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Abstract

Reinforcement Learning with Verifiable Re-
wards (RLVR) frequently suffers from mode
collapse due to the inherent sparsity of feed-
back signals. While strategies such as entropy
regularization introduce randomness, they lack
directionality. Simply incorporating diversity
rewards is overly one-sided and fails to identify
potential logical errors or hallucinations. To
address these limitations, we propose VANE
(Value-Aligned Novelty Exploration), a method
that simultaneously quantifies novelty across
the outcome space (via reward or solution diver-
gence) and the semantic process space (via se-
mantic process divergence). Moreover, VANE
employs a value-alignment mechanism that
symmetrically amplifies scarce, high-quality
solutions while explicitly penalizing diverse
yet erroneous reasoning paths. Extensive exper-
iments on models such as Qwen2.5-Math-7B
across eight benchmarks—encompassing both
large-scale mathematical reasoning and out-of-
distribution (OOD) tasks—demonstrate the ef-
fectiveness and generalization of the proposed
method.

1 Introduction

The rapid evolution of Large Language Models
(LLMs), has been significantly driven by Reinforce-
ment Learning with Verifiable Rewards (RLVR)
(Lambert et al., 2024). By optimizing against de-
terministic signals such as correct answers, algo-
rithms like GRPO (Shao et al., 2024) efficiently
guide models toward high-performance solutions
(Guo et al., 2025a). However, this outcome-reward-
dependent approach has a limitation: it cannot
provide feedback on the reasoning process itself,
causing models to collapse into safe but limited
reasoning patterns and undermines the overall per-
formance (Yu et al., 2025; Cui et al., 2025a).

In reinforcement learning, generating diverse
outputs is pivotal for exploring the action space and
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Question:
Let a, b, ¢ be distinct real numbers. Find the degree of the polynomial:
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1. Theory: Lagrange interpolation uses 3
control points (a, b, ¢).

2. Inference: 3 constraints imply 3
degrees of freedom.

3. Conclusion: p(x) is a cubic polynomial
plus a constant, p(x) must be a quadratic
polynomial.

1. Calculate p(a), p(b), p(c).
2. Result: p(a) = 1,p(b) = 1,p(c) = 1.
3. Theorem: A quadratic passing
through y = 1 three times must be the
constant liney = 1.

Output: 1 Output: 2

Novel and correct Unique but incorrect

Figure 1: Two responses to a math problem: one deriv-
ing the correct solution via a novel approach, while the
other reaching an incorrect result with flawed logic.

discovering novel strategies (Cheng et al., 2025; An
et al., 2025). Some studies have attempted meth-
ods such as entropy regularization (Tiapkin et al.,
2024) or decoupled KL divergence (Slocum et al.,
2025) to enhance the model’s exploration capabil-
ity. More recently, other studies have tried adding
diversity incentives via reward shaping (Li et al.,
2025b; He et al., 2025). However, these works
often focus narrowly on outcome or trajectory di-
versity. Moreover, they treat all incorrect samples
indiscriminately. This approach leads to passive
ignorance: by assigning an identical zero reward to
both minor errors and severe hallucinations, such
methods fail to distinguish between distinct failure
modes. In mathematical reasoning, unique paths
deviating from group consensus that lead to er-
rors often signify severe logical fallacies (Lightman
et al., 2023; Kuhn et al., 2023). For instance, Figure
1 illustrates a case where the model falsely infers a
cubic polynomial from three control points, only to
contradictorily conclude the function is quadratic.
Without explicit penalties for such novel errors, the
model will explore invalid regions.

To address these limitations, we propose the
Value-Aligned Novelty Exploration (VANE). Un-
like prior methods that focus on a single dimen-
sion or passively ignore errors, VANE first estab-
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lishes a comprehensive novelty metric by synthesiz-
ing outcome and semantic statistics. Specifically,
we quantify Outcome-Level Novelty by measur-
ing the deviation of a sample’s reward from the
group mean (RSD) or the sparsity of its discrete
answer frequency (SSS), and complementarily as-
sess Semantic-Level Novelty via Semantic Process
Divergence (SPD), which calculates the geometric
distance of a reasoning trajectory from the group’s
embedding centroid. These metrics are aggregated
into a unified Hybrid Novelty Score through a lin-
ear combination. Subsequently, we apply a Value-
Aligned Symmetric Shaping mechanism to this
score. This mechanism functions as a directional
filter that symmetrically modulates the novelty in-
centive—amplifying it for correct solutions while
inverting it into a penalty for errors. Finally, this
shaped value is superimposed onto the original raw
reward, ensuring that the model pursues diversity
that is strictly anchored in correctness.

To evaluate VANE, we structure our experi-
ments around two primary dimensions. First,
we examine the performance frontiers, assessing
whether VANE achieves superior accuracy and gen-
eralization across in-distribution (ID) and out-of-
distribution (OD) tasks while maintaining robust-
ness across varying model scales. Second, we val-
idate the methodological design through ablation
studies and sensitivity analyses, specifically iso-
lating the contributions of outcome versus seman-
tic modules and verifying the role of symmetric
shaping in preventing ungrounded exploration. our
contributions are as follows:

* We propose VANE, which quantifies novelty
by integrating outcome statistics with process
semantics from dual perspectives and employs
a symmetric shaping mechanism to targetedly
assign rewards or penalties to diverse samples
based on their validity.

* We empirically demonstrate that imposing ex-
plicit penalties on incorrect yet diverse rollout
samples outperforms the indiscriminate treat-
ment of errors, resulting in models that exhibit
superior performance.

» We validate the effectiveness of our approach
through extensive experiments across eight
benchmarks involving multiple model fam-
ilies. The results confirm that the proposed
method achieves consistent performance gains

over baselines, demonstrating superior gener-
alization in both ID and OOD tasks.

2 Related Work
2.1 Reward Shaping

Reinforcement Learning with Verifiable Rewards
(RLVR) (Lambert et al., 2024; Team et al., 2025)
has emerged as a key paradigm for enhancing LLM
reasoning by utilizing deterministic signals from
math (Yang et al., 2024; Guo et al., 2025a) and
coding (Liu and Zhang, 2025; Luo et al., 2025),
etc. Yet, its reliance on sparse binary outcomes
hinders efficient optimization (Yu et al., 2025). To
address this, reward shaping is employed to densify
feedback and guide models toward desired solu-
tions (Goyal et al., 2019; Gupta et al., 2022; Xie
et al., 2023). Liao et al. (2025); Liu et al. (2025c¢);
Guo et al. (2025b) combined rule-based verifiers
with learned reward models to generate more in-
formative signals. Other studies have integrated
multi-level rule-based rewards, including format
(Xin et al., 2025; Li et al., 2025b), length (Liu et al.,
2025a), and outcome (Anschel et al., 2025) com-
ponents, to facilitate long Chain-of-Thought (CoT)
reasoning (Guo et al., 2025a) and mitigate output
anomalies. Despite these advancements, there re-
mains a lack of suitable, multidimensional metrics
for quantifying and enhancing reasoning creativity.

2.2 Diversity in Large Language Models

Language models are prone to generating repetitive
or low-diversity outputs (Li et al., 2016; Holtz-
man et al., 2019; Zhang et al., 2021). To address
this, existing strategies encompass optimizations
across both inference and training stages. During
inference, early approaches relied on stochastic
sampling techniques, such as temperature scaling
(ACKLEY et al., 1985; Peeperkorn et al., 2024),
Top-k sampling (Fan et al., 2018), and Nucleus
sampling (Holtzman et al., 2019), to introduce ran-
domness. To internalize diversity during optimiza-
tion, researchers have integrated distribution-level
constraints into training objectives, employing tech-
niques like Maximizing Mutual Information (Bow-
man et al., 2016; Li et al., 2016) and unlikelihood
training (Papineni et al., 2002) to enforce broader
distributional coverage. In the realm of online Re-
inforcement Learning, methods such as decoupled
KL regularization (Slocum et al., 2025), decoupled
clipping (Yu et al., 2025), and entropy regulariza-
tion (Tiapkin et al., 2024; Hou et al., 2025; Lan-
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chantin et al., 2025; Cheng et al., 2025) have gar-
nered significant attention. Additionally, some stud-
ies have attempted to incorporate diversity-related
incentives via reward shaping (Li et al., 2025b; An-
schel et al., 2025; Li et al., 2025a); however, these
approaches are mostly limited to a single dimen-
sion and focus on the diversity of correct samples
only.

3 Method

We formulate the RLVR task as aligning a pol-
icy mg(y|x) to generate responses y for prompts
x based on deterministic rewards. While algo-
rithms like GRPO efficiently optimize for correct-
ness, their focus on exploitation frequently leads
to mode collapse. To address this, we introduce
Value-Aligned Novelty Exploration (VANE). This
method restores exploration by first quantifying
novelty via outcome and semantic metrics (Section
3.1), then applying symmetric shaping to strictly
couple diversity with validity (Section 3.2), and
finally incorporating these signals into the policy
update (Section 3.3).

3.1 Multi-view Novelty Quantification

To capture exploration behavior, we decompose
novelty into two dimensions: the Outcome Space,
which focuses on the uniqueness of the final result,
and the Semantic Space, which evaluates the diver-
sity of the reasoning process. This dual-view for-
mulation allows us to distinguish between discover-
ing new solutions and finding alternative derivation
paths for existing solutions.

3.1.1 Outcome-Level Novelty (N,,;)

We posit that a highly novel outcome manifests as
statistical rarity, which can be identified either by
its deviation from the group’s average raw reward
performance or by its low frequency within the so-
lution set. Accordingly, we propose two strategies
to capture this sparsity.

Strategy I: Reward-Space Divergence (RSD).
Drawing inspiration from the advantage formula-
tion in GRPO (Shao et al., 2024), we design RSD
based on the fact that unique samples in the output
results yield original rewards that are significantly
higher or lower than the average level of the same
group. Let R = {Rjy,..., Rg} be the set of raw
rewards. The divergence is calculated as the stan-

dardized absolute deviation:

RSD |R; — pr]
i) — — 1
Nout (y) O'R+6 ( )

where ur and ok denote the group mean and stan-
dard deviation, respectively. Consequently, RSD
is driven by the distribution of validity within the
group: if a correct (or incorrect) outcome is sparse,
its reward will deviate significantly from the group
mean u, thereby yielding a larger RSD value.

Strategy I1: Solution-Space Sparsity (SSS). Al-
ternatively, for tasks with discrete answers, we de-
fine novelty based on frequency. Let o; be the
extracted answer for response y;. We compute
sparsity as:

G
1
NP (yi) =1 - a > Ioj=0). (2
j=1

This metric assigns scores approaching 1 for unique
solutions and near O for frequent ones, directly
incentivizing the generation of rare answers.

3.1.2 Semantic-Level Novelty (N.,,)

We design the Semantic Process Divergence (SPD)
based on the principle that a semantically novel
trajectory should exhibit a significant geometric
distance from the group’s semantic center com-
pared with homogenized samples (Ju et al., 2025).
Let e; € RY be the embedding of response 1;. We
first compute the semantic centroid ¢ and the raw
cosine deviation d; as:

1 G
c==> e 3)
j=1
e;-C
i=1- . )
leilllicl

To align this metric with the magnitude of RSD
(Eq. 1) and to amplify the signal for semantically
long-tail samples, we apply Z-score standardization
to d; (Eq. 4):

d; —
Nsem(yi) = O_di_i_'ujedv (5)

where pz and o4 are the mean and standard devi-
ation of the distances within the group. Notably,
Nisem allows for negative scores, effectively char-
acterizing highly homogenized reasoning patterns.
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Generation

Trajectory A
(Unique and correct)

1. Calculate p(a), p(b), p(c).

2. Result: p(a) = 1,p(b) = 1,p(c) = 1.
3. Theorem: A quadratic passing
through y = 1 three times must be the
constantliney = 1.

Output: 1
Trajectory B
(Mainstream and incorrect)
Input Prompt:
1. Analyze terms: Each term contains
Leta, b, c be distinct real numbers. Find (- w)(x—D).
the degree of the polynomial: 2. Expansion: This results in x? terms.
™ ™ 3. Conclusion: Sum of quadraticsi ]
(0= b usion: quadratics is
G=DG&-9 G-dE-0 G-a)(-b CREGELTE
@-0@-0 b-00b-0 -ak-b| LMPolicy Output:2
(79)
Trajectory C
(Unique but incorrect)
1. Theory: Lagrange interpolation uses 3
control points (a, b, c).

2. Inference: 3 constraints imply 3 degrees
of freedom.
3. Conclusion: p(x) is a cubic polynomial
plus aconstant, p(x) must be a quadratic
polynomial.

Output: 2

di— g
\ oute J

Value-Aligned Symmetric Shaping
& Reward Composition

Multi-view Novelty Quantification

View1: Semantic Process
Divergence (SPD)
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Semantic-Level Novelty (N, ) l

Symmetric Shaping

Semantic Space
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Final Shaped
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/ View2: Solution- \
Space Sparsity (SSS)
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A

Outcome-Level Novelty (Nyy)
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Figure 2: Overview of the proposed VANE. Taking SSS+SPD as an example, Trajectory A receives a substantial
novelty bonus for its unique reasoning and sparse, correct outcome. Conversely, Trajectory C incurs a heavy penalty;
despite high semantic novelty stemming from logical errors, it is penalized for incorrectness. Trajectory B yields an

intermediate reward.

3.1.3 Hybrid Aggregation

We synthesize these metrics into a Hybrid Novelty
Score H(y;), using a weighting coefficient A €
[0, 1] to control the trade-off between outcome and
process novelty:

H(yz) =X Nout(yi) + (1 - A) : A/;em(yi)' (6)

3.2 Value-Aligned Symmetric Shaping

Indiscriminate diversity incentives often lead to re-
ward hacking, where the model optimizes for vari-
ance at the expense of correctness. Furthermore,
distinct failure modes require differentiated han-
dling. Therefore, we introduce a Value-Alignment
Function v (y;) to couple exploration with validity,
defined based on the sign of the relative advantage:

¥(yi) = sgn(R; — pr). 7
In the case of outcome-based RLVR, 1 (y;) yields
discrete values: We set the value to O for groups
exhibiting zero variance (all correct/incorrect) so as
to exclude special rollout groups (Yu et al., 2025),
whereas for groups with mixed results, it distin-
guishes valid trajectories with +1 and invalid ones
with -1. The Directional Novelty Bias ¢; is then
computed as:

0 = V(i) - H(yi)- (®)

This implements symmetric shaping, where high-
performing outliers (R; > pr) receive a positive
bias to amplify rare, superior solutions, whereas
low-performing outliers (R; < pgr) incur a nega-
tive penalty to prune diverse yet erroneous halluci-
nations.

3.3 Final Optimization

The final shaped reward R,Lf nal jncorporates the
bias (Eq. 8) scaled by an intensity factor 3 > 0.
This coefficient controls the contribution of the nov-
elty reward to the overall objective, with a higher
[ encouraging the model to prioritize optimization
towards directions with greater novelty without sac-
rificing correctness:

RI™" = R+ 4. ©)

This shaped reward replaces the raw reward in the
GRPO advantage calculation. The algorithm is
detailed in Appendix A.

4 Experiment Setup
Detailed setup is provided in Appendix B.

4.1 RLVR Configuration

Models. We adopt Qwen2.5-Math-7B (Yang
et al., 2024) as the primary backbone for our exper-
iments. To verify scalability and cross-family gen-
eralization, we extend our evaluation to Qwen2.5-
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1.5B-Math, Qwen2.5-7B-Instruct, Qwen2.5-14B,
and Llama3.1-8B-Instruct (Grattafiori et al., 2024).
For the SPD method, we adopt Qwen3-Embedding-
0.6B (Zhang et al., 2025) to convert responses into
embeddings.

Training Details. All reinforcement learning ex-
periments are conducted using the VeRL frame-
work (Sheng et al., 2025). We utilize the de-
duplicated version of the DAPO-17k dataset (Yu
et al., 2025) for training. The rollout and update
batch sizes are both set to 256. During the rollout
phase, we sample 8 responses for each prompt. For
VANE, we set the shaping intensity 3 = 2. The
balancing coefficient A is set to 0.3 specifically for
the RSD+SPD variant on Qwen2.5-Math-7B, while
A = 0.5 is maintained for all other configurations.

4.2 Evaluation

We assess performance on nine challenging bench-
marks, comprising six In-Distribution (ID) math-
ematical tasks—AIME 2024/2025, AMC (Li
et al.,, 2024), MATH-500 (Hendrycks et al.,
2021), Minerva (Lewkowycz et al., 2022), and
OlympiadBench (He et al., 2024)—and two Out-
Of-Distribution (OOD) datasets, specifically ARC-
¢ (Clark et al., 2018) and MMLU-Pro (Wang et al.,
2024), to evaluate broader reasoning capabilities.
We follow the evaluation settings in (Zhan et al.,
2025), report Avg@32 for datasets with limited
samples (AIME and AMC) to mitigate variance,
while the standard Pass@1 accuracy is used for all
other benchmarks. All evaluations are conducted
with a sampling temperature of 0.6 and a top-p
value of 0.95, utilizing the Oat-evaluator library
(Liu et al., 2025b) for answer extraction and verifi-
cation.

4.3 Baselines

We benchmark VANE against GRPO (the backbone
algorithm) and DAPO (Yu et al., 2025), which op-
timizes GRPO via decoupled clip hyperparameters
and token-level loss, etc. Additionally, we compare
against state-of-the-art exploration-enhanced meth-
ods, including Ent-Adv (Cheng et al., 2025), which
promotes exploration by encouraging longer chains
of thought, as well as Clip-Cov and KL-Cov (Cui
et al., 2025b), which control policy updates based
on token entropy covariance. For hyperparameters,
we follow the recommendations in their respective
original papers, while keeping all common hyper-
parameters consistent with the VANE.

45.39 45.27

45.08

Average Accuracy (%)

0.1 0.3 0.5

0.7 0.9 0.5 1.0 1.5 2.0 2.5 3.0
Balancing Coefficient (1)

Shapinj Intensity .(B)

Figure 3: The plots illustrate the impact of the balancing
coefficient A (top) and shaping intensity 3 (bottom) on
the average accuracy across six math benchmarks.

S Experiments

To evaluate VANE, we address four core research
questions: 1) How do Shaping Intensity () and
Novelty Balancing (\) affect performance? 2) How
does VANE influence the learning process com-
pared to baselines? 3) How does VANE perform
against baselines on ID/OOD benchmarks across
varying models? 4) Is the symmetric shaping mech-
anism valid—specifically, should high-novelty er-
rors be penalized?

5.1 Sensitivity Analysis

Shaping Intensity (3). We investigate the im-
pact of the shaping intensity factor 3, which con-
trols the magnitude of the novelty bias. Fixing
A = 0.5 for the RSD+SPD setting, we vary 3 €
{0.5,1.0,1.5,2.0,2.5,3.0}. As shown in Figure
3, the relationship between average accuracy and
shaping intensity is not strictly linear. We observe
that performance remains at a high level when the
value is around 0.5, 2.0, and 3.0. This is attributed
to the fact that our reward shaping direction is
aligned with the correctness of the original results.
Therefore, the pursuit of diversity does not signif-
icantly compromise performance, demonstrating
the high robustness of the method.

Novelty Balancing (\). We analyze the balanc-
ing coefficient A\, which governs the trade-off be-
tween outcome (RSD) and process (SPD) novelty.
We fix 8 = 2.0 and vary A. Results in Figure 3
indicate that performance improves as A increases
up to 0.3, where it peaks, before gradually declin-
ing. This suggests that a higher weight on process
novelty (A < 0.5) enhances model capabilities,
underscoring the importance of diverse reasoning
paths.

Based on these analyses, we set 5 = 2.0 and
A = 0.5 as the default configuration for the major-
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Figure 4: Training dynamics (536 steps) of GRPO, VANE(RSD+SPD), and VANE(SSS+SPD). while achieving
similar raw rewards to GRPO, VANE shows stronger exploration by sustaining higher entropy and response length.

Model Performance Comparison (Avg.)
50
GRPO
VANE(RSD+SPD)
VANE(SSS+SPD) 42.11 41.83
39.75

39.05
37.83 38.81

IS
S

340 3475
32.85

w
S

Average Score
N
S

Qwen2.5-Math-1.5B Qwen?2.5-7B-Instruct Qwen2.5-14B

Figure 5: The average performance of the Qwen model
family across six math benchmarks shows that VANE-
trained models consistently outperform the GRPO.

ity of our experiments. The sole exception is the
Qwen-Math-7B model under the RSD+SPD set-
ting, where we adopt A = 0.3 due to its observed
superior performance.

5.2 Training Dynamics

We further analyze the training process before de-
tailing the main results. As shown in Figure 4,
although the average reward curves converge simi-
larly, VANE exhibits distinct behavior in average
response length and entropy. Notably, SSS+SPD
maintains higher response length and entropy dur-
ing the mid-training phase before convergence, in-
dicating a sustained exploratory mode.

5.3

We present the main experimental results in Table 1
and 5. Our analysis focuses on performance across
varying models and computational scaling.

Main Results

Performance Analysis. Overall, VANE consis-
tently outperforms the GRPO and advanced meth-
ods across diverse model architectures and scales
on both ID and OOD benchmarks.

VANE exhibits good performance and scal-
ability on mathematical tasks. On Qwen-2.5-
Math-7B, VANE (SSS+SPD) achieves an average

Model Performance Comparison (Avg.) by Pass@k

GRPO
RSD+SPD
SSS+SPD

0
S

~
=)

63.85 64.85 64.7

59,26 61:09 61.02

o
=)

55.14 56.2856.38

o
=)

45.51
43.38 9598

Average Score
N ow s
S & o

=
o

pass@1 pass@4 pass@8 pass@16

Figure 6: Aggregated Pass @k performance across six
math benchmarks with scaling sample counts.

score of 45.51%, surpassing GRPO by 2.13% and
excelling in challenging benchmarks like AIME24.
This robustness is consistent across architectures
and scales: it is mirrored in Llama-3.1-8B-Instruct
(23.12% vs. 22.09%) and extends to larger models,
boosting the Qwen-2.5-14B in-distribution average
to 42.11%.

VANE demonstrates good OOD generaliza-
tion capabilities across most scenarios. The
RSD+SPD dominates general reasoning on Qwen-
2.5-Math-7B with a score of 59.34%, exceeding
GRPO by 12.73%. This trend persists with Llama-
3.1-8B-Instruct (67.51%) and systematic gains are
observed across the Qwen-2.5 family (1.5B-14B).
Notably, even on the resource-constrained 1.5B
model, OOD performance improves from 24.62%
to 31.28%, highlighting the method’s efficiency in
preventing overfitting.

Distinct novelty strategies favor different do-
mains. The SSS+SPD variant excels in mathe-
matical tasks. Unlike RSD, which is constrained
by reward correctness and thus acts conservatively,
SSS directly incentivizes output diversity, meeting
the high innovation demands of complex reasoning.
Conversely, RSD+SPD proves superior for OOD
generalization. Since OOD tasks often involve re-
stricted candidate sets (e.g., multiple-choice op-
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In-Distribution

Out-of-Distribution

Model
AIME24 AIME25 AMC MATHS500 Minerva Olympiad Avg. | ARC-c MMLU-Pro Avg.
Llama-3.1-8B-Instruct 6.77 1.15 20.97 45.80 24.63 16.74 19.34 | 30.97 42.77 36.87
GRPO 8.44 0 25.72 50.00 31.62 16.74 22.09 | 83.79 49.76 66.78
+ VANE (RSD+SPD) 7.50 0.31 31.63 49.80 29.78 18.52 2292 | 84.90 50.12 67.51
+ VANE (SSS+SPD) 8.75 0 27.67 53.20 28.68 20.44 23.12 | 84.98 48.94 66.96
Qwen-2.5-Math-7B 10.94 4.38 33.77 48.20 10.29 14.52 2035 | 16.13 17.47 16.80
GRPO 25.42 10.83  63.06 81.80 36.40 42.81 43.38 | 5247 40.74 46.61
+ DAPO 29.27 1146 6190 82.00 37.50 42.67 4413 | 55.12 43.99 49.56
+ Ent-Adv 26.67 12.08  59.00 77.60 35.66 41.33 42.06 | 56.66 4532 50.99
+ KL-Cov 30.21 10.83  62.46 81.80 36.40 41.78 4391 | 54.95 4432 49.64
+ Clip-Cov 29.90 1344 6190 79.20 39.70 44.00 44.69 | 66.72 47.48 57.10
+ VANE (RSD+SPD)  28.23 1293  60.39 85.60 38.60 44.74 45.08 | 69.20 49.48 59.34
+ VANE (SSS+SPD) 32.29 12.08  60.81 81.40 40.44 46.07 45.51 | 47.70 46.55 47.13

Table 1: Performance comparison of Llama-3.1-8B-Instruct and Qwen-2.5-Math-7B. GRPO is listed at the same
level as a primary baseline, while subsequent methods (denoted with “+”) indicate improvements built upon GRPO.

tions), the applicability of solution-based sparsity
18 limited, whereas RSD remains robust.

5.4 Computational Scale-up Analysis.

We investigate performance scaling with increased
inference budgets (K = 1 to 16). As shown in
Figure 6 and Appendix Table 8, VANE consis-
tently outperforms GRPO. While the margin nar-
rows slightly compared to the single-sample setting,
VANE (RSD+SPD) retains its advantage, achieving
64.85% Pass@16 versus GRPO’s 63.85%, confirm-
ing robust competitiveness across sampling scales.

5.5 Validation of Symmetric Shaping

A key distinction of VANE is its symmetric shaping.
To validate this design, we compare three settings
on Qwen2.5-Math-7B and Llama3.1-8B-Instruct:

¢ Penalize (VANE SSS+SPD): Our standard
setting where §; = — - H(y;) for errors. This
applies a heavier penalty to “unique failures”
than common ones.

* Ignore: Errors receive a fixed lower-bound
reward, regardless of novelty.

* Reward: We remove the sign term ) (y;) and
set 0; = +03 - H(y;) for all samples. This
incentivizes being “different” regardless of
correctness.

We analyze the training trajectories over 536
steps, as illustrated in Figure 7 (refer to Appendix
C, Figure 9 for Llama-3.1-8B-Instruct curves). The
Reward setting suffers from immediate reward
hacking, where the model optimizes for diversity at
the expense of correctness, causing the raw reward

to collapse. A closer comparison between Penalize
and Ignore reveals that while the Ignore group ini-
tially learns, it eventually underperforms. Notably,
the Penalize group exhibits distinct dynamic char-
acteristics, maintaining lower entropy and longer
response lengths throughout the training process.
To quantify the resulting performance gap, we
compare these settings in Appendix Table 9 (vi-
sualized in Figure 8). The results show a con-
sistent degradation when penalties are removed.
For instance, under the SSS+SPD configuration,
the average math accuracy for Qwen2.5-Math-7B
drops from 45.51% to 40.54%, and for Llama-3.1-
8B-Instruct from 23.12% to 20.47%. Similar re-
gressions are observed in OOD tasks (e.g., Llama
RSD+SPD declines from 67.51% to 62.40%).
Synthesizing the observed training dynamics
with these performance outcomes, we hypothesize
that penalizing novel failures acts as a regularizer.
Inspired by (Cheng et al., 2025), we posit that this
mechanism curbs the random, high-entropy guess-
ing prevalent in the Ignore setting and compels the
model to generate longer, deliberative reasoning
chains to ensure correctness, a hypothesis further
validated through case studies in Appendix D.

5.6 Ablation Study

To understand the impact of each component in
VANE, we conducted comprehensive ablation stud-
ies on the Qwen2.5-Math-7B model. The summary
results are presented in Table 2, with full experi-
mental details provided in Appendix Table 9.
Single components fail to achieve the optimal
trade-off between specialization and generaliza-
tion. RSD-only provides a balanced uplift, im-
proving both math (44.20%) and general reasoning
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Figure 7: Training dynamics of VANE on Qwen2.5-Math-7B across Penalize, Ignore, and Reward settings.
Indiscriminate diversity rewards in the Reward setting led to training collapse. Conversely, the Penalize setting
outperformed the Ignore setting, sustaining higher raw rewards, increased response lengths, and lower entropy.
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Figure 8: Average results on math benchmarks for
Qwen2.5-Math-7B and Llama3.1-8B-Instruct trained
with Penalize versus Ignore settings.

(57.25%). In contrast, SSS-only sharpens mathe-
matical accuracy to 44.01% but suffers a regres-
sion in OOD tasks (40.83%) compared to the base-
line (46.61%). SPD-only, while maintaining robust
OOD performance (58.04%), yields slightly lower
math performance (42.82%) than the baseline.

The combined models leverage the strengths of
these components. RSD+SPD achieves the high-
est OOD generalization (59.34%) while securing
strong math scores (45.08%). The SSS+SPD con-
figuration yields the peak In-Distribution accuracy
(45.51%), effectively using SPD to recover a por-
tion of the OOD capability lost by SSS-only, im-
proving it from 40.83% to 47.13%.

The “Ignore” ablation (detailed in Section
5.5) leads to performance degradation. For the
RSD+SPD setup, removing negative penalties
causes the Math Avg to drop from 45.08% to
43.00%. Similarly, the VANE (SSS+SPD) model
sees its math accuracy plummet from 45.51% to
40.54% when errors are ignored. This confirms
that symmetric shaping is vital for grounding ex-

Model Avg.(ID) Avg.(OOD)
Qwen2.5-Math-7B-GRPO ~ 43.38 46.61
Single Component

+ RSD-only 44.20 57.25
+ SSS-only 44.01 40.83
+ SPD-only 42.82 58.04
Combined Components

+ RSD + SPD 45.08 59.34
+ SSS + SPD (VANE) 45.51 47.13
Ablation (Ignore)

+ RSD + SPD (Ignore) 43.00 54.58
+ SSS + SPD (Ignore) 40.54 55.24

Table 2: Ablation study on In-Distribution and Out-of-
Distribution performance.

ploration in correctness and preventing the accu-
mulation of invalid patterns.

6 Conclusion

To alleviate mode collapse in RLVR and address
the limitations of existing diversity incentives
,which are typically constrained to a single per-
spective and fail to differentiate among erroneous
samples, we propose VANE. Our method quantifies
novelty at both outcome and semantic levels and
employs a symmetric shaping mechanism to explic-
itly couple novelty with validity within the reward
signal. Extensive experiments demonstrate that
VANE achieves excellent performance on mathe-
matical task benchmarks and exhibits robust out-
of-distribution (OOD) generalization. Moreover,
our empirical results verify the necessity of penal-
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izing diverse errors, confirming that this synergy is
critical for sustaining performance and preventing
training degeneration.

Limitations

Despite its effectiveness, VANE presents certain
limitations. First, the introduction of additional
hyperparameters, such as the shaping intensity and
balancing coefficient, increases the complexity of
tuning compared to standard RLVR. Second, the
framework exhibits strategy dependency, where
distinct novelty metrics favor different domains
(e.g., SSS for math versus RSD for OOD), currently
lacking an adaptive selection mechanism. Finally,
the calculation of semantic divergence requires an
external embedding model, imposing additional
computational overhead during the training rollout
phase.
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A VANE Algorithm

Algorithm 1 VANE: Value-Aligned Novelty Ex-
ploration

Input: Prompt batch B, Policy my, Reference
Tref, Group size G, Hyperparams A, 3.
for each training step do
Sample prompts x ~ B.
for each prompt = do
Sample group {y1,...,yc} ~ 7o (+|x).
Compute rewards R =
{r(w, yl)v cee 7T(x7 yG)}
Compute Embeddings {e,...,eq} and
Centroid c.
fori =1to G do
Calculate Nyt (y;) (RSD or SSS).
Calculate Nyep(y;) via Z-scored se-
mantic distance.
H(yz) < )\Nout + (1 - A)-/V:Sem-
V(i) + sen(Ri — i),
RI™ — Ri+ B (yi) - H(ys).
end for
Compute Advantages A using R/l
end for
Update my via GRPO objective using A.
end for

B detailed Experimental Setup

Dataset Details. The detailed sizes of the training
set and each benchmark used in our experiments
are presented in 3.
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Dataset Size
DAPO-Math 17398
In-Distribution

AMC 2,656
OlympiadBench 675
MATH-500 500
Minerva 272
AIME 2024 30
AIME 2025 30
Out-of-Distribution
MMLU-Pro 12,032
ARC-Challenge 1,172

Table 3: Detailed statistics of training dataset and bench-
marks.

VANE Implementation Details. All models are
trained using the VERL framework with the GRPO
algorithm on 16 xNVIDIA A100 80GB GPUs. We
set both the global batch size and mini-batch size
to 256, initializing the learning rate at 1 x 1076,
During training, we perform 8 rollouts with a sam-
pling temperature of 1.0, training for 8 epochs with
a clipping ratio of 0.28, while disabling both KL
divergence and entropy regularization losses. Con-
sidering context window constraints and the pres-
ence of lengthy prompts, we set both the maximum
prompt and response lengths to 2048 tokens for
Qwen2.5-Math-7B. For evaluation, we employ a
temperature of 0.6, top-p sampling with p = 0.95,
and a maximum response length of 8192 tokens.

Baseline Implementation Details. For DAPO,
we set the lower and upper clipping ratios to 0.2
and 0.28, respectively, and utilize the token-mean
loss. For Clip-Cov and KL-Cov, the selected token
ratio is set to 2 x 1073, with coverage lower and
upper bounds set to 1 and 5, respectively, and a
penalty coefficient of 1. For Ent-Adv, we configure
a = 0.4 and k = 2.0. All other hyperparameters
remain consistent with the VANE configuration.

C Additional Results & Figures

This section presents the comprehensive experi-
mental results. 5 and 6 analyze the sensitivity of
VANE (configured with RSD+SPD) to hyperpa-
rameter variations: 5 fixes A = 0.5 while vary-
ing 8, whereas 6 fixes 8 = 2 while varying .
7 details the performance of Qwen series models
across various scales on eight benchmarks, trained
via GRPO and VANE. 8 reports the Pass@K re-

sults for Qwen2.5-Math-7B using both methods.
9 presents the complete ablation study results for
Qwen2.5-Math-7B and Llama-3.1-8B-Instruct. Fi-
nally, Figure 9 training dynamics (536 steps) of
VANE on Llama3.1-8B-Instruct comparing Penal-
ize and Ignore settings.

D Case Study

To verify our hypothesis, we conducted a case study
on the Qwen2.5-Math-7B model trained with three
distinct paradigms (GRPO, Penalize setting, and
Ignore setting), with a primary focus on tasks such
as number theory and probability theory that de-
mand rigorous constraint-handling capabilities. A
distinct behavioral dichotomy emerges among the
groups. The GRPO Baseline exhibits a simpli-
fication bias, tending to rely on common heuris-
tics seen in training data. For instance, in a num-
ber theory problem requiring the factorization of
(a — b)(a + b — 10) = 0, GRPO prematurely
divided by (a — b), implicitly assuming a # b
and thus failing to recover the valid edge solution
“11”. Similarly, in a probability task involving a
modified die, it defaulted to a standard uniform
prior (P = 0.5) rather than tracking the specific
face counts. Conversely, the Ignore setting suffers
from ungrounded exploration. Lacking negative
feedback for errors, it generates diverse but log-
ically fragile chains. It notably exhibited severe
instability, such as correctly identifying a candi-
date solution but rejecting it due to conflated logi-
cal conditions, and ending responses with textual
hallucinations (e.g., appending unrelated proper
nouns). In contrast, Penalize demonstrates robust
structured exploration. By penalizing novel fail-
ures, the model is constrained to verify its hypothe-
ses rigorously. It successfully recovered algebraic
edge cases by analyzing multiple branches and cor-
rectly computed non-standard probability distri-
butions, confirming that symmetric shaping effec-
tively channels exploration towards mathematically
valid complexity rather than mere variance.

E Training Efficiency Analysis

We evaluate the computational cost of VANE com-
pared to the GRPO on Qwen2.5-Math-7B. As
shown in Table 4, introducing the novelty explo-
ration mechanism results in a moderate increase in
training time, ranging from approximately 15.2%
t0 22.2%.
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Method Training Time (h)

GRPO 22.25
VANE (RSD+SPD) 27.19
VANE (SSS+SPD) 25.63

Table 4: We report the total training time (in hours)
required for convergence on the same hardware setup.

The primary overhead stems from embedding
extraction for the SPD metric.  Specifically,
RSD+SPD incurs a slightly higher cost (27.19h)
than SSS+SPD (25.63h), as RSD encourages
longer reasoning chains (Figure 4) that increase
the token processing load. However, this marginal
increase is justified by the substantial performance
improvements.

F The Use of Large Language Models

In preparing this manuscript, we used a large lan-
guage model (LLM) solely for polishing the writing
style and improving the clarity of the manuscript.
The LLM was not used for generating research
ideas, designing experiments, conducting analyses,
or deriving results. All scientific contributions, in-
cluding the conceptualization, methodology, exper-
iments, and conclusions, were developed entirely
by the authors.
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Intensity (5) AIME24 AIME25S AMC MATH-500 Minerva Olympiad Avg.

0.5 32.60 11.98 61.94 80.60 41.54 42.96 45.27
1.0 31.25 12.92 62.01 78.60 34.56 41.93 43.54
1.5 31.77 10.42 57.57 81.80 37.87 42.81 43.71
2.0 28.23 12.93 60.39 85.60 38.60 44.74 45.08
2.5 27.92 12.60 60.77 76.60 37.50 43.26 43.11
3.0 33.44 11.56 60.28 79.40 39.71 42.07 44.41

Table 5: Sensitivity analysis of Shaping Intensity (3) on six math benchmarks. We observe that 3 = 0.5 yields the
best aggregated performance.

Coeff. (\) AIME24 AIME25 AMC MATH-500 Minerva Olympiad Avg.

0.1 19.27 12.19 58.74 84.40 38.97 45.78 43.22
0.3 31.04 13.23 61.26 81.40 42.28 43.11 45.39
0.5 28.23 12.93 60.39 85.60 38.60 44.74 45.08
0.7 32.50 10.94 59.45 80.60 40.44 41.78 44.28
0.9 25.94 13.75 62.58 80.40 35.66 44.00 43.72

Table 6: Sensitivity analysis of Balancing Coefficient (A). The model achieves peak performance at A = 0.3,
balancing exploration and exploitation effectively.

Model In-Distribution Out-of-Distribution
AIME24 AIME25 AMC MATHS00 Minerva Olympiad Avg. | ARC-c MMLU-Pro Avg.
Qwen-2.5-Math-1.5B 7.71 354 2643 3240 8.82 2252 16.90| 4.10 2.35 3.23
GRPO 11.56 833 4243 7520 23.90 35770 32.85| 24.49 24.74 24.62

+ VANE (RSD+SPD)  14.06 6.15 46.08 7420 28.68 3481 34.00| 37.03 25.52 31.28
+ VANE (SSS+SPD)  15.31 729 46.08  71.60 30.88 37.33  34.775]| 27.65 25.76 26.71

Qwen-2.5-7B-Instruct 11.98 646 4356  71.80 32.72 3822 34.12| 86.95 55.92 71.44
GRPO 13.44 12.60 52.03  74.60 32.35 4193  37.83| 86.95 58.60 72.78

+ VANE (RSD+SPD) 15.83 885 5256  77.20 36.76 43.11  39.05| 86.69 59.22 72.97

+ VANE (SSS+SPD)  14.69 9.06 5041 78.40 36.76 43.56  38.81| 86.86 59.10 72.98

Qwen-2.5-14B 5.42 5.63 2636  34.00 12.50 20.15  17.34| 58.19 32.69 45.44
GRPO 10.42 7.19 54.67 78.40 42.68 45.19  39.75| 91.04 63.96 71.50

+ VANE (RSD+SPD)  12.50 15.63 5482  81.80 43.01 4489 4211\ 91.21 64.84 78.03

+ VANE (SSS+SPD)  15.52 16.15 53.88  76.80 42.28 46.37 41.83| 9241 64.93 78.67

Table 7: Performance comparison of Qwen 2.5 variants (1.5B Math, 7B Instruct, and 14B) across varying scales.
The first row of each block shows the base model performance. Subsequent rows show the GRPO baseline and
VANE improvements (denoted with “+7).
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Method & Metric AIME24 AIME25S AMC MATH-500 Minerva Olympiad Avg.

GRPO (Baseline)
Pass@1 25.42 10.83  63.06 81.80 36.40 42.81  43.38
Pass@4 44.79 1843  76.20 89.40 46.32 5570  55.14
Pass@8 50.00 24.06 81.73 90.40 48.90 60.74  59.26
Pass@16 55.72 29.69  86.48 93.20 53.30 64.74  63.85
VANE (RSD+SPD)
Pass@1 28.23 1293  60.39 85.60 38.60 4474  45.08
Pass@4 47.50 21.88 73.64 89.60 49.63 55.41 56.28
Pass@8 53.02 26.77 79.41 90.40 55.15 61.78  61.09
Pass@16 59.38 31.35 82.72 92.40 57.35 6593  64.85
VANE (SSS+SPD)
Pass@1 32.29 12.08  60.81 81.40 40.44 46.07 4551
Pass@4 48.02 21.35 74.06 88.40 48.53 5793  56.38
Pass@8 52.29 2594  79.25 91.40 53.68 63.56 61.02
Pass@16 55.83 31.25 85.39 93.20 55.88 66.67 64.70

Table 8: Pass@k performance scaling of GRPO and VANE variants (RSD+SPD, SSS+SPD) across math benchmarks.
We evaluate sampling consistency at k = {1,4,8,16}.

Model In-Distribution (Math) Out-of-Distribution (General)
AIME24 AIME25 AMC MATH-500 Minerva Olympiad Avg. ‘ ARC-c MMLU-Pro  Avg.

Qwen2.5-Math-7B-GRPO 25.42 10.83  63.06 81.80 36.40 42.81 43.38‘ 62.97 41.82 52.40
Single Component

+ RSD-only 28.65 11.67 60.96 80.60 39.34 44.00 44.20| 66.30 48.20 57.25

+ SSS-only 31.56 1042 61.07 79.40 39.71 41.93  44.01| 40.10 41.55 40.83

+ SPD-only 24.90 8.86  59.75 79.80 40.81 42.81 42.82]| 70.39 45.69 58.04
Combined Components

+ RSD + SPD 28.23 1293 60.39 85.60 38.60 4474  45.08| 69.20 49.48 59.34

+ SSS + SPD 32.29 12.08 60.81 81.40 40.44 46.07 4551 47.70 46.55 47.13
Ablation (Ignore)

+ RSD + SPD (Ignore) 27.81 13.44  59.22 78.40 36.03 43.11  43.00| 63.22 45.94 54.58

+ SSS + SPD (Ignore) 26.15 12.08 56.89 80.60 26.47 41.04 40.54| 64.93 45.54 55.24
Llama-3.1-8B-Instruct-GRPO  8.44 0 25.72 50.00 31.62 16.74  22.09| 83.79 49.76 66.78
Combined Components

+ RSD + SPD 7.50 031 31.63 49.80 29.78 18.52 2292 84.90 50.12 67.51

+ SSS + SPD 8.75 0 27.67 53.20 28.68 2044  23.12| 84.98 48.94 66.96
Ablation (Ignore)

+ RSD + SPD (Ignore) 5.94 020  26.05 47.80 24.63 14.81 1991 78.24 46.56 62.40

+ SSS + SPD (Ignore) 542 0 28.84 46.00 26.10 16.44  20.47| 83.44 45.85 64.65

Table 9: Detailed ablation results across all individual benchmarks for Qwen2.5-Math-7B and Llama3.1-8B-Instruct.

28735



Entropy Response Length Raw Reward
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Figure 9: Training dynamics (536 steps) of VANE on Llama3.1-8B-Instruct comparing Penalize and Ignore settings.
Despite achieving comparable raw rewards, the Ignore setting exhibits degeneration, where response length collapses
and entropy rises to anomalous levels.
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Question and Ground Truth

Question: A two-digit number has the property that the
square of its tens digit plus ten times its units digit equals
the square of its units digit plus ten times its tens digit.
Determine all two-digit numbers which have this property,
and are prime numbers.

Ground Truth: 11, 19, 37,73

GRPO Response Fail: Premature Division

The model correctly sets up the initial equation for the number
10a + b:

a® +10b=b" +10a = a®> —b> =10(a — b)

It factors this into (a — b)(a + b) = 10(a — b).

Step 1: Assumption & Division It explicitly states: "If a # b, we
can divide both sides by a—b.” This leads to the single constraint
a+b=10.

Step 2: Checking Candidates The model iterates through
pairs (a, b) that sum to 10:

* (1,9) — 19: Prime (Keep).
* (2,8) — 28: Even, Composite.
* (3,7) — 37: Prime (Keep).
* (4,6) — 46: Even, Composite.
* (6,4)...(9,1): Only 73 is Prime.
[Error Step] Although it briefly notes that a = b makes the equa-

tion trivially true, it concludes the final answer based only on the
a # b branch, thereby missing 11.

Answer:

Analysis: GRPO performs a rigorous check on the a # b branch but fails to
integrate the edge case a = b (11) into the final solution set.

VANE+Ignore Response Fail: Hallucination

The model derives (a — b)(a + b) = 10(a — b) and correctly
identifies two cases: 1. a + b = 10 (yielding primes 19, 37, 73).
2. a — b =0 (yielding candidate 11).

[Logic Error: Contradictory Rejection] The model explicitly
checks 11 but rejects it with flawed logic: “Finally, we need to
check if 11 is a prime number, which it is. However, it does
not satisfy a + b = 10.” The model incorrectly implies that solu-
tions must satisfy both conditions simultaneously, confusing the
logical OR with AND.

[Severe Hallucination] The generation degrades at the very
end, appending an unrelated proper noun to the final answer

box:
“... final answer is | 19, 37, 73 | Giuliani”

Analysis: VANE+Ignore demonstrates logic collapse by rejecting a valid case it
found, followed by text hallucination, indicating severe instability.

VANE Response Success: Robust Reasoning

To solve this problem, we need to find all two-digit primes 10a+b
(where a € {1..9}, b € {0..9}) that satisfy the property:

a® +10b = b* + 10a

Step 1: Algebraic Derivation Rearranging the terms to group
variables:
a®> —b* —10a+10b = 0

Factor difference of squares and factor out -10:
(a—0b)(a+b)—10(a—b) =0
Factor out the common term (a — b):
(a—b)(a+b—-10)=0

This equation holds true if either factor is zero. Thus, we have
two distinct cases to investigate.

Step 2: Analyzing Case 1 (a —b=0)lfa—b=0,thena =0b.
The number is of the form 10a + a = 11a. We check primality
for digits a = 1..9:
* a=1 = 11: Prime.
* a =2 = 22: Divisible by 2.
e a = 3..9: All are multiples of 11 (e.g., 33, 44...), thus
composite.

Valid solution from Case 1: 11.

Step 3: Analyzing Case 2 (a + b — 10 = 0) If a + b = 10, we
check all pairs (a,b) summing to 10. Note that we must check
primality for the resulting number 10a + b:

* (1,9) — 19: Prime.

* (2,8) — 28: Even, composite.

* (3,7) — 37: Prime.

* (4,6) — 46: Even, composite.

* (5,5) — 55: Divisible by 5 (also a = b, covered in Case

1).

* (6,4) — 64: Even, composite.

* (7,3) — 73: Prime.

* (8,2) — 82: Even, composite.

* (9,1) — 91: Composite (7 x 13).
Valid solutions from Case 2: 19, 37, 73.

Step 4: Final Consolidation We combine the valid primes
found in both branches of the solution space:

S = {11} U {19, 37,73}

Final Answer: |11, 19, 37, 73

Analysis: VANE demonstrates superior reasoning diversity. Unlike the other mod-
els, it rigorously explores both branches of the algebraic factorization (a — b)(a +
b — 10) = 0, ensuring the edge case '11’ is retained in the final solution set.

Figure 10: Case study on algebraic cases. We compare reasoning paths for a number theory problem. The GRPO
baseline misses the solution “11” due to premature pruning (assuming a # b), while the Ignore setting exhibits
high-entropy instability (hallucinating “Giuliani”). In contrast, VANE correctly identifies the zero-product property,
exploring both branches to retrieve the complete solution set.
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Question and Ground Truth

Question: 9 players choose ice cream flavors (Chocolate
C, Vanilla V, Strawberry S). The conditions are:

1. At least one player chooses each flavor (C,V,S >
1).
2.C>V>S8.

Let N be the number of different assignments. Find N
(mod 1000).
Ground Truth: 16 (Total N = 2016)

J

€

GRPO Response Fail: Mode Collapse

The model generates a Python script loop:

for ¢ in range(1, 9):
for v in range(1, c):
for s in range(1, v):
if ct+tv+s ==
# Calculates factorials...

Execution Result The code finds the first valid partition C =
6,V = 2,5 =1 and calculates:

9!

oot~ 22

[Error Step] It stops searching after this first match, ignoring
(5,3,1) and (4, 3,2).

Answer: E

Analysis: GRPO suffers from Mode Collapse. It correctly identifies the first valid
solution (6, 2, 1) but fails to explore the remaining solution space.

J

VANE+Ignore Response Fail: Calculation Error

\

The model sets up the correct loops for s, v, c.
Code Execution Attempt It attempts to sum multinomial coef-
ficients:

if ¢ > v:
sum += multinomial(9, c, v, s)

[Error Step: Hallucination] Despite correct logic, the model
outputs an arbitrary number:
Output = 288

This number (288) is neither a valid partial sum nor the total.

Answer:

Analysis: VANE+Ignore exhibits a severe calculation hallucination. The output 288

is factually incorrect and cannot be derived from the logic provided.

J

VANE Response Success: Full Coverage

To solve this, we must find all integer solutions (C,V, S) to the
equation C' +V + S =9subjecttoC >V >S5 > 1.

Step 1: Systematic Enumeration We iterate based on the
smallest value S.

« CaseS=1:WeneedC+V =8andC >V > 1.
- fV=2 = C=6.Valid: (6,2,1).
- fV=3 = C =5. Valid: (5,3,1).
- fV=4 = C=4.Invalid (C # V).

» Case S=2:WeneedC+V =7andC >V >2.
- fV=3 = C=4.Valid: (4,3,2).
- lfVv=4 = C =3.Invalid (C < V).

« Case S > 3: Minsum 4+ 3 + 3 > 9. Stop.

Step 2: Calculate Assignments (Detailed) We compute the
multinomial coefficient &2; for each valid case found above.
Note that 9! = 362, 880.

1. Partition (6, 2, 1):

9 ) _ 362,80 _ 362,880 .,
6,2,1) — (720)(2)(1) = 1440
2. Partition (5, 3, 1):
9 ) _ 362,80 _ 362,880 .,
5,3,1) — (120)(6)(1) ~— 720
3. Partition (4, 3, 2):
362,880 _ 362,880 _ ..

9
4,3,2

Step 3: Aggregation and Modulo We now sum the number of
ways from all three distinct partitions:

T 29(06)(2) 288

N = 252 + 504 + 1260

N = 756 + 1260
N = 2016
Finally, find the remainder modulo 1000:

2016 (mod 1000) = 16
Answer:

Analysis: VANE demonstrates superior Diversity of Thought by systematically
covering the entire solution space. Unlike GRPO which stopped at the first valid
case, VANE correctly identified and summed all three distinct partitions.

Figure 11: Case study on combinatorial counting. The task requires partitioning 9 items into groups (C, V, S) sat-
isfying C' > V > S > 1. VANE correctly enumerates the three valid integer partitions ((6,2, 1), (5,3, 1), (4, 3,2))
and computes the multinomial sum to find 2016 = 16 (mod 1000). In contrast, both GRPO and the Ignore setting
rely on Python scripts but fail to retrieve the correct answer due to execution hallucinations (outputting 252 and 288,
respectively), highlighting the risks of relying solely on tool use without reasoning verification.
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Question and Ground Truth

Question: A die with faces {1, 2, 3,4, 6,8} is rolled.
« If Odd: Odd numbers doubled.

« If Even: Even numbers halved.

Find the probability that a 2 appears on the 2nd roll.
Ground Truth: 2

\ J

GRPO Response Fail: Invalid Assumption

The model starts by incorrectly assuming a standard die distri-
bution (P(odd) = P(even) = 0.5), ignoring the specific faces.
Step 1: Analyze Scenarios

+ Odd Case: Assumes faces become {2,2,6,4,16,8}.
Calculates P(2|odd) = 1/3.

» Even Case: Assumes faces become {1, 1, 3,2, 4, 4}. Cal-
culates P(2|even) = 1/6.

[Error Step: Prior Probability] “The probability of rolling an
odd number ... is 2 = ... evenis §.
Step 2: Final Calculation Using this wrong prior:

1 11 1 1 1

=3 2%6 276 1271

w]
»

Answer:

Analysis: The model fails to count the actual faces (1,2,3,4,6,8). There are
only 2 odd numbers (1, 3), so P(odd) should be 1/3, not 1/2. This is a Prior
Assumption Error.

€

\

VANE+Ignore Response Fail: Hallucination

Scenario 1 (Odd): Correctly calculates P(Odd) = 1/3. Die
changesto {2, 4, 6,8, 2, 8}. It calculates P(2|Odd) = 2/6 = 1/3.
Subtotal: 1/3 x 1/3 =1/9.

Scenario 2 (Even): Die becomes {1, 1, 3,4, 6,4}. [Error Step]
“Probability of rolling a 2 ... is 0 (since 2 is not on the die).” The
model performs the halving but fails to realize that 4 + 2 = 2.

[Hallucination] The response ends with unrelated text:

[Unrelated Text: Cruise Ship]”
Answer:

Analysis: VANE+Ignore makes a calculation error (claiming no 2’ exists) and ends
with a textual hallucination, indicating severe generation instability.

\ J

VANE Response Success: Correct Logic

To solve this, we track the specific state of the die faces condi-
tioned on the outcome of the first roll.

P(2)=2

P@)=1
Step 1: Initial Probabilities
» Odd Faces: {1,3} (Count: 2).

P(Odd) = % - %

» Even Faces: {2,4, 6,8} (Count: 4).
4 2
P(Even) = 56=3

Step 2: Determine New Faces

« If Odd: Odd faces double (1 — 2,3 — 6). Evens stay.
New Set: {2,2,6,4,12,8}. (Two 2s).

P(2/0dd) = % = %

« If Even: Even faces halve (2 — 1,4 — 2, etc). New Set:
{1,1,3,2,3,4}. (One 2).

P(2|Even) = %

Step 3: Total Probability Calculation Using the Law of Total
Probability:

P = P(2|0dd)P(Odd) + P(2|Even) P(Even)

po(L L) (L 21,1 2
“\373 63/ 99 9

Step 4: Code Verification Next writes Python code to verify:

# Case 1: 0dd (Prob 1/3) -> P(2) = 1/3
pl = Fraction(1,3) * Fraction(1,3)
# Case 2: Even (Prob 2/3) -> P(2) = 1/6

p2 = Fraction(2,3) * Fraction(1,6)
print(pl + p2)

Answer:

Analysis: VANE correctly identifies that the die is non-standard, assigning the
correct weights (1/3 vs 2/3) to the initial branches, unlike GRPO.

\ )

Figure 12: Case study on probability with dynamic state tracking. We analyze reasoning paths for a non-standard
die problem. The GRPO baseline defaults to a standard prior (P = 0.5), ignoring specific face counts. The Ignore
setting exhibits instability, resulting in calculation errors and textual hallucinations (e.g., “Cruise Ship”). In contrast,
VANE correctly models the conditional state changes to derive the exact solution.
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