We now turn to the flow Typ. Let Jy(v) be the Ja-
cobian of the /-th invertible block at input v, and
let Jiot(v) denote the input—output Jacobian of Ty.
The Lipschitz constant is defined as

(R

Lip(Ty) = supHJtot(v)
v

Lemma 2 (Architectural stability via Zero-Ini-
tialization). Consider the flow Ty composed of L
blocks. Under the Zero-Initialization strategy, the
Jacobian of the (-th block takes the form J, =
I+ Ay Leto = 1 I E[||Agll2] be the mean
spectral norm of the perturbations. Consistent with
the conservative estimation used in our implemen-
tation, the expected Lipschitz constant of the flow
is bounded by:

E[Lip(Ty)] < 1+L-c (25)
Proof. The total Jacobian Ji. is the product of
layer-wise Jacobians:

Jot = HJg HI+Ag).
(=1

We aim to bound the Lipschitz constant Lip(7p) =
|| Jtot||2- Recall that Jior = Hle(f + Ay). Per-
forming a first-order expansion of this product
yields:

(26)

L
Jtot ~ I+ Z Az. (27)

(=1

Applying the triangle inequality separates the iden-
tity transformation from the perturbations:

z g

[ totll2 ~

L

<Mz 4+ 1A
-1

(28)

2
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Noting that ||I||2 = 1, we take the expectation:

L
E[l|Jiotll2] < 14> E[[|Ag]l2] (29)

(=1
1 L
=1+1L- (L ;E[IIAeHz]) - G0)

Substituting the definition of the mean spectral
norm o, we directly obtain:
E[Lip(Ty)] <1+ L-&. 3D
This confirms that under the small-perturbation
regime enforced by zero-initialization, the Lips-
chitz constant grows linearly with depth L, aligning

with the conservative bound used in our implemen-
tation. O

A.5 Finite-sample generalization bound

We now derive a finite-sample bound that matches
the decomposition used in the main report. For
clarity, we distinguish the training and validation
samples

Strain = {’Uﬁram, ceey U;ﬁain s Sval = {lelal’ ..
(32)
and define the corresponding empirical risks
Lirain(0) = iie (vfrain) (33)
train m 4 - o0\Y; :
1=
. 1 Myal
Lya(0) = — > tp(vf™). (34
Myal j=
The loss class is
L= {69(-) = —logpy(:): 0 € @}. (35)

By Assumption 2 and Lemma 2, the loss functions

are Lipschitz with respect to v. Using the architec-

tural bound derived in Lemma 2 (which establishes

linear growth with depth L), the Rademacher com-
plexity of £ admits the bound:

CRad L G /degr

Rm(L) < N ; (36)

where C’Rad collects the constants from Lemma 1
and the affine identity term. Note that this scales
linearly with L, consistent with our implementa-
tion.

We now control the difference between training
and validation risks. Introduce the population risk

L(6) = Eyp [lo(v)]. (37)
By the triangle inequality,
‘jfval(e) - ﬁtrain(‘g)‘ < ‘L(e) - itrain(e)‘
+ | Lvua(0) — L(O).
(38)

The two terms on the right-hand side are treated
separately.

Training to population. A standard Rademacher
complexity bound (see for example (Bartlett and
Mendelson, 2002)) states that if [lg(v)| < Mirain
for all € © and all v in the support of the training
distribution, then for any § € (0, 1), with proba-
bility at least 1 — § over the draw of Si;ain one
has

|L(0) — Lixain(0)] < 2R (L)

[log(2/6
+3Mtrain OgQ(Tn/)

(39)

) ,vxgép}bining (39) with (36) gives

2CRad L 7 \/dugt

Jm
+ 3Mtrain \/ 10g2(2/5) .

(40)

’L(e) - ﬁtrain(e)’ S

Validation to population. For the validation set,
the model parameter 6 is fixed, so we only need a
concentration bound for bounded random variables.
Let X; = fg(v}’al) with X; € [a,b] and define
M1 = b — a. Hoeffding’s inequality (Hoeffding,
1994) yields

“
Setting the right-hand side to ¢ and solving for ¢
gives that, with probability at least 1 — 6,

2
Lua(®) ~ LO)| > t) < zeXp<_2”;4v;1t )

val

|Lvat(8) — L(0)| < Myl log(2/9)

(42)

Myal

Final bound. Combining (38), (40) and (42), and
applying a union bound, we obtain the following
result.
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Theorem 1 (Finite-sample generalization bound).
Under Assumptions 1 and 2, for any fixed flow
model py and any 6 € (0,1), with probability
at least 1 — § over the draws of the training set
of size m and the validation set of size My, the
train—validation gap satisfies

2CRad L 7 /dugt
vm

log(2/9)

2Tnval

log(2/6
+3Mtrain ng(rn/)

(43)

‘j—lval(g) - itrain(e)’ <

+ Mval

A.6 Extension to the IS score

Let Linarg and Leonq denote the population loss of
the marginal and conditional flows, and let ﬁmarg
and Leo,q be the corresponding validation losses.
The population I score is

1S = Lmarg(v) - LCOHd(V|U)7 (44)
and the empirical I score is
18 = Linarg(V) = Leona(V|U).  (45)

The difference is

IS —1S5 = (Lmarg - Lmarg) - (Lcond - Lcond)'
(46)
By the triangle inequality,
’IS - IS’ < |Lmarg - Lmarg| + |Lc0nd - Lcond|-
47
Applying Theorem 1 (Eq. 43) separately to the
marginal and conditional flows yields a finite-
sample upper bound for the generalization error
of the I, estimator as the sum of the two individual
generalization gaps.

B Experiment Detail

In this section, we provide the experimental details
necessary to reproduce these experiments.

B.1 Evaluated Model and Datasets Details

In Table 4, we provide the metadata of the evaluated
models and their score on the 11 datasets. We
provide the statistics of the datasets used to evaluate
I, in table 5.

Model Dim. Ig

Zeta_Alpha_ES5_Mistral 4096 0.20
Ling_Embed_Mistral 4096 0.20
SFR_Embedding_Mistral 4096 0.19
bge_multilingual_gemma2 3584 0.19
GritLM_7B 4096 0.18
gte_Qwen2_7B_instruct 3584 0.17
stella_base_en_v2 768  0.13
all_MiniLM_L6_v2 384 0.13

Table 4: Information sufficiency of the evaluated models
by FLARE .

B.2 Downstream Task Evaluation

We deliberately select datasets that are either newly
released or underexplored to minimize the risk of
data leakage during embedding model pretraining.
As no established performance benchmarks for em-
bedding models exist on these datasets, we evaluate
downstream task performance ourselves following
the MTEB evaluation (Muennighoff et al., 2023)
protocol: F1 Macro for classification, Spearman
for STS, nDCG@ 10 for retrieval, and V-measure
for clustering.

Table 6 reports the average downstream task per-
formance of the eight evaluated embedding mod-
els, aggregated by task type. Overall, 7B-scale
instruction-tuned models (GritLM, SFR, Ling,
Zeta-Alpha) consistently outperform smaller mod-
els across all task categories. GritLM-7B achieves
the best classification performance (0.61), while
SFR-Embedding-Mistral leads on STS (0.67). The
two smaller models, stella-base-en-v2 and all-
MiniLM-L6-v2, show competitive performance on
classification but lag significantly on retrieval and
STS tasks.

Retrieval scores exhibit the largest variance,
partly because LIMIT is designed to stress-test
embedding-model capacity and yields low abso-
lute scores for all candidates.

B.3 Training Configuration

The flow architecture itself is described in Sec-
tion 3.3. Here we list the optimization hyperparam-
eters, which are shared across all 11 datasets and
all N=8 embedders without any per-dataset tuning,
so that the same training recipe is used end-to-end.
Both the marginal flow pg(v) and the conditional
flow pg(v | u) are trained with AdamW under
mixed precision (AMP), weight decay 1x1073,
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Dataset Task Train Val Total
apt-eval Classification 13,185 1,465 14,650
gtfintechlab Classification 12,250 2,625 14,875
BhashaBench-Finance Classification 12,105 1,346 13,451
Aug-STSB STS 33,635 3,738 37,373
LivNLP-STS STS 12,758 1,418 14,176
Philosophical-STS STS 58,560 6,507 65,067
AIR-Bench Retrieval 23,639 2,627 26,266
LIMIT Retrieval 45,000 5,000 50,000
arXiv ’25 Retrieval 2,610 290 2,900
FunPang Clustering 28,716 3,191 31,907
Reasoning Clustering 50,772 5,642 56,414
Table 5: Statistics of the datasets used in our experiments.
Model Classification STS Retrieval Clustering
bge_multilingual_gemma2 0.58 0.63 0.46 0.30
Zeta_Alpha_ES5_Mistral 0.57 0.65 0.53 0.31
GritLM_7B 0.61 0.64 0.50 0.32
SFR_Embedding_Mistral 0.57 0.67 0.53 0.26
Ling_Embed_Mistral 0.60 0.66 0.52 0.32
gte_Qwen2_7B_instruct 0.57 0.64 0.50 0.28
stella_base_en_v2 0.49 0.45 0.05 0.28
all_MiniLM_L6_v2 0.50 0.51 0.47 0.21

Table 6: Summary of the evaluated embedders and their performance on downstream datasets.

and EMA decay 0.999. The marginal flow uses
initial learning rate 2x 102, batch size 256, gradi-
ent accumulation 2, and at most 1,000 epochs; the
conditional flow uses initial learning rate 1x 1071,
batch size 64, gradient accumulation 4, and at most
500 epochs.

B.4 Comprehensive Results

The primary goal of our method is to rank candi-
date embedding models so that practitioners can
select the best one for a given downstream task
without access to labeled data. The correlation
coefficients reported in Table 7 validate that the
rankings produced by FLARE align with ground-
truth task performance.

We compare FLARE against four unsupervised
baselines: Uniformity, IsoScore, Silhouette Score,
and EMIR. Across 11 datasets spanning classi-
fication, STS, retrieval, and clustering, FLARE
attains the highest average Spearman correlation
(p = 0.70) and is the only method whose correla-
tion is positive on every dataset.

EMIR achieves an average Spearman correla-
tion of only —0.12, indicating that its rankings
frequently contradict ground-truth performance.
This is consistent with the well-known degrada-
tion of kernel-based density estimators in high-
dimensional spaces. On individual datasets, EMIR
shows high variance: while achieving moderate
positive correlations on some tasks (e.g., p = 0.33
on LivNLP-STS), it produces strongly negative cor-
relations on others (e.g., p = —0.52 on FunPang,
p = —0.43 on arXiv ’25). This instability limits its
practical utility for model selection.

IsoScore exhibits consistently poor performance
with an average of p = —0.27. These results con-
firm that FLARE provides the most reliable unsu-
pervised signal for embedding model selection.

C Ranking Stability under Subsampling

We evaluate whether the proposed FLARE yields
stable model rankings when the evaluation set
is randomly subsampled. For each dataset, we
subsample the evaluation set at ratios a €
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‘ Spearman’s p

‘ Pearson’s r

Dataset Task \ Uni. Iso. Sil. EMIR Ours\ Uni. Iso. Sil. EMIR Ours
apt-eval Class. | 036 -024 -021 007 043 | 050 -070 -042 -0.01 020
otfintechlab  Class. | -0.12 -0.50 0.00 -038 043 | 0.11 -042 -0.18 -046 0.14
BhashaBench Class. | 0.29 -045 002 012 081 | 044 -062 035 -012 0.59
Aug-STSB  STS | 0.14 005 024 -0.12 083 | 051 025 006 -0.11 0.68
LivNLP-STS STS | -0.18 -027 081 033 083 | 077 -041 083 039 0.94
Philo-STS STS | 007 -076 0.62 -038 043 | 0.82 -026 070 -051 049
AIR-Bench  Retr. | -0.14 -0.79 005 -024 071 | 070 -027 045 007  0.69
arXiv °25 Retr. | 055 0.14 -071 -043 076 | 0.72 -027 010 -033 0.62
LIMIT Retr. | -0.17 -071 057 002 081 | -014 -057 0.62 -028 0.62
FunPang Clust. | -0.14 050 -048 -052 090 | -052 082 -075 -057 0.83
Reasoning  Clust. | -0.14 0.07 000 021 076 | -033 -073 026 037 0.55
Average 005 -027 008 -012 070 | 033 -029 018 -0.14 058

Table 7: Comparisons with unsupervised baselines. FLARE achieves the highest consistency and average correlation.

{5%, 10%, 20%, 40%, 60%, 80%, 100%} without
replacement, and repeat this process 20 times. For
each a, we recompute scores using the same pre-
trained marginal and conditional flows and obtain
a ranking of embedding models. We then com-
pute the Spearman rank correlation p(«) between
the ranking induced by the subsampled evaluation
set and the reference ranking computed on the full
evaluation set (o« = 1.0), and report the deviation

A(a) = Ip(a) = p(LO).  (48)

We focus on Spearman correlation because our
goal is to assess the stability of model ranking for
model selection, rather than the linear agreement of
raw scores. Rank-based measures directly quantify
whether the relative ordering of models is preserved
under subsampling, which is the main quantity of
interest in this analysis.

Figure 4 shows the ranking deviation A ,(a) =
|pa. — prun| as a function of the subsampling ra-
tio « across all 11 datasets, grouped by task type.
Overall, I; rankings remain highly stable under
subsampling: for 8 out of 11 datasets, A, < 0.05
even when using only 20% of the validation data.

Among task types, clustering exhibits the high-
est stability, with both datasets maintaining A, <
0.025 across all subsampling ratios. Classifica-
tion and retrieval tasks also demonstrate strong
robustness, with most datasets showing only minor
deviations (A, < 0.045) even at very low a.

In contrast, STS datasets display larger variance
at small sample sizes; Aug-STSB shows the high-
est deviation (A, ~ 0.12) at o = 0.05, consis-
tent with correlation-based evaluation being more
sample-sensitive. However, these deviations dimin-
ish rapidly: once o > 0.2, all STS datasets achieve
A, <0.07.

These results demonstrate that I selection is
robust to evaluation subsampling, with 20-40%
of validation data typically sufficient for reliable
model ranking across diverse task types.

D Ablation Study

In this section, we conduct a set of ablation studies
to better understand the factors that contribute to
the effectiveness of our method. Unless otherwise
specified, all experiments are conducted using the
same evaluation protocol and datasets as in the
main experiments.

Experimental setup. For all ablation experi-
ments, we use the same pretrained models and
evaluation datasets as in the main experiments. Un-
less otherwise stated, we recompute the evalua-
tion scores under modified settings while keeping
all other components unchanged. Performance is
measured using Spearman correlation between the
predicted ranking and the ground-truth ranking.
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Spearman Correlation Deviation by Task Type
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Figure 4: Ranking stability under evaluation subsampling. We report the deviation A,(a) = |p(a) — p(1.0)],
where p(«) is the Spearman rank correlation between the model ranking induced by IS scores computed on a
subsampled evaluation set (ratio «) and the ranking computed on the full evaluation set (o = 1.0). Smaller values
indicate more stable rankings.
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D.1 Shuffle Ablation

To examine whether the proposed metric truly re-
lies on the correspondence between paired repre-
sentations, we conduct a shuffle-based ablation
with varying shuffle ratios. Specifically, for a given
ratio p € {0,0.1,0.2,0.4,0.6,0.8,1.0}, we ran-
domly select a p fraction of the evaluation samples
and permute the correspondence between U and
V' within this subset, while keeping the remaining
(1 — p) portion unchanged. This procedure pre-
serves the marginal distributions of both U and V'
but progressively destroys their pairwise alignment
as p increases.

For each shuffle ratio, we recompute the pro-
posed score and evaluate the resulting ranking
against the ground-truth downstream performance.
As shown in Table 8, the Spearman correlation gen-
erally degrades as p increases across datasets. At
p = 0, all datasets exhibit positive correlations
(avg. p = 0.70); at p = 1.0, correlations become
predominantly negative (avg. p ~ —0.40). The
transition point varies by task type: Classification
and STS datasets tend to flip sign at lower shuffle
ratios (p =~ 0.1), while Retrieval and Clustering
datasets maintain positive correlations longer (up
to p = 0.2-0.4). This behavior confirms that the
proposed metric critically depends on correct U-V
alignment rather than marginal statistics alone.

D.2 Full /; vs. Conditional-Only

To investigate the contribution of the marginal term
in the I, we conduct an ablation study comparing
the full /; formulation against a conditional-only
variant that omits the marginal likelihood compo-
nent.

Results. Table 9 and Figure 5 present the com-
parison between Full I; and Cond Only across all
11 datasets. The full I, formulation achieves an
average Spearman correlation of p = 0.70, sub-
stantially outperforming the Cond Only variant
(p = 0.21). Notably, Full I, outperforms Cond
Only on 9 out of 11 datasets. The advantage is
particularly pronounced on retrieval and clustering
tasks: on LIMIT, Full I achieves p = 0.81 com-
pared to —0.21 for Cond Only; on FunPang, the
gap is 0.90 vs. —0.36. These results indicate that
the conditional term alone captures only partial in-
formation about embedding quality. It measures
how well the source embedding predicts the target,
but fails to account for the intrinsic structure of the
target embedding space.

Interestingly, on a few datasets (apt-eval, gtfin-
techlab), Cond Only slightly outperforms Full /.
However, its performance is highly inconsistent,
with five datasets showing negative correlations.
Full I, in contrast, stays positive on all 11 datasets.

These findings confirm that both terms in the
I, formulation are necessary: the marginal term
captures target-side embedding quality, while the
conditional term measures cross-model informa-
tion transfer. Their combination yields a more reli-
able and consistent signal for unsupervised model
selection.

D.3 Aggregation Strategy

We investigate the impact of different aggregation
strategies for combining IS scores into a single
model score. We compare three methods: (1) arith-
metic mean, (2) median, and (3) 10% trimmed
mean (Trim10), which discards the top and bottom
10% of values before averaging.

As shown in Table 10, median aggregation con-
sistently outperforms alternatives, achieving the
highest Spearman correlation on 9 of 11 datasets
(average p = 0.70 vs. 0.52 for mean, a relative
improvement of 34.6%). For Pearson correlation,
median also leads with an average of r = 0.56
compared to 0.54 for mean and 0.53 for trimmed
mean.

The advantage of median aggregation is most
pronounced on STS, where it reaches p = 0.83 on
both Aug-STSB and LivNLP-STS, compared to
p < 0.45 for the mean. The mean is pulled by a
small number of pairs with anomalously high or
low IS scores, while the median is unaffected.

Exceptions include Philo-STS and arXiv ’25,
where mean or trimmed mean aggregation outper-
forms the median. For Philo-STS, mean aggre-
gation (p = 0.62) surpasses median (p = 0.43),
likely due to the smaller dataset size reducing the
prevalence of outlier scores. Similarly, on arXiv
’25, trimmed mean achieves the highest correlation
(p = 0.84), suggesting that while some outliers
exist, the distribution tails might contain valuable
signal for this specific retrieval task. Even with
these exceptions, the median is the safest default
across task families.

Based on these findings, we adopt median ag-
gregation as the default strategy throughout our
experiments.
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Dataset Task p=0 p=01 p=02 p=04 p=06 p=08 p=10

apt-eval Cls 043 -0.36 0.48 —-048 —-043 —-048 —-048
gtfintechlab Cls 043 -019 -024 -062 —-069 -074 —-0.64
BhashaBench Cls  0.81 -074 -062 -050 -050 —-043 -0.26

Aug-STSB STS 083 -0.83 —-0.81 —0.81 -093 057 -0.71
LivNLP-STS STS 083 -0.07 -0.10 —-055 =052 052 —-043
Philo-STS STS 043 -057 —-048 —-045 —-040 036 —-0.24

AIR-Bench Ret  0.71 0.76 0.24 0.69 —0.02 0.02 —0.55
arXiv ’25 Ret  0.76 0.71 0.36 0.64 0.43 0.50 0.48

LIMIT Ret  0.81 0.31 0.29 -081 —-0.67 —-036 —0.48
FunPang Clust  0.90 0.93 0.67 -083 —-090 —-090 —-0.90
Reasoning Clust 0.76 0.26 -043 -0.07 -0.02 -021 —-0.24

Table 8: Per-dataset Spearman correlation (p) under partial shuffle ablation. The column p = 0 corresponds to
the full method without shuffling. As shuffle proportion p increases, correlation with downstream performance
generally degrades.

Ablation: Full IS vs Cond Only

1.0

=+ Avg Full IS: 0.69

=+ Avg Cond Only: 0.21
B Full IS (Ours)
= Cond Only

Spearman rho

) & R

' N N Q' S S Y & >

% © g 2
\'>$ &S N & @ N

Dataset

Figure 5: Ablation: Comparison of correlation of Full I vs. conditional-only component.
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Dataset FullIS Cond Only
apt-eval 0.43 0.64
LIMIT 0.81 —0.21
Aug-STSB 0.83 0.67
LivNLP-STS 0.83 0.12
FunPang 0.90 —0.36
Philo-STS 0.43 —0.12
AIR-Bench 0.71 —0.07
arXiv ’25 0.76 0.71
BhashaBench  0.81 0.64
gtfintechlab 0.43 0.50
Reasoning 0.76 —0.21
Average 0.70 0.21

Table 9: Ablation comparing Full I; with Cond Only.
Full I achieves substantially higher correlation with
ground truth rankings (avg. p = 0.70 vs. 0.21), confirm-
ing the importance of the marginal term.

E Additional Analysis Details

This section provides full experimental results for
the analyses summarized in Section 5.5.

E.1 Assumption Validation

This section presents the full experimental details
for the three validation experiments summarized in
Section 5.5.

Logical structure of the test. Assumption 2
states that the dominant Jacobian singular direc-
tions of different coupling layers are approximately
independent. Together with a per-layer Lipschitz
factor close to 1, this implies that the total Lipschitz
constant of the L-layer flow grows approximately
linearly in L rather than exponentially, which is
the regime under which Theorem 1 provides a use-
ful generalization bound. The three experiments
are organized to verify this chain from comple-
mentary perspectives. Experiment 1 tests the core
geometric assumption by checking that the domi-
nant Jacobian directions of different layers are not
aligned. Experiment 2 verifies the required local
condition by showing that per-layer amplification
remains close to 1 while layers still perform non-
trivial transformations. Experiment 3 examines the
global consequence by directly probing whether
total perturbation amplification remains O(1) in
trained flows. The assumption itself cannot be ex-
haustively verified in high-dimensional parameter
spaces; instead, the quantitative agreement among
these three empirical observations is what makes

Assumption 2 plausible in practice. In terms of
scope, Experiment 1 is conducted on a small set
of representative conditional flows from the FUN-
PANG dataset, while Experiments 2 and 3 aggre-
gate statistics across conditional flows from all 11
datasets.

Experiment 1: Singular direction independence.
We first estimate each coupling layer’s Jacobian
dominant singular vector via randomized finite-
difference probing and compute pairwise | cos 6|
across all layer pairs (Table 11). Two indepen-
dent random vectors in R? have expected | cos 6| ~
1/ \/a = 0.016, which provides the natural inde-
pendence baseline: values at or below 0.016 indi-
cate that dominant directions of different layers are
no more aligned than random vectors.

The mean | cos 8| = 0.010 is consistently below
this baseline (ratio 0.65x on average across the
three pairs), and the worst single layer pair only
reaches 0.040. In other words, dominant singular
directions of different coupling layers are no more
aligned than randomly drawn unit vectors. We at-
tribute this to the alternating binary masks and the
random coordinate permutation applied after every
coupling block in our NSF backbone (Section 3.3):
each permutation rotates the “active” coordinate
subspace, so consecutive layers structurally can-
not inherit each other’s dominant directions. The
three model pairs span very different source/target
architectures yet produce nearly identical numbers,
supporting our claim in Section 5.5 that this is a
property of the backbone rather than of any partic-
ular embedding.

To strengthen the test beyond a single direction,
we also compute principal angles between the top-
3 singular subspaces of adjacent layers (Table 12).
Every reported angle lies in [87.6°,89.7°]: the top-
3 subspace of one layer projects onto that of the
next layer with magnitude at most cos(87.6°) ~
0.04, so even when we widen the comparison from
one direction to a three-dimensional subspace the
layers remain essentially orthogonal.

Experiment 2: Per-layer behavior. We charac-
terize each coupling layer by two complementary
quantities: the relative point-wise displacement
| f(y) —yll/|ly|l, which measures whether the layer
performs a non-trivial transformation rather than
collapsing to the identity, and the per-layer amplifi-
cation factor (the empirical Lipschitz factor probed
in random directions), which measures how much
it can stretch perturbations. Both are computed for
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Spearman p

Pearson r

Dataset Task Mean Median Triml0 Mean Median Trim10
apt-eval Class. 0.29 0.43 0.29 0.26 0.20 0.16
gtfintechlab Class. 0.38 0.43 0.17 0.36 0.14 -0.05
BhashaBench Class. 0.53 0.81 0.36 0.69 0.59 0.45
Aug-STSB STS 0.40 0.83 0.69 0.54 0.68 0.63
LivNLP-STS STS 0.45 0.83 0.52 0.55 0.94 0.53
Philo-STS STS 0.62 0.43 0.52 0.66 0.49 0.63
AIR-Bench Retr. 0.43 0.71 0.48 0.52 0.70 0.80
arXiv 25 Retr. 0.70 0.76 0.84 0.25 0.46 0.56
LIMIT Retr. 0.62 0.81 0.81 0.61 0.62 0.65
FunPang Clust.  0.81 0.90 0.88 0.95 0.83 0.93
Reasoning Clust. 0.52 0.76 0.60 0.56 0.55 0.57
Average 0.52 0.70 0.56 0.54 0.56 0.53

Table 10: Aggregation ablation comparing mean, median, and trimmed mean (10%). The median aggregation (Ours)

achieves the highest consistency (p = 0.70).

Model Pair Mean |cosf)| Max Ratio
bge — Zeta 0.012 0.040 0.75x
GritLM — SFR 0.011 0.030 0.69x
gte — Ling 0.009 0.024 0.56x
Average 0.010 0.040 0.65x

Table 11: Inter-layer cosine similarity of dominant sin-
gular vectors. The random baseline is 1/v/d = 0.016;
all observed values are below it.

Layer Pair  Principal Angles
Lo+ Ly 87.8°, 88.4°, 89.6°
Ly < Lo 87.6°, 88.6°, 89.7°
Lo < L3 87.8°, 88.2°, 89.2°
L3+ Ly 88.3°, 88.8°, 89.7°
Ly Ly 88.7°, 89.6°, 89.7°

Table 12: Principal angles between adjacent layers’ top-
3 singular subspaces.

every coupling layer of conditional flows trained
on all 11 datasets (Table 13). The mean displace-
ment of 0.390 shows that layers do meaningful
work, while the geometric-mean amplification of
1.049 confirms that the per-layer Lipschitz factor
is close to 1, satisfying the precondition required
for Assumption 2 to deliver a useful linear-growth
bound.

Metric Value
Mean displacement per layer 0.390
Median 0.383
Max 0.586
Per-layer amplification (geo. mean) 1.049

Table 13: Per-layer relative displacement ||f(y) —
yl|/||y|| across the conditional flows.

Experiment 3: Perturbation amplification. We
test the consequence directly. For each conditional
flow we add a random-direction perturbation of
norm €=0.01 to the input and measure the result-
ing relative output change || f (v + eu) — f(y)||/e
after the full sequence of 18 atomic transforms
(Table 14). Random-direction probing does not cer-
tify a worst-case Lipschitz bound, but, combined
with the near-orthogonality of dominant singular
directions verified in Experiment 1, it provides a
faithful empirical estimate of the typical amplifica-
tion a perturbation experiences in the trained flow.
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The mean probed amplification of 2.38x closely
matches the per-layer factor of 1.049 compounded
over 18 layers (1.049'® ~ 2.38), and is many or-
ders of magnitude smaller than what even mildly
larger per-layer factors would produce (Table 15).

Metric Value
Mean total amplification 2.38x
Std 0.22
Min / Max 1.94/2.79
Per-layer geometric mean 1.049

Table 14: Perturbation amplification across the 18
atomic transforms. The observed O(1) amplification is
consistent with linear Lipschitz growth.

Per-layer o  Total (c'%)

1.049 (ours) 2.38%
1.1 5.6 %
1.5 1,478 %
2.0 262,144

Table 15: Comparison of observed amplification with
hypothetical exponential growth at different per-layer
rates.

The three experiments together pin down distinct
links of the same chain: non-alignment between
layer Jacobians (Experiment 1), near-unit per-layer
amplification (Experiment 2), and bounded global
amplification of the full flow (Experiment 3). Their
numerical agreement places the trained flows in the
regime where the linear Lipschitz bound underly-
ing Theorem 1 is empirically realized.

E.2 Top-3 Model Identification

For each dataset we form two unordered sets of size
three: GT-TOP3, the three highest-scoring models
under the supervised metric, and FLARE-ToOP3,
the three highest-scoring models under FLARE’s
information-sufficiency score I;. The reported
overlap is the number of models shared by the two
sets, ranging from O to 3, and is order-agnostic.
Ties in either ranking are broken in a fixed lexi-
cographic order over model names; with the gaps
observed in our pool (IN=8) this only affects fewer
than three borderline assignments.

The Top-3 overlap targets the practitioner-
relevant question of whether the ranker surfaces the
genuinely best models for deployment. In practice
only the top few candidates are actually deployed,

so a low full-ranking Spearman p does not by itself
indicate a poor selector: as long as the Top-3 is
correct, mid- and bottom-rank shuffles are incon-
sequential. By contrast, Spearman p over the full
N =8 list (used in the main results) over-penalises
such harmless permutations, while Top-1 is too sen-
sitive to a single GT measurement. Top-3 strikes a
compromise: with V=8 the random-selection base-
line yields an expected overlap of only 9/8=1.125
and produces a perfect 3/3 match less than 2% of
the time, so even 2/3 already strongly suggests a
non-trivial signal.

Table 16 reports the per-dataset breakdown.
Across datasets, the four with 3/3 overlap (Fun-
Pang, LIMIT, Aug-STSB, LivNLP-STS) are also
those with the largest GT gap between the top-
3 cluster and the rest, which makes the deci-
sion boundary unambiguous. Conversely, datasets
where the supervised top-3 scores are tightly clus-
tered tend to yield smaller overlaps, suggesting that
the difficulty of Top-3 identification is largely set
by the GT separability of the candidate models.

E.3 Bootstrap Confidence Intervals

The most actionable risk for a small candidate pool
(IN=_8) is that the ranking depends on which mod-
els happen to be included. To probe this, we run
a leave-one-out bootstrap over the 8-model pool
on the per-dataset 8 x 8 information-sufficiency
matrix: for each of the 8 source models we drop
one model at a time, recompute the per-source IS
score and Spearman p against the supervised rank-
ing on the remaining 7 models, and report the range
[Pmin, Pmax] across the 8 resampled replicates as a
non-parametric confidence interval. The aggregate
row in Table 3 averages the 11 per-dataset point
estimates and the per-dataset [pmin, fmax| bounds.

The width of the resampled range (Table 3) is
itself informative. The narrowest ranges (Fun-
Pang [0.857, 0.964], BhashaBench [0.739, 0.919])
appear on datasets where the IS scores are well
separated, so removing any single model leaves the
remaining ordering largely intact. Conversely, the
widest range (gtfintechlab [0.143,0.607]) is on a
small classification benchmark with tightly clus-
tered ground-truth scores, where one model’s in-
clusion can flip several adjacent ranks. In every
dataset pnin remains positive, and the aggregate
lower bound (0.583) stays well above 0, so the
positive-correlation finding does not hinge on the
inclusion of any particular model.
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Dataset Task GT Top-3 FLARE Top-3 Overlap
Aug-STSB STS Ling, SFR, GritLM SFR, GritLM, Linq 3/3
LivNLP-STS  STS Ling, SFR, BGE SFR, Ling, BGE 3/3
LIMIT Retrieval Zeta, Ling, SFR Linq, SFR, Zeta 3/3
FunPang Clustering Linq, Zeta, SFR Zeta, Ling, SFR 3/3
AIR-Bench Retrieval Zeta, SFR, Qwen2 Zeta, GritLM, SFR 2/3
arXiv ’25 Retrieval GritLM, Linq, Zeta Linq, SFR, Zeta 2/3
Reasoning Clustering SFR, GritLM, Zeta Zeta, SFR, Ling 2/3
gtfintechlab Class. Zeta, BGE, Linq Zeta, Ling, SFR 2/3
apt-eval Class. GritLM, Linq, BGE Ling, BGE, Qwen2 2/3
Philo-STS STS Ling, Qwen2, SFR SFR, Linqg, Zeta 2/3

BhashaBench Class.

GritLM, Qwen2, BGE Zeta, GritLM, SFR 1/3

Table 16: Top-3 model identification across all 11 datasets. FLARE achieves exact 3/3 overlap on 4/11 (36.4%)
datasets and at least 2/3 overlap on 10/11 (90.9%) datasets.

E.4 Weight Perturbation Robustness

For each trained conditional flow we form a per-
turbed copy by adding i.i.d. Gaussian noise to ev-
ery parameter tensor, scaled to the tensor’s own
magnitude: for tensor W with mean absolute
magnitude [W|, AW ~ N(0, (o [W])?I). Per-
tensor scaling avoids a single global noise level
overwhelming small-magnitude tensors (e.g. Act-
Norm scales) while leaving large-magnitude ones
untouched, and gives the standard flat-minimum
probe interpretation (Hochreiter and Schmidhu-
ber, 1997; Keskar et al., 2017). We sweep o €
{1%, 2%, 5%, 10%, 20%} with 3 noise draws per
configuration, evaluate the conditional NLL of the
clean and perturbed flows on the held-out validation
split, and report the relative change ANLL /NLL
in Table 17.

The median relative NLL change stays below
0.03% for ¢ < 5% and reaches only 1.22% at
0=20%, indicating that trained flows sit in flat
basins and are essentially insensitive to small pa-
rameter perturbations. The widening gap between
median and mean shows that sensitivity is concen-
trated in a small number of pairs rather than being
a generic property of the ensemble.

o Median Mean Std Max
1% +0.00% +0.09% 0.54% 5.11%
2%  +0.01% +0.29% 1.13% 9.58%
5%  +0.02% +1.21% 3.52% 38.3%
10% +0.13% +3.89% 897% 81.3%
20% +1.22% +16.4% 36.6% 389%

Table 17: Relative NLL change (%) under weight pertur-
bation across 616 model pairs from 11 datasets. Median
values are reported alongside mean, std, and max. At
0<5%, the median NLL change remains below 0.03%,
indicating that the vast majority of trained flows reside
in flat, stable minima.
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