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Abstract

Reinforcement Learning with Verifiable Re-
wards (RLVR) for LLM reasoning is often
framed as balancing exploration and exploita-
tion in action space, typically operationalized
with token-level proxies (e.g., output entropy
or confidence). We argue that this appar-
ent trade-off is largely a measurement arti-
fact: token-level statistics reflect next-token
uncertainty rather than how reasoning pro-
gresses over multi-token semantic structures.
We therefore study exploration and exploita-
tion in the hidden-state space of response tra-
jectories. We use Effective Rank (ER) to quan-
tify representational exploration and introduce
its temporal derivatives, Effective Rank Ve-
locity (ERV) and Effective Rank Acceleration
(ERA), to characterize exploitative refinement
dynamics. Empirically and theoretically, ER
and ERV exhibit near-zero correlation in se-
mantic space, suggesting the two capacities
can be improved simultaneously. Motivated
by this, we propose Velocity-Exploiting Rank
Learning (VERL), which shapes the RLVR ad-
vantage with an auxiliary signal derived from
ER/ERV and uses the more stable ERA as
a meta-control variable to adaptively balance
the incentives. Across multiple base mod-
els, RLVR algorithms, and reasoning bench-
marks, VERL yields consistent improvements,
including large gains on challenging tasks (e.g.,
21.4% in Gaokao 2024). The code is available
at https://github.com/hf618/VERL.

1 Introduction

Recent advancements in Reinforcement Learning
with Verifiable Rewards (RLVR) have substantially
improved the reasoning abilities of Large Language
Models (LLMs). A dominant narrative in recent
work (Chen et al., 2025b; Yue et al., 2025; Deng
et al., 2025a; Agarwal et al., 2025) interprets this
progress through the lens of balancing exploration
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Figure 1: Comparative analysis of responses from
DeepSeek-R1-Distill-Qwen-7B on simpleRL test set
(Zeng et al., 2025). (a) Traditional metrics for exploita-
tion & exploration constrained by negative coupling,
leading to meandering progress for both capabilities. (b)
Our hidden-state metrics are structurally decoupled, cap-
turing complementary aspects of semantic exploration
and exploitation. (c) Training regularization with our
metrics demonstrates stronger performance in both ex-
ploitation (small K) and exploration (large K).

(seeking diverse reasoning paths) and exploita-
tion (refining the most promising known strate-
gies). In practice, however, these notions are al-
most exclusively operationalized in the token-level
action space: exploration is associated with high-
entropy next-token distributions, while exploitation
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is linked to high-confidence ones. These token-
level proxies are convenient to compute, yet they
primarily measure uncertainty about the next to-
ken. As a result, the widely discussed “exploration–
exploitation trade-off” (Fig. 1a) in reasoning may
reflect the limitations of these proxies, instead of
an inherent property of reasoning behavior.

This mismatch becomes more evident when dis-
tinguishing the action space from the semantic
space in LLM reasoning. Reasoning progress
is better viewed as transitions between semantic
states, traversing concepts, subgoals, and partial
derivations that span many tokens (Wei et al., 2022;
Yao et al., 2023), while token sampling occurs in
the action space. Token-level proxies (e.g., next-
token entropy) can therefore misattribute local sam-
pling uncertainty to semantic progress, leading to
two failure modes: higher entropy may only am-
plify lexical variability without reaching new se-
mantic directions, whereas lower entropy may col-
lapse the trajectory too early into a familiar se-
mantic region (Fu et al., 2025; Qiao et al., 2025;
Agarwal et al., 2025).

Prior work has shown that pre-trained LLM hid-
den states naturally encode rich semantic struc-
ture (Huang et al., 2025; Jing et al., 2025) and rea-
soning dynamics (Cheng et al., 2026; Deng et al.,
2025b). These findings suggest that hidden states
can serve as a continuous representation of the
model’s evolving semantic state. Thus, this mo-
tivates that exploration and exploitation should be
defined over trajectories in semantic space (how
broadly the representation spans semantic direc-
tions, and how it refines within a region), rather
than over token distributions in action space. We
therefore ask: Is the exploration–exploitation trade-
off intrinsic to reasoning, or largely an artifact of
measuring it in the token-level action space?

To answer this, we step out of the action space
and study exploration and exploitation directly in
a semantic space induced by transformer hidden-
state representations. In this semantic space, we
quantify representational exploration by Effective
Rank (ER), which measures how broadly a hidden-
state trajectory spans semantic directions (Valeriani
et al., 2023; Matthews et al., 2024; Jing et al., 2025).
Following this intuition, we quantify representa-
tional exploitation by the temporal evolution of this
span: Effective Rank Velocity (ERV) captures how
semantic complexity is refined along the trajectory,
and Effective Rank Acceleration (ERA) captures
whether this refinement is sustaining, accelerat-

ing, or saturating. Equipped with these semantic-
trajectory measures, we uncover a striking empiri-
cal result: ER and ERV exhibit near-zero correla-
tion (Fig. 1b). This provides evidence that the com-
monly perceived exploration–exploitation trade-off
is not intrinsic to LLM reasoning, but largely an ar-
tifact of measuring both notions in the token-level
action space. Moreover, the two capacities can be
decoupled and improved simultaneously in seman-
tic space, as shown in Fig. 1c.

Building on this insight, we propose Velocity-
Exploiting Rank Learning (VERL), a plug-and-
play advantage-shaping method that optimizes
exploration and exploitation in semantic space.
VERL augments the RL advantage with auxiliary
incentives derived from ER (encouraging broader
semantic directions to avoid premature collapse)
and ERV (reinforcing productive semantic refine-
ment). Crucially, VERL uses ERA as a meta-
control signal to adapt the strength of these in-
centives over training, as ERA tracks the trend
of semantic refinement (i.e., whether exploitation
is accelerating or saturating) and is theoretically
more stable under short-term fluctuations (Sec. 3).
Across diverse base models, RL algorithms, and
reasoning benchmarks, VERL yields consistent im-
provements across evaluation settings, including up
to 21.4% absolute accuracy gain on the challenging
Gaokao 2024 benchmark.

Our contributions are summarized as follows:

• We recast exploration and exploitation from
the token-level action space to a hidden-state
semantic space, introducing ER, ERV, and
ERA to measure semantic trajectories.

• We show that ER and ERV are nearly uncor-
related in the semantic space. This evidence
suggests that the commonly reported trade-
off is largely induced by token-level measure-
ments rather than being an intrinsic constraint
of reasoning.

• We present VERL, a plug-and-play method
that improves both exploration and exploita-
tion in the semantic space, and show consis-
tent gains across models, RL algorithms, and
benchmarks.

2 Preliminaries

2.1 Problem Formulation and Notations
We adopt an RLVR perspective for LLM reasoning.
Given a prompt x „ Px, an LLM policy πθp¨ | xq
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generates a trajectory y0:T “ py0, . . . , yT q with
T ď Lmax. A scalar reward function rpx, yq is
used to evaluate the quality of the completed tra-
jectory y given the prompt x. We aim to learn the
parameters θ by maximizing the expected reward,
where ϕ represents the optimal solution:

ϕ “ argmax
θ

Ex„PxEy„πθp¨|xq rrpx, yqs . (1)

A common view (Chen et al., 2025b; Cheng
et al., 2026; Deng et al., 2025a) is that optimizing
this objective entails an exploration–exploitation
trade-off: the policy must explore diverse paths
to discover high-reward solutions while exploiting
reliable strategies that consistently succeed.

2.2 Reinforcement Learning Baselines
Proximal Policy Optimization (PPO) (Schulman
et al., 2017) is an RL algorithm that seeks to maxi-
mize a clipped surrogate objective, which prevents
excessively large policy updates that may destabi-
lize training. The objective is defined as:

LPPOpθq “ Ex,y

”

|y|
ÿ

t“1

min
`

ρtpθqAt, ρ̄tpθqAt

˘

ı

,

ρ̄tpθq :“ clip
1`ϵhigh
1´ϵlow

`

ρtpθq
˘

,
(2)

where ρtpθq :“ πθpyt|x,yătq

πθold
pyt|x,yătq

is the probability ra-
tio between the current and old policies, and At

is the estimated advantage, often calculated using
Generalized Advantage Estimation (GAE) (Schul-
man et al., 2016), with clipping thresholds ϵ.

Group Relative Policy Optimization (GRPO)
from (Shao et al., 2024) computes a baseline di-
rectly from the rewards of multiple trajectories. For
a given prompt, GRPO samples a group of G re-
sponses, obtains their rewards triu

G
i“1, and normal-

izes them to compute the group-relative advantage
for each response:

Ai :“
`

ri ´meanptrju
G
j“1q

˘L

stdptrju
G
j“1q. (3)

This response-level advantage is then uniformly
propagated to all tokens in the output sequence and
optimized using the PPO-style objective in Eq. 2.

2.3 Hidden State Representations
Response hidden states. For an autoregressive
response of length T , let zt P RD denote the fi-
nal hidden state at token t. Stacking them yields

Z “ rz1; . . . ; zT s P RTˆD, which we view as a
semantic trajectory. Dataset hidden states. Given
N prompts, we summarize the i-th response by
z̄i “ 1

Ti

řTi
t“1 zi,t (Skean et al., 2025), and stack

them into Z̄ “ rz̄1; . . . ; z̄N s P RNˆD to represent
the dataset-level semantic distribution.

3 A Hidden-State Perspective on
Representational Dynamics

Assumption. Building on prior studies (Skean
et al., 2025; Jing et al., 2025), which show that lin-
guistic and factual properties can be recovered from
hidden states, our analysis assumes that semantic
factors are approximately linearly decodable from
hidden states. Our theoretical analysis is based on
this assumption about representation.

3.1 Semantic Exploration: Effective Rank
(ER)
We use Effective Rank (ER) as a proxy for seman-
tic diversity, as it increases when hidden states are
more evenly distributed across non-redundant la-
tent directions and decreases when they collapse
onto a few dominant ones. Following (Roy and
Vetterli, 2007), we define the Effective Rank of
a response hidden-state matrix Z P RTˆD us-
ing its (non-padding) singular values tσju. Let
pj “ σj{

ř

k σk, then

ERpZq :“ erankpZq “ exp
”

´
ř

j pj log pj

ı

.

(4)
We interpret ER as representational breadth in

the hidden-state semantic space: larger ER indi-
cates that the trajectory spans a broader set of se-
mantic directions, while smaller ER suggests con-
centration in fewer directions.

Theorem 3.1. Suppose we have a matrix of em-
beddings Z P RTˆD. Then the ER of Z is a lower
bound of conventional rank of Z:

1 ď erankpZq ď rankpZq ď mintT,Du. (5)

Remark 3.2. While rank is discrete and blind to
spectral concentration, ER is a continuous effective-
dimensionality measure that grows as the singular
spectrum flattens. Details are in Appendix. E.2.

3.2 Semantic Exploitation: Effective Rank
Velocity (ERV) and Acceleration (ERA)
ER provides a static measure of how broadly a
hidden-state trajectory spans semantic directions.
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Figure 2: Response-level metrics during GRPO post-training, smoothed with a 10-step rolling window. Metrics are
shown for the Overall batch, as well as for subsets of Correct and Incorrect samples. The rightmost column displays
the average Critic Score (reward) and Response Length per batch.

To capture how this semantic breadth evolves dur-
ing reasoning—whether the trajectory continues to
expand into new directions, steadily refines within
a region, or gradually saturates—we introduce
two temporal-difference metrics: Effective Rank
Velocity (ERV) and Effective Rank Acceleration
(ERA). Importantly, these dynamics are defined
in semantic space through hidden-state represen-
tations rather than in the token-level action space.
This choice aligns with our view that exploitation
reflects productive semantic refinement, which is
more than just low-entropy sampling.
Setup. Let M be any trajectory metric computed
on hidden states (like M “ ER). Given a response
of length T , let mt denote the value of M com-
puted on the prefix hidden-state matrix up to posi-
tion t. To reduce sensitivity to short-range token
fluctuations and control computation, we evaluate
the metric every s tokens, where s is the tempo-
ral stride. Then, define the evaluation indices as
T “ ts, 2s, . . . ,Ksu, where K “ tpT ´ 1q{su.

Definition 3.3 (ERV, denoted by ∆
p1q

M , as the aver-
age historical-baseline deviation). For each step
j P T , we define the per-step historical-baseline
deviation from the historical-prefix average:

δj¨s :“ mj¨s ´
1

j ´ 1

j´1
ÿ

k“1

mk¨s. (6)

It measures whether current prefixes tend to ex-
ceed earlier-prefix averages, rather than the one-
step change mt ´ mt´1. Thus, this form contrasts
the current semantic breadth with the historical
average over earlier prefixes. This tracks net se-
mantic progress against running history, aligning
with exploitation as greedy trajectory refinement

under the current policy guidance (Appendix. E.3).
A large positive δj¨s indicates that the trajectory at
step j ¨ s expands semantic breadth beyond its pre-
vious trend; a small value suggests that semantic
expansion is no longer outpacing the past.

Then, we average these δj¨s of the response to
obtain the average historical-baseline deviation for
the whole reasoning trajectory:

∆
p1q

M :“
1

K ´ 1

K
ÿ

j“2

δj¨s. (7)

We specialize it as ERV :“ ∆
p1q

ER , and interpret
it as a measure of exploitation in semantic space
during reasoning: sustained positive ERV reflects
consistent representational refinement along the
current reasoning path, whereas small ERV indi-
cates diminishing returns and potential stagnation.

To quantify the changes in semantic breadth
across different steps, we define the consecutive-
step increments as ∆mr¨s :“ mr¨s ´ mpr´1q¨s,
where r P T . This represents the difference in
the metric M at every s-th step of the trajectory.
We can then rearrange δj¨s, the historical-baseline
deviation, as follows:

δj¨s “
1

j ´ 1

j
ÿ

r“2

pr ´ 1q∆mr¨s, j ě 2, (8)

which shows that δj¨s is a time-weighted average
of local increments, giving more weight to recent
∆mr¨s. This provides a dynamic measure of se-
mantic progress, emphasizing how the trajectory
evolves over time.

Definition 3.4 (ERA, denoted by ∆
p2q

M , as the av-
erage change of historical-baseline deviation). To
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Figure 3: Visualization of dataset-level metrics during GRPO post-training. The figure compares traditional rank-
based metrics with our effective-rank-based metrics. Also shown are the validation score and sample correctness,
both averaged over the validation dataset.

capture whether the refinement dynamics are accel-
erating or saturating, we define the average change
of historical-baseline deviation:

∆
p2q

M :“
1

K ´ 2

K
ÿ

j“3

“

δj¨s ´ δpj´1q¨s

‰

. (9)

Interpretation. We specialize ERA :“ ∆
p2q

ER . Pos-
itive ERA indicates that the semantic refinement
reflected by δj¨s is strengthening over time (accel-
erating refinement), while negative ERA suggests
that refinement is weakening, consistent with stabi-
lization or saturation in a narrow semantic region.
In later sections, we leverage this stability-oriented
signal to modulate training incentives in a princi-
pled and adaptive manner.

3.3 Scaling Properties of Semantic-Space
Dynamics

In Sec. 3.1 and Sec. 3.2, we defined ER, ERV, and
ERA on the hidden-state trajectory of a single re-
sponse, i.e., in the model’s semantic space. We now
study how these representational dynamics scale at
two levels: (i) dataset-level scaling as the number
of responses N grows, and (ii) trajectory-level
scaling as the reasoning length T increases. The
key observation is that both settings can be ana-
lyzed through the same lens: the effective number
of approximately orthogonal semantic directions,
denoted by k. The following proposition provides
a unified framework.

Proposition 3.5. Assume a hidden-state matrix has
effective support on k approximately orthogonal
directions. Then ER and its corresponding ERV
are upper-bounded linearly by k: ER “ Opkq and

∆
p1q

ER “ Opkq. In contrast, the corresponding ERA
does not scale with k: ∆p2q

ER “ Op1q.

Remark 3.6. Prop. 3.5 admits two interpreta-
tions, depending on what the rows of Z represent.
Dataset level: with Z “ Z̄ P RNˆD (rows are
response embeddings), k measures the number of
distinct semantic modes covered by the dataset, so
ER/ERV grow with diversity of reasoning across
questions while ERA stays Op1q. Response level:
with Z P RTˆD (rows are step-wise hidden states
along one trace), k measures how many reasoning
steps add non-redundant semantic directions for a
given question, so ER/ERV indicates novelty of rea-
soning within a response and Op1q ERA indicates
non-saturating refinement.

4 Empirical Evidence for Decoupling in
Semantic Space

We empirically study how exploration and exploita-
tion evolve in the hidden-state semantic space dur-
ing RLVR training. Concretely, we track both
conventional rank and our semantic-space metrics
(ER, ERV, ERA) throughout GRPO post-training.
We experiment with Qwen (Hui et al., 2024) and
Llama (Grattafiori et al., 2024) under the GRPO
paradigm (Shao et al., 2024), using the training
configuration of Zeng et al. (2025): 8k hard MATH
problems (level 3-5), each paired with a verifiable
reference answer. Complementary theoretical anal-
ysis is available in Appendix. E.1.

4.1 Analysis of Response-Level Metrics

At each training step, we compute response-level
metrics on the current batch (Overall / Correct /
Incorrect) as shown in Fig. 2, with additional anal-
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yses deferred to Appendix. G.1.
ER varies by model, while ERV increases

consistently across models. Although RL con-
sistently improves task performance, it induces dif-
ferent exploration patterns across base models in
semantic space. As shown in the first column of
Fig. 2, Qwen exhibits an increasing ER, suggesting
broader coverage over semantic directions, whereas
Llama shows a decreasing ER, consistent with a
more concentrated trajectory. In contrast, ERV
(second column) exhibits a consistent upward trend
for both models, indicating that RL fine-tuning re-
liably strengthens semantic refinement dynamics.
Concretely, representations evolve in a way that
increasingly outpaces their historical trend, even
when the models differ in their exploration breadth.

ERA is more strongly aligned with outcome-
relevant refinement than ER or ERV alone. We
further compare correct vs. incorrect trajectories
in Fig. 2. Interestingly, incorrect samples often
exhibit higher ER and ERV than correct ones, sug-
gesting that larger semantic breadth (high ER) or
faster growth relative to the past (high ERV) can re-
flect unproductive expansion that drifts away from
a correct solution. In contrast, ERA is consistently
higher for correct trajectories, indicating that cor-
rect reasoning is characterized not merely by being
“large” or “fast”, but by an increasingly coherent re-
finement where the refinement dynamics strengthen
over time. This suggests that ERA is a more reli-
able indicator of robust reasoning than zero- or
first-order quantities of the ER dynamics.

4.2 Analysis of Dataset-level Metrics
Following Sec. 2, we extend the analysis from in-
dividual trajectories to the validation set by con-

structing the dataset hidden-state matrix Z. We
then track the zero-, first-, and second-order dy-
namics of erankpZq during training (Fig. 3), with
additional studies in Appendix. G.2.

Policy improvement correlates with expand-
ing dataset-level semantic diversity. Across train-
ing, we observe that validation performance (accu-
racy and score) co-evolves with dataset-level ER
dynamics. As optimization proceeds, erankpZq

and its temporal differences tend to increase, sug-
gesting that the learned policy occupies a richer set
of semantic directions across the same problem set.
The upward trends of ERV and ERA further indi-
cate that the policy becomes progressively more ef-
fective at refining and expanding this dataset-level
semantic space toward correct solutions.

ER reveals refinement even when conven-
tional rank plateaus. In late-stage training, con-
ventional rank may plateau, suggesting that the
number of linearly independent directions in Z no
longer increases. However, ER can continue to
rise, revealing a subtler improvement: the singu-
lar spectrum becomes more balanced, meaning the
model utilizes existing semantic directions more
uniformly rather than concentrating energy on a
few dominant ones. This reduced redundancy in-
dicates refinement within the established semantic
space, beyond what discrete rank alone can capture.

5 Velocity-Exploiting Rank-Learning

Building on Sec. 3 and the empirical findings
in Sec. 4, we propose Velocity-Exploiting Rank
Learning (VERL), an advantage-shaping approach
that injects semantic-space signals derived from
hidden-state dynamics into standard RL objec-
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Table 1: Performance comparison of models on mathematical reasoning benchmarks (Pass@1). “+ GRPO” and “+
PPO” denote RL fine-tuning using the GRPO and PPO frameworks, respectively. “w/ VERL” indicates incorporating
our VERL into the corresponding RL algorithm. ∆ represents the performance contrast between original RL method
and its VERL variant. See Appendix. G.3 for full details.

Model AIME24 AIME25 AMC23 AMC24 ASDiv Carp_En CMATH Gaokao
2024_I

Gaokao
2024_Mix

Gaokao
MathCloze GSM8K MAWPS Olympiad

Bench SVAMP TabMWP Avg.

Llama-3.2-3B-Instruct 0.0 0.0 25.0 11.1 74.6 26.5 10.2 14.3 14.3 6.8 66.6 86.9 12.7 74.1 41.4 31.0
+ GRPO 3.3 0.0 27.5 8.9 88.8 45.0 28.3 21.4 20.9 23.7 80.7 96.0 16.7 87.7 71.7 41.4
+ GRPO w/ VERL 13.3 6.7 25.0 11.1 89.3 45.4 46.2 14.3 22.0 22.9 81.7 96.0 17.6 87.8 72.3 43.4
∆GRPO +10.0 +6.7 -2.5 +2.2 +0.5 +0.4 +17.9 -7.1 +1.1 -0.8 +1.0 +0.0 +0.9 +0.1 +0.6 +2.0
+ PPO 10.0 3.3 22.5 13.3 87.9 46.4 21.2 7.1 16.5 20.3 81.4 95.5 17.8 86.8 71.0 40.1
+ PPO w/ VERL 10.0 3.3 25.0 11.1 88.7 46.0 30.7 14.3 19.8 27.1 82.9 95.7 17.3 85.8 71.3 41.9
∆PPO +0.0 +0.0 +2.5 -2.2 +0.8 -0.4 +9.5 +7.2 +3.3 +6.8 +1.5 +0.2 -0.5 -1.0 +0.3 +1.9

Qwen2.5-7B 6.7 0.0 45.0 15.6 91.4 55.8 86.7 42.9 33.0 49.2 85.8 95.4 25.8 88.5 82.8 53.6
+ GRPO 10.0 6.7 55.0 26.7 94.8 60.2 91.7 14.3 34.1 64.4 90.2 97.6 36.1 92.8 91.3 57.7
+ GRPO w/ VERL 13.3 10.0 50.0 28.9 95.0 60.8 90.7 35.7 35.2 69.5 89.2 97.7 35.4 92.9 91.9 59.8
∆GRPO +3.3 +3.3 -5.0 +2.2 +0.2 +0.6 -1.0 +21.4 +1.1 +5.1 -1.0 +0.1 -0.7 +0.1 +0.6 +2.1
+ PPO 6.7 3.3 50.0 33.3 94.9 59.6 89.8 28.6 31.9 63.6 89.1 97.3 36.1 92.8 90.8 57.9
+ PPO w/ VERL 10.0 6.7 52.5 33.3 94.8 60.0 90.3 28.6 34.1 66.9 90.2 97.8 36.1 92.5 90.6 59.0
∆PPO +3.3 +3.3 +2.5 +0.0 -0.1 +0.4 +0.5 +0.0 +2.2 +3.3 +1.1 +0.5 +0.0 -0.3 -0.2 +1.1

Table 2: Performance comparison of models on mathematical reasoning benchmarks (Pass@k). “+ GRPO” and “+
PPO” denote RL fine-tuning using the GRPO and PPO frameworks, respectively. “w/ VERL” indicates incorporating
our VERL into the corresponding RL algorithm. ∆ represents the performance contrast between original RL method
and its VERL variant. See Appendix. G.4 for full details.

Model MATH500 (Pass@16) AMC23 (Pass@128) AMC24 (Pass@128) AIME24 (Pass@256) AIME25 (Pass@256) Avg.

Llama-3.2-3B-Instruct 79.8 93.5 51.5 40.0 30.0 58.96
+ GRPO 80.2 95.4 60.6 40.0 30.0 61.24
+ GRPO w/ VERL 80.6 95.7 59.0 50.0 36.7 64.40
∆GRPO +0.4 +0.3 ´1.6 +10.0 +6.7 +3.16
+ PPO 82.2 94.5 57.0 46.7 36.7 63.42
+ PPO w/ VERL 82.4 94.7 57.8 46.7 40.0 64.32
∆PPO +0.2 +0.2 +0.8 +0.0 +3.3 +0.90

Qwen2.5-7B 90.6 98.4 73.7 60.0 60.0 76.54
+ GRPO 90.8 97.8 78.3 56.7 50.0 74.72
+ GRPO w/ VERL 91.4 98.3 79.0 63.3 60.0 78.40
∆GRPO +0.6 +0.5 +0.7 +6.6 +10.0 +3.68
+ PPO 91.2 98.6 74.3 53.3 56.7 74.82
+ PPO w/ VERL 91.4 98.0 74.4 56.7 66.7 77.44
∆PPO +0.2 ´0.6 +0.1 +3.4 +10.0 +2.62

tives. Conventional RLVR optimizes rewards in
the token-level action space, but does not explic-
itly regulate how reasoning trajectories evolve in
representation space. This can yield inefficient up-
dates, e.g., unproductive semantic expansion or
premature collapse into narrow reasoning patterns.
VERL addresses this by constructing an auxiliary
advantage from ER, ERV, and ERA, encouraging
both broader semantic coverage and productive re-
finement in a unified and stable manner.

5.1 Normalized Deviations in Semantic Space
We compute three scalar metrics per trajectory,
tm0,m1,m2u, corresponding to ER (breadth),
ERV (first-order refinement dynamics), and ERA
(second-order refinement dynamics). To obtain a
stable, scale-invariant control signal across train-
ing, we normalize each metric by its recent trend
using an exponential moving average (EMA) µ̄k.
We define the relative deviation:

dk :“ pmk ´ µ̄kq{|µ̄k| k P t0, 1, 2u. (10)

Intuitively, dk measures how the current trajectory
deviates from the policy’s recent behavior in se-
mantic space.

5.2 Adaptive Balancing via ERA as a
Meta-Control Signal

Sec. 3.1–3.2 motivates ER (M0) as a proxy for ex-
ploration breadth in semantic space and ERV (M1)
as a proxy for refinement dynamics (exploitation).
Empirically, these two quantities are nearly uncor-
related (Fig. 1b), suggesting they can be jointly
optimized rather than traded off. We therefore com-
bine M0 and M1 into a single auxiliary signal, and
use ERA (M2) as a meta-control variable to adapt
their relative emphasis.

The key intuition is that ERA captures the
change of refinement dynamics. When refinement
accelerates strongly relative to its EMA trend (d2 "

0), the policy may be at risk of collapsing into
overly confident, narrow patterns that generalize
poorly. When refinement decelerates or saturates
(d2 ď 0), strengthening exploitation becomes more
important to consolidate useful progress. This mo-
tivates an ERA-controlled interpolation between
exploration- and exploitation-oriented weights.

We define two basis weight vectors, wexplore “

r1, 0s for M0 and wexploit “ r0, 1s for M1. The
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Table 3: Pass@1 performance under different β settings. “Adaptive β” denotes β :“ sigmoidpd2q. Accuracy
columns are percentages, whereas Score Avg reports the average validation score. Boldface indicates the best result.

Training
Strategy

Score
Avg

In Domain Out of Domain Hard Problems

MATH MATH500 Avg Gaokao CN Middle
School CMATH Avg AIME24 AIME25 AMC23 AMC24 Avg

GRPO 0.36 51.4 46.2 48.80 23.7 28.7 28.3 26.90 3.3 0.0 27.5 8.9 9.93
GRPO+VERL (β “ 0.5) 0.38 51.2 47.2 49.20 21.2 36.6 38.7 32.17 10.0 0.0 27.5 8.9 11.60
GRPO+VERL (Adaptive β) 0.38 50.9 51.2 51.05 22.9 38.6 46.2 35.90 13.3 6.7 20.0 11.1 12.78
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(c) Different shaping signals.

Figure 5: Hyperparameter ablations for Llama-3.2-3B-Instruct. Panels (a) and (b) show that VERL performs best
with stride s “ 40 and clipping factor κ “ 2, respectively. Panel (c) shows that using either the exploration or
exploitation term alone is suboptimal, supporting the effectiveness of the combined signal.

dynamic weight is:

wdyn :“ βwexplore ` p1 ´ βqwexploit, (11)

where β :“ σpd2q and σp¨q is the sigmoid. We then
define the auxiliary trajectory-level signal:

Φ :“ wdyn,0 ¨ tanhpd0q `wdyn,1 ¨ tanhpd1q, (12)

where tanh bounds the auxiliary signal to im-
prove stability. Intuitively, Φ rewards trajectories
whose semantic breadth or refinement exceeds re-
cent trends, while using d2 to adaptively mitigate
over-collapse and stagnation.

5.3 Advantage Shaping with Auxiliary
Semantic-Space Signals
We shape the learning signal by adding a clipped,
non-negative bonus derived from Φ. Let At de-
note the original advantage (e.g., from GRPO or
PPO with GAE), and let Φi be the trajectory-level
auxiliary signal in Sec. 5.2. We use the refined
advantage:

Ât “ At ` minpReLUpΦiq, |At|{κq , (13)

which preserves the sign of At while bounding the
shaping magnitude for stability. For GRPO, Φi

is applied once per trajectory; for PPO+GAE, the
same Φi is broadcast to all tokens in the trajectory.

6 Experiments

6.1 Experiment Settings
(i) Datasets. We use the same training and eval-
uation datasets as in Sec. 4. (ii) Reward. We

employ a rule-based reward that checks mathemat-
ical correctness and \boxed{} formatting. A cor-
rect answer receives `1.0 if properly formatted
and `0.5 otherwise; an incorrect answer receives
´0.5 if formatted and ´1.0 otherwise. (iii) Train-
ing. We build on VERL (Sheng et al., 2025) with
vLLM (Kwon et al., 2023). We use batch size 48,
generate 4 rollouts per prompt for GRPO and 1
rollout for PPO, and set the maximum generation
length Lmax “ 1536.

6.2 Main Results

Generalization across benchmarks. Tab. 1 sum-
marizes Pass@1 results on 15 mathematical rea-
soning benchmarks (full tables in Appendix. G.3).
Across both easy (e.g., ASDiv) and hard bench-
marks (e.g., OlympiadBench), VERL consistently
improves over the corresponding RL baselines.
Gains are most pronounced on multi-step reasoning
benchmarks, including +21.4 on Gaokao 2024_I
with Qwen2.5-7B and +10.0 on AIME24 with
Llama-3.2-3B-Instruct.

Generalization across RL algorithms and
base models. VERL is plug-and-play: it can be
paired with both GRPO and PPO, and improves av-
erage performance for both Llama and Qwen mod-
els in Tab. 1. This indicates that semantic-space
advantage shaping transfers across optimization
algorithms and base-model families.

Improving both exploration and exploitation
proxies. Tab. 2 reports Pass@k under diverse de-
coding budgets (Appendix. G.4). Pass@1 is com-
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monly used as a proxy for strong single-shot per-
formance, whereas Pass@k reflects the ability to
succeed given a larger search budget. We observe
larger gains on Pass@k than on Pass@1, especially
on harder benchmarks, suggesting that VERL im-
proves not only single-trajectory refinement but
also the coverage of successful reasoning trajec-
tories under increased sampling. See Sec. H for
qualitative analysis.

Performance Degradation. As shown in Tab. 1,
VERL’s degradations are localized rather than
systematic. Under GRPO, the main drops are
Llama on Gaokao 2024_I (-7.1) and Qwen on
AMC23/CMATH (-5.0/-1.0), yet the corresponding
average Pass@1 still improves by +2.0 and +2.1
points, respectively. These drops are also offset
by large gains on challenging benchmarks, such as
AIME24 (+10.0) and CMATH (+17.9) for Llama,
and Gaokao 2024_I (+21.4) for Qwen. Moreover,
the Llama drop on Gaokao 2024_I is optimizer-
dependent, as VERL improves the same bench-
mark by +7.2 under PPO. Overall, the occasional
benchmark-level fluctuations are outweighed by
consistent aggregate gains.

6.3 Ablations and Analysis
We ablate key components and hyperparameters
of VERL, including the role of ERA, the stride s
for temporal metrics, the advantage clip κ, and the
composition of the shaping signal Φ.

Effectiveness of ERA. Tab. 3 shows that adding
semantic-space shaping improves over GRPO.
Moreover, adaptive mixing (β “ σpd2q) outper-
forms fixed mixing (β “ 0.5), indicating that ERA
provides a useful meta-control signal for adjusting
when to emphasize breadth (ER) versus refinement
(ERV). This suggests that VERL improves perfor-
mance on OOD and challenging tasks.

Temporal stride s. The stride s controls the tem-
poral granularity for computing ERV and ERA. As
shown in Fig. 5a, improvements are robust across a
range of s, suggesting that the signal is not overly
sensitive to sampling frequency. We use s “ 40
in subsequent experiments as it yields the best val-
idation reward while avoiding noisy token-level
fluctuations.

Advantage clip κ. The clip factor κ bounds
the shaping bonus so it complements, rather than
dominates, the original advantage. As shown in
Fig. 5b, VERL consistently improves performance
across all tested κ, indicating robust behavior to this
hyperparameter. The best performance is achieved

at κ “ 2, which provides a sufficiently strong yet
well-proportioned shaping signal.

Shaping signal Φ. Fig. 5c compares variants of
Eq. 12. Using only the exploration term improves
coverage but under-utilizes high-reward trajecto-
ries, leading to earlier bottlenecks. Using only
the exploitation term yields faster initial gains but
plateaus due to insufficient breadth. Combining
both terms achieves the most stable training and
the best final performance, consistent with our goal
of improving both capacities in semantic space.

7 Conclusion

We argue that the exploration–exploitation trade-
off in RLVR for LLM reasoning is largely a mea-
surement artifact of token-level action statistics.
Moving to hidden-state semantic space, we propose
ER, ERV, and ERA to capture semantic breadth
and refinement dynamics, and empirically find near-
zero correlation between exploration and exploita-
tion. Leveraging ERA as a meta-control signal,
VERL performs semantic-space advantage shaping
and consistently improves both in-domain perfor-
mance and out-of-domain generalization on chal-
lenging reasoning benchmarks.

Limitations

We have not systematically studied how training-
data cleaning or curation affects VERL. While
VERL shows clear advantages on math-focused
training data with verifiable answers, extending
these gains to other reasoning training corpora re-
mains an open direction for future work. Further-
more, we have not addressed the computational
costs associated with scaling VERL to larger, more
diverse training datasets.
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A Notations

Symbol Description

π Large language model policy
θ The parameter of large language model policy
ϕ The parameter corresponding to the optimal policy
t Time step
T Response length
Lmax The maximum length of model’s output
x Prompt
Px Distribution of prompts
yt The t-th step (token) of the model’s response
yi:j Sequence of reasoning steps from i to j
D Feature dimension of hidden states
N The size of the dataset
zt Hidden state corresponding to the t-th step of the output token
z̄i Single vector representation for the i-th response by averaging its token hidden states
Zc Mean-centered hidden state matrix
Z1:n Dataset-level hidden states matrix formed by the first n prompts
Z Response-level hidden states matrix
SVDp¨q The function to calculate the singular values
λjp¨q The j-th eigenvalues of the given matrix
σj The j-th singular value of matrix
pj The j-th normalized singular values
p Singular value distribution
s The stride for effective rank velocity calculation
rankp¨q{erankp¨q Conventional rank/Effective rank function
∆

piq
M The i-order temporal difference for metric M

M Set of metrics derived from the hidden states
Mi The i-order temporal difference of ER, exactly the different metrics
µ̄k Exponential moving average of metric Mk over training steps
mt Value of metric M computed on the token sub-sequence from the start to position t

δ
piq
n Instantaneous i-order difference for step n
ϵhigh{low Hyperparameter for the upper/lower bound used for clipping
ϵ Small constant for numerical stability
wexplore{exploit{dyn Exploration-focused profile/Exploitation-focused profile/Dynamic-weighted profile
wdyn,i The i-th scalar of wdynamic
rj Reward of the j-th response
Ai,t Group-relative advantage for the t-th token in the i-th response in group
A The original advantage estimation
Â The reshaped advantage value
Φ Auxiliary advantage
β Interpolation coefficient for VERL training
G Size of sampled group in GRPO
ρt Probability ratio between the current and old policies for t-step of the output
LPPOp¨q The optimization objective for PPO applied to policy
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B Algorithm

Algorithm 1 VERL: Training

1: Input: dataset D, prompt x P D, |D| “ N , policy model πθ, hidden-state dimension D and number
of rollouts per prompt S.

2: Parameters: EMA factor γ, relative deviation stabilizing factor ϵ ! 1, RL fine-tuning stabilizing
factor κ.

3: Initialize: Randomly initialize policy parameters πθ, historical averages of metrics µ̄ER “ µ̄ERV “

µ̄ERA “ 0, exploration capacity profilewexplore “ r1, 0s, exploitation capacity profile wexploit “ r0, 1s.
4: Output: A well-trained policy model πθ.
5: repeat
6: for x P D do: // Pick a sample from dataset
7: for 1 to S do: // Generate S rollouts for one sample
8: y0 Ð x, Z0 Ð H, t Ð 1
9: repeat // Generation process

10: yt, zt „ πθp¨|yt´1q

11: yt Ð ryt´1; yts // Concatenate token sequence
12: Zt Ð rZt´1; zts P RtˆD

13: σt Ð SVDpZtq

14: j Ð |σt|

15: pj,t Ð σj,t{
ř

j σj,t

16: erankt Ð exp
´

´
ř

j pj,t log pj,t

¯

17: If t ą 1 then: δERV,t Ð erankt ´ 1
t´1

řt´1
k“1 erankk

18: If t ą 2 then: δERA,t Ð δERV,t ´ δERV,t´1

19: t Ð t ` 1
20: until response generation terminates; // t ´ 1 is the final timestep after generation
21: Aorigin Ð base RL evaluating on yt´1

22: mER Ð erankt´1 // Calculating ER metric
23: mERV Ð 1

t´2

řt´1
t“2 δ

t
ERV // Calculating ERV metric

24: mERA Ð 1
t´3

řt´1
t“3 δ

t
ERA // Calculating ERA metric

25: µ̄k Ð γµ̄k ` p1 ´ γqmk, k P tER,ERV,ERAu

26: dk Ð
mk´µ̄k
|µ̄k|`ϵ , k P tER,ERV,ERAu

27: β Ð sigmoidpdERAq

28: wdyn Ð βwexplore ` p1 ´ βqwexploit
29: wdyn,ER Ð the first scalar value of wdyn
30: wdyn,ERV Ð the second scalar value of wdyn
31: Φ Ð wdyn,ER tanhpdERq ` wdyn,ERV tanhpdERVq

32: Â Ð Aorigin ` min
´

ReLUpΦq,
|Aorigin|

κ

¯

33: end for
34: end for
35: Update θ via base RL objective with Â
36: until θ converges;
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C Related Work

C.1 Reasoning with LLMs

Reasoning with LLMs has become a central topic
in recent large-model research, with surveys high-
lighting a shift from fast pattern to more deliberate
reasoning behaviors (Zhang et al., 2026). Prior
work has studied mathematical reasoning and chal-
lenging specialized domains such as olympiad-
level geometry solving (Yu et al., 2025b; Duan
et al., 2025; Tian et al., 2025), while more recent
efforts extend LLM reasoning to domain-specific
and multimodal settings (Jiang and Ferraro, 2026a),
including contract revision (Xu et al., 2026a), self-
correcting RAG (Xu et al., 2026b), personalized
long-form generation (Wang et al., 2026), struc-
tured spatial reasoning (Ma et al., 2026), CAD
editing (Ma et al.), and 3D understanding (Ding
et al., 2025). Related efforts also study tool-using
reasoning, including pattern-aware tool-integrated
reasoning (Xu et al., 2025) and structured mid-level
supervision for tool-using language models (Jiang
and Ferraro, 2026b). At the model level, prior
studies improve reasoning capability or efficiency
through task-aware data augmentation (Ma et al.,
2025), sparse computation (Chen et al., 2026), dis-
tillation (Chen et al., 2025a), reasoning-oriented
pruning (Jiang et al., 2025), and multi-teacher data
synthesis (Zhang et al., 2025b), while another line
emphasizes more reliable and better-directed rea-
soning via causal abstention (Sun et al., 2025),
causality-inspired evaluation (Sun et al., 2026), ro-
bust uncertainty quantification for self-evolving
LLMs (Zhou and Cheng, 2025), and curiosity-
driven exploration (Dai et al., 2026). In contrast,
we focus on reasoning dynamics during RL train-
ing and study how exploration and exploitation can
be characterized and improved in semantic space.

C.2 Reinforcement Learning with Verifiable
Rewards

Compared with supervised fine-tuning (Xue et al.,
2026b) or in-context learning (Wang and Zhang,
2025), RLVR-based training is often viewed as
more capable of eliciting advanced reasoning be-
haviors (Zeng et al., 2025; Yu et al., 2025a).
This approach is exemplified by DeepSeek-R1-
Zero (Guo et al., 2025) and OpenAI o1 (Jaech
et al., 2024), which execute complex reasoning
processes through reflection and validation. Fol-
lowing the success of RLVR, a significant body of
research has investigated the efficacy of RLVR on

popular open-source LLMs, including Qwen (Yang
et al., 2024), Mistral (Jiang et al., 2024), and
LLaMA (Grattafiori et al., 2024).

This has fostered an optimistic view that RLVR
can not only enhance existing model capabilities
but also enable the acquisition of novel reason-
ing knowledge, facilitating a path toward continu-
ous self-improvement (Zeng et al., 2025; Yu et al.,
2025a; Wen et al., 2026). RLVR training has been
shown to grant LLMs controllable output length
for efficient inference (Yan et al., 2025; Cheng
et al., 2025; Li et al., 2025c), deepen their rea-
soning pathways (Bensal et al., 2025), mitigate
their weaknesses (Liang et al., 2025, 2026), en-
able the use of external tools (Rainone et al., 2025;
Jin et al., 2025), and even facilitate unsupervised
reasoning (Zuo et al., 2025). However, some stud-
ies (Yue et al., 2025) argue that despite improving
reasoning confidence and reliability, RLVR may in-
advertently suppress exploration. By maximizing
expected rewards, RLVR tends to reinforce high-
reward trajectories while underweighting novel but
uncertain ones. This tension between exploration
and exploitation remains a core challenge in RLVR.

C.3 Exploration and Exploitation in RLVR
for LLMs

Recent studies on exploration and exploitation in
RLVR for LLMs have largely relied on token-level
analyses of the predictive distribution (Wang et al.,
2025; Cui et al., 2025). In this line of work, next-
token entropy is commonly treated as a proxy
for exploration, motivating methods such as en-
tropy regularization to encourage diverse reason-
ing paths (Deng et al., 2025a; Cheng et al., 2026).
Conversely, lower entropy or higher token-level
confidence is often viewed as a sign of exploita-
tion (Fu et al., 2025). Building on this view, several
approaches use confidence-related signals to assess,
filter, or reinforce reasoning trajectories (Damani
et al., 2026; Qiao et al., 2025; Li et al., 2025b; Xue
et al., 2026a). However, these measures remain
closely tied to token-level uncertainty, which tends
to entangle exploration and exploitation under the
same measurement framework.

In contrast, we move beyond token-level action
statistics and study exploration and exploitation
in semantic space at the response level, aiming to
decouple and improve both during RL training.
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C.4 Representation Dynamics in Deep
Reinforcement Learning

Beyond RLVR for LLMs, classical deep RL has
long studied how neural representations evolve dur-
ing training and how they affect exploration, sam-
ple efficiency, and generalization. State represen-
tation learning for control aims to learn compact
latent states that preserve task-relevant dynamics
and improve the stability and efficiency of down-
stream RL algorithms (Lesort et al., 2018). More
recent work directly analyzes representation dy-
namics in deep RL, showing that feature collapse or
capacity loss can emerge during training and harm
performance (Kumar et al., 2021; Lyle et al., 2022).
Other studies further examine broader representa-
tional properties, such as dynamics-awareness and
orthogonality, and relate them to transfer perfor-
mance across agents and tasks (Wang et al., 2024a).
These findings suggest that representation geome-
try is closely tied to RL performance, motivating
our focus on semantic-space dynamics in RLVR.

D Details of Theorems

D.1 Proof of Theorem 3.1
Suppose we have a matrix of embeddings Z P

RTˆD, which is nonzero. Then the effective rank
of Z is a lower bound of rankpZq:

1 ď erankpZq ď rankpZq ď mintT,Du (14)

Proof. Let the singular value distribution of the ma-
trix Z be p “ pp1, p2, . . . , pmintT,Duq. The Shan-
non entropy of this distribution Hppq is bounded.
Its minimum is 0, which occurs when only one ele-
ment of p is 1 and all others are 0. Its maximum is
log k, where k is the number of non-zero singular
values, and this occurs when the distribution is uni-
form (pj “ 1{k for all non-zero values). The lower
bound is established from the minimum entropy
value:

erankpZq “ exppHppqq ě expp0q “ 1 (15)

Equality holds if and only if the singular value
distribution is p1, 0, . . . , 0q, meaning Z has only
one non-zero singular value. For the upper bound,
let k “ rankpZq be the number of non-zero singu-
lar values of Z. The entropy of the distribution p
is calculated only over these k values and is maxi-
mized when they are uniform. Therefore

Hppq ď log k (16)

Applying the exponential function to this in-
equality gives:

erankpZq “ exp
`

Hppq
˘

ď expplog kq “ k “ rankpZq .
(17)

This establishes that the effective rank is upper-
bounded by the conventional rank. The final in-
equality, rankpZq ď mintT,Du, is a standard
property of matrix rank. Equality for erankpZq “

rankpZq holds if and only if the non-zero singular
values are all equal, corresponding to a uniform
singular value distribution over its support.

D.2 Proof of Proposition 3.5
Assume a hidden-state matrix has effective support
on k approximately orthogonal directions. Then
ER and its corresponding ERV are upper-bounded
linearly by k: ER “ Opkq and ∆

p1q

ER “ Opkq. In
contrast, the corresponding ERA does not scale
with k: ∆p2q

ER “ Op1q.
Proof. Without loss of generality, we take the ef-
fective rank for example. We adopt the provided
definition of effective rank for a representation ma-
trix Z with singular values tσiu:

erankpZq “ exp

˜

´
ÿ

j

pj logppjq

¸

,

where pj “
σj

ř

k σk
.

(18)

Our analysis focuses on the dataset matrix Z P

RNˆD, whose rows tqiu
N
i“1 are the mean token

embeddings of N responses. The singular values
σipZq of Z are the square roots of the eigenval-
ues of the Gram matrix K “ ZZ

J
; i.e., σjpZq “

b

λjpKq. Given that the rows of Z are nearly or-

thogonal, the Gram matrix K is strongly diagonal-
dominant. Its eigenvalues can be approximated by
its diagonal entries, for j “ 1, . . . , N :

λjpKq « Kjj “ }qj}
2 “

1

T
(19)

The matrix has N significant eigenvalues, each
approximately equal to 1{T . The singular values
of Z are the square roots of the eigenvalues of K,
for j “ 1, . . . , N :
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σjpZq “

b

λjpKq «

c

1

T
“

1
?
T

(20)

To calculate the effective rank, we first normalize
these singular values to form a probability distribu-
tion tpju. The sum of singular values is:

N
ÿ

k“1

σkpZq «

N
ÿ

k“1

1
?
T

“
N

?
T

(21)

The individual probabilities are therefore:

pj “
σj

ř

k σk
«

1{
?
T

N{
?
T

“
1

N
(22)

The distribution p “ tp1, p2, . . . , pNu is a uni-
form distribution over N states. The Shannon en-
tropy of this distribution is maximal:

Hppq “ ´

N
ÿ

j“1

pj logppjq “ ´

N
ÿ

j“1

1

N
log

ˆ

1

N

˙

“ ´N

ˆ

´ logpNq

N

˙

“ logpNq .

(23)
The effective rank is the exponential of

this entropy: erankpZq “ exppHppqq “

expplogpNqq “ N . In the maximal prompt en-
tropy regime, the effective rank of the dataset ma-
trix scales as OpNq.

We adapt them to our context by defining the
metric’s value at “time" n as the Effective Rank
computed on the dataset matrix formed by the first
n prompts, denoted Z1:n. Let mn “ erankpZ1:nq.
From our previous analysis, we established a cru-
cial result that forms the basis of this derivation:
for maximal cases, the effective rank of a dataset
with n prompts scales linearly with n.

mn “ erankpZ1:nq « n (24)

We will use this linear approximation to derive
the scaling orders of the difference metrics, as-
suming a stride of s “ 1 for simplicity. The first-
order difference quantifies the average “velocity" of
change in the metric relative to its historical mean.
Instantaneous First-Order Difference pδ

p1q
n q is the

value at step n minus the average of all preceding
values.

δp1q
n “ mn ´

˜

1

n ´ 1

n´1
ÿ

k“1

mk

¸

(25)

Substituting our approximation mk « k:

δp1q
n « n ´

˜

1

n ´ 1

n´1
ÿ

k“1

k

¸

(26)

δp1q
n « n ´

ˆ

1

n ´ 1
¨

pn ´ 1qn

2

˙

“ n ´
n

2
“

n

2
(27)

The historical-baseline deviation grows linearly
with n. Overall First-Order Difference ∆

p1q

erank:
This is the average of the historical-baseline de-
viation over the entire dataset of size N .

∆
p1q

erank “
1

N ´ 1

N
ÿ

n“2

δp1q
n «

1

N ´ 1

N
ÿ

n“2

n

2
(28)

∆
p1q

erank «
1

2pN ´ 1q

˜˜

N
ÿ

n“1

n

¸

´ 1

¸

“
1

2pN ´ 1q

ˆ

NpN ` 1q

2
´ 1

˙

.

(29)

For large N , the expression is dominated by the
highest power of N :

∆
p1q

erank „
N2{4

N
“

N

4
(30)

The first-order difference of the effective rank
scales linearly with the number of prompts,
∆

p1q

erank “ OpNq. As for second-order difference,
we compute the change in historical-baseline devi-
ation between consecutive values of δp1q

n .

δp1q
n ´ δ

p1q

n´1 «
n

2
´

n ´ 1

2
“

1

2
(31)

This change is a constant, indicating a linear in-
crease in the first-order difference. Overall Second-
Order Difference ∆

p2q

erank:

∆
p2q

erank “
1

N ´ 2

N
ÿ

n“3

´

dp1q
n ´ d

p1q

n´1

¯

«
1

N ´ 2

N
ÿ

n“3

1

2
.

(32)

∆
p2q

erank «
1

N ´ 2
¨ pN ´ 2q ¨

1

2
“

1

2
(33)

The second-order difference of the effective rank
is constant and does not depend on N , yielding a
scaling order of ∆p2q

erank “ Op1q.
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E Additional Theoretical Support for
Exploration and Exploitation Metrics

In this section we formalize the relationship be-
tween our proposed hidden-state metrics (Effective
Rank and Effective Rank Velocity) and the classi-
cal notions of exploration and exploitation in rein-
forcement learning. We first show that the token-
level metrics in action space (average log proba-
bility and response entropy) are algebraically cou-
pled, whereas the hidden-state metrics in semantic
space are not. We then provide a representation-
level justification for interpreting Effective Rank
as a measure of semantic exploration, and Effec-
tive Rank Velocity as a measure of representation-
level exploitation that is strongly correlated with
greedy value improvement under the PPO-style
architecture used in RLVR. Throughout, we con-
sider a conditional language model pθpy | xq and a
Transformer backbone that produces hidden states
zt P RD at each time step t for a given prompt x
and generated response y1:T .

E.1 Action vs. Semantic
Exploration–Exploitation Metrics

In this subsection, we formalize the difference be-
tween the token-level action metrics used in prior
RLHF/RLVR work and the hidden-state semantic
metrics proposed in this paper. For a given prompt
x and generated response y1:T , let πθp¨ | x, yătq de-
note the model’s token-level policy distribution at
step t, i.e. the softmax over the vocabulary induced
by the logits at that position.

Token-level action space, log-probability, and
entropy. We define the average log probability
of a response and the response entropy as

AvgLogProbpx, y1:T q :“
1

T

T
ÿ

t“1

log πθ
`

yt | x, yăt

˘

,

RespEntpx, y1:T q :“
1

T

T
ÿ

t“1

Hpπθp¨ | x, yătqq ,

Hppq :“ ´
ÿ

v

ppvq log ppvq,

ppvq :“ πθpv | x, yătq .
(34)

Thus RespEnt is the token-level entropy aver-
aged over the response: at each step we compute
the Shannon entropy of the vocabulary distribu-
tion and then average over time. In the response-
level semantic space, we consider x drawn from

a prompt distribution Px and, for the purpose of
analysis, responses y1:T drawn on-policy from the
model pθp¨ | xq:

Lavg-logpθq :“

Ex„ppxq Ey1:T „pθp¨|xq

”

AvgLogProbpx, y1:T q

ı

,

Hresppθq :“

Ex„ppxq Ey1:T „pθp¨|xq

”

RespEntpx, y1:T q

ı

.

(35)

Proposition E.1 (Token-level exploitation and ex-
ploration are tightly coupled). Under on-policy
sampling y1:T „ pθp¨ | xq, the corpus-level av-
erage log probability Lavg-logpθq and response en-
tropy Hresppθq satisfy

Lavg-logpθq “ ´Hresppθq. (36)

In particular, under the same sampling distribution,
any change of the model that increases token-level
exploitation in action space as measured by Lavg-log

necessarily decreases Hresp by the same amount
(and vice versa).

Proof. Fix a prompt x and a time step t. Condi-
tioned on x and the history yăt, the next token yt is
drawn from πθp¨ | x, yătq. Taking the expectation
of log πθpyt | x, yătq under this distribution yields:

Eyt„πθp¨|x,yătq

”

log πθpyt | x, yătq

ı

“
ÿ

v

πθpv | x, yătq log πθpv | x, yătq

“ ´Hpπθp¨ | x, yătqq . (37)

Now consider a full response y1:T „ pθp¨ | xq.
By the law of iterated expectations,

Ey1:T „pθp¨|xq

”

log πθpyt | x, yătq

ı

“ Eyăt„pθp¨|xq

”

Eyt„πθp¨|x,yătq

“

log πθpyt | x, yătq
‰

ı

“ ´Eyăt„pθp¨|xq

”

Hpπθp¨ | x, yătqq

ı

. (38)

where we used Eq. 37 in the last step. Averaging
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over t “ 1, . . . , T and dividing by T gives

Ey1:T „pθp¨|xq

”

AvgLogProbpx, y1:T q

ı

“ Ey1:T „pθp¨|xq

” 1

T

T
ÿ

t“1

log πθpyt | x, yătq

ı

“ ´Ey1:T „pθp¨|xq

” 1

T

T
ÿ

t“1

Hpπθp¨ | x, yătqq

ı

“ ´Ey1:T „pθp¨|xq

”

RespEntpx, y1:T q

ı

. (39)

Finally, taking expectation over prompts x „

ppxq on both sides of Eq. 39 yields

Lavg-logpθq “ ´Hresppθq, (40)

which is exactly Eq. 36. This shows that under
on-policy sampling, the two token-level metrics are
related by a fixed negative sign and thus cannot be
decoupled in the action space.

Hidden-state Effective Rank and velocity. The
next proposition shows that these two hidden-state
metrics in Sec. 3.1 and 3.3 are structurally decou-
pled at the level of trajectories: knowing the final
Effective Rank alone does not determine ERV, and
conversely.

Proposition E.2 (Hidden-state metrics are struc-
turally decoupled). Fix K ě 3 evaluation steps.
Consider the map that associates to each Effective
Rank trajectory m “ pm1, . . . ,mKq P RK its final
value

ERfinalpmq :“ mK (41)

and its Effective Rank velocity

ERVpmq :“
1

K ´ 1

K
ÿ

j“2

´

mj ´
1

j ´ 1

j´1
ÿ

k“1

mk

¯

.

(42)
Then:

1. There is no function f : R Ñ R such that
ERVpmq “ fpERfinalpmqq for all trajecto-
ries m P RK .

2. There is no function g : R Ñ R such that
ERfinalpmq “ gpERVpmqq for all trajecto-
ries m P RK .

Equivalently, ERfinal and ERV are not functionally
dependent: they capture genuinely different aspects
of the Effective Rank sequence.

Proof. We view ERfinal and ERV as real-valued
functions on RK . The proof is purely algebraic and
does not rely on any monotonicity of mj .

Step 1: ERV is a non-trivial linear functional.
Introduce the shorthand

∆mj :“ mj ´ mj´1, j ě 2. (43)

A direct calculation shows that each increment δj
can be written as

δj “
1

j ´ 1

j
ÿ

r“2

pr ´ 1q∆mr, j ě 2, (44)

so that ERV is a linear functional of m:

ERVpmq “

K
ÿ

j“1

αjmj , (45)

for some fixed coefficients α1, . . . , αK that depend
only on K (and s) and satisfy

řK
j“1 αj “ 0 and

αj ‰ 0 for at least two indices j (e.g. α1 ‰ 0 and
αK ‰ 0). In particular, ERV is not proportional to
the projection onto any single coordinate mj .

Step 2: No functional dependence of ERV on
the final ER. Suppose, for contradiction, that there
exists a function f : R Ñ R such that

ERVpmq “ fpERfinalpmqq

“ fpmKq for all m P RK .
(46)

Fix any constant c P R. Consider the affine
subspace

Ac :“ tm P RK : mK “ cu. (47)

On this subspace, ERfinalpmq ” c is constant, so
by assumption ERVpmq ” fpcq must also be con-
stant. However, ERV is a non-trivial linear func-
tional that depends on at least one coordinate mj

with j ă K. Therefore, restricted to Ac, the map
m ÞÑ ERVpmq varies with those coordinates and
cannot be constant. This yields a contradiction.
Hence no such f exists.

Step 3: No functional dependence of final ER on
ERV. The argument is symmetric. Suppose there
exists g : R Ñ R such that

mK “ ERfinalpmq

“ gpERVpmqq for all m P RK .
(48)

Fix any constant c P R and consider the affine
subspace

Bc :“ tm P RK : ERVpmq “ cu. (49)
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Since ERV is a non-trivial linear functional, Bc is
an affine hyperplane of codimension 1, and mK

can vary freely among its points. Yet the assumed
relation mK “ gpERVpmqq “ gpcq would force
mK to be constant on Bc, which is impossible.
Thus no such g exists.

Combining the two steps, we conclude that
ERfinal and ERV are not functionally dependent
on each other.

Summary. Proposition E.1 establishes that two
classical token-level metrics, average log probabil-
ity and response entropy, are algebraically coupled
under on-policy sampling and therefore cannot be
varied independently. In contrast, Proposition E.2
shows that our hidden-state metrics, terminal Effec-
tive Rank and Effective Rank Velocity, are struc-
turally decoupled. They depend on different func-
tionals of the Effective Rank trajectory and capture
complementary aspects of exploration (semantic di-
versity level) and exploitation (the rate of semantic
diversity gain).

E.2 Effective Rank as Semantic Exploration
We now formalize the interpretation of Effective
Rank as a measure of semantic diversity and un-
certainty in the hidden-state space, and hence as a
representation-level proxy for exploration in LLM
reasoning. We assume that the hidden states are
semantic representations in the sense that down-
stream semantic properties can be approximately
recovered as linear functionals of the hidden vec-
tors. This is standard in representation learning and
probing work on large language models.

Assumption E.3 (Semantic linear decodability).
There exists a collection of K semantic features
sp1q, . . . , spKq (e.g., semantic roles, entity iden-
tities, factual attributes, intermediate reasoning
states) such that for each time step t and feature
index k we have

s
pkq

t « wJ
k ht, wk P RD. (50)

Semantic features are therefore approximately lin-
early decodable from hidden states.

Assumption E.4 (Bounded energy and finite
support). For a given trajectory Z1:T , there ex-
ists an orthonormal basis of semantic directions
te1, . . . , eDu such that each hidden state admits a
decomposition

zt “

D
ÿ

i“1

at,i ei, (51)

with
řT

t“1 a
2
t,i ă 8 for all i, and only finitely

many coordinates at,i carry task-relevant semantic
variation.

Proposition E.5 (Effective Rank as semantic di-
versity and uncertainty). Let Z1:T have singular
values tσiu

minpT,Dq

i“1 (i.e., the diagonal of Σ in its
SVD), and let ERpZ1:T q denote its Effective Rank.

1. If the trajectory uses exactly k orthogonal se-
mantic directions with equal energy and no
others, i.e. the singular values satisfy σ1 “

¨ ¨ ¨ “ σk ą 0 and σk`1 “ ¨ ¨ ¨ “ σr “ 0,
then ERpZ1:T q “ k.

2. More generally, if the singular value spectrum
of Z1:T becomes more spread out over more
directions in the sense of majorization (i.e.
the normalized singular value vector becomes
more uniform over a larger support), then
ERpZ1:T q increases.

Consequently, ERpZ1:T q is a basis-invariant,
strictly increasing measure of the number of in-
dependent semantic directions that are effectively
used by the hidden states, and thus a natural
representation-level proxy for semantic exploration
and uncertainty.

Proof. We proceed in two parts.

(1) Equal-energy k-dimensional semantic sub-
space. Suppose Z1:T uses exactly k orthogonal
semantic directions with equal energy. Then, up to
permutation, the non-zero singular values satisfy

σ1 “ ¨ ¨ ¨ “ σk “ c ą 0, σk`1 “ ¨ ¨ ¨ “ σr “ 0.
(52)

The normalized singular values are thus

qi “

#

1{k, i “ 1, . . . , k,

0, i ą k,
(53)

and the entropy of q is

Hpqq “ ´

k
ÿ

i“1

1

k
log

1

k
“ log k. (54)

Therefore

ERpZ1:T q “ exppHpqqq “ expplog kq “ k.
(55)

This shows that, in the idealized case of exactly k
equi-energic semantic directions, Effective Rank
matches the true semantic dimensionality k.

38424



(2) Monotonicity under majorization. Consider
two hidden-state trajectories Z and Z̃ with normal-
ized singular value spectra q and q̃, respectively.
Suppose that q is majorized by q̃ (denoted q ă q̃),
meaning intuitively that q̃ is “more spread out” and
therefore more uniform across a larger support.

It is a standard result in information theory that
the Shannon entropy Hp¨q is Schur-concave: if
q ă q̃, then Hpqq ď Hpq̃q with strict inequality
whenever q ‰ q̃. Therefore

ERpZq “ exppHpqqq ď exppHpq̃qq “ ERpZ̃q,
(56)

with strict inequality when the majorization is strict.
In words, whenever the singular value spectrum
becomes more spread out across more directions,
the Effective Rank strictly increases.

Summary. Combining the two parts, we see that
Effective Rank equals the number of equi-energic
semantic directions in the idealized case and in-
creases whenever the representation distributes en-
ergy over more orthogonal directions. Since, by
Assumption E.3, semantic features are linearly de-
codable along such directions, ERpZ1:T q provides
a basis-invariant measure of how many independent
semantic dimensions are explored by the hidden
states and how evenly they are used. This justifies
its interpretation as a representation-level explo-
ration and uncertainty metric.

E.3 Effective Rank Velocity as Semantic
Exploitation

Building on Sec. 3.1, where Effective Rank (ER)
is shown to measure the number and uniform use
of semantic directions in the hidden-state space,
we now give a representation-only justification for
interpreting Effective Rank Velocity (ERV) as se-
mantic exploitation.

Throughout this subsection we fix a single tra-
jectory Z1:T and a stride s. Let the evaluation
positions be tj “ js for j “ 1, . . . ,K with
K “ tpT ´ 1q{su, and write

mj :“ ER
`

Z1:tj

˘

, j “ 1, . . . ,K. (57)

Thus, tmju
K
j“1 is the ER trajectory of the grow-

ing prefixes of the same response.

ERV as a recency-weighted sum of ER incre-
ments. For convenience we recall the notation
of Def. 3.3 with M “ ER. Define the local ER
increments

∆mr :“ mr ´ mr´1, r ě 2. (58)

Def. 3.3 introduces the “historical-baseline devi-
ation”

δj :“ mj ´
1

j ´ 1

j´1
ÿ

k“1

mk, j ě 2, (59)

and the first-order temporal difference (ERV) as

∆
p1q

ER :“
1

K ´ 1

K
ÿ

j“2

δj . (60)

The following lemma makes explicit that ERV
is a recency-weighted average of the consecutive
ER increments.

Lemma E.6 (Recency-weighted velocity of ER).
For any sequence pmjq

K
j“1, the historical-baseline

deviation admit the representation

δj “
1

j ´ 1

j
ÿ

r“2

pr ´ 1q∆mr, j ě 2, (61)

and hence ERV can be written as

∆
p1q

ER “

K
ÿ

r“2

wr ∆mr,

wr :“
r ´ 1

K ´ 1

K
ÿ

j“r

1

j ´ 1
ą 0.

(62)

In particular, ERV is a positive linear combination
of the local ER increments ∆mr, assigning larger
weights to more recent steps.

Proof. Eq. 61 is exactly in Def. 3.3 with M “ ER,
obtained by expressing δj in terms of the incre-
ments ∆mr via telescoping. Plugging Eq. 61 into
the definition of ∆p1q

ER and exchanging the order of
summation yields

∆
p1q

ER “
1

K ´ 1

K
ÿ

j“2

1

j ´ 1

j
ÿ

r“2

pr ´ 1q∆mr

“

K
ÿ

r“2

«

r ´ 1

K ´ 1

K
ÿ

j“r

1

j ´ 1

ff

∆mr.

(63)

which gives Eq. 62 with wr as stated. Since r´1 ą

0 and the harmonic tail
řK

j“rpj ´ 1q´1 is positive,
we have wr ą 0 for all r.
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Semantic exploitation as positive ER drift in a
fixed semantic subspace. Sec. E.1 states that, up
to an orthonormal change of basis, the hidden states
can be written as ht “

ř

i at,iei with bounded en-
ergy along each semantic direction ei, and that ER
is a strictly increasing, basis-invariant measure of
how many semantic directions are effectively used
and how evenly energy is distributed among them.
In particular, if the set of active directions (support
of the singular value spectrum) is kept fixed and
the spectrum becomes more uniform (in the sense
of majorization), then ER strictly increases. Mo-
tivated by this, we isolate an idealized semantic
exploitation regime in which the trajectory has al-
ready selected a semantic subspace and is refining
it.

Definition E.7 (Semantic exploitation regime). Let
pmjq

K
j“1 be the ER trajectory of a response, and

let qpjq denote the normalized singular value vector
of Z1:tj . We say that steps j “ 2, . . . ,K form a
semantic exploitation regime with rate µ ą 0 if:

1. (Fixed semantic support) The support of qpjq

is independent of j, i.e., the set of active se-
mantic directions is fixed.

2. (Uniformization within the support) For every
j ě 2, qpjq is more uniform than qpj´1q on
this fixed support, in the sense of majorization,
so that by Prop. E.5 we have mj ´ mj´1 “

∆mj ě µ for some µ ą 0.

Intuitively, condition (i) says that the model has
committed to a particular semantic subspace (a line
of reasoning), and condition (ii) says that it keeps
redistributing energy within this subspace to make
use of all its semantic directions more evenly. This
is precisely the notion of “refining a promising
strategy” in representation space.

ERV lower-bounds the semantic exploitation
rate. Under Def. E.7, ER experiences a persis-
tent positive drift along the trajectory. The next
proposition shows that ERV is a quantitative lower
bound on this drift, and thus a natural measure of
semantic exploitation strength.

Proposition E.8 (ERV as a lower bound on se-
mantic exploitation rate). Assume the hidden states
satisfy Assumptions E.3 and E.4 and that steps
j “ 2, . . . ,K form a semantic exploitation regime
with rate µ ą 0 in the sense of Def. E.7, so that

∆mj ě µ for all j ě 2. Then

∆
p1q

ER ě
µK

4
. (64)

In particular, ERV is strictly positive and grows
linearly with the length K of the exploitation seg-
ment.

Proof. By Eq. 61 and the assumption ∆mr ě µ
we obtain, for each j ě 2,

δj “
1

j ´ 1

j
ÿ

r“2

pr ´ 1q∆mr

ě
1

j ´ 1

j
ÿ

r“2

pr ´ 1qµ

“
µ

j ´ 1

j
ÿ

r“2

pr ´ 1q “
µj

2
.

(65)

Averaging over j then yields

∆
p1q

ER “
1

K ´ 1

K
ÿ

j“2

δj

ě
1

K ´ 1

K
ÿ

j“2

µj

2
“

µ

2pK ´ 1q

K
ÿ

j“2

j.

(66)

For K ě 2 we haven
řK

j“2 j ě
KpK´1q

2 , so

∆
p1q

ER ě
µ

2pK ´ 1q
¨
KpK ´ 1q

2
“

µK

4
, (67)

which proves Eq. 64.

Thus, in an idealized regime where the model
has already discovered a useful semantic subspace
and is consistently enriching it, ERV provides a
strictly positive, linearly growing lower bound on
the rate at which semantic complexity within that
subspace is being exploited.

F Implementation Details

F.1 Training and Evaluation Details

We typically use the same set of hyperparameters
to train and evaluate all models in the SimpleRL-
Zoo series (Zeng et al., 2025) in the default main
experiment setting.
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Training. We conduct all experiments with 4
A800-PCIE-80GB GPUs. For GRPO and PPO,
we use a prompt batch size of 48 with a maxi-
mum rollout length of 1536 tokens. Training is per-
formed using a mini-batch size of 24. For GRPO,
we generate 4 rollouts per prompt. For PPO, we
use DeepSeek-R1-Distill-Qwen-1.5B (Guo et al.,
2025) as the value model and generate 1 rollout
per prompt. The default sampling temperature is
set to 1.0, and the clip ratio is 0.2. For all actor
models ranging from 3B to 8B parameters, we use
a learning rate of 1e-6 and a KL loss coefficient of
1e-4. For critic models in PPO, we use a learning
rate of 1e-5. For our training datasets, we follow
the same setup as in Zeng et al. (2025), where the
data is filtered from GSM8K (Cobbe et al., 2021)
and MATH (Hendrycks et al., 2021b) configured
with different difficulty levels for models of vary-
ing capabilities. We tested using the checkpoint
model trained up to 120 steps.

Evaluation. We build our evaluation script
based on that of Zeng et al. (2025), using a temper-
ature of 0.6 and a maximum generation length of
2048 tokens. To ensure consistency, we adopt the
same prompt template used during training. For
most benchmarks, we report Pass@1 results. How-
ever, for benchmarks like AIME 2024, which con-
tains fewer problems, we report both Pass@1 and
average accuracy (Pass@256), computed over 256
generated samples per problem.

Base Models. To demonstrate the universality
of our insights and methods, we conduct zero RL
training experiments on Llama-3.2 (3B), Llama-
3.1 (8B) (Grattafiori et al., 2024), Mistral-v0.3-
7B (Jiang et al., 2024), and Qwen-2.5 (1.5B, 3B,
7B) (Hui et al., 2024). For value model in PPO, we
use DeepSeek-R1-Distill-Qwen-1.5B (Guo et al.,
2025) for all experiments.

Benchmark. We evaluate on a diverse
suite of mathematical reasoning benchmarks.
These include standard benchmarks such as
GSM8K (Cobbe et al., 2021), MATH (Hendrycks
et al., 2021b), ASDiv (Miao et al., 2020),
Carp (English Version) (Zhang et al., 2023),
MAWPS (Koncel-Kedziorski et al., 2016),
SVAMP (Patel et al., 2021), TabMWP (Lu et al.,
2023), and OlympiadBench (He et al., 2024); Chi-
nese mathematics collections like CMATH (Wei
et al., 2023) and Gaokao 2024; and benchmarks
from mathematics competitions, including the

2024/2025 AIME and the 2023/2024 AMC.

F.2 Efficient Incremental Computation of
Higher-Order Metrics

A naive computation of the temporal difference
metrics would be computationally prohibitive. Our
method’s feasibility hinges on an efficient, incre-
mental algorithm that computes the required met-
rics without redundant operations on the growing
hidden state matrix Z P RTˆD.

The effective rank is derived from the singu-
lar values of the mean-centered hidden state ma-
trix Zc. These are equivalent to the square roots
of the eigenvalues of the centered Gram matrix
K “ ZcZ

J
c . Instead of recomputing Kt from

scratch at each time step t, our algorithm incre-
mentally updates two sufficient statistics: the un-
centered Gram matrix Ut “ Z1:tZ

J
1:t and the sum

of hidden state vectors st “
řt

i“1 zi. When ex-
tending the analysis window, the new uncentered
Gram matrix Ut is constructed from the prior ma-
trix Ut´s and the new chunk of hidden states
∆Zt “ Zt´s`1:t. This update follows a recursive
block matrix structure:

Ut “

ˆ

Ut´s Z1:t´sp∆Ztq
J

p∆ZtqZ
J
1:t´s p∆Ztqp∆Ztq

J

˙

(68)

From the efficiently updated Ut and st, we can
directly construct the centered Gram matrix Kt.
Letting µt “ st{t be the mean vector and 1t be a
column vector of ones, Kt can be expressed as:

Kt “ Ut ´ pZ1:tµtq1
J
t ´ 1tpZ1:tµtq

J

` pµJ
t µtq ¨ p1t1

J
t q.

(69)

This allows for the calculation of Kt without
re-accessing the full history of hidden states. The
eigenvalues tλju of Kt are then used to derive
the effective rank. First, the singular values of
the centered matrix are obtained, σj “

a

λj .
These are normalized to form a probability dis-
tribution, pj “ σj{

ř

k σk. The effective rank is
then the exponential of the Shannon entropy of this
distribution:erankpZc,tq “ exp

´

´
ř

j pj log pj

¯

.
This pipeline efficiently yields a sequence of ef-
fective rank values, mj¨s “ erankpZc,j¨sq, at each
stride s. From this sequence, we compute the in-
stantaneous first-order difference δ, which com-
pares the current value to the running average of
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Figure 6: Time overhead of the main computation of RL Training.

all preceding values. This is defined recursively
as:δj¨s “ mj¨s ´ 1

j´1

řj´1
k“1mk¨s.

The computational advantage of this incremental
approach is substantial. While the total cost for the
series of eigenvalue decompositions OpT 4{sq, is
common to both methods, the cost of matrix con-
struction differs significantly. The naive method’s
recalculation totals OpDT 3{sq, whereas our incre-
mental update method reduces this to OpDT 2q.
This reduction of the polynomial dependency on
sequence length T from cubic to quadratic is crit-
ical, as this term is multiplied by the large hid-
den dimension D, making it the dominant factor
in practical performance and rendering the dense
calculation of temporal dynamics feasible. In the
worst-case scenario where the sequence length T
exceeds the hidden dimension D, and both D and
the stride s can be treated as constants. The naïve
approach that reconstructs matrices independently
at each stride has a matrix-construction cost scaling
as OpT 2q, VERL’s incremental Gram/covariance
updates scale as OpT q. So asymptotically, our im-
plementation has a strictly better dependency on T
than a naïve SVD-based design.

F.3 Time Overhead of VERL Training

We conducted post-training with Zero RL on sev-
eral base models. The Fig. 6 illustrates the time as-
sociated with each computational stage. The ’met-

rics calculation’ component, which represents the
cost of computing metrics for hidden states, ac-
counts for an insignificant portion of the total pro-
cessing time. This demonstrates that our method
does not introduce substantial time overhead. To
further stress-test the worst-case scenario, we de-
liberately compute ER, ERV, and ERA on the CPU
rather than the GPU, and still observe that the addi-
tional time overhead remains negligible.

G More Experiments

G.1 Detailed Analysis of Response-Level
Hidden States

As shown in Figs. 7 and 8, our analysis of response-
level hidden states across additional LLMs con-
firms that the insights presented in Sec. 4.1 hold
true for various base models and RL paradigms.

G.2 Detailed Analysis of Dataset-Level
Hidden States

As shown in Figs. 9 and 10, our analysis of dataset-
level hidden states across additional LLMs con-
firms that the insights presented in Sec. 4.2 hold
for various base models and RL paradigms.

G.3 Detailed Analysis of Pass@1 Performance
As shown in Tab. 4, Pass@1 measures the model’s
ability to generate a correct answer in a single at-
tempt, which directly reflects its exploitation abil-
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Figure 7: Response-level metrics during GRPO post-training, smoothed with a 10-step rolling window. Metrics are
shown for the Overall batch, as well as for subsets of Correct and Incorrect samples. The rightmost column displays
the average Critic Score (reward) and Response Length per batch.
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Figure 8: Response-level metrics during PPO post-training, smoothed with a 10-step rolling window. Metrics are
shown for the Overall batch, as well as for subsets of Correct and Incorrect samples. The rightmost column displays
the average Critic Score (reward) and Response Length per batch.
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Figure 9: Visualization of dataset-level metrics during GRPO post-training. The figure compares Traditional metrics
with our proposed metrics. Also shown are the Validation Score and sample Correctness, both averaged over the
validation dataset.
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Figure 10: Visualization of dataset-level metrics during PPO post-training. The figure compares Traditional metrics
with our proposed metrics. Also shown are the Validation Score and sample Correctness, both averaged over the
validation dataset.
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Table 4: Performance comparison of instruction-tuned models on mathematical reasoning benchmarks (Pass@1).
“+ GRPO” and “+ PPO” denote reinforcement learning fine-tuning from the base model using GRPO and PPO,
respectively. “w/ VERL.” indicates the application of our VERL-based advantage to the corresponding RL algorithm.
∆ represents the performance difference between the baseline RL method and its VERL-advanced variant. All
results are reported in percentage (%).

Model AIME24 AIME25 AMC23 AMC24 ASDiv Carp_En CMATH Gaokao
2024_I

Gaokao
2024_Mix

Gaokao
MathCloze GSM8K MAWPS Olympiad

Bench SVAMP TabMWP Avg.

Llama-3.2-3B-Instruct 0.0 0.0 25.0 11.1 74.6 26.5 10.2 14.3 14.3 6.8 66.6 86.9 12.7 74.1 41.4 31.0
+ GRPO 3.3 0.0 27.5 8.9 88.8 45.0 28.3 21.4 20.9 23.7 80.7 96.0 16.7 87.7 71.7 41.4
+ GRPO w/ VERL. 13.3 6.7 25.0 11.1 89.3 45.4 46.2 14.3 22.0 22.9 81.7 96.0 17.6 87.8 72.3 43.4
∆GRPO +10.0 +6.7 -2.5 +2.2 +0.5 +0.4 +17.9 -7.1 +1.1 -0.8 +1.0 +0.0 +0.9 +0.1 +0.6 +2.0
+ PPO 10.0 3.3 22.5 13.3 87.9 46.4 21.2 7.1 16.5 20.3 81.4 95.5 17.8 86.8 71.0 40.1
+ PPO w/ VERL. 10.0 3.3 25.0 11.1 88.7 46.0 30.7 14.3 19.8 27.1 82.9 95.7 17.3 85.8 71.3 41.9
∆PPO +0.0 +0.0 +2.5 -2.2 +0.8 -0.4 +9.5 +7.2 +3.3 +6.8 +1.5 +0.2 -0.5 -1.0 +0.3 +1.9

Llama-3.1-8B-Instruct 0.0 3.3 17.5 8.9 48.0 34.1 18.5 0.0 15.4 16.9 47.4 43.5 10.4 48.5 34.3 23.1
+ GRPO 6.7 0.0 22.5 15.6 90.3 42.4 60.7 7.1 14.3 32.2 88.4 96.4 19.7 88.5 82.7 44.5
+ GRPO w/ VERL. 10.0 3.3 32.5 15.6 90.7 45.0 72.7 14.3 14.3 30.5 88.6 96.9 21.3 88.4 83.1 47.2
∆GRPO +3.3 +3.3 +10.0 +0.0 +0.4 +2.6 +12.0 +7.2 +0.0 -1.7 +0.2 +0.5 +1.6 -0.1 +0.4 +2.7
+ PPO 6.7 0.0 30.0 17.8 89.8 42.0 60.0 0.0 14.3 25.4 86.4 95.7 18.2 88.6 82.3 43.8
+ PPO w/ VERL. 10.0 0.0 35.0 13.3 90.7 42.6 62.0 14.3 22.0 28.8 87.3 96.6 19.1 88.1 83.0 46.2
∆PPO +3.3 +0.0 +5.0 -4.5 +0.9 +0.6 +2.0 +14.3 +7.7 +3.4 +0.9 +0.9 +0.9 -0.5 +0.7 +2.4

Qwen2.5-3B 6.7 0.0 20.0 24.4 90.7 54.7 76.7 0.0 22.0 41.5 80.7 95.1 23.0 84.3 71.3 46.1
+ GRPO 3.3 0.0 40.0 22.2 92.6 56.0 82.7 7.1 27.5 42.4 82.8 96.6 23.6 89.0 81.4 49.8
+ GRPO w/ VERL. 6.7 0.0 30.0 17.8 92.6 56.9 84.8 21.4 33.0 49.2 82.2 96.4 24.4 88.5 81.0 51.0
∆GRPO +3.4 +0.0 -10.0 -4.4 +0.0 +0.9 +2.1 +14.3 +5.5 +6.8 -0.6 -0.2 +0.8 -0.5 -0.4 +1.2
+ PPO 3.3 0.0 32.5 15.6 92.8 56.5 83.2 0.0 28.6 50.0 81.7 96.6 24.4 86.0 80.8 48.8
+ PPO w/ VERL. 6.7 0.0 32.5 17.8 92.6 57.0 84.3 21.4 29.7 47.5 81.8 96.5 24.6 88.3 81.4 50.8
∆PPO +3.4 +0.0 +0.0 +2.2 -0.2 +0.5 +1.1 +21.4 +1.1 -2.5 +0.1 -0.1 +0.2 +2.3 +0.6 +2.0

Qwen2.5-7B 6.7 0.0 45.0 15.6 91.4 55.8 86.7 42.9 33.0 49.2 85.8 95.4 25.8 88.5 82.8 53.6
+ GRPO 10.0 6.7 55.0 26.7 94.8 60.2 91.7 14.3 34.1 64.4 90.2 97.6 36.1 92.8 91.3 57.7
+ GRPO w/ VERL. 13.3 10.0 50.0 28.9 95.0 60.8 90.7 35.7 35.2 69.5 89.2 97.7 35.4 92.9 91.9 59.8
∆GRPO +3.3 +3.3 -5.0 +2.2 +0.2 +0.6 -1.0 +21.4 +1.1 +5.1 -1.0 +0.1 -0.7 +0.1 +0.6 +2.1
+ PPO 6.7 3.3 50.0 33.3 94.9 59.6 89.8 28.6 31.9 63.6 89.1 97.3 36.1 92.8 90.8 57.9
+ PPO w/ VERL. 10.0 6.7 52.5 33.3 94.8 60.0 90.3 28.6 34.1 66.9 90.2 97.8 36.1 92.5 90.6 59.0
∆PPO +3.3 +3.3 +2.5 +0.0 -0.1 +0.4 +0.5 +0.0 +2.2 +3.3 +1.1 +0.5 +0.0 -0.3 -0.2 +1.1

Mathstral-7B-v0.1 0.0 0.0 12.5 8.9 87.1 51.1 74.2 28.6 33.0 31.4 81.6 93.8 17.9 87.7 54.7 44.2
+ GRPO 0.0 0.0 47.5 17.8 92.9 55.9 81.3 35.7 44.0 49.2 88.1 97.6 25.6 93.0 81.5 54.0
+ GRPO w/ VERL. 6.7 0.0 45.0 20.0 93.3 55.5 81.5 50.0 40.7 46.6 89.5 97.2 29.3 90.7 83.5 55.3
∆GRPO +6.7 +0.0 -2.5 +2.2 +0.4 -0.4 +0.2 +14.3 -3.3 -2.6 +1.4 -0.4 +3.7 -2.3 +2.0 +1.3
+ PPO 6.7 3.3 32.5 20.0 90.9 51.8 78.3 42.9 37.4 49.2 87.0 96.0 28.4 89.9 70.7 52.3
+ PPO w/ VERL. 10.0 0.0 27.5 22.2 93.0 53.8 78.2 42.9 51.6 48.3 87.4 96.7 26.1 89.6 84.1 54.1
∆PPO +3.3 -3.3 -5.0 +2.2 +2.1 +2.0 -0.1 +0.0 +14.2 -0.9 +0.4 +0.7 -2.3 -0.3 +13.4 +1.8

Mistral-7B-v0.3 0.0 0.0 10.0 0.0 40.5 12.4 21.8 14.3 13.2 3.4 24.0 50.8 1.6 39.1 30.6 17.4
+ GRPO 0.0 0.0 2.5 4.4 58.2 11.1 42.3 0.0 15.4 5.1 52.4 79.2 3.0 47.6 37.7 23.9
+ GRPO w/ VERL. 0.0 0.0 7.5 2.2 59.1 15.0 43.0 0.0 6.6 4.2 40.3 69.5 2.8 57.5 53.0 24.0
∆GRPO +0.0 +0.0 +5.0 -2.2 +0.9 +3.9 +0.7 +0.0 -8.8 -0.9 -12.1 -9.7 -0.2 +9.9 +15.3 +0.1
+ PPO 0.0 0.0 0.0 0.0 8.9 6.6 7.7 7.1 11.0 2.5 3.3 8.6 2.1 6.9 12.0 5.1
+ PPO w/ VERL. 0.0 0.0 2.5 0.0 44.7 10.6 35.7 7.1 16.5 5.1 28.8 70.7 2.4 57.5 35.1 21.1
∆PPO +0.0 +0.0 +2.5 +0.0 +35.8 +4.0 +28.0 +0.0 +5.5 +2.6 +25.5 +62.1 +0.3 +50.6 +23.1 +16.0

ity. We fine-tune the base model by integrating
our VERL-based Advantage method into two rein-
forcement learning paradigms, GRPO and PPO.

G.4 Detailed Analysis of Pass@k Performance
Tab. 5 provides a comprehensive analysis of model
performance under Pass@k, a standard measure
of success under larger decoding budgets. As a
supplement to the main paper, it reports VERL’s
performance across a variety of mathematical rea-
soning benchmarks. These results show that VERL
improves exploration under larger sampling bud-
gets, especially on harder benchmarks.

G.5 Robustness Across Random Seeds
To assess robustness to random seed variation, we
ran five independent training seeds for LLAMA-
3.2-3B-INSTRUCT on all main benchmarks. We
report mean ˘ standard deviation over seeds in
Tab. 8 (Pass@1) and Tab. 9 (Pass@k). Compared
to GRPO, adding VERL improves the average
Pass@1 from 39.24˘0.72 to 45.18˘0.38 (Tab. 8),
and the average Pass@k from 59.87 ˘ 1.37 to

62.78 ˘ 0.63 (Tab. 9). We further conduct two-
sided Welch’s t-tests at significance level α “ 0.05
for each benchmark; statistically significant gains
are marked with *. Overall, most improvements
remain significant, suggesting the gains are not due
to random seed noise.

Most benchmarks show statistically significant
gains (marked with *). On the few tasks without *,
the mean still improves, but variance across seeds
is slightly larger. On these Pass@k evaluations,
GRPO+VERL again outperforms GRPO, with a
statistically significant improvement in the average
Pass@k (see Avg. column).

G.6 Detailed Analysis of OOD Performance

A key motivation of this study is to assess whether
our proposed VERL algorithm improves out-of-
domain (OOD) generalization for reasoning-centric
post-training, rather than merely overfitting to the
in-domain training distribution. This is aligned
with our overall claim that VERL enhances robust-
ness and OOD performance beyond standard RL
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Table 5: Performance comparison of instruction-tuned models under diverse decoding settings (Pass@k). All results
are reported in percentage (%).

Model MATH500
(Pass@16)

AMC23
(Pass@128)

AMC24
(Pass@128)

AIME24
(Pass@256)

AIME25
(Pass@256) Avg.

Llama-3.2-3B-Instruct 79.8 93.5 51.5 40.0 30.0 58.96
+ GRPO 80.2 95.4 60.6 40.0 30.0 61.24
+ GRPO w/ VERL. 80.6 95.7 59.0 50.0 36.7 64.40
∆GRPO +0.4 +0.3 ´1.6 +10.0 +6.7 +3.16
+ PPO 82.2 94.5 57.0 46.7 36.7 63.42
+ PPO w/ VERL. 82.4 94.7 57.8 46.7 40.0 64.32
∆PPO +0.2 +0.2 +0.8 +0.0 +3.3 +0.90

Llama-3.1-8B-Instruct 79.8 94.6 57.4 46.7 36.7 63.04
+ GRPO 83.4 94.9 56.9 53.3 36.7 65.04
+ GRPO w/ VERL. 83.4 95.1 63.1 50.0 36.7 65.66
∆GRPO +0.0 +0.2 +6.2 ´3.3 +0.0 +0.62
+ PPO 79.2 92.4 59.0 46.7 36.7 62.80
+ PPO w/ VERL. 82.4 91.9 60.0 53.3 36.7 64.86
∆PPO +3.2 ´0.5 +1.0 +6.6 +0.0 +2.06

Qwen2.5-3B 86.0 96.7 69.0 56.7 40.0 69.68
+ GRPO 86.6 92.2 68.5 46.7 40.0 66.80
+ GRPO w/ VERL. 87.6 95.9 67.8 53.3 43.3 69.58
∆GRPO +1.0 +3.7 ´0.7 +6.6 +3.3 +2.78
+ PPO 87.8 96.5 67.9 43.3 43.3 67.76
+ PPO w/ VERL. 88.2 96.8 67.3 53.3 43.3 69.78
∆PPO +0.4 +0.3 ´0.6 +10.0 +0.0 +2.02

Qwen2.5-7B 90.6 98.4 73.7 60.0 60.0 76.54
+ GRPO 90.8 97.8 78.3 56.7 50.0 74.72
+ GRPO w/ VERL. 91.4 98.3 79.0 63.3 60.0 78.40
∆GRPO +0.6 +0.5 +0.7 +6.6 +10.0 +3.68
+ PPO 91.2 98.6 74.3 53.3 56.7 74.82
+ PPO w/ VERL. 91.4 98.0 74.4 56.7 66.7 77.44
∆PPO +0.2 ´0.6 +0.1 +3.4 +10.0 +2.62

Mathstral-7B-v0.1 80.4 88.5 60.9 43.3 36.7 61.96
+ GRPO 84.8 87.3 69.2 36.7 40.0 63.60
+ GRPO w/ VERL. 87.0 97.0 76.9 50.0 50.0 72.18
∆GRPO +2.2 +9.7 +7.7 +13.3 +10.0 +8.58
+ PPO 82.4 91.7 70.7 53.3 40.0 67.62
+ PPO w/ VERL. 84.8 93.8 69.9 53.3 46.7 69.70
∆PPO +2.4 +2.1 ´0.8 +0.0 +6.7 +2.08

Mistral-7B-v0.3 36.0 73.5 39.6 20.0 16.7 37.16
+ GRPO 33.0 63.2 36.0 10.0 10.0 30.44
+ GRPO w/ VERL. 34.4 64.5 38.0 16.7 13.3 33.38
∆GRPO +1.4 +1.3 +2.0 +6.7 +3.3 +2.94
+ PPO 21.8 46.4 25.1 6.7 6.7 21.34
+ PPO w/ VERL. 19.2 46.5 30.1 3.3 13.3 22.48
∆PPO ´2.6 +0.1 +5.0 ´3.4 +6.6 +1.14
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Table 6: Comparison of GRPO + VERL using an intermediate layer (layer 14) versus the final layer, evaluated by
Pass@1 on multiple math benchmarks. Using the last layer yields the strongest average improvement.

Method aime24 aime25 amc23 amc24 asdiv carp_en cmath gaokao24_I gaokao24_mix gaokao_math_cloze gsm8k mawps olympiadbench svamp tabmwp Avg.

Llama-3.2-3B-Instruct 0.0 0.0 25.0 11.1 74.6 26.5 10.2 14.3 14.3 6.8 66.6 86.9 12.7 74.1 41.4 30.97
GRPO 3.3 0.0 27.5 8.9 88.8 45.0 28.3 21.4 20.9 23.7 80.7 96.0 16.7 87.7 71.7 41.37
GRPO w/ VERL (layer = 14) 10.0 0.0 27.5 11.1 88.6 43.6 30.7 21.4 16.5 22.0 81.9 95.5 18.1 87.0 71.4 41.69
GRPO w/ VERL (layer = last) 13.3 6.7 25.0 11.1 89.3 45.4 46.2 14.3 22.0 22.9 81.7 96.0 17.6 87.8 72.3 43.44

Table 7: Comparison of GRPO + VERL using an intermediate layer (layer 14) versus the final layer, evaluated by
Pass@k on several math benchmarks. Again, using the last layer yields the best average improvement.

Method math500@16 amc23@128 amc24@128 aime24@256 aime25@256 Avg.

Llama-3.2-3B-Instruct 79.8 93.5 51.5 40.0 30.0 58.96
GRPO 80.2 95.4 60.6 40.0 30.0 61.24
GRPO w/ VERL (layer = 14) 81.0 92.9 57.0 40.0 36.7 61.52
GRPO w/ VERL (layer = last) 80.6 95.7 59.0 50.0 36.7 64.40

Table 8: Seed robustness on main benchmarks (Pass@1). Results are mean ˘ std over 5 seeds. * indicates Welch’s
t-test significance at α “ 0.05 comparing GRPO+VERL against GRPO.

Method aime24 aime25 amc23 amc24 asdiv carp_en cmath gaokao24_I gaokao24_mix gaokao_cloze gsm8k mawps olympiad svamp tabmwp Avg.

GRPO 10.00 ˘ 0.00 0.00 ˘ 0.00 17.50 ˘ 0.00 11.54 ˘ 0.98 88.62 ˘ 0.54 44.82 ˘ 0.04 15.34 ˘ 0.36 5.72 ˘ 7.83 19.58 ˘ 2.95 22.20 ˘ 1.82 80.88 ˘ 0.60 95.60 ˘ 0.00 17.80 ˘ 0.85 87.08 ˘ 0.22 71.92 ˘ 0.41 39.24 ˘ 0.72
GRPO+VERL 12.64 ˘ 1.48* 3.98 ˘ 1.52* 25.50 ˘ 1.12* 16.00 ˘ 2.46* 89.50 ˘ 0.14* 45.20 ˘ 0.14* 56.62 ˘ 0.93* 25.72 ˘ 3.94* 18.92 ˘ 1.97 24.04 ˘ 0.76 83.00 ˘ 0.59* 96.32 ˘ 0.16* 18.30 ˘ 0.71 87.30 ˘ 0.28 74.64 ˘ 0.75* 45.18 ˘ 0.38*

Table 9: Seed robustness on harder Pass@k settings. Results are mean ˘ std over 5 seeds. * indicates Welch’s t-test
significance at α “ 0.05.

Method math500@16 amc23@128 amc24@128 aime24@256 aime25@256 Avg.

GRPO 80.40 ˘ 0.00 90.78 ˘ 0.18 56.18 ˘ 1.50 39.34 ˘ 1.48 32.66 ˘ 5.95 59.87 ˘ 1.37
GRPO+VERL 80.52 ˘ 0.18 94.22 ˘ 1.01* 58.46 ˘ 1.69 43.98 ˘ 3.66* 36.70 ˘ 0.00 62.78 ˘ 0.63*

Table 10: Out-of-domain (OOD) reasoning performance (Pass@1, %) across diverse domains. Results are reported
for Mathstral-7B-v0.1 and Qwen2.5-7B, comparing vanilla GRPO/PPO and their VERL-enhanced variants.

Model / Method AstroQA
EN

AstroQA
ZH

GPQA
D

GPQA
Ext

GPQA
Main SciBench LEXam LexEval LogiQA

EN
LogiQA

ZH ReClor MedMCQA MedQA PubMedQA MMLU MMLU-Pro Avg.

Mathstral-7B-v0.1 50.7 43.8 29.3 26.0 25.4 15.8 19.6 38.7 45.8 44.6 43.6 42.9 39.7 22.4 53.9 26.4 35.25
+ GRPO 57.1 49.3 28.8 29.3 29.9 22.4 22.4 42.8 47.1 45.7 46.3 44.9 43.8 22.6 56.7 29.8 39.31
+ GRPO w/ VERL. 58.0 51.6 31.8 31.1 34.6 27.9 22.6 47.6 50.4 44.8 49.7 47.1 46.1 24.4 58.8 30.7 41.68
∆GRPO +0.9 +2.3 +3.0 +1.8 +4.7 +5.5 +0.2 +4.8 +3.3 ´0.9 +3.4 +2.2 +2.3 +1.8 +2.1 +0.9 +2.37
+ PPO 52.7 47.5 28.8 29.9 27.9 22.1 17.3 44.5 47.5 45.0 46.5 44.2 45.2 23.1 56.5 29.1 37.93
+ PPO w/ VERL. 54.5 49.1 31.3 26.6 26.1 23.0 21.4 42.2 47.5 51.6 46.2 44.8 45.1 22.3 56.9 29.3 39.34
∆PPO +1.8 +1.6 +2.5 ´3.3 ´1.8 +0.9 +4.1 ´2.3 +0.0 +6.6 ´0.3 +0.6 ´0.1 ´0.8 +0.4 +0.2 +1.42

Qwen2.5-7B 61.2 58.0 27.3 26.6 24.6 15.8 21.1 50.4 50.8 49.7 56.0 50.6 62.0 43.6 61.3 36.1 43.44
+ GRPO 59.6 61.3 27.3 27.8 28.8 21.5 22.0 53.6 52.1 52.1 58.8 52.1 69.2 46.6 60.6 33.8 46.15
+ GRPO w/ VERL. 59.4 62.4 30.8 28.9 26.8 22.8 23.0 54.6 52.8 52.4 61.6 52.0 70.3 47.8 60.9 33.4 47.09
∆GRPO ´0.2 +1.1 +3.5 +1.1 ´2.0 +1.3 +1.0 +1.0 +0.7 +0.3 +2.8 ´0.1 +1.1 +1.2 +0.3 ´0.4 +0.94
+ PPO 60.0 62.1 27.3 25.3 28.3 22.1 22.8 55.2 52.1 52.1 58.6 53.6 70.4 45.8 60.9 34.1 46.20
+ PPO w/ VERL. 60.9 61.3 34.8 30.0 27.0 23.0 23.4 57.1 53.0 52.3 61.8 52.9 71.0 45.4 61.0 34.4 47.45
∆PPO +0.9 ´0.8 +7.5 +4.7 ´1.3 +0.9 +0.6 +1.9 +0.9 +0.2 +3.2 ´0.7 +0.6 ´0.4 +0.1 +0.3 +1.25

fine-tuning baselines.

To stress-test OOD generalization, we evalu-
ate on a diverse suite of reasoning benchmarks
spanning multiple domains: (i) Astronomy: Astro-
QA (English/Chinese) (Li et al., 2025a); (ii) Sci-
ence: GPQA (Diamond/Extended/Main) (Rein
et al., 2024) and SciBench (Wang et al., 2024b);
(iii) Law: LEXam (Fan et al., 2025) and Lex-
Eval (Li et al., 2024); (iv) Logical reasoning:
LogiQA (English/Chinese) (Liu et al., 2020) and
ReClor (Yu et al., 2020); (v) Medical QA: MedM-
CQA (Pal et al., 2022), MedQA (Jin et al., 2021),
and PubMedQA (Jin et al., 2019); (vi) Broad
knowledge: MMLU (Hendrycks et al., 2021a) and
MMLU-Pro (Wang et al., 2024c). All results are
reported as Pass@1 (%).

Tab. 10 summarizes the OOD Pass@1 results
for both Mathstral-7B and Qwen2.5-7B. Over-
all, VERL yields consistent average improve-
ments when plugged into either GRPO or PPO: for
Mathstral-7B, VERL improves the OOD average
from 39.31 to 41.68 (+2.37) on GRPO and from
37.93 to 39.34 (+1.42) on PPO; for Qwen2.5-7B,
it improves the OOD average from 46.15 to 47.09
(+0.94) on GRPO and from 46.20 to 47.45 (+1.25)
on PPO. These gains are broadly distributed across
heterogeneous domains, supporting that VERL en-
hances OOD reasoning robustness rather than trad-
ing off generalization for in-domain gains.
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Table 11: Comparison with action-space regularization baselines on selected reasoning datasets (Pass@1, %). Best
value in each column is in bold; second best is underlined.

Model / Method AIME24 AIME25 AMC23 AMC24 ASDiv CARP_EN CMath Gaokao24_I Gaokao24_mix Gaokao_math
_cloze GSM8K MAWPS OlympiadBench SVAMP TabMWP Avg.

Llama-3.2-3B-Instruct 0.0 0.0 25.0 11.1 74.6 26.5 10.2 14.3 14.3 6.8 66.6 86.9 12.7 74.1 41.4 30.97
+ GRPO 3.3 0.0 27.5 8.9 88.8 45.0 28.3 21.4 20.9 23.7 80.7 96.0 16.7 87.7 71.7 41.37
+ GRPO w/ ACTION-LOGP regu 3.3 0.0 27.5 15.6 88.8 44.6 38.2 7.1 15.4 22.0 80.9 96.1 16.3 87.4 71.9 41.01
+ GRPO w/ ACTION-ENTROPY regu 10.0 0.0 35.0 8.9 89.2 45.3 37.5 7.1 16.5 28.0 81.9 96.1 17.9 87.0 71.6 42.13
+ GRPO w/ ACTION-LOGP+ENTROPY 3.3 3.3 25.0 13.3 88.5 44.7 37.7 0.0 18.7 23.7 82.0 96.1 15.6 87.0 70.5 40.63
+ GRPO w/ VERL (ours) 13.3 6.7 25.0 11.1 89.3 45.4 46.2 14.3 22.0 22.9 81.7 96.0 17.6 87.8 72.3 43.40

Table 12: Comparison with action-space regularization baselines under larger decoding budgets (Pass@k, %). Best
value in each column is in bold; second best is underlined.

Model / Method Math500
(Pass@16)

AMC23
(Pass@128)

AMC24
(Pass@128)

AIME24
(Pass@256)

AIME25
(Pass@256) Avg.

Llama-3.2-3B-Instruct 79.8 93.5 51.5 40.0 30.0 58.96
+ GRPO 80.2 95.4 60.6 40.0 30.0 61.24
+ GRPO w/ ACTION-LOGP regu 79.6 93.8 56.9 40.0 30.0 60.06
+ GRPO w/ ACTION-ENTROPY regu 78.4 93.1 56.9 46.7 36.7 62.36
+ GRPO w/ ACTION-LOGP+ENTROPY 80.0 93.9 55.8 40.0 36.7 61.28
+ GRPO w/ VERL (ours) 80.6 95.7 59.0 50.0 36.7 64.40

G.7 Comparison with Regularization Method
in Action Space

This experiment aims to compare VERL with prior
action-space regularization strategies used in RL
post-training. Here, “action space” refers to the
token-level policy over next-token actions during
generation. A common practice is to regularize
training using token-level proxy signals computed
directly from this policy (e.g., confidence or en-
tropy). Our goal is to test whether such action-
space proxy regularizers can match the perfor-
mance gains of VERL, and to provide evidence
that representation-level metrics yield a more effec-
tive regularization signal for reasoning.

Setup. We keep the post-training pipeline un-
changed (same base model, RL algorithm, train-
ing data, optimizer, and decoding configuration),
and only replace the auxiliary regularization sig-
nal. We consider three action-space baselines:
(i) ACTION-LOGP, which regularizes using only
the average log-probability of the generated re-
sponse (a confidence-style signal); (ii) ACTION-
ENTROPY, which regularizes using only the re-
sponse entropy (a stochasticity-style signal); (iii)
ACTION-LOGP+ENTROPY, which uses the sum of
the above two signals. In contrast, VERL (VERL)
employs hidden-state trajectory metrics defined in
a semantically richer representation space. We re-
port Pass@1 results in Tab. 11 and larger-budget
decoding results (Pass@k) in Tab. 12.

Findings. Two observations stand out. First,
action-space proxy regularization is often unsta-
ble under combination: while a single proxy can

sometimes help (e.g., ACTION-ENTROPY achieves
the strongest or second-strongest performance on
several columns), the naive combination ACTION-
LOGP+ENTROPY does not reliably improve fur-
ther and can even underperform the better single-
signal choice (see the Avg. column in Tab. 11 and
the Pass@k columns in Tab. 12). This indicates
that token-level confidence (LogP) and stochastic-
ity (entropy) may interfere when jointly used as a
regularizer.

Second, across both evaluation regimes, VERL
consistently provides the best overall results. On
Pass@1, VERL achieves the highest Avg. and
attains the best (or second-best) scores on most
datasets in Tab. 11; on Pass@k, VERL similarly
yields the strongest Avg. and the top performance
on key high-budget reasoning benchmarks (e.g.,
AIME24 at Pass@256 and AMC23 at Pass@128 in
Tab. 12). Overall, these results suggest that action-
space token-level proxies are limited and do not
reliably compose, whereas VERL offers a more
robust and effective regularization signal for RL
post-training.

G.8 Ablation on the Choice of Hidden Layer
We focus on the final hidden layer because our
exploration/exploitation metrics are defined in the
semantic space along the reasoning trajectory, and
prior interpretability work (Jing et al., 2025; Sajjad
et al., 2022; Valeriani et al., 2023; Matthews et al.,
2024; Servedio et al., 2025; Zhang et al., 2025a)
suggests that the last layers are most aligned with
semantic meaning and model predictions. Empiri-
cally, using the final layer gives consistently better
performance than using an intermediate layer: for
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example, GRPO + VERL with the last layer im-
proves the average Pass@1 from 41.69% (layer 14)
to 43.44%, and the average Pass@k from 61.52%
(layer 14) to 64.40%. This subsection provides the
detailed analysis supporting our design choice to
base VERL on the final layer.

Intermediate layers in large language models can
encode rich features. However, our notion of ex-
ploration and exploitation is explicitly defined in
the semantic space of a reasoning trajectory. Exist-
ing interpretability studies (Jing et al., 2025; Sajjad
et al., 2022; Valeriani et al., 2023; Matthews et al.,
2024; Servedio et al., 2025; Zhang et al., 2025a) in-
dicate that hidden states in the last layers are most
tightly aligned with token-level semantics and the
model’s predictive distribution, while mid-layer
representations tend to mix morphology, syntax,
and other lower-level or task-specific signals. For
this reason, we consider the final layer more suit-
able for semantic diversity metrics.

Intermediate-layer vs. final-layer VERL
(Pass@1). We use Llama-3.2-3B-Instruct as
the base model, which has 28 transformer layers.
We implemented VERL on an intermediate layer
(layer 14) and on the last layer, keeping everything
else fixed. The Pass@1 results are reported in
Tab. 6. Both VERL variants improve over GRPO,
but the last-layer version clearly gives the strongest
overall gains in average Pass@1.

Intermediate-layer vs. final-layer VERL
(Pass@k). A similar pattern holds for Pass@k,
summarized in Tab. 7. Using the last layer yields
the best average improvement, especially on the
more challenging AIME-style benchmarks, further
supporting the choice of the final hidden layer
as the basis for our semantic exploration and
exploitation metrics.

H Case Study

All case studies use Qwen2.5-7B as the base model.
Outputs in the gray boxes are produced by vanilla
GRPO trained for 120 steps, whereas outputs in
the purple boxes are produced by VERL (GRPO
+ auxiliary shaping) trained for the same 120 steps.

H.1 Case Study For Pass@1 Setting

Case Study I. For the case in Fig. 11, vanilla
GRPO incorrectly concludes that ´1 ă ´13,
while GRPO with our auxiliary shaping term pro-
duces the correct comparison. This illustrates

a weakness in vanilla GRPO’s exploitation: it
does not reliably apply basic numerical reasoning,
namely that among negative numbers, a larger ab-
solute value implies a smaller number. Adding
the auxiliary shaping term improves exploitation,
making such comparisons more consistent.

Case Study II. For the case in Fig. 12, the crucial
distinction lies in how the models interpret the con-
dition “No house faces two different streets”. The
vanilla GRPO–trained model incorrectly infers that
each street contains only 10 houses, overlooking
the structural implication of the condition. In con-
trast, the model trained with GRPO augmented by
the auxiliary shaping term exploits this common-
sense constraint more effectively: it decomposes
the problem step by step, correctly deduces that
each street has 20 houses, and thereby arrives at
the correct total.

Case Study III. As shown in Fig. 13, the task
concerns solving a differential equation under the
constraint of finding a purely exponential solution
rather than a general one. The model trained with
vanilla GRPO overlooks this constraint and defaults
to the generic procedure for obtaining the full so-
lution. In contrast, the model trained with GRPO
augmented by the auxiliary shaping term respects
the constraint and produces the correct purely ex-
ponential answer. This case illustrates how the
auxiliary shaping term enhances exploitation by en-
forcing adherence to problem-specific constraints.

H.2 Case Study For Pass@16 Setting

Case Study I. As shown in Fig. 14, the question
is a simple elementary-level math problem requir-
ing the integer solution x ě 1, x ‰ 2. While the
vanilla GRPO model consistently outputs 3, which
is incorrect, the model trained with the auxiliary
shaping term produces 1 in 5 out of 16 rollouts,
the correct answer. This case highlights that the
auxiliary shaping term enhances the model’s explo-
ration ability, enabling it to consider a wider range
of possibly valid solutions.

Case Study II. As shown in Fig. 15, this high-
school level geometry problem illustrates the con-
trast between vanilla GRPO and GRPO with the
auxiliary shaping term. The vanilla GRPO model
fails to produce the correct answer in any roll-
out. In contrast, the model trained with the auxil-
iary shaping term succeeds in 5 out of 16 rollouts.
Moreover, its reasoning traces display higher ex-
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What is the smallest possible integer value of x if 12 ˜ px ` 1q is an integer?

Question

-13
Ground Truth

To find the smallest possible integer value of x such that 12
x`1 is an integer, we need to consider the factors of 12. The expression 12

x`1 will be an
integer if x ` 1 is a divisor of 12. Let’s list the divisors of 12:
1. The divisors of 12 are: ˘1, ˘2, ˘3, ˘4, ˘6, ˘12.
2. We need to find the smallest x, so we start with the smallest positive divisor, which is 1:

x ` 1 “ 1 ùñ x “ 1 ´ 1 ùñ x “ 0

3. To confirm, we substitute x “ 0 back into the original expression:

12

0 ` 1
“

12

1
“ 12

Since 12 is an integer, x “ 0 is indeed a valid solution.
4. We should also consider the negative divisors to ensure we have the smallest possible integer value. The next smallest divisor is -1:

x ` 1 “ ´1 ùñ x “ ´1 ´ 1 ùñ x “ ´2

5. Substituting x “ ´2 back into the original expression:

12

´2 ` 1
“

12

´1
“ ´12

Since -12 is an integer, x “ ´2 is also a valid solution, but it is not smaller than x “ 0.
Therefore, the smallest possible integer value of x is

0

Vanilla GRPO

To find the smallest possible integer value of x such that 12
x`1 is an integer, we need to determine the divisors of 12. The divisors of 12 are

˘1, ˘2, ˘3, ˘4, ˘6, ˘12. For 12
x`1 to be an integer, x ` 1 must be one of these divisors. We want the smallest possible x, so we should consider

the smallest positive divisor, which is 1.
If x ` 1 “ 1, then x “ 0.
We should also consider the negative divisors to ensure we find the smallest possible integer value of x. The smallest negative divisor is ´12. If
x ` 1 “ ´12, then x “ ´13.
Comparing x “ 0 and x “ ´13, the smallest possible integer value of x is ´13.
Therefore, the final answer is

´13

GRPO with Auxiliary Shaping Term

Figure 11: Case study: Vanilla GRPO fails to exploit numerical commonsense when comparing negative values (-1
vs. -13), while our method gives the correct answer.

ploratory diversity: it applies the law of sines 9
times, the law of cosines 4 times, and other gen-
eral geometric properties 3 times. By comparison,
the vanilla GRPO model relies more narrowly on
the law of sines (11 times), with only limited use
of other strategies. This case highlights that the
auxiliary shaping term enhances the model’s explo-
ration capacity, enabling it to leverage a broader
range of problem-solving strategies rather than
over-committing to a single path.
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In my neighborhood, there are six streets. There are 10 houses on each side of each street. No house faces two different streets. How many houses are
in my neighborhood?

Question

120
Ground Truth

To determine the total number of houses in the neighborhood, we can follow these steps:
1. Identify the number of streets and houses per street: - There are 6 streets. - Each street has 10 houses on each side.
2. Calculate the number of houses on one street: Since there are 10 houses on each side of a street, and each house faces only one street, the total
number of houses on one street is 10 (since they are all on the same street).
3. Calculate the total number of houses in the neighborhood: There are 6 streets, and each street has 10 houses. Therefore, the total number of
houses is 6 ˆ 10 “ 60.
Putting the final answer within , we get:

60

Vanilla GRPO

To find the total number of houses in the neighborhood, let’s break down the problem step by step.
1. There are 6 streets in the neighborhood.
2. Each street has houses on both sides.
3. There are 10 houses on each side of every street.
4. No house faces two different streets, meaning each house is counted only once.
First, calculate the number of houses on one side of a single street:

10 houses/side

Since there are houses on both sides of each street, multiply by 2:

10 houses/side ˆ 2 sides/street “ 20 houses/street

Now, since there are 6 streets, multiply the number of houses per street by the number of streets:

20 houses/street ˆ 6 streets “ 120 houses

So, the total number of houses in the neighborhood is
120

GRPO with Auxiliary Shaping Term

Figure 12: Case study: Vanilla GRPO overlooks the constraint and infers 10 houses per street, while our method
exploits it correctly and infers 20.
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Find a purely exponential solution of d4x
dt4

´ x “ e´2t.

Question

e´2t

15

Ground Truth

To find a purely exponential solution of the differential equation ( d
4x

dt4
´ x “ e´2t), we will follow these steps:

1. Find the complementary solution by solving the homogeneous equation:

d4x

dt4
´ x “ 0

The characteristic equation is:
r
4

´ 1 “ 0

Solving for r, we get:
r
4

“ 1 ùñ r “ ˘1, ˘i

Therefore, the complementary solution is:
xcptq “ C1e

t
` C2e

´t
` C3 cosptq ` C4 sinptq

2. Find a particular solution using the method of undetermined coefficients:
Since the right-hand side of the non-homogeneous equation is e´2t, we assume a particular solution of the form:

xpptq “ Ae
´2t

Taking the fourth derivative of xpptq:
d4

dt4
pAe

´2t
q “ Ap´2q

4
e

´2t
“ 16Ae

´2t

Substituting xpptq and its fourth derivative into the original differential equation:

16Ae
´2t

´ Ae
´2t

“ e
´2t

Simplifying, we get:
p16A ´ Aqe

´2t
“ e

´2t
ùñ 15Ae

´2t
“ e

´2t

Therefore:

15A “ 1 ùñ A “
1

15

So, the particular solution is:

xpptq “
1

15
e

´2t

3. Combine the complementary and particular solutions:
The general solution to the differential equation is:

xptq “ xcptq ` xpptq “ C1e
t

` C2e
´t

` C3 cosptq ` C4 sinptq `
1

15
e

´2t

Thus, the final answer is:

C1e
t

` C2e
´t

` C3 cosptq ` C4 sinptq `
1

15
e

´2t

Vanilla GRPO

Figure 13: Case study: Vanilla GRPO ignores the constraint of a purely exponential solution, while our method
enforces it and yields the correct result.
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To find a purely exponential solution to the differential equation

d4x

dt4
´ x “ e

´2t

, we will follow these steps:
1. Find the complementary solution by solving the homogeneous equation:

d4x

dt4
´ x “ 0

The characteristic equation is:
r
4

´ 1 “ 0

Solving for r, we get:
r
4

“ 1 ùñ r “ ˘1, ˘i

Therefore, the complementary solution is:
xcptq “ C1e

t
` C2e

´t
` C3 cosptq ` C4 sinptq

2. Find a particular solution using the method of undetermined coefficients: Since the right-hand side of the non-homogeneous equation is e´2t,
we assume a particular solution of the form:

xpptq “ Ae
´2t

Taking the fourth derivative of xpptq:
d4xp

dt4
“ 16Ae

´2t

Substituting xpptq and its fourth derivative into the original differential equation:

16Ae
´2t

´ Ae
´2t

“ e
´2t

Simplifying, we get:
15Ae

´2t
“ e

´2t

Solving for A:

15A “ 1 ùñ A “
1

15

Therefore, the particular solution is:

xpptq “
1

15
e

´2t

3. Combine the complementary and particular solutions: The general solution to the differential equation is:

xptq “ xcptq ` xpptq “ C1e
t

` C2e
´t

` C3 cosptq ` C4 sinptq `
1

15
e

´2t

Thus, the purely exponential solution is:
1

15
e

´2t

GRPO with Auxiliary Shaping Term

Figure 13: Case study: Vanilla GRPO ignores the constraint of a purely exponential solution, while our method
enforces it and yields the correct result (continued).

Given fpxq “
?

x´1
x´2 , what is the smallest possible integer value for x such that fpxq has a real number value?

Question

1
Ground Truth

Figure 14: Case study demonstrating improved exploration: the auxiliary shaping term enables the model to explore
and reach the correct solution.
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Vanilla GRPO#1-#8

(Details omitted as they are not
crucial for this case study.)
1. Numerator Condition: The
numerator is

?
x ´ 1. For the

square root to be defined and
result in a real number, the
expression inside the square
root must be non-negative.

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator is x ´ 2. For
the function to be defined, the
denominator must not be zero.

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these two condi-
tions, we get:

x ě 1 and x ‰ 2

The smallest integer that sat-
isfies x ě 1 and x ‰ 2 is
x “ 3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

To determine the smallest
possible integer value for x
such that fpxq “

?
x´1

x´2 has a
real number value, we need to
ensure that both the numerator
and the denominator satisfy
their respective conditions for
real numbers.
1. Numerator Condition: The
expression inside the square
root must be non-negative.

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator must not be
zero to avoid division by zero.

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these conditions, we
need x ě 1 and x ‰ 2. The
smallest integer that satisfies
these conditions is x “ 3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

To determine the smallest
possible integer value for x
such that fpxq “

?
x´1

x´2 has a
real number value, we need to
ensure that both the numerator
and the denominator satisfy
certain conditions.
1. Numerator Condition: The
expression inside the square
root must be non-negative be-
cause the square root of a neg-
ative number is not a real num-
ber.

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator must not be
zero because division by zero is
undefined.

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these conditions, we
get:

x ě 1 and x ‰ 2

The smallest integer that sat-
isfies x ě 1 and x ‰ 2 is
x “ 3.

(Details omitted as they are not
crucial for this case study.)
1. Square Root Condition:
The expression inside the
square root, x ´ 1, must be
greater than or equal to zero
for the square root to be a real
number.

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator, x ´ 2, must
not be zero to avoid division by
zero.

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these two condi-
tions, we get:

x ě 1 and x ‰ 2

The smallest integer that sat-
isfies x ě 1 and x ‰ 2 is
x “ 3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

(Details omitted as they are not
crucial for this case study.)
1. For the square root to be
defined, the expression inside it
must be greater than or equal to
zero:

x ´ 1 ě 0

Solving this inequality:

x ě 1

2. For the denominator to be
non-zero:

x ´ 2 ‰ 0

Solving this equation:

x ‰ 2

(Details omitted as they are not
crucial for this case study.)
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value
is:

3

(Details omitted as they are not
crucial for this case study.)
1. For the square root to be
defined, the expression inside it
must be greater than or equal to
zero:

x ´ 1 ě 0

Solving this inequality:

x ě 1

2. For the function to be de-
fined, the denominator must not
be zero:

x ´ 2 ‰ 0

Solving this equation:

x ‰ 2

(Details omitted as they are not
crucial for this case study.)
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

(Details omitted as they are not
crucial for this case study.)
1. For the square root to be
defined, we need:

x ´ 1 ě 0

Solving this inequality:

x ě 1

2. For the denominator to be
non-zero, we need:

x ´ 2 ‰ 0

Solving this equation:

x ‰ 2

Combining these two condi-
tions, x must be greater than
or equal to 1 but not equal to 2.
The smallest integer that satis-
fies this condition is x “ 3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

(Details omitted as they are not
crucial for this case study.)
1. Square Root Condition:
The expression inside the
square root, x ´ 1, must be
greater than or equal to zero
for the square root to be a real
number.

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator, x ´ 2, must
not be zero to avoid division by
zero.

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these two condi-
tions, we get:

x ě 1 and x ‰ 2

The smallest integer that sat-
isfies x ě 1 and x ‰ 2 is
x “ 3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

Figure 14: Case study demonstrating improved exploration: the auxiliary shaping term enables the model to explore
and reach the correct solution (continued).
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Vanilla GRPO#9-#16

(Details omitted as they are not
crucial for this case study.)
1. Numerator Condition: The
expression inside the square
root, x ´ 1, must be non-
negative because the square
root of a negative number is
not a real number. Therefore,
we need:

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator, x ´ 2, must
not be zero because division by
zero is undefined. Therefore,
we need:

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these two condi-
tions, we get:

x ě 1 and x ‰ 2

The smallest integer that sat-
isfies x ě 1 and x ‰ 2 is
x “ 3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is: 3

(Details omitted as they are not
crucial for this case study.)
1. Numerator Condition: The
expression inside the square
root, x ´ 1, must be non-
negative because the square
root of a negative number is
not a real number. Therefore,
we need:

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator, x ´ 2, must
not be zero because division by
zero is undefined. Therefore,
we need:

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these two condi-
tions, we get:

x ě 1 and x ‰ 2

The smallest integer that sat-
isfies x ě 1 and x ‰ 2 is
x “ 3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

(Details omitted as they are not
crucial for this case study.)
1. For the square root to be
defined, we need:

x ´ 1 ě 0

x ě 1

2. For the denominator to be
non-zero, we need:

x ´ 2 ‰ 0

x ‰ 2

Combining these two condi-
tions, we get:

x ě 1

x ‰ 2

The smallest integer that sat-
isfies x ě 1 and x ‰ 2 is
x “ 3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

(Details omitted as they are not
crucial for this case study.)
1. Numerator Condition: The
expression under the square
root, x ´ 1, must be non-
negative because the square
root of a negative number is
not a real number. Therefore,
we need:

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator, x ´ 2, must
not be zero because division by
zero is undefined. Therefore,
we need:

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these two condi-
tions, we get:

x ě 1 and x ‰ 2

The smallest integer that sat-
isfies x ě 1 and x ‰ 2 is
x “ 3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is: 3

(Details omitted as they are not
crucial for this case study.)
1. Numerator Condition: The
numerator is

?
x ´ 1. For the

square root to be defined and
result in a real number, the
expression inside the square
root must be non-negative.

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator is x ´ 2. For
the function to be defined, the
denominator must not be zero.

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these two condi-
tions, we need x to be greater
than or equal to 1, but not
equal to 2. Therefore, the
smallest possible integer value
for x that satisfies both condi-
tions is 3.
3

(Details omitted as they are not
crucial for this case study.)
1. Square Root Condition:
The expression inside the
square root, x ´ 1, must be
greater than or equal to zero
for the square root to be a real
number.

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator, x ´ 2, must
not be zero to avoid division by
zero.

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these two condi-
tions, we get:

x ě 1 and x ‰ 2

The smallest integer that sat-
isfies x ě 1 and x ‰ 2 is
x “ 3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

To determine the smallest pos-
sible integer value for x such
that fpxq “

?
x´1

x´2 has a
real number value, we need to
ensure that both the numera-
tor and the denominator satisfy
their respective conditions for
real numbers.
1. Numerator Condition: The
expression inside the square
root must be non-negative.

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator must not be
zero.

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these conditions,
we need x to be greater than
or equal to 1 but not equal to 2.
Therefore, the smallest possible
integer value for x that satisfies
both conditions is 3.
3

(Details omitted as they are not
crucial for this case study.)
1. Numerator Condition: The
numerator is

?
x ´ 1. For the

square root to be a real number,
the expression inside the square
root must be non-negative.

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator is x ´ 2. For
the function to be defined, the
denominator must not be zero.

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these two condi-
tions, we get:

x ě 1 and x ‰ 2

The smallest integer that sat-
isfies x ě 1 and x ‰ 2 is
x “ 3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

Figure 14: Case study demonstrating improved exploration: the auxiliary shaping term enables the model to explore
and reach the correct solution (continued).
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GRPO with Auxiliary Shaping Term#1-#8

(Details omitted as they are not
crucial for this case study.)
1. Numerator Condition: The
numerator is

?
x ´ 1. For

the square root to be defined
and real, the expression inside
the square root must be non-
negative.

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator is x ´ 2. For
the function to be defined, the
denominator must not be zero.

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these conditions,
we need x to be greater than
or equal to 1, but not equal to
2. The smallest integer that
satisfies these conditions is
x “ 3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

(Details omitted as they are not
crucial for this case study.)
1. For the square root to be
defined in the real numbers, the
expression inside it must be
greater than or equal to zero:

x ´ 1 ě 0

Solving this inequality:

x ě 1

2. For the function to be de-
fined, the denominator must not
be zero:

x ´ 2 ‰ 0

Solving this equation:

x ‰ 2

(Details omitted as they are not
crucial for this case study.)
Thus, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

(Details omitted as they are not
crucial for this case study.)
1. The expression inside the
square root must be non-
negative. 2. The denominator
must not be zero.
(Details omitted as they are not
crucial for this case study.)
### Step 3: Combine the con-
ditions From Step 1, we know
x ě 1. From Step 2, we know
x ‰ 2. Therefore, the smallest
integer value for x that satisfies
both conditions is the smallest
integer greater than 1, which is
3.
### Final Answer The small-
est possible integer value for x
such that fpxq has a real num-

ber value is 3 .

(Details omitted as they are not
crucial for this case study.)
### Combining the Conditions
From Condition 1, we have
x ě 1. From Condition 2, we
have x ‰ 2.
Combining these, the smallest
integer value for x that satisfies
both conditions is x “ 3.
### Verification Let’s verify
that x “ 3 works: - For x “

3,
?
x ´ 1 “

?
3 ´ 1 “

?
2,

which is a real number. - The
denominator x´2 “ 3´2 “ 1,
which is not zero.
Since both conditions are sat-
isfied, the smallest possible
integer value for x is indeed 3.
Thus, the final answer is:

3

(Details omitted as they are not
crucial for this case study.)
1. Numerator Condition: The
expression under the square
root, x ´ 1, must be non-
negative because the square
root of a negative number is
not a real number. Therefore,
we need:

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator, x ´ 2, must
not be zero because division by
zero is undefined. Therefore,
we need:

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these two condi-
tions, we get:

x ě 1 and x ‰ 2

The smallest integer that satis-
fies x ě 1 but not x “ 2 is
x “ 1.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 1 .

(Details omitted as they are not
crucial for this case study.)
### Combining the Conditions
From Condition 1, we know
x ě 1. From Condition 2, we
know x ‰ 2.
The smallest integer that satis-
fies x ě 1 but not x “ 2 is
x “ 1.
(Details omitted as they are not
crucial for this case study.)
Since fp1q is a real number,
x “ 1 is indeed a valid solu-
tion.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 1 .

(Details omitted as they are not
crucial for this case study.)
1. For

?
x ´ 1 to be defined,

we need:

x ´ 1 ě 0 ùñ x ě 1

2. For the denominator x ´ 2
to be non-zero, we need:

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these two condi-
tions, we get:

x ě 1 and x ‰ 2

The smallest integer that sat-
isfies x ě 1 and x ‰ 2 is
x “ 1.
(Details omitted as they are not
crucial for this case study.)
Since fp1q “ 0 is a real num-
ber, our solution is confirmed.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 1 .

(Details omitted as they are not
crucial for this case study.)
1. For

?
x ´ 1 to be defined

in the real numbers, we need:

x ´ 1 ě 0 ùñ x ě 1

2. For the denominator x ´ 2
to not be zero, we need:

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these two condi-
tions, x must be greater than
or equal to 1 but not equal to 2.
The smallest integer that satis-
fies this condition is x “ 3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

Figure 14: Case study demonstrating improved exploration: the auxiliary shaping term enables the model to explore
and reach the correct solution (continued).
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GRPO with Auxiliary Shaping Term#9-#16

(Details omitted as they are not
crucial for this case study.)
1. Numerator Condition: The
expression inside the square
root, x ´ 1, must be non-
negative because the square
root of a negative number is
not a real number. Therefore,
we need:

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator, x ´ 2, must
not be zero because division by
zero is undefined. Therefore,
we need:

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these two condi-
tions, we get:

x ě 1 and x ‰ 2

The smallest integer that sat-
isfies x ě 1 and x ‰ 2 is
x “ 1.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 1 .

(Details omitted as they are not
crucial for this case study.)
1. Numerator Condition: The
expression under the square
root must be non-negative.

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator must not be
zero.

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these two condi-
tions, we get:

x ě 1 and x ‰ 2

The smallest integer that sat-
isfies x ě 1 and x ‰ 2 is
x “ 3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

(Details omitted as they are not
crucial for this case study.)
1. Numerator Condition: The
expression inside the square
root must be non-negative.

x ´ 1 ě 0 ùñ x ě 1

This ensures that
?
x ´ 1 is a

real number.
2. Denominator Condition:
The denominator must not be
zero.

x ´ 2 ‰ 0 ùñ x ‰ 2

This ensures that the function is
defined.
Combining these two condi-
tions, we get:

x ě 1 and x ‰ 2

The smallest integer that sat-
isfies x ě 1 and x ‰ 2 is
x “ 3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

(Details omitted as they are not
crucial for this case study.)
1. For the square root to be
defined, we need:

x ´ 1 ě 0

Solving this inequality:

x ě 1

2. For the denominator to be
non-zero, we need:

x ´ 2 ‰ 0

Solving this equation:

x ‰ 2

Combining these two condi-
tions, x must be greater than
or equal to 1 but not equal to 2.
The smallest integer that satis-
fies this condition is x “ 3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

(Details omitted as they are not
crucial for this case study.)
1. The expression inside the
square root must be non-
negative. 2. The denominator
must not be zero.
Let’s address these conditions
one by one:
1. For the square root to be
defined, the expression inside it
must be greater than or equal to
zero:

x ´ 1 ě 0 ùñ x ě 1

2. For the denominator to be
non-zero:

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these conditions,
we need x to be greater than
or equal to 1 but not equal to
2. The smallest integer that
satisfies this is x “ 3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

(Details omitted as they are not
crucial for this case study.)
1. Numerator Condition: The
expression inside the square
root must be non-negative be-
cause the square root of a neg-
ative number is not a real num-
ber.

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator must not be
zero because division by zero is
undefined.

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these two condi-
tions, we get:

x ě 1 and x ‰ 2

The smallest integer that sat-
isfies x ě 1 and x ‰ 2 is
x “ 3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

(Details omitted as they are not
crucial for this case study.)
1. Numerator Condition: The
expression under the square
root, x ´ 1, must be non-
negative because the square
root of a negative number is
not a real number.

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator, x ´ 2, must
not be zero because division by
zero is undefined.

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these conditions, we
need x ě 1 and x ‰ 2. The
smallest integer that satisfies
these conditions is x “ 1.
(Details omitted as they are not
crucial for this case study.)
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 1 .

To determine the smallest pos-
sible integer value for x such
that fpxq “

?
x´1

x´2 has a
real number value, we need to
ensure that both the numera-
tor and the denominator satisfy
their respective conditions for
real numbers.
1. Numerator Condition: The
expression inside the square
root must be non-negative.

x ´ 1 ě 0 ùñ x ě 1

2. Denominator Condition:
The denominator must not be
zero.

x ´ 2 ‰ 0 ùñ x ‰ 2

Combining these conditions,
we need x to be greater than
or equal to 1 but not equal to
2. The smallest integer that
satisfies this condition is x “

3.
Therefore, the smallest possible
integer value for x such that
fpxq has a real number value

is 3 .

Figure 14: Case study demonstrating improved exploration: the auxiliary shaping term enables the model to explore
and reach the correct solution (continued).
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Abdul and Chiang are standing 48 feet apart in a field. Bharat is standing in the same field as far from Abdul as possible so that the angle formed by
his lines of sight to Abdul and Chiang measures 60˝. What is the square of the distance (in feet) between Abdul and Bharat?

Question

3072
Ground Truth

Vanilla GRPO#1-#8

(Details omitted as they are not
crucial for this case study.)
1. Identify the triangle and its
properties:
(Details omitted as they are not
crucial for this case study.)
2. Use the Law of Sines:
(Details omitted as they are not
crucial for this case study.)
3. Apply the Law of Sines:
(Details omitted as they are not
crucial for this case study.)
4. Find the square of the dis-
tance:
(Details omitted as they are not
crucial for this case study.)
Therefore, the square of the
distance between Abdul and
Bharat is 2304 .

To solve this problem, we
can use the Law of Sines in
trigonometry. Let’s denote the
distance between Abdul and
Bharat as x and the distance
between Chiang and Bharat
as y. We know that the angle
between Abdul and Chiang as
seen from Bharat is 60°, and
the distance between Abdul and
Chiang is 48 feet.
Given: - =ABC “ 60˝ -
AB “ 48 feet - We need to
find x2

First, we apply the Law of
Sines in triangle ABC:
(Details omitted as they are not
crucial for this case study.)
Thus, the square of the distance
between Abdul and Bharat is
9216 .

To solve this problem, we
can use the Law of Sines in
trigonometry. Let’s denote the
distance between Abdul and
Bharat as AB, and the distance
between Chiang and Bharat
as BC. Since Bharat is as
far from Abdul as possible
to form a 60° angle, triangle
ABC is a right triangle with
the right angle at Chiang. This
means =ACB “ 90˝ and
=BAC “ 60˝.
(Details omitted as they are not
crucial for this case study.)
Thus, the square of the distance
between Abdul and Bharat is
9216 .

First, we need to find the dis-
tance AB using the Law of
Sines. In triangle ABC:
(Details omitted as they are not
crucial for this case study.)
Now, we need to find the
square of the distance AB:
(Details omitted as they are not
crucial for this case study.)
Thus, the square of the distance
between Abdul and Bharat is
1728 .

To verify the accuracy of this
result, we can use Python to
perform the calculations.
(Details omitted as they are not
crucial for this case study.)

To solve this problem, we can
use the Law of Sines and some
geometric properties. Let’s
break it down step by step.
1. Identify the triangle and its
properties:
(Details omitted as they are not
crucial for this case study.)
2. Apply the Law of Sines:
(Details omitted as they are not
crucial for this case study.)
3. Calculate the distances:
(Details omitted as they are not
crucial for this case study.)
4. Find the square of the dis-
tance:
(Details omitted as they are not
crucial for this case study.)
So, the square of the distance
between Abdul and Bharat is
768 .

(Details omitted as they are not
crucial for this case study.)
1. Recognize that the trian-
gle ABC is a right triangle
with =BAC “ 90˝ and
=ABC “ 60˝. Therefore,
=ACB “ 30˝.
(Details omitted as they are not
crucial for this case study.)
3. Since AC “ 48 feet, and
in a 30-60-90 triangle, the side
opposite the 60° angle is

?
3

times the side opposite the 30°
angle, we can find AB:

AB “ 48
?
3

(Details omitted as they are not
crucial for this case study.)
Therefore, the square of the
distance between Abdul and
Bharat is 6912 feet.

To solve this problem, we
need to use some geometric
principles, specifically involv-
ing the Law of Sines and prop-
erties of triangles.
1. Identify the triangle and
the given information:
(Details omitted as they are not
crucial for this case study.)
2. Use the Law of Sines to
find the distance BC (the dis-
tance from Bharat to Chi-
ang):
(Details omitted as they are not
crucial for this case study.)
3. Find the distance AC
(the distance from Abdul to
Bharat):
(Details omitted as they are not
crucial for this case study.)
Therefore, the square of the
distance between Abdul and
Bharat is 11520 .

(Details omitted as they are not
crucial for this case study.)
1. Identify the triangle and
the given information:
(Details omitted as they are not
crucial for this case study.)
2. Use the Law of Sines:
(Details omitted as they are not
crucial for this case study.)
3. Maximize AB:
(Details omitted as they are not
crucial for this case study.)
4. Apply the Pythagorean
theorem:
(Details omitted as they are not
crucial for this case study.)
Thus, the square of the distance
between Abdul and Bharat is
9216 .

Figure 15: Case study: Geometry problem. GRPO with auxiliary shaping term not only achieves higher accuracy
but also explores more diverse reasoning strategies than vanilla GRPO.
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Vanilla GRPO#9-#16

To solve this problem, we can
use the Law of Sines and some
geometric properties. Let’s
break it down step by step.
1. Identify the triangle and
the given information:
(Details omitted as they are not
crucial for this case study.)
2. Determine the largest pos-
sible angle at A:
(Details omitted as they are not
crucial for this case study.)
3. Use the Pythagorean theo-
rem:
(Details omitted as they are not
crucial for this case study.)
4. Find the square of the dis-
tance between Abdul and
Bharat:
(Details omitted as they are not
crucial for this case study.)
So, the square of the distance
between Abdul and Bharat is
9216 .

To solve this problem, we can
use some geometric properties
and trigonometry. Let’s break it
down step by step:
1. Identify the triangle
formed:
(Details omitted as they are not
crucial for this case study.)
2. Use the Law of Sines:
(Details omitted as they are not
crucial for this case study.)
3. Maximize the distance:
(Details omitted as they are not
crucial for this case study.)
4. Square the distance:
(Details omitted as they are not
crucial for this case study.)
Let’s calculate it:

48
2

“ 2304

So, the square of the distance
between Abdul and Bharat is
2304 .

To solve the problem, we need
to determine the distance be-
tween Abdul and Bharat, given
that the angle between their
lines of sight to Chiang is 60°
and that Bharat is positioned to
be as far from Abdul as possi-
ble.
(Details omitted as they are not
crucial for this case study.)
Using the Law of Cosines in
triangle ABC:
(Details omitted as they are not
crucial for this case study.)

BC
2

“ d
2

` 2304 ´ 48d

(Details omitted as they are not
crucial for this case study.)
The square of the distance be-
tween Abdul and Bharat is:

d
2

“ 96
2

“ 9216

Thus, the square of the distance
between Abdul and Bharat is
9216 .

(Details omitted as they are not
crucial for this case study.)
1. Identify the known values:
(Details omitted as they are not
crucial for this case study.)
2. Set up the triangle:
(Details omitted as they are not
crucial for this case study.)
3. Apply the Law of Sines:
(Details omitted as they are not
crucial for this case study.)
4. Determine the angles:
(Details omitted as they are not
crucial for this case study.)
5. Simplify the Law of Sines
equation:
(Details omitted as they are not
crucial for this case study.)
Therefore, the square of the
distance between Abdul and
Bharat is 2304 .

To solve this problem, we
need to use some geometric
properties and trigonometry.
Let’s break it down step by
step.
1. Understanding the Prob-
lem:
(Details omitted as they are not
crucial for this case study.)
2. Geometric Insight:
(Details omitted as they are not
crucial for this case study.)
3. Using Trigonometry:
(Details omitted as they are not
crucial for this case study.)
4. Calculating the Distance:
- Let the distance AB be x.
Since =ABC is 60° and we
need to maximize AB, we use
the Law of Cosines in triangle
ABC:
(Details omitted as they are not
crucial for this case study.)
Therefore, the square of the
distance between Abdul and
Bharat is 432 .

(Details omitted as they are not
crucial for this case study.)
1. Identify the given informa-
tion:
(Details omitted as they are not
crucial for this case study.)
2. Visualize the problem:
(Details omitted as they are not
crucial for this case study.)
3. Use the Law of Sines:
(Details omitted as they are not
crucial for this case study.)
4. Properties of an equilateral
triangle:
(Details omitted as they are not
crucial for this case study.)
5. Calculate the square of the
distance:
(Details omitted as they are not
crucial for this case study.)
Thus, the square of the distance
between Abdul and Bharat is
2304 .

Providethefinalanswerwithin .

To solve this problem, we
need to use some geometric
properties and trigonometry.
Let’s break it down step by
step.
1. Understand the Problem:
(Details omitted as they are not
crucial for this case study.)
2. Visualize the Problem:
(Details omitted as they are not
crucial for this case study.)
3. Use Geometric Properties:
(Details omitted as they are not
crucial for this case study.)
4. Apply Trigonometry:
(Details omitted as they are not
crucial for this case study.)
5. Calculate the Distance: -
AB = 2 * AC = 2 * 48 = 96
feet. - The square of the dis-
tance AB is 962.
6. Final Calculation: - 962 “

9216.
So, the square of the distance
between Abdul and Bharat is
9216 .

To solve this problem, we
can use the Law of Sines in
trigonometry. Let’s break it
down step by step:
1. Identify the given informa-
tion:
(Details omitted as they are not
crucial for this case study.)
2. Set up the triangle:
(Details omitted as they are not
crucial for this case study.)
3. Use the Law of Sines:
(Details omitted as they are not
crucial for this case study.)
4. Find the square of the dis-
tance: The distance between
Abdul and Bharat is 24 feet.
The square of this distance is:

24
2

“ 576

Therefore, the square of the
distance between Abdul and
Bharat is 576 .

Figure 15: Case study: Geometry problem. GRPO with auxiliary shaping term not only achieves higher accuracy
but also explores more diverse reasoning strategies than vanilla GRPO (continued).
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GRPO with Auxiliary Shaping Term#1-#8

(Details omitted as they are not
crucial for this case study.)
Given that =ABC “ 60˝ and
AC “ 48 feet, we can use the
Law of Sines to find AB:
(Details omitted as they are not
crucial for this case study.)
The square of the distance AB
is:

p32
?
3q

2
“ 32

2
ˆ3 “ 1024ˆ3 “ 3072

Thus, the square of the distance
between Abdul and Bharat is
3072 .

To solve this problem, we
can use the Law of Sines in
trigonometry.
(Details omitted as they are not
crucial for this case study.)
Given that AC “ 48 feet, we
can use the Law of Sines to
find AB:

AB

sinp60˝q
“

AC

sinp30˝q

(Details omitted as they are not
crucial for this case study.)
Solving for AB:

AB “ 96 ˆ

?
3

2
“ 48

?
3

(Details omitted as they are not
crucial for this case study.)
Therefore, the square of the
distance between Abdul and
Bharat is 6912 .

(Details omitted as they are not
crucial for this case study.)
1. Identify the given informa-
tion:
(Details omitted as they are not
crucial for this case study.)
2. Visualize the problem:
(Details omitted as they are not
crucial for this case study.)
3. Determine the type of tri-
angle: - Since angle ABC and
angle ACB are both 60°, tri-
angle ABC is an equilateral
triangle. In an equilateral trian-
gle, all sides are equal.
4. Calculate the side length
of the equilateral triangle: -
Since AC = 48 feet and triangle
ABC is equilateral, AB (the
distance from Abdul to Bharat)
is also 48 feet.
(Details omitted as they are not
crucial for this case study.)
So, the square of the distance
between Abdul and Bharat is
2304 .

To solve this problem, we can
use the Law of Sines and some
geometric properties. Let’s de-
note the positions of Abdul,
Chiang, and Bharat as points
A, C, and B respectively. The
distance between A and C is
given as 48 feet. The angle
=ACB is 60°. We need to
find the square of the distance
AB, which is the farthest dis-
tance Bharat can be from Ab-
dul.
(Details omitted as they are not
crucial for this case study.)
Therefore, the square of the
distance between Abdul and
Bharat is 6912 .

To solve this problem, we
need to use some geometric
principles. Let’s denote the
positions of Abdul, Chiang, and
Bharat as points A, C, and B
respectively. We are given that
the distance between A and C
(AC) is 48 feet, and the angle
ABC is 60°. We need to find
the distance between A and B
(AB), and then square it.
(Details omitted as they are not
crucial for this case study.)
Step 3: Recognize that if trian-
gle ABC is equilateral, then all
sides are equal. Therefore, AB
= BC = AC = 48 feet.
Step 4: Calculate the square of
the distance AB. Since AB =
48 feet, we square this value to
get AB².

AB
2

“ 48
2

“ 2304

So, the square of the distance
between Abdul and Bharat is
2304 .

To find the square of the
distance between Abdul and
Bharat, we can use the Law of
Sines in trigonometry. Let’s de-
note the distance between Ab-
dul and Bharat as AB, and the
distance between Chiang and
Bharat as BC. Since Bharat is
as far from Abdul as possible,
triangle ABC is a right trian-
gle with =ACB “ 90˝.
Given: - =ABC “ 60˝ -
AC “ 48 feet
We want to find AB2.
First, we apply the Law of
Sines in triangle ABC:
(Details omitted as they are not
crucial for this case study.)
Thus, the square of the distance
between Abdul and Bharat is
3072 .

(Details omitted as they are not
crucial for this case study.)
In a right triangle, if one of the
angles is 60°, the triangle is a
30-60-90 triangle. In a 30-60-
90 triangle, the sides are in the
ratio 1 :

?
3 : 2. Here, AC is

the hypotenuse, so we can set
up the relationship as follows:

AC “ 2 ˆ AB

48 “ 2 ˆ AB

AB “
48

2
“ 24 feet

We need to find the square of
the distance AB:

AB
2

“ 24
2

“ 576

Thus, the square of the distance
between Abdul and Bharat is
576 .

(Details omitted as they are not
crucial for this case study.)
Using the properties of a 30-
60-90 triangle, we know that
the side opposite the 60° angle
is

?
3 times the side opposite

the 30° angle. Let’s denote
the side opposite the 30° angle
(which is half the distance be-
tween Abdul and Chiang) as x.
Therefore, AB “ x

?
3 and

BC “ 2x.
(Details omitted as they are not
crucial for this case study.)

AB
2

“ 2304p21 ´ 12
?
3q

Since we are asked to find the
square of the distance, and we
have already calculated it, we
can box the final answer:

2304

Figure 15: Case study: Geometry problem. GRPO with auxiliary shaping term not only achieves higher accuracy
but also explores more diverse reasoning strategies than vanilla GRPO (continued).
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GRPO with Auxiliary Shaping Term#9-#16

To solve this problem, we
can use the Law of Sines in
trigonometry.
(Details omitted as they are not
crucial for this case study.)
Using the Law of Sines:

AB

sinp120˝q
“

AC

sinp60˝q

(Details omitted as they are not
crucial for this case study.)
Therefore, the square of the
distance between Abdul and
Bharat is 3072 .

To solve this problem, we
need to use some geometric
properties and trigonometric
relationships. Let’s break it
down step by step.
1. Identify the given informa-
tion:
(Details omitted as they are not
crucial for this case study.)
2. Visualize the problem:
(Details omitted as they are not
crucial for this case study.)
3. Use the Law of Cosines:
(Details omitted as they are not
crucial for this case study.)
4. Apply the Law of Cosines:
(Details omitted as they are not
crucial for this case study.)
5. Find the square of the dis-
tance: - The square of the
distance between Abdul and
Bharat is d2

“ 2304.
Therefore, the square of the
distance between Abdul and
Bharat is 2304 .

To solve this problem, we can
use the Law of Sines and some
geometric properties.
(Details omitted as they are not
crucial for this case study.)
Given that the angle ABC is
60° and AB is maximized, the
triangle ABC is a right trian-
gle with angle ACB being 90°
(since the angle at Bharat is
60° and the sum of angles in a
triangle is 180°, the remaining
angle at A must be 30°, making
AB the hypotenuse of a 30-60-
90 triangle).
(Details omitted as they are not
crucial for this case study.)
Therefore, the square of the
distance between Abdul and
Bharat is 3072 .

To solve this problem, we
need to use some geometric
principles. Let’s denote the po-
sitions of Abdul, Chiang, and
Bharat as points A, C, and B
respectively. The distance be-
tween A and C is 48 feet, and
we need to find the distance
AB when the angle =ABC
is 60° and B is as far from A
as possible.
1. Identify the configuration:
(Details omitted as they are not
crucial for this case study.)
2. Use the Law of Cosines:
(Details omitted as they are not
crucial for this case study.)
3. Substitute into the Law of
Cosines:
(Details omitted as they are not
crucial for this case study.)
So, the square of the distance
between Abdul and Bharat is
3840 square feet.

To solve this problem, we
need to use some geometric
principles, specifically involv-
ing the Law of Sines and prop-
erties of triangles. Let’s break
it down step by step:
1. Identify the given informa-
tion:
(Details omitted as they are not
crucial for this case study.)
2. Visualize the problem:
(Details omitted as they are not
crucial for this case study.)
3. Use the Law of Sines:
(Details omitted as they are not
crucial for this case study.)
4. Determine the angles:
(Details omitted as they are not
crucial for this case study.)
5. Calculate the distance AB:
(Details omitted as they are not
crucial for this case study.)
Therefore, the square of the
distance between Abdul and
Bharat is 3072 .

To find the square of the
distance between Abdul and
Bharat, let’s denote the distance
between Abdul and Bharat as
d, and the distance between
Chiang and Bharat as d1. Since
the angle formed by the lines
of sight to Abdul and Chiang
is 60°, we can use the Law of
Cosines in the triangle formed
by Abdul, Chiang, and Bharat.
The Law of Cosines states that
for any triangle with sides a, b,
and c, and the angle θ opposite
side c:

c
2

“ a
2

` b
2

´ 2ab cospθq

(Details omitted as they are not
crucial for this case study.)
Therefore, the square of the
distance between Abdul and
Bharat is 2304 .

To solve this problem, we’ll
use some geometric principles,
particularly the Law of Sines
and properties of triangles.
Let’s break down the problem
step-by-step:
1. Identify the given informa-
tion:
(Details omitted as they are not
crucial for this case study.)
2. Visualize the problem:
(Details omitted as they are not
crucial for this case study.)
3. Use the Law of Sines:
(Details omitted as they are not
crucial for this case study.)
4. Apply the Law of Sines:
(Details omitted as they are not
crucial for this case study.)
5. Use trigonometry in the
right triangle:
(Details omitted as they are not
crucial for this case study.)
Therefore, the square of the
distance between Abdul and
Bharat is 1728 .

To solve this problem, we
need to use some geometric
properties and trigonometry.
Let’s denote the positions of
Abdul, Chiang, and Bharat as
points A, C, and B respectively
in the field. We know that AC
= 48 feet and the angle =ACB
= 60°. We want to find the dis-
tance AB, which we’ll denote
as d, and then find d2.
1. Identify the type of trian-
gle:
(Details omitted as they are not
crucial for this case study.)
2. Apply the Law of Cosines:
(Details omitted as they are not
crucial for this case study.)
3. Maximize the distance d:
(Details omitted as they are not
crucial for this case study.)
Therefore, the square of the
distance between Abdul and
Bharat is 1728 .

Figure 15: Case study: Geometry problem. GRPO with auxiliary shaping term not only achieves higher accuracy
but also explores more diverse reasoning strategies than vanilla GRPO (continued).
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