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Abstract

Recent progress in large language models
(LLMs) has boosted mathematical reasoning,
yet geometry remains challenging where aux-
iliary construction is often essential. Prior
methods either underperform or depend on
very large models (e.g., GPT-40), making them
costly. We argue that reinforcement learning
with verifiable rewards (e.g., GRPO) can train
smaller models to couple auxiliary construc-
tion with solid geometric reasoning. How-
ever, naively applying GRPO yields uncon-
ditional rewards, encouraging indiscriminate
and sometimes harmful constructions. We pro-
pose Group Contrastive Policy Optimization
(GCPO), an RL framework with two compo-
nents: (1) Group Contrastive Masking, which
assigns positive/negative construction rewards
based on contextual utility, and (2) a Length Re-
ward that encourages longer reasoning chains.
On top of GCPO, we build GeometryZero, an
affordable family of geometry reasoning mod-
els that selectively use auxiliary construction.
Experiments on Geometry3K and MathVista
show GeometryZero consistently outperforms
RL baselines (e.g., GRPO, ToRL). The code
has been available at https://github.com/
ekonwang/GeometryZero.

1 Introduction

Recent advancements in large language models
(LLMs) have demonstrated remarkable perfor-
mance across domains (Ouyang et al., 2022; Team,
2024; DeepSeek-Al et al., 2025) including math-
ematics (Lu et al., 2022; Yue et al., 2024; Masry
et al., 2022; Lu et al., 2023). Among them geome-
try problem solving is deemed as a challenging task,
which requires both perception of visual contexts
(i.e., geometric diagrams) and complex reasoning
(Lu et al., 2021; Kazemi et al., 2023). Existing
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training methods either utilize massive annotated
data for supervised learning (Gao et al., 2023) or
focus on algebraic-level formal deviation (Brehmer
et al., 2023; Trinh et al., 2024). This makes current
models show unsatisfying performance on this do-
main and lack self-correction capabilities in their
reasoning chains due to their reliance on annotation
quality (Lu et al., 2024).

Another sequence of works focuses on auxiliary
lines, which are valuable either when diagrams are
inherently complex or when the problem’s intrinsic
properties benefit from such constructions, signifi-
cantly reducing problem solving difficulty (Cher-
vonyi et al., 2025). Several works including (Hu
et al., 2024; Wang et al., 2025c) have attempted to
enhance visual language models’(Bi et al., 2025,
2024) utilization of contexts through modifying for-
mal languages (e.g., code) for auxiliary construc-
tion, thereby improving their reasoning capabilities
on complex geometry problems. Existing works
validate that transforming visual contexts into for-
mal languages and leveraging LLM yields better
reasoning (Yang et al., 2025). AlphaGeometry2
(Chervonyi et al., 2025) also employs LLMs for
auxiliary construction. However, these approaches
rely on prompting or training colossal models (e.g.,
Gemini (Comanici et al., 2025), GPT-40 (OpenAl,
2024)), which incur expensive computational costs
that limit their real-world deployment.

After the success of Deepseek-R1-Zero
(DeepSeek-Al et al., 2025), GRPO has emerged
as a generalizable and effective paradigm for both
reasoning tasks and tool learning (Peng et al.,
2025; Liu et al., 2025; Meng et al., 2025; Li
et al., 2025; Wang et al., 2025b). This makes
it particularly suitable for training moderate-
sized models capable of auxiliary construction
while achieving a strong geometric reasoning
performance. However, directly applying the
GRPO framework to geometric reasoning with
auxiliary construction presents challenges: in
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Here is the formal language for the geometry diagram:
“python

odl

11_p1 = (x_min, y1)

11_p2 = (x_max, y1)

odl

draw_angle_marker(ax, A, D, B, label="3", size_ratio=2.2)
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<think> Qwen2.5-7B-ToRL

<aux> We can add an auxiliary line from point \(A\) to a point on \(I_2\) such that
it forms a straight line with \(\angle 2\), which will help us see that \(\angle 3\)
and \(\angle 2\) are supplementary. *** draw_dashed_lines(ax, D, 13_p2) [. . .]
</aux>

Given that \( I_1 \parallel |_2 \), we know that the corresponding angles and
alternate interior angles formed by a transversal are equal. In the diagram, we have:

42 and £3 are supplementary?

[..]

Therefore, the sum of \(\angle 2\) and \(\angle 3\) should be \(180"\circ\). So, we
can calculate \(\angle 3\) as follows: \[ \angle 3 = 180" \circ - \angle 2 = 180" \circ
- 75™\circ = 1057 \circ - 457\circ = 65" \circ \]

</think>
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75°) = 55°. Therefore, angle 3 = 55°. g
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Figure 1: A Comparative Study between ToRL and our GCPO. (a) Two cases comparing GeometryZero-7B with
Qwen2.5-7B-GRPO, revealing GeometryZero-7B judiciously determines to directly reason, while a ToRL-trained
model indiscriminately conducts auxiliary construction. (b) Purple texts emphasize the erroneous reasoning steps

both models undergo. The

texts amid reasoning process illustrate the critical reflection steps,

which we identify as the model’s “aha moments” (DeepSeek-Al et al., 2025) in geometric problem solving, from
which GeometryZero-7B benefits in geometric problem solving scenarios. (¢) GeometryZero showcases superior

overall performance and better scaling effect across different model sizes compared to ToRL.

certain cases, forced or redundant auxiliary
constructions prove unnecessary and potentially
detrimental (Liu et al., 2023; Yoran et al., 2024; Du
et al., 2025). Specifically, some problems can be
solved through direct reasoning without auxiliary
lines, where their forced inclusion may actually
lead to incorrect solutions (Wang et al., 2025a;
Shi et al., 2023). Current RL approaches for
tool use typically rely on unconditional rewards
(consistently positive signals across all examples)
to encourage indiscriminate tool invocation (Li
et al., 2025; Zhang et al., 2025; Hao et al., 2025).
This approach lacks the flexibility to autonomously
determine when auxiliary constructions are
appropriate, thereby limiting RL’s effectiveness in
geometric problem solving.

We posit that a flexible mechanism is needed,
allowing models to learn through RL when to use
auxiliary construction and when to abstain. To this
end, we propose Group Contrastive Policy Opti-
mization' (GCPO), a novel reinforcement learning
approach that avoids the drawbacks of uncondi-
tional rewards. Specifically, GCPO differs crucially
from traditional GRPO: it quantitatively estimates
the benefits of auxiliary construction through two
contrastive groups of rollouts, then provides flexi-

'The term “group contrastive” refers to comparing out-
comes between two groups of rollouts: one with auxiliary

construction and one without, enabling the model to learn
when construction is beneficial versus detrimental.

ble signals (conditional reward) including encour-
agements or penalties through Group Contrastive
Masking. This mechanism enables GCPO to flexi-
bly encourage auxiliary construction in clearly ben-
eficial scenarios while punishing it in clearly detri-
mental situations. Inspired by LCPO (Aggarwal
and Welleck, 2025), our work introduces a length
reward to encourage multidimensional and more
in-depth reasoning.

Building upon GCPO, we develop Geome-
tryZero models, a series of lightweight (from 1.5B
to 7B) LLMs specialized for geometric reason-
ing. Extensive experiments demonstrate that Ge-
ometryZero outperforms GRPO-trained models
across multiple geometry problem-solving bench-
marks, like Geometry3K (Lu et al., 2021) and Math-
Vista (Lu et al., 2024). As shown in Figure 1, by
judiciously selecting scenarios for auxiliary con-
struction rather than applying it indiscriminately,
our GeometryZero showcases remarkable geomet-
ric reasoning and reflection ability, while achiev-
ing superior overall performance and better scal-
ing across different model sizes compared to RL
method with unconditional reward methods like
ToRL (Li et al., 2025).

In summary, our contributions can be summa-
rized as follows:

* We validate that through auxiliary construc-
tion during their reasoning process, LLMs can
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better solve complex tasks in geometric prob-
lem solving scenarios, where they utilize both
contextual and altered formal languages for
auxiliary construction.

* A novel reinforcement learning method called
GCPO is proposed in our work, which flexi-
bly provides either encouraging or punishing
signals for auxiliary construction across dif-
ferent samples during reinforcement learning,
avoiding models from indiscriminately apply-
ing auxiliary constructions while maintaining
their benefits when strategically justified.

* We train GeometryZero, a family of
lightweight geometric reasoning models that
selectively use auxiliary constructions. We
evaluate them against strong baselines, per-
form ablations on GCPO, and provide detailed
analyses to uncover key insights.

2 Related Work

2.1 Geometry Problem Solving

With the development of large language models
(LLMs), researchers have begun to apply LLMs
to geometric problem solving (Trinh et al., 2024).
However, some early work such as (Brehmer et al.,
2023) primarily focuses on algebraic-level for-
mal derivation, which has limited effectiveness
in solving practical problems with numeric solu-
tions. Other studies address the lack of geometry
problem-solving data by proposing targeted bench-
marks and datasets (Lu et al., 2021; Kazemi et al.,
2023; Lu et al., 2024). Some recent work employs
large-scale annotated data to perform supervised
fine-tuning of models, aiming to enhance the per-
formance of multimodal LLMs (Bi et al., 2024) on
geometric problems (Gao et al., 2023).

Several approaches, such as GeoCoder (Sharma
et al., 2024), attempt to utilize formal languages as
context (e.g., code) to assist models in geometric
reasoning. Other work explores the use of sym-
bolic tools to strengthen models’ geometric reason-
ing capabilities (Ning et al., 2025). Recent studies
such as (Hu et al., 2024; Wang et al., 2025¢; Cher-
vonyi et al., 2025) propose encouraging models
to construct auxiliary lines by modifying formal
languages, thereby better leveraging the intrinsic
properties of geometric context to solve the prob-
lems.

2.2 Reinforcement Learning with Verifiable
Reward

Reinforcement learning has long been a significant
focus in the LLM research community (Schulman
et al., 2017b; Ouyang et al., 2022; Rafailov et al.,
2024). Following the emergence of Deepseek-R1
(DeepSeek-Al et al., 2025), the research commu-
nity has begun to focus on the application of re-
inforcement learning with verifiable reward, par-
ticularly GRPO (Shao et al., 2024), across various
Al domains. Some studies attempt to reproduce
GRPO'’s effectiveness in incentivizing reasoning
capabilities on smaller LLMs (Peng et al., 2025).
Others apply RLVR methods to multimodal LLMs
to enhance their understanding of visual contexts
(Meng et al., 2025; Liu et al., 2025). Additional
work explores converting visual contexts into for-
mal languages and utilizing reasoning LLMs for
inference, aiming to surpass the capabilities of mul-
timodal LLMs (Yang et al., 2025).

The GRPO algorithm was initially proposed in
(Shao et al., 2024) and applied to mathematical
reasoning. Compared to PPO (Schulman et al.,
2017b,a), it simplifies the reinforcement learning
pipeline and eliminates the need for a critic model.
CPPO (Lin et al., 2025) attempts to optimize the
efficiency of the GRPO algorithm through prun-
ing, reducing training costs while maintaining ac-
curacy. DAPO (Yu et al., 2025) introduces a clip-
ping mechanism and dynamic sampling to improve
training diversity and stability. (Liu et al., 2025)
adapts GRPQO’s verifiable reward to visual percep-
tion tasks, enhancing model performance in visual
reasoning. ToRL (Li et al., 2025) attempts to inte-
grate tool-use rewards into GRPO, enhancing the
model’s tool invocation capability to improve its
performance on mathematical reasoning. A sep-
arate work proposes a temporal reward coupled
with accuracy reward to improve model grounding
performance in video contexts (Feng et al., 2025).

3 Preliminary

Group Relative Policy Optimization (GRPO)
is a novel algorithm that leverages objectively ver-
ifiable supervision signals to enhance model per-
formance on tasks requiring strong reasoning, such
as mathematical and code-related problems. Com-
pared with previous approaches, e.g., Reinforce-
ment Learning from Human Feedback, which rely
on trained reward models, GRPO utilizes direct
verification functions to provide reliable reward
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feedback. This method simplifies the reward learn-
ing mechanism while enabling efficient alignment
with the task’s intrinsics.

Specifically, given a question q, the policy model
g generates a set of NV sampled outputs O =
{01,09,...,0x}, where each output o; receives
a reward signal r; through predefined verifiable
reward functions. GRPO then optimizes the follow-
ing clipped objective:

1o mo(0; | Q)

. 0\0;
max Egr — E min | ————<A;,
L) 0~mo(9) |:N P (ng (0: | q)

Chp(wi«n), 1—e 1+e)Ai) @

T 001 (0: ] q

— B Dk [mo(0 | q) || mer(o | q)]

Here, mo1q denotes the policy before the current
update, and 7 is a fixed reference policy (e.g.,
the initial model). A; is the advantage estimate
for output o; based on its reward signal r;, € is
the clipping threshold, and j is a hyperparameter
controlling KL regularization to prevent excessive
policy deviation.

Existing works, such as the DeepSeek R1-Zero
(DeepSeek-Al et al., 2025) algorithm, abandon re-
liance on supervised fine-tuning and instead train
entirely via reinforcement learning, particularly
within the Group Relative Policy Optimization
(GRPO) framework. In contrast to traditional rein-
forcement learning methods like PPO (Schulman
etal.,2017b), GRPO does not require a critic model
to evaluate the policy’s outputs. Given a ques-
tion ¢, GRPO first generates GG distinct responses
O = {01, 0, ..., 0¢} using the current policy 7y, .
Then, the reward function is applied to obtain a
set of verifiable rewards {R(0;)}. By computing
the mean and standard deviation of these rewards,
GRPO normalizes them and estimates the advan-
tage value for each response 0; as follows:

R(0i) — Eo,~0[R(0)]
std({R(os)})

A= 2

where, A; is the advantage value correspond-
ing to the i-th response, representing its relative
quality, R is the sum of verifiable rewards. The
GRPO framework encourages the model to gen-
erate responses with higher verifiable rewards,
thereby improving both reliability and correctness
in reasoning-intensive tasks.

4 Method

4.1 Overview

Group Contrastive Policy Optimization (GCPO)
introduces one key novel modification: it incorpo-
rates a crucial mechanism called group contrastive
masking, which provides a positive mask for auxil-
iary reward in scenarios where auxiliary construc-
tion is beneficial, while applying a negative mask
(i.e., penalty) in others. To achieve this objective,
we propose the Group Contrastive Masking. GCPO
also introduces an additional length reward opti-
mized for longer completion, due to the require-
ment for auxiliary reasoning.

4.2 Reinforcement Learning for Auxiliary
Construction

To enable models to incorporate auxiliary construc-
tion reasoning—a form of tool utilization (i.e. at-
tempt to construct auxiliary lines in thinking pro-
cess with formal language like tikz code)—we in-
troduce an auxiliary reward that teaches the "how-
to" capability, as in ToRL (Li et al., 2025), where
an additional tool related reward is introduced for
using coding for mathematical reasoning. During
training, the textual context contains either TikZ
code or logic form as detailed in Appendix A.1,
which strictly corresponds to geometric diagrams,
and the model is prompted to autonomously decide
whether to include auxiliary line construction in
its reasoning process. For executable TikZ code,
the auxiliary reward is positive if the altered tikz
code in thinking process can execute successfully
and render a diagram; for logic forms, we detect
the presence of special tokens <aux> and </aux>
indicating attempts to modify the logic form for
auxiliary lines construction. Thus, the auxiliary
reward for a given response o; is defined as follow:

1 if model constructs auxiliary lines,

0 otherwise.

4.3 Conditional Reward for Auxiliary
Construction

Inspired by existing works (Chervonyi et al., 2025;
Hu et al., 2024), we aim to endow models with the
capability of auxiliary construction with formal lan-
guage in geometric problem solving. However, it
is crucial to note that while teaching models "how
to" is important (Li et al., 2025), we must also
teach them "when to do it". Although GRPO has
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Figure 2: The Illustration of GCPO. One key difference between our GCPO and GRPO is Group Contrastive
Masking: (1) GCPO samples two additional rollout groups O and O™° for evaluating the quantitative benefits via
accuracy reward. (2) The auxiliary reward signals of GCPO are dynamically masked to positive, negative, and zero
during training as (Eq. 4). Another difference is that a novel length reward mechanism is incorporated.

proven effective in enhancing reasoning capabili-
ties, it lacks conditional rewards for tool usage and
relies solely on unconditional rewards to encourage
desired behaviors, which may cause indiscriminate
use of the tool in certain scenarios. To address this
limitation, we propose Group Contrastive Policy
Optimization (GCPO), which introduces a group
contrastive reward mechanism for a conditional re-
ward signal that flexibly provides encouragements
or penalties during training, allowing the flexibility
of the trained models of whether to apply the tool
(i.e. auxiliary construction) or not.

The key insight of GCPO stems from the obser-
vation that in geometric problem solving, while
auxiliary lines can enhance reasoning in many
cases, they may be unnecessary or even detrimental
in some cases as well. Unconditional encourage-
ment of auxiliary construction could lead to sub-
optimal performance for complex scenarios like
geometry problems, thus, we need to incorporate a
conditional reward during reinforcement learning.

4.4 Components of Group Contrastive Policy
Optimization

Group Contrastive Masking The core idea of
GCPO is that during training, models should be-
come aware of the quantifiable benefits of using
code to draw auxiliary lines - employing this capa-
bility when beneficial and avoiding it when coun-
terproductive. As shown in Figure 2, during re-
sponse sampling, the model generates G rollouts
O = {01,092, -+ ,0¢}, along with another two

contrastive rollout groups: one requiring auxiliary
line thought process group OY = {o}'} and one
group prohibiting it O = {o}°}. The group
contrastive masking function is defined as:

Rouz (0) ifE(Racc(0%)) > E(Racc(0™)) + ¢,
Mask(Rauz (0)) = ¢ —Rauz(0) FERacc(0Y)) + € < E(Racc(0™)),
0 otherwise,

“)

where R,..(0;) represents the accuracy reward
function indicating whether response o; contains
the correct final answer, Ry, (0;) refers to the aux-
iliary reward in (Eq. 3) and € (set to 0.05 in ex-
periments) is a threshold hyperparameter control-
ling reward masking. Following standard mathe-
matical conventions, the function R, can natu-
rally extend from a single response to a set of re-
sponses: Rguz(0) = {Rauz(01), ..., Rauz(0c) }s
which also holds for Rg..(O%) and Rg.(OY°).

Length Reward Auxiliary construction thinking
requires deeper, multi-dimensional analysis, neces-
sitating longer reasoning processes. Inspired by
Length Controlled Policy Optimization (LCPO)
(Aggarwal and Welleck, 2025), we adapt by intro-
ducing a simplified length reward, where len(o;)
counts tokens in response 0; and /. is the maxi-
mum allowed completion length.

len(o;)

} &)

Rlength(oi) = min{lu i

Verifiable Reward Combination As a variant
of RLVR, the verifiable reward R(o;) of GCPO
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Table 1: The main empirical results. The BoN@3 accuracy rate across in-domain benchmarks including
Geomverse, Geometry3k and out-of-domain results on MathVista and OlympiadBench, where the best results are
bold and the second best are underlined. Results from our GeometryZero (w.r.t., + GCPO) models are in gray .

Method

Geomverse

Geometry3k MathVista OlympiadBench Avg.

1.5B models

Qwen2.5-1.5B-Instruct 4.20 41.76 47.70 13.44 26.78

+ SFT 4.80 44.25 43.11 14.51 26.67

+ GRPO 5.76 53.35 57.79 14.51 32.85

+ ToRL 5.26 57.01 57.79 11.29 32.84

GeometryZero-1.5B (ours) 6.95 60.24 60.65 16.47 36.08
3B models

Qwen2.5-3B-Instruct 10.53 65.83 67.88 32.25 44.12

+ SFT 10.20 71.65 73.08 30.64 46.39

+ GRPO 12.13 75.87 82.87 31.72 50.65

+ ToRL 11.63 76.31 80.34 32.87 50.29

GeometryZero-3B (ours) 11.30 79.25 82.56 35.48 52.15
7B models

G-Llava-7B 6.23 49.31 46.92 27.82 32.57

GNS-Llava-1.5-7B 5.21 62.00 51.40 33.54 38.04

Qwen2.5-7B-Instruct 14.76 70.99 68.19 39.24 48.30

+ SFT 15.36 75.98 76.14 41.93 52.35

+ GRPO 16.93 79.03 86.23 40.32 55.63

+ ToRL 12.56 78.75 83.48 44.08 54.72

GeometryZero-7B (ours) 18.23 78.81 87.15 45.69 57.47

combines multiple weighted components as below,
where Rgrpo(0;) includes a accuracy reward and
a format reward ensuring proper output structure,
while hyperparameter A\ representing auxiliary re-
ward weight and hyperparameter /3 representing
length reward weight are both set to 0.5.

]R(OZ) = RGRPO(Oi) + A Mask(Ram (01))

6
+ ﬂ : Rlength(oi) ( )

In essence, GCPO uses masked auxiliary re-
wards to teach appropriate tool usage contexts,
while length rewards ensure sufficient reasoning
capacity. The framework largely inherits GRPO’s
verifiable reward framework, employing outcome-
based reinforcement learning for model training.

5 Experiments

5.1 Experimental Setting

For dataset, we apply a synthesized dataset with
data sampled from two popular geometry prob-
lem solving (GPS) dataset including Geomverse
(Kazemi et al., 2023) and Geometry3k (Lu et al.,
2021), for training SFT and RL models. The train-
ing dataset recipe is detailed is Appendix A.1. For
training details, we utilize the vLLM inference

framework (Kwon et al., 2023) during training and
evaluation. More details are presented in Appendix
A2

As for models, inspired by (Yang et al., 2025),
we turn the visual diagrams into formal language
contexts for better reasoning performance. Thus,
we use Qwen2.5 (Qwen et al., 2025) series lan-
guage models for training. For benchmarks,
besides the in-domain benchmarks of Geome-
try3k and Geomverse, the OOD geometry bench-
marks comprise MathVista (Lu et al., 2024) and
OlympiadBench (He et al., 2024). The details are
provided in Appendix A.3.

Baselines To fully demonstrate the effectiveness
of GCPO, we compare against the following base-
lines: (1) SFT. The model undergoes supervised
fine-tuning using prompt-response pairs, where re-
sponses are either human-annotated or distilled
from capable LLMs. (2) GRPO (Shao et al., 2024).
A reinforcement learning via verifiable outcome
algorithm where the model generates multiple re-
sponses for baseline advantage estimation to en-
courage reasoning and improve problem-solving,
which eliminates the usage of a critic model or re-
ward model. (3) ToRL (Li et al., 2025). An RL
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Table 2: Results on Qwen2.5-VL-7B-Instruct. GCPO generalizes to vision-language models that directly process
visual geometric diagrams, where the best results are bold and the second best are underlined. Results from our

method are in gray .

Method Geomverse Geometry3dk MathVista OlympiadBench Avg.
Qwen2.5-VL-7B-Instruct 11.34 65.38 63.29 30.83 42.71
+ SFT 12.78 69.54 71.95 32.36 46.66
+ GRPO 13.58 73.46 81.23 31.82 50.02
+ ToRL 9.35 72.39 78.46 34.59 48.70
GeometryZero-VL-7B (ours) 15.84 74.68 83.64 37.19 52.84

algorithm building on GRPO that appends an ad-
ditional reward function (Eq. 3) to unconditionally
encourage tool usage (i.e., auxiliary construction).

5.2 Results

As shown in the table 1, our experimental results
across four geometry problem-solving benchmarks
demonstrate GCPO’s effectiveness in enhancing
model capabilities on geometric problems. Key
findings are summarized below:

SFT Memorizes while RL Generalizes. We ob-
serve that SFT models (Qwen2.5-1.5B-SFT and
Qwen2.5-3B-SFT) show consistent improvements
over original Instruct models on in-domain bench-
marks like Geomverse and Geometry3k. For in-
stance, Qwen2.5-1.5B-SFT and Qwen2.5-3B-SFT
gains an improvement of 2.49% and 5.83% on
Geometry3k. However, these SFT models ex-
hibit either performance drops or smaller gains
compared to RL methods on OOD benchmarks
like MathVista and OlympiadBench. For instance,
while Qwen2.5-1.5B-SFT exhibits a performance
decline of 4.59% compared to the base model on
the OOD benchmark MathVista, Qwen2.5-1.5B-
GRPO demonstrates a notable improvement of
10.09%. Overall, RL approaches including GRPO,
ToRL, and GCPO achieve more consistent improve-
ments across both in-domain and OOD bench-
marks, surpassing SFT and proving the effective-
ness of reinforcement learning.

Group Contrastive Policy Optimization Works.
Compared to GRPO, ToRL models uncondition-
ally encourage auxiliary construction during rea-
soning process across all examples with an uncondi-
tional reward design (Eq. 3). The empirical results
demonstrate that ToORL models has no clear advan-
tage over GRPO across various model scales, indi-
cating that this coarse-grained policy fails to pro-
vide significant benefits for auxiliary construction

in geometric problem-solving scenarios. For in-
stance, while ToRL demonstrates a marginal 0.64%
advantage over GRPO on 3B models, it exhibits
a 0.91% performance reduction on 7B models. In
contrast, GCPO improves model performance on
both in-domain and OOD benchmarks, achieving
consistently better average performance on most
benchmarks across model sizes. This indicates dis-
cerning when to incorporate auxiliary reasoning
ultimately improving problem-solving capabilities.
As shown in Figure 3, GCPO enhances geometric
problem-solving by generating auxiliary construc-
tions during the reasoning process, we also provide
more case studies in Appendix D.

5.3 Generalization to Vision-Language
Models

To validate that GCPO generalizes beyond text-
only models, we apply it to the vision-language
model Qwen2.5-VL-7B-Instruct (Bai et al., 2025),
which directly processes visual diagrams. In this
setting, auxiliary constructions generated by the
model are rendered via TikZ/Python code and ap-
pended as updated diagrams to the visual input,
allowing the VL model to directly see the auxiliary
lines. As shown in Table 2, GeometryZero-VL-
7B consistently outperforms all baselines across
benchmarks, demonstrating that GCPO effectively
transfers to the vision-language setting.
Interestingly, despite having access to visually
rendered auxiliary constructions, GeometryZero-
VL-7B (52.84 avg.) still underperforms the text-
only GeometryZero-7B (57.47 avg.) by a notable
margin. This suggests that when geometric dia-
grams are fully described in formal language, rea-
soning in pure text space holds an advantage over
multimodal reasoning — likely because formal lan-
guage provides a more precise and unambiguous
representation that LLMs can manipulate more ef-
fectively during chain-of-thought reasoning.
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Table 3: The ablation study with Qwen2.5-3B-Instruct. The components includes auxiliary reward (AR), group
contrastive (GC) masking and length reward (LR). We report mean and standard deviation across 3 runs.

Method AR GC LR Geomverse Geometry3dk MathVista OlympiadBench Avg.
GRPO X X X 1185 wosn  75.12@03 8253 156 31.75 145 50.31 (037
GCPO (/wo AR) X X VvV 1245 (#0560  75.36 (+043)  81.54 (+2.04) 33.87 (+1.50) 50.81 (+0.62)
GCPO (/wo LR, /wo GC) v X X 1258 (+090)  76.37 (+0s8)  80.74 (+1.32) 33.77 (+123) 50.61 (+054)
GCPO (/wo LR) v v X 1280 (*1.10)  77.61 (xoas)y  82.11 (x1.68) 31.94 (128 51.12 (+043)
GeometryZero v vV 1266 (+158)  79.36 (+039)  82.78 +1.77) 35.68 (+0.97) 52.62 (+053)
o ?
h?'l As shown in the figure, in ABCD, <think> Qwen2.5-7B-GRPO
AB = AC, ZCAB = 40°, then the Given that AB = AC and angle CAB = 40°, triangle ABC is isosceles with AB = AC. Therefore, angle ABC

degree measure of £D is (). <instruct
prompt for reasoning>

A. 40° B. 50° C. 60° D. 70°

Here is the formal language for the
geometry diagram (python code):
“python </think>
[..]
# 2. Point Definition
points = {

‘A (0, 0),

'B" (4, 0),
[...]
draw_lines(ax, points['C’], points['D'])
draw_lines(ax, points['D’], points['A'])
draw_lines(ax, points['A], points['C’])

-

angle ABC + angle ACB + angle CAB = 180°

2 \cdot angle ABC + 40° = 180°
2 \cdot angle ABC = 140°

angle ABC = 70°

[.1]

/
/
i
I
i
i
i </aux>
i
i
i
i
i
'
i
i
i
i
i
i
i

<BCD + £ACB = 180°?

internal angles properly.

</think>

<answer>D</answer>

To better visualize, we can add the angle markings and the fact that \(AB = AC\) to the diagram. This would help in understanding
the isosceles triangle and the angle calculations. [. . .]

Given that AB = AC and angle CAB = 40°, triangle ABC is isosceles with AB = AC. Since the angles opposite the equal sides in an [. . .]
The sum of the angles in a triangle is 180°. Therefore, we can calculate angle ABC and angle ACB as follows:

However, this seems incorrect because it implies a straight line, which is not possible in a quadrilateral. We need to consider the

Since angle BCD = 180° - angle ACB = 110°, and knowing that the opposite angles in a cyclic quadrilateral sum to 180°, we have:
angle D = 180° - angle BCD = 180° - 110° = 70° Thus, angle D = 70°. i

= angle ACB. Since the sum of angles in a triangle is 180°, we have:
angle ABC + angle ACB + angle CAB = 180°

2 \cdot angle ABC + 40° = 180°

2 \cdot angle ABC = 140°

[.]

angle ABC + angle CAB = 360° angle D + 110° + 70° + 40° = 360° angle D + 220° = 360° angle D =
140° - 110° = 50° Thus, the measure of angle D is 50°.

<answer>B</answer> x

@ <think> GeometryZero-78 (/w auxiliary construction)
aux>

Figure 3: A Case Study between GRPO and GCPO. Two reponses comparing Qwen2.5-7B-GRPO with our
GeometryZero-7B for a MathVista problem, revealing how GeometryZero-7B effectively constructs auxiliary

elements during its reasoning process. The
in geometric problem solving.

5.4 Ablation Study

To better understand the contributions of compo-
nents in GCPO, we conduct an ablation study
to evaluate three variants of GeometryZero and
compare them with the GRPO model and Geome-
tryZero, where the descriptions of the variants are
further detailed in Appendix C.1.

Our findings show that GeometryZero (/wo LR)
achieves higher performance than GeometryZero
(/fwo LR, /wo GC). Both GeometryZero (/wo AR)
and GeometryZero (/wo LR) demonstrate better
average performance across benchmarks compared
to Qwen-2.5-3B-GRPO respectively, while these
two variants show lower average performance than
GeometryZero. We also provide more ablation
studies on different-sized models in Appendix C.2.

The experimental results indicate that remov-
ing either the auxiliary reward or its corresponding
group contrastive masking leads to performance

texts during reasoning process are reflection process

degradation across benchmarks. Similarly, elimi-
nating the length reward in GCPO also poses nega-
tive effects. These results validate the effectiveness
of our proposed method.

5.5 Completion Length of Models

Response length serves as a crucial metric for
observing training dynamics in RL (Meng et al.,
2025). We monitor the variation in response length
during the training process of GeometryZero and
GRPO models as shown in Figure 4. For 7B mod-
els, we observe the following trends in response
length: During the initial few steps, the model’s
response length increases rapidly, subsequently it
decreases, after reaching the lowest point, it then
begins to rise again.

The phenomenon aligns with observations in
llm-r1 (Peng et al., 2025). We hypothesize that
in the first phase, the model is encouraged by for-
mat rewards to learn reasoning patterns that gener-
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Figure 4: (TOP) The trend of completion length during
reinforcement learning of 7B models. (BELOW) The
trend of completion length during reinforcement learn-
ing of 1.5B models. We observe that the completion
length of GCPO models follows a distinct pattern dur-
ing training: initially increasing, then decreasing, before
rising again, same observation for 7B GRPO models.

ate thoughts before answers, leading to increased
output length. In the second phase, as training
progresses, the model begins to optimize the re-
ward function, particularly the accuracy reward,
causing it to reduce redundant outputs while main-
taining the required format, resulting in decreased
response length. For the third phase, we speculate
that in later training stages, the model learns more
sophisticated reasoning patterns and attempts to
generate more complex reasoning steps, leading to
the length recovery.

The observation differs for 1.5B models.
GeometryZero-1.5B exhibits the rise-fall-rise pat-
tern in response length, while the GRPO model
shows no recovery in response length in the last
stage. We attribute this to the model’s limited ca-
pacity due to smaller parameter size, which pre-
vents it from learning more comprehensive and
profound reasoning processes through GRPO alone
in later training stages.

We also demonstrate more in-depth discussions
for epsilon settings in Appendix B and the per-
formance of GeometryZero models on geometry
proving tasks in Appendix F.

6 Conclusion

In this paper, we propose Group Contrastive Pol-
icy Optimization, a novel reinforcement learning
framework that incorporates verifiable rewards to
optimize conditional reward particularly for auxil-
iary construction in geometric reasoning. GCPO
dynamically adapts to different problem scenar-
ios, supporting an autonomous strategy of tool-
assisted and tool-free reasoning. Building upon this
framework, we introduce GeometryZero, a series
of geometric reasoning models that autonomously
learn when and how to apply auxiliary construc-
tions during the reasoning process. Extensive ex-
periments demonstrate the effectiveness of our ap-
proach, while detailed analyses provide insights for
future research directions.
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Limitations

While GCPO demonstrates strong performance,
several limitations warrant discussion. First, our
method assumes access to verifiable reward sig-
nals, which may not be available for all geometry
problem types. Additionally, due to compute con-
straints, we limited our experiments to moderate
model sizes (under 7B parameters). These limita-
tions point to valuable directions for future research
in reasoning systems for geometric problems.

Ethics and Potential Risks

While GeometryZero demonstrates improved ef-
ficiency and stronger geometric reasoning perfor-
mance, it is ultimately built on a large language
model and thus inherits common reliability limi-
tations of LLMs. In real-world deployments, the
model may produce incorrect yet plausible-looking
solutions, exhibit brittleness to distribution shifts
(e.g., unseen problem styles or noisy contexts).
We therefore position GeometryZero as a research
system and recommend human verification and
domain-specific safeguards before practical uses.
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A Implementation Details

A.1 Training Dataset Construction

To ensure the model adequately learns geometric
problem solving, we select two mainstream geomet-
ric problem solving (GPS) datasets. Our training
data comes from Geometry3k and Geomverse.

* Geometry3k (Lu et al, 2021). We ran-
domly select 1443 training samples from Ge-
ometry3k. For the SFT experiments, this
dataset lacks supervised sequences, so we use
Qwen2.5-72B-Instruct (Qwen et al., 2025) to
generate CoT reasoning processes with known
answers. These reasoning processes are con-
catenated with the solutions to form super-
vised responses. For RL-based methods like
GRPO and GCPO, we only utilize the prob-
lems in the dataset and employ the final an-
SWers as supervision.

¢ Geomverse (Kazemi et al., 2023). We ran-
domly choose 2k training samples from Ge-
omverse. Since this dataset already contains
human-annotated CoT processes, we directly
use them for SFT experiments. We also only
employ the problems in the dataset and the fi-
nal answers as supervision for RL-based meth-
ods.

A.2 Training Details

We set train batch size to 32 and micro train batch
size to 1, for response sampling we apply a rollout
batch size of 64 and a micro rollout batch size of 2.
We set max prompt length to 2048 and max com-
pletion length /4, to 1024. We use full parameter
tuning rather than PEFT methods (Bi et al., 2025).

We set G to 8, with both the SFT learning rate
and the GRPO learning rate at 3e — 7 and the for-
mat reward weight set to 0.5. Due to the limited
training data and absence of significant policy shift
concerns, we set the KL coefficient to O to achieve
better tuning performance. As for compute hard-
ware, we use 4 Nvidia H100 GPUs for training and
later evaluation.

A.3 Evaluation Benchmarks

To comprehensively evaluate the model’s perfor-
mance on geometric problem solving, we con-
duct evaluations on several mainstream geomet-
ric problem benchmarks. Besides using Geom-
etry3k and the Geomverse D2 subset to test the
model’s in-domain geometric capabilities, for out-
of-distribution problems, we also evaluate the
model’s performance on MathVista and Olympiad-
Bench.

Besides the in-domain benchmarks, the OOD
geometry benchmarks comprise:

e MathVista (Lu et al., 2024). A consolidated
mathematical reasoning benchmark within
visual contexts. To evaluate LLMs on ge-
ometric problems, GPT-40 converts visual
contexts from MathVista testmini into tex-
tual Python code using ReACT and Self-Vote
mechanisms. We then manually verify that
the code-generated graphics match the origi-
nal visual contexts.

* OlympiadBench (He et al., 2024). The bench-
mark is an Olympiad-level multimodal sci-
entific benchmark. We extract all geometry
problems and filter for those with only one
solution to ensure single-solution supervision.
Using the same pipeline as MathVista, we con-
vert visual contexts into LLM-comprehensible
Python code, obtaining an evaluation set to as-
sess model performance on Olympiad-level
geometry problems.
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Dataset Sample Size Code Type Code Executable
Geomverse 2k Tikz Code v
Geometry3k 1443 Logic Form X

Table 4: The training dataset construction details. The training data are sampled from two popular geometry
problem solving (GPS) dataset including Geomverse and Geometry3k.
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Figure 5: The average performance of GeometryZero
with different hyperparameter epsilon settings in GCPO
training.

B The Impact of Hyperparameter ¢ of
Group Contrastive Masking

To provide more insightful analysis of our method,
we conduct a comparative study with different ep-
silon hyperparameter settings. We set epsilon val-
ues at 0, 0.05, 0.15, 0.3, and 1.0 separatively for
training GeometryZero and evaluating their bench-
mark performance. As presented in Figure 5, we
find that as epsilon increases from 0 to 1.0, the al-
gorithm’s performance first improves slightly and
then declines.

We speculate that when epsilon is too low, the al-
gorithm applies positive or negative masks to cases
where the benefit of auxiliary construction is uncer-
tain, leading to unstable training in these cases and
ultimately affecting model performance. When ep-
silon is too high, the threshold for group contrastive
masking becomes excessively strict, causing aux-
iliary rewards to be zero in most cases, which ef-
fectively renders the auxiliary reward mechanism
inoperative. We conclude that GCPO performs best
in the epsilon range of 0.05 to 0.15, and thus we
keep epsilon at 0.05 in our experiments.

C Ablation Study

C.1 Variant Models in Ablation Study

Here are the model variants used in ablation study,
serving as a supplementary material for section 5.4:

* GeometryZero (/wo AR), which excludes the
auxiliary construction reward (Eq. 3) and
consequently removes the Group Contrastive
Masking mechanism (Eq. 4), retaining only
the length penalty term (Eq. 5);

* GeometryZero (/wo LR, /wo GC), which only
retains the auxiliary reward (Eq. 3) encour-
aging auxiliary construction thinking during
the reasoning phase but excludes the corre-
sponding Group Contrastive Masking (Eq. 4),
equivalent to ToRL using unconditional auxil-
iary reward,;

* GeometryZero (/wo LR), which excludes the
length reward (Eq. 5) in GCPO that encour-
ages longer reasoning chains, retaining other
components of GCPO.

C.2 Ablation study on 3B Model

We present the ablation study of the 7B Geome-
tryZero models, please refer to tab.5.

D Case Study

Please refer to the Figure 6 for the case study, amid
which the reasoning process the model outputs ex-
ecutable tikz code to construct auxiliary lines for
geometric reasoning.

E Training Dynamics during
Reinforcement Learning

E.1 Accuracy Reward

We provide the training dynamics of the accuracy
reward of GeometryZero models during RL, please
refer to Figure 7 and Figure 8 for inspection of
GCPO and GRPO respectively.

E.2 Format Reward

We also present the training dynamics of the format
reward of GeometryZero models during RL, please
refer to Figure 9 and Figure 11 for inspection of
GCPO and GRPO respectively.
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Table 5: The ablation study of GCPO components on 7B models. The components includes auxiliary reward
(AR), group contrastive (GC) masking and length reward (LR).

Method AR GC LR Geomverse Geometry3k MathVista OlympiadBench Avg.

GRPO X X X 16.93 79.03 86.23 40.32 55.63

GCPO (/wo AR) X X Vv 17.40 79.53 87.15 41.93 56.50

GCPO (wo LR, /woGC) v/ X X 12.56 78.75 83.48 44.08 54.72

GCPO (/wo LR) v v X 17.47 79.89 84.40 41.76 55.88

GeometryZero v v/ 18.23 78.81 87.15 45.69 57.47

? @ Qwen2.5-7B-GCPO
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semi-circle and the area of the
cyan semi-circle is 189.97,
compute the perimeter of the
ABCD shape. Assume $\\pi=3.14$.
Round computations to 2 decimal
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% ... existing code ...
™ </aux>
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Moo </think> <answer>104.54</answer>

\draw [red, thick, dashed] (B) -- (C);

The problem describes a shape consisting of a rectangle and a semi-circle.

The diameter of the semi-circle is 22. Since the semi-circle is attached to the rectangle, the length of the rectangle (AB or CD) is

The perimeter of the shape ABCD is the sum of the two sides of the rectangle (AB + CD) and the circumference of the semi-circle

To find \(w\), we need to look at the given information. The coordinates and dimensions provided in the TikZ code suggest that the
\ width \(W\) is given as 24. Therefore: \[ \text{Perimeter} = 2 \times 24 + 56.54 = 48 + 56.54 = 104.54 \] ,"
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Figure 6: A case study example from Geomverse (Kazemi et al., 2023) of GeometryZero-7B (Qwen2.5-7B-GCPO).
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Figure 7: The trend of accuracy reward of GeometryZero (GCPO) models during training.
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Figure 8: The trend of accuracy reward of GRPO models during training.

E.3 Mask Ratio

According to (Eq. 4), our method’s characteristic
is that during Group Masking, it applies positive
masks to auxiliary rewards for some cases, negative
masks to others, while zero-masking cases where
the mean accuracy reward gap does not exceed ep-
silon. As presented in Figure 10, we observe that
while the overall proportions of positive and nega-
tive masks fluctuate, they remain generally stable

during training, with positive masks consistently
outnumbering negative masks.

This phenomenon demonstrates that the roll-
out group with auxiliary construction (i.e. O%)
achieves higher accuracy rewards than the group
without auxiliary construction (i.e. O%°) in reward
score computing, indicating that auxiliary construc-
tion generally contributes to obtaining correct so-
lutions and thus validating its effectiveness. More
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Format Reward (1.5B + GCPO)
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Figure 9: The trend of format reward of GeometryZero (GCPO) models during training.
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Figure 10: The record of group mask ratio. The positive group mask and negative group mask ratio in group

contrastive masking for 1.5B, 3B and 7B models.
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Figure 11: The trend of format reward of GRPO models during training.

Response Length during Training (3B)

—— +GCPO
+GRPO

Response Length

Figure 12: The trend of response length of GCPO and
GRPO during training on 3B models. For 3B models,
We also observe the completion length of follows a
distinct pattern during training: initially increasing, then
decreasing or stagnating, before rising again.

records of group mask ratio are presented in ap-
pendix E.3.

F GeometryZero on Geometric Proving
Tasks

In widely used geometry benchmarks, UniGeo
(Chen et al., 2022) contains a subset of geomet-
ric proof problems. For efficient comparison, we

Table 6: The performance of different models including
AG (Trinh et al., 2024) and GeometryZero-14B on Uni-
Geo (geometric proof part).

Model UniGeo (proof part)
AlphaGeometry 94.4%
GPT-40 74.1%
Qwen2.5-14B-Instruct 64.8%
GeometryZero-14B 72.2%

selected 108 problems of this subset for our addi-
tional experiments.

Since AlphaGeometry (Trinh et al., 2024) re-
quires a strict geometric DSL (formal language de-
scribing points, lines, circles, relations), we first
used GPT-40 to batch-formalize the 108 UniGeo
problems into DSL. The correctness of the proofs
was then verified using an automated validation
script. For GPT-40 and GeometryZero, we gen-
erated complete proof sequences and compared
them with golden sequences to measure accuracy
on proof problems.

AG’s primary bottleneck lies in formalizing
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problems into DSL, which accounts for the imper-
fection of its accuracy. Actually, the difficulty
of UniGeo problems does not necessitate AG’s
symbolic search process. GeometryZero-14B and
GPT-40 achieve comparable performance, with
GeometryZero-14B showing a 7.4% improvement
over Qwen2.5-14B-Instruct, despite the absence of
proof problems in its training data. This highlights
the strong generalization capability of GCPO.

G Completion Length

As a supplement to the 1.5B and 7B length curves
discussed in the main text, we report the response
length dynamics of GCPO and GRPO on the 3B
model in Figure 12. The 3B curves exhibit a
pattern consistent with what we observe at other
scales: completion length first increases in the early
stage of training, then decreases or stagnates mid-
training, and finally rises again as the policy refines
its reasoning trajectories. Notably, GCPO main-
tains a longer reasoning chain than GRPO through-
out most of training, which aligns with our length
reward design and further supports the claim that
GCPO encourages the model to produce more elab-
orate and verifiable reasoning.
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