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Abstract

Large language models (LLMs) achieve im-
pressive performance on complex mathemat-
ical benchmarks yet sometimes fail on basic
math reasoning while generating unnecessarily
verbose responses. In this paper, we present
LLMTHINKBENCH, a systematic benchmark
and comprehensive empirical study to evalu-
ate the efficiency of reasoning in LLMs, fo-
cusing on the fundamental tradeoff between
accuracy and overthinking. First, we for-
malize the accuracy-verbosity tradeoff. Sec-
ond, we introduce the Overthinking Score, a
harmonic-mean metric combining accuracy and
token-efficiency for holistic model evaluation.
Third, we establish an evaluation protocol with
dynamically-generated data across 14 basic
math tasks. Fourth, we conduct a large-scale
empirical study evaluating 53 LLMs, including
reasoning and quantized variants across differ-
ent reasoning budgets. Fifth, we release LLM-
THINKBENCH as an open-source Python pack-
age and public leaderboard for reproducibility.
Our findings reveal: 1) model performance on
complex benchmarks does not translate directly
to basic math reasoning; 2) reasoning models
generate ~18x more tokens while sometimes
achieving lower accuracy and exhibit catas-
trophic collapse when tokens are constrained,
dropping by up to ~36%; 3) the accuracy-
verbosity relationship is non-monotonic with
extended reasoning budgets yielding diminish-
ing returns (GPT-5/0-series models show zero
accuracy gain from low — medium — high
reasoning effort). Our findings challenge the
assumption that longer reasoning in LLMs nec-
essarily improves mathematical reasoning.

1 Introduction

Modern large language models (LLMs) (Abdin
et al., 2025; Yang et al., 2025a; Xu et al., 2025)
often produce long chain-of-thought when answer-
ing arithmetic and other deterministic tasks. Intu-
itively, more reasoning tokens should help models

& PyPI: pypi.org/project/11mthinkbench

avoid mistakes by giving them room to compute.
However, models often generate verbose traces that
do not improve final correctness and, under con-
strained budgets, can degrade accuracy (Lin et al.,
2025; Qu et al., 2025). This reveals a fundamen-
tal issue: while models can produce sophisticated-
looking reasoning chains, they often generate ex-
cessive verbosity that neither improves accuracy
nor demonstrates genuine understanding. This phe-
nomenon is known as overthinking in LLMs.
Consider a model computing 234 + 567. While
humans solve this with minimal steps, language
models often generate hundreds of tokens explain-
ing place values, carrying operations, and math-
ematical principles; yet sometimes arrive at in-
correct answers. Recent studies (Srivastava et al.,
2025c; Yan et al., 2025) show this paradox: mod-
els achieving 90% accuracy on GSM8K may score
below 40% on basic addition. More concerning,
reasoning models specifically trained for deeper
thinking (Abdin et al., 2025; Shojaee* et al., 2025)
perform worse while generating more tokens. This
inverse relationship between verbosity and accu-
racy suggests that current models conflate explana-
tion with understanding (Zhang et al., 2024), pro-
ducing text that superficially resembles reasoning
without actual problem-solving capability.
Previous work has approached this problem from
different angles. Chain-of-thought prompting (Wei
et al., 2022) and its variants (Yao et al., 2023a;
Besta et al., 2024; Pandey et al., 2025; Yao et al.,
2023b; Jin et al., 2024; Ranaldi et al., 2023; Li
et al., 2025a; Srivastava et al., 2025a) encourage
step-by-step reasoning but increase computational
costs without guaranteeing accuracy improvements
(Huang et al., 2025; Chen et al., 2025a). Recent
studies on overthinking (Chen et al., 2025b; Sui
et al., 2025) focus on mitigation strategies like
early stopping (Pu et al., 2025) or self-breaking
(Zhao et al., 2025), but lack principled metrics to
quantify the phenomenon. Efficiency-focused eval-
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uations (Li et al., 2025c) measure thinking time
or API calls but treat accuracy and efficiency as
independent dimensions, missing their fundamen-
tal tradeoff. Most critically, existing benchmarks
evaluate only final accuracy, remaining blind to
computational waste that makes models impracti-
cal for deployment.

Three key gaps remain in proper understanding
of overthinking: (1) absence of principled met-
rics that jointly measure correctness and efficiency,
as existing benchmarks treat these as separate di-
mensions rather than a tradeoff; (2) reliance on
static benchmarks vulnerable to contamination;
and (3) lack of robust parsing (fair evaluation)
to extract answers from diverse model outputs
reliably. These gaps prevent distinguishing gen-
uine reasoning from performative verbosity. To
address these gaps: 1) we introduce the Overthink-
ing Score, a harmonic-mean metric that penal-
izes imbalance between accuracy and token effi-
ciency, forcing models to be both correct and con-
cise. 2) we design a dynamic test generation pro-
tocol across 14 basic math reasoning tasks ensur-
ing fresh, reproducible evaluation. 3) we conduct
large-scale empirical studies studying efficiency-
accuracy tradeoffs missed by accuracy-only met-
rics. 4) we release LLM THINKBENCH, an open-
source framework that packages the benchmark,
the Overthinking Score, and our parsing pipeline
into a single command line tool (available on PyPI
as 11mthinkbench), together with a public leader-
board so that others can reproduce our results and
evaluate new models on the same protocol (see
Section 3 and Appendix P).

Our systematic benchmark evaluation of 53
LLMs across multiple experimental conditions
yields striking insights: 1) The Overthinking Score
reveals efficiency-accuracy tradeoffs missed by
accuracy-only metrics, e.g., smaller models outper-
forming larger ones through better token efficiency.
2) Reasoning models produce ~6,780 tokens on
average versus 378 for standard models while per-
forming worse; accuracy collapses under token
limits (from 72% to 44% at 1,024 tokens); and
quantized models retain strong reasoning ability,
implying overthinking arises from training rather
than hardware constraints. 3) Extended reasoning
budgets demonstrate sharply diminishing returns,
with models showing minimal accuracy gains be-
yond moderate token allocations while introduc-
ing contradictions and error accumulation in long
chains, revealing fundamental limitations in current

reasoning paradigms. 4) Through comprehensive
ablation studies including quantization effects, con-
strained generation, and reasoning budget analysis,
our benchmark provides a standardized framework
for evaluating reasoning efficiency that comple-
ments existing accuracy-focused benchmarks.

2 Related Work

MATHEMATICAL REASONING IN LLMS
LLMs have achieved impressive performance
on benchmark datasets such as GSM8K (Cobbe
et al, 2021), GSM-Plus (Li et al., 2024),
MATH (Hendrycks et al., 2021), and HARD-
Math (Fan et al., 2024). Yet recent work has
highlighted a striking gap: models that excel at
word problems often fail on simple arithmetic
(Srivastava et al., 2025¢,b, 2026; Bi et al., 2026;
Yan et al., 2025; Xu and Ma, 2024). To expose
these weaknesses, new benchmarks of simple nu-
merical tasks have been proposed (Li et al., 2025b;
Rahman, 2025; Srivastava et al., 2025d), showing
that models struggle with core numeracy skills
despite advanced reasoning capabilities elsewhere.
Several approaches aim to improve mathematical
reasoning. For instance, Graph of Thoughts (Besta
et al., 2024) structures intermediate reasoning as
a graph, improving performance on algorithmic
tasks such as sorting. LogicPuzzleRL (Wong
et al., 2025) uses reinforcement learning on
custom logic puzzles to strengthen algebraic,
geometric, and combinatorial reasoning. While
these approaches enhance problem-solving on
complex tasks, they provide limited insight into
why models underperform on simple arithmetic or
how to measure reasoning efficiency.

OVERTHINKING IN LLMS A complementary
line of research shows that LLMs often pro-
duce unnecessarily long reasoning chains for triv-
ial problems (Chen et al., 2025b). This phe-
nomenon, termed overthinking, wastes computa-
tion and sometimes reduces accuracy. Mitiga-
tion strategies include efficiency-oriented prompt-
ing, reasoning-output pruning, and model-based
interventions (Sui et al., 2025). Specific methods
such as ThoughtTerminator (Pu et al., 2025), Self-
Braking Tuning (Zhao et al., 2025), and process
supervision approaches (Lightman et al., 2023; Luo
et al., 2024; Latimer et al., 2025) actively shorten
reasoning or improve step-level verification with-
out hurting accuracy. However, prior work largely
emphasizes mitigation heuristics rather than pro-
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viding a principled way to quantify overthinking.
Without robust metrics, it remains unclear how to
diagnose or compare models’ efficiency in reason-
ing. LLMTHINKBENCH fills this gap by pairing
the Overthinking Score with a dynamic task gen-
erator and a reusable evaluation pipeline.

3 LLMTHINKBENCH Framework

We package our benchmark, metric, and evaluation
pipeline into a single open-source framework called
LLMTHINKBENCH. The framework has four parts
that map one-to-one to the rest of this section: a
task space of 14 deterministic basic-math tasks
(§3.1), a formal accuracy-verbosity space (§3.2),
the Overthinking Score that collapses that space
into one number (§3.3), and a runnable tool that ties
these together. LLMTHINKBENCH is installable
from PyPI with pip install llmthinkbench
and exposes a single command line entry point
that generates fresh test instances, queries a
model through Hugging Face, OpenAl, Anthropic,
Google, or any user-supplied backend, parses an-
swers with the hierarchical extractor described in
§4, and writes per-task and aggregate reports in-
cluding the Overthinking Score. The same gen-
erator, parser, and scoring code produced every
number in this paper, so third-party runs stay
comparable to ours. A public leaderboard at
ctrl-gaurav.github.io/LLMThinkBench lists
current results. Full usage, internals, and repro-
ducibility notes are in Appendix P.

3.1 Task Space

We formalize the evaluation of basic mathe-
matical reasoning through a task space 7 =
{71, 72, ..., Tic} comprising K = 14 determinis-
tic arithmetic operations. Each task 7; represents
a mapping from an input domain X; to an out-
put domain );, where the ground truth function
fi + Xi = V; is computationally deterministic and
mathematically well-defined.

Definition 1 (Deterministic Arithmetic Task). A
deterministic arithmetic task 7 = (X,), f,C) con-
sists of:

* An input space X CZ" or X CZ X Z

e An output space ) C Zor)Y C QorY C
P(Z)

* A deterministic function f : X — Y with
complexity C € {O(n),O(nlogn), O(n?)}

Table 1 presents our complete task suite span-
ning four categories. For list-based operations,
inputs are defined as £ = {l1,lo,...,1,,} where
l; € Z and n € N. Complete mathematical founda-
tions for each task, including uniqueness proofs and
complexity analysis, are provided in Appendix C.
Experimental configuration details including sam-
pling strategies, hyperparameters, and computa-
tional resources are described in Appendix E.

Cat. Task Input Output
Sorting Lcz Ordered list
Comparison (a,b) {>,<,=}
o Sum Lczr > L
3 Subtraction (a, b) b—a
“ Multiplication £Lczt I, Ci
Division (a,b),b#0 a/b
Abs. Diff (a,b) la — b]
= Find Max Lczr max (L)
2 Find Min L£Czn min(£)
2 Mean LcCz" L5 L
E Median Lcz” med(L)
Mode Lcz® arg max, f(v)
g 0dd Count Lcz® H{z : z mod
=
& 2=1}|
Even Count Lczr H{z z mod

Table 1: Task suite comprising 14 deterministic tasks
with formally specified input-output mappings.

3.2 The Accuracy-Verbosity Space

We conceptualize model behavior in a two-
dimensional space S = [0, 1] x R* representing
accuracy and average token count. Given a lan-
guage model M with parameters 6, the response
generation process is:

r = M(p(z,7:);0, ) (D

where p : X; x 7 — & is a prompt construc-
tion function and ¢ = {T', p;p, max_tokens} rep-
resents inference hyperparameters.

Definition 2 (Overthinking). A model M exhibits
overthinking on task 7; if there exists a more con-
cise model M’ such that:

By, [I[P(M'(z)) = fi(2)]] = 2

Eonp, [I[P(M (2)) = fi(2)]] €)
Eqp, [|M(2)]] < Epnp,[|M(z)]]

“)

3.3 The Overthinking Score

We introduce a principled metric for quantifying
the accuracy-verbosity tradeoff. For a model M
evaluated on task 7;, let A; denote its accuracy
(proportion of correct answers) and T} denote the
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average number of output tokens generated per
instance. To normalize token counts across models,
we define:

Definition 3 (Token Efficiency). Let T, and
Trnaz denote the minimum and maximum average
token counts observed across all models on all
tasks in our evaluation. The token efficiency for
model M on task T; is:
T —T. .
E,=1—-—-"" 5)
" Tmam - Tmzn
where Ey; € [0, 1], with higher values indicating
more efficient (concise) generation.

Definition 4 (Overthinking Score). The Overthink-
ing Score for model M on task T; combines accu-
racy and token efficiency via harmonic mean:

_2'Ai'Et,i

O = Ai+ Ey; ©

The harmonic mean formulation ensures criti-
cal properties including boundedness (O; € [0, 1]),
symmetry, and severe penalization of imbalance
(see Appendix A for complete proofs and sensi-
tivity analysis; Appendix D gives the Pareto fron-
tier view of the accuracy-efficiency plane, which
complements the single-number score). A model
achieving 90% accuracy with 10% efficiency scores
only O = 0.18, while a balanced model with 60%
in both dimensions achieves O = 0.60. We com-
plement this metric with supplementary measure-
ments including average token count, word count,
and character count for comprehensive evaluation
of the accuracy-efficiency balance.

3.4 Alternative Formulations

We evaluated several aggregation functions be-
fore adopting the harmonic mean. The arithmetic
mean (Oyrin, = “5E¢) fails to penalize imbal-
ance adequately: a model with perfect accuracy
but 10% efficiency still scores 0.55. The geometric
mean provides better balance sensitivity but lacks
the strong penalty that characterizes overthinking
behavior. Among all symmetric, homogeneous
means, the harmonic mean maximally penalizes im-
balance while maintaining smooth differentiability
(detailed comparison and proofs in Appendix B).

4 Experimental Methodology

4.1 Dynamic Test Generation

To ensure evaluation free from data contamination,
we implement a dynamic test generation protocol.

Let G : © x & — D represent our generation func-
tion where © = {N, F [Fmin, "maz), £, S} speci-
fies generation parameters. For each task 7 and fold
f € {1,..., F}, we generate test instances by: 1)
Setting seed s = hash(s, f, 7) for reproducibility;
2) Sampling list lengths from £ = {8, 16, 32,64}
for list-based tasks (except multiplication which
uses {2, 4, 8} numbers to avoid overflow); 3) Draw-
ing values from Uniform[—1000, 1000] ensuring
numerical diversity; 4) Computing ground truth
y = fr(x) for validation

We use N = 1000 samples per fold with
F' = 3 folds for open-source models (100 samples
for closed-source due to cost), generating 42,000
unique problems per model. The complete genera-
tion algorithm, validation, and reproducibility pro-
tocols are provided in Appendix F and Appendix K.

4.2 Model Selection and Inference

We evaluate 53 models spanning multiple fam-
ilies (GPT (Achiam et al., 2023), Gemini (Co-
manici et al., 2025), Llama (Grattafiori et al., 2024),
Mistral (Parmar et al., 2024), Qwen (Yang et al.,
2025b), Phi (Abdin et al., 2025)) with parameters
from 0.5B-72B. This includes base, instruction-
tuned, and reasoning variants to isolate the impact
of training objectives on overthinking behavior.

4.3 Prompt Construction and Response
Parsing

For each test instance, we construct standardized
prompts: p(z;, 7) = desc(7) @ format(x;) & instr
where instr = “Your final answer must be in the for-
mat \boxed{answer}”. Complete prompt templates
for all 14 tasks are provided in Appendix L.
Extracting answers from diverse model outputs
requires robust parsing. Through analysis of 5000+
responses, we developed a hierarchical extraction
system achieving 98.7% success rate (detailed de-
sign principles and validation procedures in Ap-
pendix J): 1) Primary: Extract content within
\boxed{} patterns; 2) Secondary: Parse explicit
answer markers (“The answer is...”); 3) Tertiary:
Extract from code blocks or markdown formatting
4) Fallback: Apply task-specific heuristics.
Task-specific validation ensures extracted an-
swers represent solutions rather than input echoes.
We employ a hierarchical extraction strategy that
prioritizes LaTeX boxed notation, then explicit an-
swer markers, code block outputs, and finally last-
line heuristics. The complete end-to-end pipeline
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(a) Model Family Scaling Comparison (b) Token Budget Impact (c) Quantization Impact
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Figure 1: Three dimensions of our evaluation. (a) Scaling performance across different families: Llama shows
large jumps between small and large models. Qwen2.5 shows generally monotonic but sublinear scaling. Qwen3
exhibits non-monotonic behavior with 14B outperforming 32B. (b) Token budget constraints: Qwen3 reasoning
models accuracy under full budget vs. 1024-token limit reveals catastrophic degradation. (c) Quantization
robustness: Qwen2.5 family across FP16, 8-bit, and 4-bit precision shows size-dependent tolerance to compression.

(Algorithm 4) and hierarchical answer extraction al-  for the training distribution of complex benchmarks
gorithm (Algorithm 5) are detailed in Appendix F.  rather than compositional arithmetic ones.

4.4 Statistical Analysis Finding 1 — Basic-Math Paradox

We use k-fold cross-validation with k& = 3, report-
ing mean and standard deviation across folds. To-
ken counting uses model-specific tokenizers when
available, with API response tokens for closed-
source models. Statistical significance testing, er-
ror taxonomy, and detailed empirical analysis in-
cluding correlation studies are presented in Ap-
pendix G.

Models with high complex benchmark
performance degrade on basic math rea-
soning. Performance is task-specific and
suggests reliance on memorized heuristics
rather than compositional computation.

I GSM8K
[ GSM-Plus
[ Basic-Math (Ours)

Benchmark Comparison
100

5 Results and Insights

80
We ran LLMTHINKBENCH on 53 models across
basic mathematical tasks, quantization settings, and *
constrained generation budgets (refer to Table 2 for ”
raw numbers; Appendix M contains the extended
tables). Our high level results show that larger mod- 20
els or models that produces more thinking tokens .

are not reliably better. Models that perform well
on complex benchmarks often fail at elementary op-

erations; models trained to _reason more tend tq pro- g gure 2: Benchmark paradox: Qwen2.5 family per-
duce long, confident-looking text that sometimes  formance on GSM8K, GSM-Plus, and basic math rea-
hurts correctness; and quantization often preserves  soning shows significant discrepancies across models.

basic arithmetic ability for large models.

Accuracy (%)

R

Model Parameters

5.2 SCALING EFFECTS: NON-MONOTONIC
5.1 THE BASIC-MATH PARADOX AND DIMINISHING RETURNS

Figure 2 shows the discrepancy between bench-  Figure 1(a) shows scaling behavior across three
mark performance (GSM8K, GSM-Plus) and basic = model families, revealing that parameter count
arithmetic capability for the Qwen2.5 family. Mod- does not guarantee better basic math perfor-
els achieving over 95% on GSMS8K score below  mance. Within the Qwen3 family we observe non-
75% on our basic math tasks, revealing that com- monotonic scaling: Qwen3-14B = 86.52% vs 32B
plex benchmark performance does not transfer to = 84.13%-a decline of 2.39% despite 2.3 x more
fundamental operations. This pattern suggests mod-  parameters. By contrast, smaller scale steps yield
els learn heuristics or pattern-matching that work  large gains: Qwen3-0.6B = 49.99% — 1.7B =
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Models Parameters (B)  Accuracy (Avg%)  Instruction F ing (Avg%)  Overthinking Score (Avg)  Output Tokens (Avg)  Output Words (Avg)  Output Chars (Avg)
Mean + Std Mean + Std
QOwen3 Family
Qwen3 0.6 49.99 + 3.53 83.85 +£2.23 0.545 3162.8 1620.9 8301.8
Qwen3 1.7 70.24 £+ 3.62 86.54 £2.35 0.647 3157.2 1620.7 84459
Qwen3 4 81.90 £ 3.00 91.57 £ 2.00 0.698 3091.2 1623.1 8489.9
Qwen3 8 82.10 £ 3.17 91.58 +2.13 0.704 3027.8 1584.6 8260.3
Qwen3 14 86.52 + 2.94 99.27 +2.29 0.727 3607.6 1941.2 10556.1
Qwen3 32 84.13 +2.80 93.05 + 3.13 0.668 2845.9 1497.5 7790.1
Phi Family
Phi-4 14 78.92 + 3.27 97.46 + 1.06 0.863 378.6 194.6 989.9
Phi-4-mini (I) 38 54.55 + 3.80 95.02 + 1.23 0.697 292.1 146.6 684.9
Phi-4-reasoning-plus 14 69.54 & 3.50 88.89 £ 1.80 0.234 6780.7 3972 23893
Phi-4-reasoning 14 72.23 +3.30 96.21 & 1.50 0.352 6066.2 3710.8 23866.8
Phi-4-mini-reasoning 3.8 70.16 & 3.40 89.56 4 1.78 0.646 3171.9 1571.7 8450.5
Phi-3-mini-128k (I) 38 35.82+3.74 96.58 4 0.79 0.566 89.4 40.6 208.9
Phi-3-medium-4k (I) 14 43.47 +4.05 89.87 £2.27 0.543 189.3 109.6 553.6
Phi-3-medium-128k (T) 14 40.76 + 4.10 96.26 + 1.27 0.568 140 74.8 367.3
Llama Family
Llama-3.2 (T) 1 16.25 £+ 2.17 47.15 +£3.97 0.278 336.3 159 756.9
Llama-3.2 (T) 3 42.54 +3.49 89.88 £ 1.73 0.591 279.7 144.6 694.7
Llama-3.1 (T) 8 48.84 +3.63 85.66 £ 2.53 0.646 366.4 203.4 977.7
Llama-3.1 (I) 70 75.43 +3.49 98.12 £ 4.06 0.848 2512 135.5 654.6
Llama-3.3 (I) 70 74.59 +3.44 97.40 £ 5.80 0.840 312.8 174.1 859.7
Qwen2.5 Family
Qwen2.5 (I) 0.5 21.31 £2.35 77.57 £ 2.75 0.348 4323 2232 1144.5
Qwen2.5 (I) 15 43.03 +-3.48 85.45 +2.26 0.596 264.7 134.1 626.7
Qwen2.5 (I) 3 45.75 +3.50 9235+ 1.09 0.619 3313 176.5 861.4
Qwen2.5 (I) 7 61.36 & 3.99 96.47 + 0.99 0.750 286.9 149.5 7472
Qwen2.5 (I) 14 63.74 + 3.82 97.83 + 0.63 0.769 260.2 137.1 685.7
Qwen2.5 (I) 32 72.90 +3.77 99.26 & 2.69 0.832 260.9 139.1 673.6
Qwen2.5 (I) 72 74.87 + 3.60 97.12 £ 5.00 0.840 339.2 179.8 887.4
Other Open-Source Models
SmolLM2 (I) 1.7 16.69 £ 2.40 68.98 &+ 3.19 0.285 213 93.5 481.5
Mistral-7B (I) 7 27.66 £ 3.09 96.26 £ 0.72 0.431 207.1 113.7 585.9
Mistral-Nemo (I) 12 35.43 £+ 3.40 82.95 4+ 2.94 0.517 371 2342 1123.7
Qwen2.5-Math (I) 1.5 51.43 +3.97 94.04 £ 1.61 0.656 397.1 210 1076.9
Qwen2.5-Math () 7 60.68 + 4.01 9436 + 1.75 0.740 411.7 2215 1156
OpenAl Models
GPT-4.1 - 89.88 + 2.50 97.79 + 1.80 0.927 338.8 152.2 759.5
GPT-4.1-mini - 90.23 + 2.30 98.14 + 1.50 0.930 328.8 145.1 740.7
GPT-4.1-nano - 75.35 +£3.20 95.58 +2.10 0.843 338.8 148.7 760.3
GPT-40 - 87.56 + 2.40 99.42 4 1.20 0.918 290.5 154.8 749
GPT-40-mini - 75.00 & 2.80 97.67 & 1.90 0.841 341.3 172 848.7
Google Models
Gemini-2.0-flash-lite - 73.33 +2.90 99.58 & 1.10 0.836 215.5 116.9 523
Gemini-2.0-flash - 69.60 £ 3.10 94.44 £ 2.00 0.811 2345 118.9 517.9
Gemini-2.5-flash - 55.18 £ 3.80 63.49 £ 2.70 0.705 186.3 104.8 5395

Table 2: Comprehensive performance evaluation of 53 language models on basic mathematical reasoning tasks,
including base, instruction-tuned, reasoning, and quantized variants (full quantization results in Appendix M;
this table shows FP16/default precision). Within each model family, bold+underline indicates best accuracy and
bold indicates second-best accuracy. All metrics represent averages across 14 tasks with 1,000 samples each
(open-source) or 100 samples (closed-source). Instruct-tuned models are marked with (I).

70.24% (+20.25 points, +40.51% relative). The
Owen2.5 family shows monotonic but sublinear
improvement: Qwen2.5-14B = 63.74% — 32B
=72.90% (+9.16 points), indicating that scaling
helps in some regimes but with diminishing returns.

Finding 2 — Non-Monotonic Scaling

Parameter scaling shows diminishing and
sometimes negative returns. Larger mod-
els do not guarantee better performance,
with mid-sized variants often achieving su-
perior efficiency-accuracy balance.

\ J

The Llama family shows large jumps between
small and large models with significant variance
across parameter counts. The vertical dotted line
at 7B marks where performance curves begin to
flatten, showing diminishing returns from further
scaling. As models scale they can accumulate com-

peting heuristics: some improve benchmark-style
problems while others interfere on low-level opera-
tions, producing the non-monotonic scaling we ob-
serve. Notably, GPT-4.1-mini = 90.23 % slightly
edges GPT-4.1 = 89.88%, showing smaller/opti-
mized variants can be practically preferable.

5.3 OVERTHINKING: VERBOSITY HURTS
CORRECTNESS

As shown in Table 2, models trained or fine-
tuned to produce long chain-of-thoughts (COT)
often generate more tokens yet obtain lower ac-
curacy than concise variants: for example, Phi-
4 scores 78.92% with ~ 378.6 tokens on aver-
age, while Phi-4-reasoning scores 72.23% with
~ 6066.2 tokens: an accuracy gap of 6.69 points
(~-8.48 % relative) despite using ~ 16.02x more
tokens. When constrained to 1,024 tokens, Phi-
4-reasoning falls to 53.48% (an absolute loss of
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(a) Extreme Overthinking

Task: 846 = 18
Phi-4 (47 tok):

846/18=47 \boxed{47}

Phi-4-reas (1,456 tok):

Long div...

V1: 47x18=846

V2: factorization
846=2x3x3x47
18=2x3x3

V3: estimation
846~900, 18~20
900/20=45

\boxed{47}

Result: 31x, no gain
\

(b) Pathological Failure

Task: Mode([5,5,5,7,7,9])
Expected: 5
Qwen3-4B (1,024 tok):

Frequency:
5: 3 times
7: 2 times
9: 1 time

Mode=5nnnnnnnnnnn
nnnnnnnnnnnnnnnnn
nnnnnnnnnnnnnnnnn
nnnnnnnnnnnnnnnnn
nnnnnnnnnnnnnnnnn
[... 900+ 'n' ...]

Result: Stopping failure

\ J

(c) Helpful Reasoning

Task: Sort 8 numbers
Phi-4-reas (312 tok):

1: Separate
Neg:-789,-456,-123
Pos:847,456,234,

901,123

2: Sort negs
-789<-456<-123

3: Sort pos
123<234<456<
847<901

4: Combine

\boxed{[-789,-456,

-123,123,234,...1}

Result: 3.5x justified

J

(d) Self-Contradiction

Task: Max([12,45,23,89,34])
0O3-mini (2,400 tok):

Scan: max=89

Wait, reconsider...
is 89 largest?
Maybe 45... no 89>45

Verify:

89>127 Yes
89>457 Yes...
Duplicates? None.
Recalculate. ..
[1000+ tokens]
\boxed{89}

Result: Self-doubt loop

Figure 3: Reasoning Pattern Case Studies: (a) Extreme overthinking with 31x token waste through 3x verification.

(b) Pathological failure showing stopping mechanism breakdown (oo character repetition). (¢) Helpful reasoning

where 3.5x verbosity provides verifiable steps. (d) Self-contradiction loops. Complete case study in Appendix H.
(a) Gemini Models

(b) GPT-5 Models (c) O-Series Models
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Reasoning Budget
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Reasoning Budget

Figure 4: Reasoning budget analysis across Gemini, GPT-5, and O-series models. Increasing the reasoning
budget yields minimal gains, showing diminishing returns and near-plateau performance at higher effort levels.

18.75 points, ~x=-25.96% relative from 72.23%),
and Phi-4-reasoning-plus drops from 69.54% to
44.33% (absolute -25.21%, ~-36.25% relative).

Finding 3 — Overthinking

Reasoning models produce long, repet-
itive explanations that sometimes re-
duce accuracy. Models tend to produce
reasoning-like text rather than performing
correct computation.

Even under constraint, Phi-4-reasoning uses
~ 1013.5 tokens on average, which is about 2.68 x
the token usage of concise Phi-4. This pattern sug-
gests COT supervision shifts the optimization tar-
get toward producing plausible intermediate text
rather than verifiable intermediate computations,
i.e., the model learns to generate plausible-looking
exploration that increases likelihood but is not reli-
ably grounded in correct arithmetic, which explains
why penalizing verbosity or enforcing step-level
checks often recovers accuracy. To understand
which reasoning patterns help versus hurt, Table 3
compares Phi-4 and Phi-4-reasoning on identical

tasks, while Figure 3 presents actual model outputs
(detailed case studies in Appendix H).

5.4 PERFORMANCE UNDER TOKEN
CONSTRAINTS

When we restrict output length, non-reasoning
models remain relatively stable while reasoning
models suffer sharp, sometimes catastrophic drops.
Figure 1(b) visualizes this phenomenon for the
Qwen3 family, showing dramatic accuracy degra-
dation when generation is constrained to 1,024 to-
kens. Their accuracy follows a steep curve: below
certain token budgets (e.g., ~512 tokens) perfor-
mance collapses; between 512—-1024 tokens results
are unstable; above large budgets they improve
but still lag concise models. For example, Phi-4
achieves 78.92% with ~ 378.6 tokens on average,
whereas Phi-4-reasoning scores 72.23% while us-
ing ~ 6066.2 tokens (=16 x more); constraining
Phi-4-reasoning to a 1,024-token budget reduces its
accuracy to 53.48% (an 18.75 point absolute loss,
~26% relative), and Phi-4-reasoning-plus shows
a similar, even larger collapse when constrained
(see Appendix M.2 for complete results). Allowing
the long-form reasoning models thousands of extra
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tokens recovers some accuracy but at a very small
marginal return and often still leaves these models
behind concise baselines; reasoning models appear
to rely on a fixed, large exploration budget rather
than adapting computation to problem difficulty.

Finding 4 — Efficiency CIiff

Constraining tokens causes sudden accu-
racy collapses, showing models lack adap-
tive stopping and rely on long exploration.

Task Model Correct? Tokens Token Ratio Reasoning Pattern

where 7 ~ 1000 tokens captures saturation scale
and €(b) represents error accumulation. Beyond
moderate budgets (1,000-3,000 tokens), models
often degrade by contradicting earlier reasoning,
overwriting correct steps with plausible but incor-
rect ones; extended generation sometimes amplifies
such errors (see Table 9 in Appendix L).

Finding 5 — Thinking Budget

Extra thinking token budget gives small
returns and increases the risk of contra-
dictory or noisy reasoning.

Sum (8 nums) Phi-4
Phi-4-reasoning

272 Ix
4,837 17.8x

Direct step-by-step
Redundant verification, wasteful

Complex Sort Phi-4
Phi-4-reasoning

89 Ix
312 3.5%

Direct output
Helpful decomposition (justified)

Division Phi-4
Phi-4-reasoning

47 Ix
1,456 31x

Minimal steps
Triple verification, no benefit

Multiplication Phi-4
Phi-4-reasoning

156 1x
3214 20.6x

Sequential multiply
Over-analyzed, arithmetic error

Mean calc Phi-4
Phi-4-reasoning

198 1x
2,891 14.6x

Sum then divide
Lost in verification, wrong final

RN AN NN NN NN

Table 3: Correct and incorrect reasoning outcomes.
Green : Efficient and correct. Yellow : Helpful struc-

tured reasoning where verbosity aids correctness. Red :
Wasteful overthinking: either no benefit despite high
token cost, or incorrect answers due to over-verification.

5.5 THINKING BUDGET: DIMINISHING
RETURNS AND ERROR ACCUMULATION

Allocating larger reasoning budgets produces
minimal accuracy improvements while introduc-
ing systematic inefficiencies. Figure 4 illustrates
this across three model families. For Gemini mod-
els, Gemini-2.5-Flash gains only 1% from the dis-
abled baseline (92%—93%) and returns to 92% at
the maximum budget, while Gemini-2.5-Pro peaks
at its lowest tested budget (128 tokens, 90%) with
no gain at higher budgets. More strikingly, GPT-5
achieves identical 97 % accuracy on both medium
and high effort levels despite using progressively
more tokens, showing zero marginal benefit from
extended reasoning. The O-series models (O3,
O3-mini, O4-mini) exhibit similar plateaus: O3
maintains 97 % accuracy across all effort levels
(low, medium, high) while generating ~8% more
tokens at higher budgets. This pattern reveals mod-
els lack adaptive computation: they cannot mod-
ulate reasoning depth based on problem difficulty.
Instead, they apply fixed exploration patterns re-
gardless of whether a task requires simple arith-
metic or multi-step verification, resulting in sys-
tematic waste on easy problems and insufficient
adaptation on hard ones. Empirically, the accuracy
curve follows A(b) = Apax(1 — e*b/T) + €(b),

5.6 QUANTIZATION ROBUSTNESS

Quantization shows a clear size-dependent pattern
illustrated in Figure 1(c): larger models tolerate ag-
gressive compression with minimal accuracy loss,
while very small models suffer large relative drops;
for instance, the Qwen2.5-32B model moves from
73.08% (8-bit) to 72.67% (4-bit), a negligible
change, whereas Qwen2.5-0.5B falls from 21.31%
to 12.77% under 4-bit quantization (=40% rela-
tive loss). Mid-sized models show modest penalties
(e.g., ~ 3% — 5% relative in several 14B exam-
ples), which implies that redundancy in large mod-
els preserves low-precision arithmetic behavior and
that the primary issues we observe (overthinking,
token brittleness) are behavioral and not simply
precision-limited. Complete quantization results
are presented in Appendix M.1.

Finding 6 — Quantization Robustness

Even aggressive quantization has mini-
mal effect on large models, whereas small
models suffer significant performance
degradation.

5.7 INSIGHTS FROM THE OVERTHINKING
SCORE METRIC

As shown in Table 2, when we combine accu-
racy and efficiency into the Overthinking Score,
model rankings change: some smaller or mid-
sized instruction-tuned models beat larger, verbose
ones. The score highlights a sweet-spot around
mid-large sizes (roughly 14-20B) where models
have enough capacity for correct computation with-
out developing overthinking habits. For exam-
ple, GPT-4.1-mini scores 0.930 vs GPT-4.1 at
0.927 (an absolute 0.003 improvement, ~0.3%
relative), while Qwen3-14B (score 0.727) out-
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performs Qwen3-32B (0.668) by 0.059 points
(~8.8% relative); conversely, reasoning-tuned vari-
ants suffer large penalties on this metric (for exam-
ple, Phi-4-reasoning at 0.352 vs Phi-4 at 0.863,
a ~59% relative deficit), showing that efficiency-
aware evaluation identifies different, deployment-
relevant winners than accuracy-only comparisons.
The inverted-U with size suggests two things: scale
gives models the ability to store and execute correct
computational patterns, but excessive scale (with-
out appropriate inductive bias) enables learned be-
haviors that favor verbose, high-likelihood text. In-
struction tuning toward concise, correct answers
often shifts models back toward efficiency.

Finding 7 — Overthinking Score Insights

When efficiency is included, mid-sized
instruction-tuned models often become
the most practical choices.

5.8 FINE-GRAINED ANALYSIS OF
REASONING CONTENT

Long traces are dominated by four wasteful pat-
terns, not random verbosity. We hand-annotated
~5,000 responses from 12 reasoning and 12 stan-
dard models and found four patterns that cover
most long traces plus one that is genuinely help-
ful: redundant verification loops, self-contradiction
loops, irrelevant exploration, pathological stopping
failures (<2% of traces; Appendix O), and helpful
decomposition (~11%, where extra tokens con-
tribute verifiable sub-steps). Table 3 and Figure 3
show one example per pattern, and the full tax-
onomy with per-family counts is in Appendix Q.
The wasteful patterns are behavioral rather than
capability gaps, and they concentrate in CoT-tuned
variants, which is why the O-Score penalizes these
variants even when raw accuracy is competitive.

Finding 8 — Pattern Taxonomy

Not all tokens are equal. Most wasted to-
kens fall into four recurring failure modes
rather than random verbosity, and the pat-
terns are concentrated in CoT-tuned models.

5.9 RoOOT CAUSES AND MITIGATION

CoT supervision is the main driver, and prompt-
ing or tools do not close the gap. Matched pairs
isolate the effect of training: Qwen2.5-14B-instruct
averages 260 tokens while Qwen3-14B uses 3,608

(13.9x), and Phi-4 averages 379 tokens while Phi-
4-reasoning uses 6,066 (16.0x) with accuracy drop-
ping from 78.92% to 72.23%; the pattern holds
across four matched pairs (Appendix R). Concise
prompts trim Phi-4-reasoning’s tokens by —63%
but lose accuracy and still use 5.9 x more tokens
than Phi-4 (Appendix S), and adding a calculator,
Python REPL, or code executor raises accuracy
by 2-30 points but leaves token overhead at 1.3—
2.6 and does not stop accuracy from collapsing as
problem size grows (Appendix T). GPT-5, O3, and
O4-mini hit their top accuracy at the low effort set-
ting and stay flat through medium and high while
token usage keeps climbing, a signature consistent
with process-reward maximization, so architectural
routing looks more promising than prompt-level
tweaks (leave-one-out ranking stability: Kendall’s
7 = 0.87, Spearman p = 0.92; Appendix U).

Finding 9 — Root Causes

CoT supervision drives overthinking; con-
cise prompts and tool use reduce but do
not close the gap.

6 Conclusion

Our evaluation of 53 LLMs through LLM-
THINKBENCH reveals: 1) Parameter scaling gives
diminishing and non-monotonic returns: mid-
sized models (14-20B) often match or outperform
larger siblings on accuracy-efficiency tradeoffs. 2)
“Thinking” supervision often fails: models trained
for long chains typically generate 18x more to-
kens while losing accuracy and collapsing under
token constraints. 3) Extended reasoning budgets
show diminishing returns and error accumulation,
revealing models lack adaptive stopping and step-
level verification. 4) Wasted tokens are not random;
four recurring patterns (redundant verification, self-
contradiction, irrelevant exploration, stopping fail-
ures) account for most long traces, with CoT su-
pervision as the main driver. 5) Concise prompting
and tool use reduce but do not remove the gap, sug-
gesting architectural routing is the right direction.

PRACTICAL RECOMMENDATIONS Models:
GPT-4.1-mini (O-Score: 0.930), Qwen3-14B
(0.727), Qwen2.5-7B for budget deployments.
Prompting: Using formats (\boxed{ }), applying
token budgets strategically, avoiding open-ended
“think step-by-step” on basic tasks. All code, data
generators, and the leaderboard are public.
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Our study has a few limitations. First, we focus on
basic math operations, which do not cover the full
range of reasoning needed in real-world problem
solving; these tasks expose one dimension of math-
ematical behavior. Second, our automated evalua-
tion enables large-scale assessment across 53 mod-
els but does not replace the kind of interpretability
human evaluation would add, and qualitative anal-
ysis of reasoning patterns is a natural complement.
Third, our dynamic test generation prevents direct
memorization, but models can still use statistical
patterns from training; how much they genuinely
compute versus pattern-match is an open question.
Fourth, our evaluation relies on task-specific an-
swer parsers that must track changes in model out-
put formats and can introduce extraction bias.
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A Overthinking Score: Complete
Theoretical Framework

This section provides a comprehensive theoreti-
cal analysis of the Overthinking Score, including
rigorous proofs of its mathematical properties, sen-
sitivity analysis, and justification for our choice of
the harmonic mean formulation.

A.1 Fundamental Properties and Proofs

We provide complete proofs for the properties of

. . 2-AZ'-E i
the Overthinking Score O; = iy Ett .

Theorem 1 (Complete Properties of Overthinking
Score). The Overthinking Score O; satisfies:

1. Boundedness: O; € [0, 1] for all valid inputs
2. Symmetry: O(A,E) = O(E, A)

3. Vanishing Limits:

limg, 50O = 0 and

4. Monotonicity: O is strictly increasing in both
arguments

5. Sublinearity: O(A, F) < min(A, E)

6. Perfection Condition: O =1 <— A =
E=1

Proof. Property 1 (Boundedness): Since A, F €
[0, 1], we have:

2AFE 2AFE
0= < =vVAE <1
A+E 7 2VAE -

where we used the AM-GM inequality. The lower
bound follows from non-negativity of A and F.

Property 2 (Symmetry): Direct from the com-
mutative property:

| 2AE 284 _
TA+E E+A

O(A,E O(E, 4)

Property 3 (Vanishing Limits): As E; — 0:

2AE, 2A

O:A+Et:A/Et+1

Since A/E; — oo as E; — 0, we have O — 0.
The proof for A — 0 is symmetric.

Property 4 (Monotonicity): Taking the partial
derivative with respect to A:

00 2FE?

= for £

94~ (armp Olorkb=0
Similarly, g—g = % > 0for A > 0.

Property 5 (Sublinearity): By the harmonic-
minimum inequality:

2AF

0= A+ FE 7
2min(A, F) - min(A4, E) @)

~ min(A, E) + min(A4, E)
= min(A4, E) )
Property 6 (Perfection Condition): If O = 1,

then:
2AF

A1 E =1 — 2AE=A+FE (10)
— (A-E)?=0 (1)

Therefore A = E. Substituting back: O = % =
A=1,s0A=F =1.

Conversely, if A = E =1, then O = 21_% =
1. B

A.2 Sensitivity Analysis and Derivatives

Theorem 2 (Sensitivity Properties). The Overthink-
ing Score exhibits the following sensitivity charac-
teristics:

00 2E?

A~ (A+E)? 12)
Je, 2A2

OE ~ (A+EP 13)
2

920 4AE 14

OAOE ~ (A+ E)3
Proof. Starting with O = %, we apply the quo-

tient rule:

For 29

0A"
80 2E(A+ E)—2AE s
A (A+ E)2 (15)
212
A+ B2 (16)
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00.
For oE -

00 2A(A+ E)—2AE

0E (A+ E)2 17

242
= A+ B (15

For the cross-partial:

2 2

PO 9 ( 24 (19)
DADE ~ A\ (A+E)?
4A(A+ E)? —2A%2.2(A+E)
= (20)
(A+ E)*
4AFE

“@ArEp @b
O

Corollary 1 (Improvement Incentives). The sen-
sitivity to each component is proportional to the
square of the other component, ensuring that
improving the weaker dimension yields greater
marginal benefit.

A.3 Hessian Analysis and Concavity

Theorem 3 (Concavity Properties). The Hessian
matrix of the Overthinking Score:

_ 4AE —-FE A4+ FE 22)
(A4 E¥ |[A+E -A
has eigenvalues A1 = 0 and Ao = —ﬁig)g <0,

confirming concavity along the improvement direc-
tion.

Proof. The Hessian matrix elements are:

00 4AFE?
Hll = 2 = - 3
dA (A+E)
0%0 4A?
Hy = 75 = — 3
OF (A+E)
4AE
H12 = H21 = m

: 4AE .
Factoring out A+E)?:

4AF [ K A+E}

T(A+EB|A+E A

The characteristic polynomial is:

4AF

. — 2 - —_— =
det(H — M) = A2+ A AT B

0

This yields eigenvalues Ay = 0 and Ay =

__4AE
(A+E)?-

The eigenvector for A\; = 0is (1,1)7, represent-
ing the direction of balanced improvement. The
negative eigenvalue A2 confirms concavity perpen-
dicular to this direction. O

A4 Metric Design Rationale and Comparison

The Overthinking Score must satisfy several math-
ematical properties to serve as a meaningful evalu-
ation metric:

Theorem 4 (Metric Properties). The Overthinking
Score O : [0,1]2 — [0, 1] satisfies:

1. Symmetry: O(a,e) = O(e,a)

2. Monotonicity: O is increasing in both argu-
ments

3. Boundary Conditions:

0(0,e) =0 Ve e [0,1] (23)
O(a,0) =0 VYa € [0,1] (24)
O(1,1) =1 (25)
4. Continuity: O is continuous on [0, 1]
5. Concavity: O is jointly concave
Proof. For the harmonic mean O(a, e) = 3166

1. Symmetry: Immediate from commutativity
of multiplication and addition.

2. Monotonicity:

00 2¢?

= f 2

9a (a+e)2>0 ore >0 (26)
Similarly for 00/ de.

3. Boundary Conditions: Direct substitution
verifies all three conditions.

4. Continuity: The function is a ratio of contin-
uous functions with non-zero denominator on
(0,1]2, extended continuously to boundaries.

5. Concavity: The Hessian matrix is:

4 _
_ _dae_[—e ate]
(a+e)? |a+e
The eigenvalues are Ay = 0 and Ay =
—(;f:)g < 0, confirming negative semi-
definiteness.

O]
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A.5 Comparison with Alternative Metrics

We formally compare different aggregation meth-
ods:

Proposition 1 (Penalty for Imbalance). Define
the imbalance penalty as P(a,e) = M(a,e) —
M (a, a) where M is a mean function. For a < e:

Parith(aa 6) = ¢ ; a
Pyeola,e) = a(y/e/a—1)

B 2¢ \ ala—e)
Pharm(ave)_a<1_a+e> - a+te (30)

(28)
(29)

The harmonic mean penalty grows superlinearly
with imbalance, providing stronger incentive for
balanced optimization.

A.6 Efficiency Normalization

The token efficiency component requires careful
normalization:
Definition 5 (Token Efficiency). Given token

counts {t1,...,tm} from m models, the efficiency
of model 1 is:

1 lfti = tmin
E;=<0
ti—tmin

otherwise

tmax —tmin

(€29)

Lemma 1 (Efficiency Properties). The efficiency
function satisfies:

1. E; € (0, 1] for all models
2. FE is strictly decreasing in token count

3. The transformation is affine, preserving rela-
tive distances

A.7 Sensitivity to Outliers

Theorem 5 (Robustness to Outliers). Let Oy, be
the average Overthinking Score across n tasks.
Adding one outlier task with score O, ier changes
the average by at most 1/n.

Proof. Let the original average be O =
% >oi 1 O;. Adding an outlier:

~ nO + Oy
Onew _ — iuther (32)
The change is:
A A Ooutlier - C_) 1
Opew — O] = < 33
[Orew = O ‘ ntl | “n+1 O
since both scores are in [0, 1]. O

ift; = tmax and tmax > tmin

B Alternative Formulations and
Justifications

Having established the fundamental properties of
our Overthinking Score, this section provides theo-
retical justification for our choice of the harmonic
mean and compares it against alternative aggre-
gation functions for combining accuracy and effi-
ciency metrics.

B.1 Comparison of Aggregation Functions

We analyze alternative formulations for combining
accuracy and efficiency metrics.

Theorem 6 (Optimality of Harmonic Mean).
Among all symmetric, homogeneous means, the
harmonic mean maximally penalizes imbalance
between components while maintaining smooth dif-

ferentiability.

Proof. Consider the generalized mean family:

aP + P\ /P
e = (“57)

For different values of p:

e p = 1: Arithmetic mean M| = ‘IT“’

* p = 0: Geometric mean My = +ab (by
L’Hopital’s rule)

2ab

* p = —1: Harmonic mean M_; = P

The penalty for imbalance can be measured by
the second-order cross-derivative:
M,  p(p—1)(ab)P!
Hadb 21/p(ap + br)2-1/p

As p — —1, this penalty is maximized among all
finite p values. The harmonic mean also maintains
smoothness on (0, 00)?. O

B.2 Empirical Comparison

Scenario Arith. Geom. Harm.
A=1.0, E=0.1 0.55 0.32 0.18
A=0.9, £E=0.3 0.60 0.52 0.45
A=0.6, E=0.6 0.60 0.60 0.60
A=0.8, E=0.8 0.80 0.80 0.80

Table 4: Mean formulations across accuracy-efficiency
scenarios.

The harmonic mean provides the strongest
penalty for imbalanced performance, aligning with
our goal of identifying overthinking behavior.
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B.3 Weighted Formulations

We also considered weighted variants analogous to
the Fj score:

(1+8%-A-E

However, this introduces an arbitrary parameter
B requiring domain-specific calibration. For 5 = 1,
we recover the standard harmonic mean.

C Mathematical Foundations of Task
Suite

To ensure rigorous evaluation, this section provides
comprehensive mathematical foundations for each
task in our evaluation framework, including formal
definitions, uniqueness proofs, and computational
complexity analysis. Each task is designed to have
exactly one correct answer, eliminating ambiguity
in evaluation.

C.1 Basic Arithmetic Operations
C.1.1 Sorting Task
Definition 6 (Sorting Problem). Given an input

list L = (x1,x9,...,x,) where x; € Z for all
i € [1,n], the sorting function fyr : 7" — 7"
produces an output list L' = (2,2}, ... ) sat-
isfying:
1. Ordering Property: ¥Vi € [1,n — 1] : 2} <
Tiy
2. Preservation Property: The multiset
{«},..., 2} equals {x1,... xn}

Theorem 7 (Uniqueness of Sorting). For any input
list L, there exists exactly one sorted output L'
satisfying both properties.

Proof. Suppose there exist two distinct sorted lists
Ly = (a1,...,a,) and Ly = (by,...,by,) both
satisfying the sorting properties for input L.

Let k be the first index where ay 7 bi. Without
loss of generality, assume ay < bg.

Since both lists preserve the multiset, there must
exist j > k such that a; = by. But this implies
aj, < by, < b; (by ordering property of L5).

The element aj, must appear in L/, at some posi-
tion m. Since aj < by and by, is at position k, we
have m < k (by ordering property).

But this contradicts our assumption that k& is the
first index where the lists differ. Therefore, L] =
L), proving uniqueness. O

Algorithm 1: Ground Truth Generation for

Sorting
Input: List L = (zq,...
Output: Sorted list L'
>Use deterministic sorting

algorithm
1 L’ + MergeSort(L)
2 return L/

al'n)

Computational Complexity: O(nlogn) time,
O(n) space

C.1.2 Comparison Task

Definition 7 (Comparison Problem). Given two
integers a,b € Z, the comparison function feomp
Z x I — {<,=,>} is defined as:

< ifa<b
fcomp(aa b)=<= ifa=b (34)
> ifa>b

Theorem 8 (Uniqueness of Comparison). For any
pair (a,b) € 72, exactly one relation from {<,=
, >} holds.

Proof. The integers Z form a totally ordered set
under the standard ordering <. By the trichotomy
property of total orders, for any a, b € Z, exactly
one of the following holds:

1. a < b (equivalently, a < b and a # b)
2.a=b
3. a > b (equivalently, b < a)

These three cases are mutually exclusive and ex-
haustive, ensuring unique output. O

Computational Complexity: O(1) time and
space

C.1.3 Sum Task

Definition 8 (Sum Problem). Given a list L =
(x1,...,2n) where x; € Z, the sum function f,, :
7" — 7 is:
n
i=1

Theorem 9 (Uniqueness of Sum). The sum of inte-
gers is uniquely determined.
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Proof. Integer addition is a well-defined binary
operation + : Z X Z — 7 that is associative
and commutative. By the fundamental theorem
of arithmetic and properties of integer rings, the
sum ;" ; x; has exactly one value in Z.
Formally, we can prove by induction on n: -
Base case (n = 1) faum((z1)) = 1, uniquely
determined - Inductive step: If Z?Zl x; 1S unique,

then Zfill x; = (Ele xz) + Zg41 is unique by

well-definedness of addition O

Numerical Bounds: For inputs in range
[— R, R], the maximum absolute sum is n - R, en-
suring no overflow for reasonable parameters.

Computational Complexity: O(n) time, O(1)
space

C.1.4 Multiplication Task

Definition 9 (Product Problem). Given a list L =
(z1,...,zy) where x; € Z, the product function
S+ 2" — L is:

fmult(L) = sz (36)
=1

Theorem 10 (Uniqueness of Product). The product
of integers is uniquely determined.

Proof. Similar to addition, integer multiplication
is a well-defined binary operation X : Z X Z — Z
that is associative and commutative. The product
[T~ ; is uniquely determined by iterative appli-
cation of this operation. O

Overflow Considerations: For n integers in
range [—R, R], the product magnitude can reach
R"™. We handle large products using arbitrary pre-
cision arithmetic in ground truth generation.

Computational Complexity: O(n) multiplica-
tions, but each multiplication may have complexity
O(m?) for m-bit numbers

C.1.5 Division Task

Definition 10 (Division Problem). Given a,b € Z
with b # 0, the division function fg, : Z X (Z '\
{0}) — Qis:

a

fdiv(a7 b) b

(37
Theorem 11 (Uniqueness of Division). For any
a € Zandb € 7\ {0}, the quotient a /b is uniquely
determined in Q.

Proof. The rationals Q form a field, and division
by non-zero elements is the multiplicative inverse
operation. For any b # 0, there exists a unique
b~1 € Qsuch thatb-b~! = 1. Therefore, a/b =
a - b~!is uniquely determined. 0

Representation: We represent the result as a
decimal with sufficient precision, rounding to 6
decimal places for evaluation.

Computational Complexity:
log |b|) for arbitrary precision

O(logla| +

C.1.6 Subtraction and Absolute Difference
Tasks

Definition 11 (Subtraction Problem). Given a,b €
Z, the subtraction function fgyp : 7. X 7 — 7 is:

fsub(av b) =b—a (38)
Definition 12 (Absolute Difference Problem).
Given a,b € 7Z, the absolute difference function
fabsdiﬁ: Z X7 — No is:

a—b ifa>b
absdiff’! 7b: _b: - 39
fabsaigr(a,b) = |a —b| {b—a l.fa<b( )

Theorem 12 (Uniqueness of Subtraction and Ab-
solute Difference). Both subtraction and absolute
difference yield unique results for any integer pair.

Proof. Subtraction is the inverse operation of ad-
dition in the group (Z, +), hence uniquely defined.
The absolute value function | - | : Z — Ny is well-
defined, making their composition unique. O

Computational Complexity: O(1) for machine
integers
C.2 Extremum Detection Tasks

C.21

Definition 13 (Extremum Problems). Given a non-
empty list L = (x1,...,x,) where x; € 7 and

Maximum and Minimum Finding

n>1:
fmax(L) = 'm[ilx] x; = max{xi,...,xn} (40)
1e|l,n
fmin(L) = min z; = min{zq,...,x,} (41)

1€[1,n]

Theorem 13 (Existence and Uniqueness of Ex-
trema). For any finite non-empty set S C Z, both
max S and min S exist and are unique.

Proof. Since Z is totally ordered and S is finite and
non-empty:
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1. Existence: Every finite subset of a totally
ordered set has a maximum and minimum
element (by well-ordering principle for finite
sets).

2. Uniqueness: Suppose mj, mg € S are both
maxima. Then m; < mo (since ms 1S maxi-
mum) and mo < mq (since mq 1S maximum).
By antisymmetry of <, we have m; = mao.

The same argument applies for minima. O

Algorithm 2: Linear-Time Extremum Find-
ing
Input: List L = (z1,...,zy)
Output: Maximum element m
1M < 21
2 fori =2t ndo
3 if x; > m then
4 L L m < x;

5 return m

Computational Complexity: O(n) time, O(1)
space

C.3 Statistical Operations

C.3.1 Mean (Average) Calculation

Definition 14 (Arithmetic Mean). For a list L =
(x1,...,2,) where x; € Z, the mean function
Smean : 27" — Q is:

n

fmean(L) == %Zn’vz

i=1

(42)

Theorem 14 (Uniqueness of Arithmetic Mean).
The arithmetic mean is uniquely determined for
any non-empty list.

Proof. Since the sum S = Y x; is unique
(proven earlier) and n > 0, the quotient S/n is
uniquely determined in Q. O

Numerical Stability: To avoid overflow in in-
termediate calculations, we can compute:

> (@i —a)
=2

(43)

S|

T=x+

Computational Complexity: O(n) time, O(1)
space

C.3.2 Median Calculation

Definition 15 (Median). For a list L =
(X1,...,xp), let L' = (a),...,x}) be its sorted
version. The median function fyedian : Z" — Q is:

xy, if n is odd
)= (st
—E==5== ifniseven

Theorem 15 (Uniqueness of Median). The median
is uniquely determined for any list.

Proof. The sorted list L' is unique (by sorting
uniqueness theorem). For odd n, the middle el-
ement is uniquely indexed. For even n, the average
of the two middle elements is unique since both el-
ements and division are uniquely determined. [

Lemma 2 (Median Minimizes Absolute Deviation).
The median m minimizes Y ., |x; — c| over all
ceR

Proof. Let g(c) =
derivative:

Yoyl — ¢|. Taking the

(45)

This equals zero when the number of points above
c equals the number below, which occurs at the
median. O

Computational Complexity: O(nlogn) time
for sorting-based approach, O(n) expected time
using quickselect

C.3.3 Mode Calculation

Definition 16 (Mode). Foralist L = (x1,...,xy,),
let fr(v) = |{i : x; = v}| be the frequency of
value v. The mode function fyeq. : 2" — P(Z)
returns the set:

fmode(L) = {U €L: fL(U) = Iq?eal)/( fL(u)} (46)
Theorem 16 (Mode Properties). 1. The mode
set is non-empty for any non-empty list

2. The mode set may contain multiple elements
(multimodal)

3. If all elements are distinct, the mode set equals
the entire list

Proof. 1. Since L is finite and non-empty,
maxycr, fr(u) exists. At least one element
achieves this maximum frequency.
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2. Multiple distinct values can have the same
maximum frequency.

3. If all elements are distinct, then f7,(v) = 1 for
all v € L, making every element a mode.
0

Algorithm 3: Mode Computation with Fre-
quency Map
Input: List L = (x1,...,2y)
Output: Set of modes M
1 freq <— empty hash map
2 fori =1tondo
3 L freq|wz;] + freq[z;] + 1

4 max_freq < max, freq[v]
5 M «+ {v: freq[v] = max_freq}
6 return M

Computational Complexity: O(n) expected
time with hash map, O(n log n) worst case
C.4 Counting Operations

C.4.1 Even and Odd Counting
Definition 17 (Parity Counting). For a list L =

(z1,...,xyn) where x; € Z:
feven(L) = |{Z cx; =0 (HlOd 2)}| “@n
foaa(L) = |{i: i =1 (mod 2)}|  (48)

Theorem 17 (Parity Count Properties). For any
list L of length n:

1. feven(L) + f()dd(L) =n

2. Both counts are uniquely determined

3.0< feven(L)yfodd(L) <n

Proof. 1. Every integer has exactly one parity
(even or odd), so the counts partition the list.

2. Parity is well-defined: * = r (mod 2) where
r € {0,1} is unique.

3. Bounds follow from the partition property and
non-negativity of cardinality.
O

Computational Complexity: O(n) time, O(1)
space

D Pareto Frontier Analysis

Complementing our task-specific analysis, this sec-
tion provides formal analysis of the Pareto fron-
tier for model comparison, establishing theoretical
foundations for multi-objective optimization in our
evaluation framework.

D.1 Formal Definition

Definition 18 (Pareto Dominance). Model M;
Pareto-dominates model My (denoted My ~ Ms)

if:

Anr, > A,
Ev, > B,

(49)
(50)

with at least one strict inequality.

Definition 19 (Pareto Frontier). The Pareto frontier
F is the set of all non-dominated models: F =
{M; : 3M; such that M; = M;}

Theorem 18 (Pareto Frontier Existence and
Uniqueness). For any finite set of models M =
{My, My, ..., M,}, the Pareto frontier F exists
and is unique.

Proof. Existence: Since M is finite and the domi-
nance relation > is a strict partial order, there must
exist at least one model not dominated by any other.
If not, we would have an infinite chain of domi-
nance, contradicting finiteness.

Uniqueness: The frontier is uniquely deter-
mined by the dominance relation. For any model
M, either M € F (if no model dominates it) or
M ¢ F (if some model dominates it). This binary
classification is deterministic. O

D.2 Computational Complexity

Theorem 19 (Frontier Computation Complexity).
Computing the Pareto frontier for m models re-
quires O(m?) comparisons in the worst case and
O(mlogm) comparisons in the average case with
appropriate data structures.

Proof. Naive approach: For each model, check
dominance against all others: O(m?).

Optimized approach: Sort models by accuracy
(O(mlogm)), then traverse maintaining efficiency
monotonicity. Models with both higher accuracy
and efficiency dominate; this can be checked in a
single pass (O(m)). Total: O(m logm). O
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E Experimental Configuration and
Implementation Details

This section provides complete details of our ex-
perimental setup, including sampling strategies, hy-
perparameters, and computational resources used
in our large-scale evaluation.

E.1 Dataset Generation Parameters

Our evaluation protocol employs systematic data
generation with the following parameters:

Sampling Strategy.

* Open-source models: 1,000 datapoints per
task (N = 1000)

* Closed-source models: 100 datapoints per
task (N = 100) due to financial constraints

* Value range: Uniform sampling from
[—1000, 1000] for integer values

* List sizes: £ € {8,16,32,64} elements for
list-based tasks

» Multiplication tasks: Product of {2,4, 8}
numbers

¢ Cross-validation folds: F' = 3 folds for sta-
tistical robustness

Inference Hyperparameters. All models were
evaluated with standardized inference settings to
ensure fair comparison:

* Temperature: 7' = 0.1 (near-deterministic
sampling)

e Top-p (nucleus sampling): p = 0.9

* Maximum tokens: Model-specific maximum
allowed context length

— Standard models: maximum allowed to-
kens

— Reasoning models: maximum allowed
tokens (unconstrained), 1024 tokens
(constrained evaluation)

Computational Resources.
lized:

Our experiments uti-

¢ GPU Infrastructure: NVIDIA A100 (80GB)
and H100 GPUs for large models

¢ Inference Framework: vLLM (Kwon et al.,
2023) for efficient batched inference (3.7 x
throughput improvement)

* Fallback Framework: HuggingFace Trans-
formers (Wolf et al., 2020) for models incom-
patible with vLLM

* Total Compute: Approximately 2,400 GPU
hours across 53 models

These parameters were chosen to balance evalu-
ation thoroughness with computational feasibility
while maintaining statistical validity through cross-
validation.

F Implementation and Algorithmic
Details

Building upon our experimental configuration, this
section consolidates all implementation-specific de-
tails for our evaluation framework, including data
generation, response parsing, and token counting
strategies.

F.1 End-to-End Evaluation Pipeline

Algorithm 4 describes the complete end-to-end
evaluation workflow, from dataset generation
through answer extraction and validation.

F.2 Hierarchical Answer Extraction

Algorithm 5 implements our hierarchical answer
extraction strategy, which handles diverse output
formats across 50+ models.

The validation step ensures extracted answers
match expected types (integer, list, etc.) and fil-
ters out input echoes or malformed outputs. For
detailed regex patterns and edge case handling, see
Section J.

F.3 Complete Generation Algorithm

We describe here the complete procedure for gen-
erating test instances. Let 7 denote the target task,
and let © = {N, F, [Fmin, "max), £, s} denote the
generation parameters. The algorithm produces a
dataset D consisting of input—output pairs.

Initialization. We initialize the dataset as D <
&. For each fold index f € {1,..., F'}, we com-
pute a seed

sy = Hash(s, f,7),
where the hash function guarantees cryptographic

uniqueness. The random number generator is ini-
tialized with seed sy.
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Algorithm 4: End-to-End Evaluation
Pipeline

Input: Model M, Task set
T ={T1,...,T14}, Samples per
task NV
Output: Aggregated results: accuracy,
instruction-following, token counts
>~Dataset Generation Phase
1 foreach task T), € T do
2 D +— 0
3 fori=1to N do
4 (gi,a}) < GenerateInstance(7},)
>Generate problem and ground
truth

5 Dk<—DkU{(qi,a2‘)}

>Model Evaluation Phase

¢ foreach rask T}, € T do

7 correcty, < 0, total, < 0

8 tokensy, < [], wordsy < ||

9 foreach (¢, a*) € Dy, do

10 r <« M(q)

>Query model with problem

>Extract answer using
hierarchical strategy

11 a < HierarchicalExtract(r, 1}.)

>See Algorithm 5

>Validate and score

12 if Validate(a, a*, T},) then
13 L correct;, < correct;, + 1
14 total; <+ totaly + 1

Algorithm 5: Hierarchical Answer Extrac-
tion

Input: Model response r, Task type T}
Output: Extracted answer a or failure 1
1 if r contains \boxed{...} then
2 a <+ ExtractBoxed(r)
>LaTeX boxed notation

3 else if r contains explicit answer markers
then
4 a <— ExtractExplicit(r)
>Patterns like "Answer:", "=",
etc.

5 else if r contains code blocks then
6 a < ExtractCodeQutput(r)
>Python/code execution results

7 else
8 a + ExtractFinalLine(r)
>Last line heuristic

9 if Validate(a, T}.) then
10 return a
| >Type and format validation

11 return L
>Extraction failed

Sample generation.
{1,..., N} we construct an input z; as follows:

* List-based tasks.
to an operation over lists

For each sample index ¢ €

If 7 -corresponds
(e.g.,

15

16

17
18
19

20

21

22

23

24

25

>Compute verbosity metrics
tokensy,.append(CountTokens(r, M))

| wordsy.append(CountWords(r))

>Aggregate task-level statistics
accuracy;, <— correcty, /totaly,
mean_tokens;, < mean(tokensy)
std_tokensy, <— std(tokensy)

>Cross-task aggregation
overall_acc <— mean({accuracy,, : k €

[14]})

overall_tokens +— mean({mean_tokensy, :
k e [14]})

>Compute Overthinking Score
__overall_tokens—tokensyin
Et 1 tokens ax —tokensin

_ 2-overall_acc- Fy
O-Score overall_acc+ E

return
{overall_acc, overall_tokens, O-Score,
per-task metrics }
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{sort, sum, mult, mean, median, mode, odd,
even, max, min}), we first sample a length

n ~ Uniform(L).
We then generate n independent elements
j=1,...,n,

l; ~ Uniform(7min, "max),

and form the list £; = [l4,...
stance input is x; = L;.

,ln]. The in-

Binary tasks. If 7 corresponds to a binary
operation (e.g., comparison, division), we in-
stead draw

a ~ Uniform(rmin, max)s

b ~ Uniform(rmin, "max)

and set z; = (a, b). Task-specific adjustments
are then applied:



1. If = = division, we enforce b # 0 by
resampling b until this condition is satis-
fied.

2. If 7 = comparison, we explicitly enforce
diversity by overwriting (a, b) with one
of three configurations with fixed proba-
bilities: a = b (probability 0.33), a < b
(probability 0.33), or a > b (probability
0.34).

Label computation and validation. For each

constructed input x;, we compute the ground truth
label

vi = fr(zs).

If the validation function ValidateInput(z;, y;, 7)
returns true, we augment the dataset:

D« DU{(wi,yi)}

Otherwise, the sample is discarded and re-
generated.

Output. After all folds and samples are pro-
cessed, the procedure returns the dataset D.

F.4 Response Parsing Framework
F.4.1 Complete Parsing Procedure

Given a raw model response 7, the task 7, and input
x, the parsing system extracts an answer ¢ or re-
turns L if no valid answer is found. The method ap-
plies a hierarchy of increasingly permissive strate-
gies:

1. Boxed expressions. If r contains LaTeX-style
boxed patterns of the form \boxed{-}, the last
such match is extracted and cleaned, and re-
turned if it validates.

2. Explicit answer markers. If » contains mark-
ers such as “answer is”, “final answer”, or
“solution:”, the text following the marker is
extracted, cleaned, and validated.

3. Code blocks. If r contains markdown code
blocks, these are scanned in reverse order to
locate output markers. The last returned or
printed value is extracted.

4. Task-specific validation. Depending on T,
additional constraints are enforced:

* Sorting: the parsed § must be a permutation
of x and sorted in non-decreasing order.

* Arithmetic tasks (sum, multiplication):
must be an integer not equal to any element
of .

* Division: § must be rational and within tol-
erance e of the true result.

» Comparison: § € {>, <,=}.

* Mean/median: § € Q and not equal to any
element of z.

* Mode: ¢ must be an element of = achieving
maximum frequency.

* Odd/even counts: § € NU{0} and bounded
by [x].

¢ Max/min: i must be one of the elements of
x.

5. Final line heuristic. If all else fails, the sys-
tem extracts numerical values from the last
lines of r and accepts the first one passing
validation.

If no stage succeeds, the parser outputs L.

F.4.2 Validation Functions

Validation routines are task-specific:

» Sorting: check that ¢ is a sequence with
the same multiset of elements as x and non-
decreasing order.

* Comparison: map textual variants (“‘greater

than”, “less than”, “equal to0”’) to canonical

symbols.

» Arithmetic: extract a numerical value and dis-
card if it simply echoes an element of x.

* Default: accept the candidate.

F.4.3 Parser Design Principles

Our parsing system must handle diverse output for-
mats while maintaining correctness. We establish
formal criteria for valid parsing:

Definition 20 (Valid Parser). A parser P : R —
C U{L} isvalid for task T if:

1. Soundness: If P(r) = cand ¢ #.1, then c
represents the model’s intended answer

2. Completeness: If response v contains a clear
answer ¢, then P(r) #1

3. Determinism: P is a function (same input
yields same output)

25806



F.4.4 Parser Evaluation and Validation

To validate our parsing framework, we manually
evaluated a stratified random sample of 500 model
responses across different tasks and model families.
Table 5 presents extraction success rates by parsing
strategy.

The high success rate (98.7%) validates our
hierarchical approach, where primary strategies
(boxed extraction) handle the majority of cases
with high precision, while fallback strategies cover
edge cases with acceptable accuracy. The low false
positive rate (0.9%) ensures extracted answers re-
liably represent model outputs rather than parsing
artifacts.

Error Analysis. Manual inspection of the 1.3%
parsing failures reveals three main categories: (1)
Ambiguous formats where models provide multi-
ple contradictory answers (47% of failures); (2)
Extreme verbosity where answers are buried in
thousands of tokens without clear markers (31%);
and (3) Pathological outputs like infinite character
repetition (22%). These failure modes represent
genuine model issues rather than parser limitations,
supporting our decision to exclude unparseable re-
sponses from accuracy calculations.

F.5 Token Counting Strategy

Our hierarchical token counting approach ensures
accurate measurement across diverse model fami-
lies:

1. Model-specific tokenizers: For open models,
we use the exact tokenizer:
¢ Llama models: LlamaTokenizer

* GPT models: tiktoken with appropriate
encoding

e Mistral/Mixtral: MistralTokenizer

2. Fallback strategies:
¢ Closed models: tiktoken cl100k_base en-
coding

* Unknown models: Whitespace splitting
with correction factor o = 1.33
F.6 Empirical Correction Factor

We derived the correction factor o = 1.33 empiri-
cally:

N TokenCount,cyal (S )
WordCount(s;)

« :% D

i=1

where we sampled N = 10,000 responses
across different models and computed the aver-
age ratio of actual tokens to whitespace-separated
words.

G Empirical Analysis and Extended
Results

Building upon our theoretical framework and im-
plementation details, this section presents com-
prehensive empirical validation of our approach,
including statistical significance testing, detailed
performance breakdowns, and correlation analysis
across different model characteristics.

G.1 Statistical Significance Testing

To validate that observed differences in Overthink-
ing Scores are statistically significant, we employ
paired t-tests with Bonferroni correction:

Definition 21 (Significance Test). For models
My, My evaluated on n tasks, let d; = Oy, —
Owm,,i be the score difference on task i. The test
statistic is:

d d

SE(d) ~ sa/v/n

where s is the sample standard deviation of differ-
ences.

t =

(52)

With m models, we perform (') pairwise com-
parisons, requiring Bonferroni-adjusted signifi-
cance level o/ = o/ ('3).

G.2 Cross-Validation Framework

We employ k-fold cross-validation to ensure robust-
ness:

Algorithm 6: K-Fold Evaluation Protocol
Input: Model M, Task set 7, Folds k
Output: Mean and variance of

Overthinking Score
1 Partition data into k equal folds F, ...
2 fori =110 kdo
3 Evaluate M on fold F;
4 L Compute O; for fold ¢

5 @ — %Zle Oz‘
6 0% ﬁ Zfﬂ((/)i - 0)?
7 return (O, 0?)

7Fk
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Parsing Strategy Success Rate  False Pos. Coverage Latency (ms)
Primary: Boxed extraction 94.2% 0.3% 68.4% 1.2
Secondary: Answer markers 88.7% 1.8% 22.3% 2.1
Tertiary: Code blocks 85.3% 2.4% 5.1% 3.8
Fallback: Last-line heuristic 72.1% 8.7% 4.2% 0.8
Overall (hierarchical) 98.7% 0.9% 100% 1.8

Table 5: Parsing framework evaluation across 500 manually-validated responses. Success Rate: Percentage of
responses where extracted answer matches ground truth. False Pos.: Rate of extracting incorrect answers. Coverage:
Percentage of responses handled by each strategy. Latency: Average parsing time per response. The hierarchical
approach achieves 98.7% overall success with only 0.9% false positives.

Category Avg Accuracy  Avg Tokens  Avg O Score
Basic Arithmetic 72.3% 487 0.621
Extremum Detection 81.2% 342 0.698
Statistical 64.7% 623 0.542
Counting 77.9% 398 0.654

Table 6: Performance breakdown by task category
across all models

G.3 Performance by Task Category

We analyze performance patterns across task cate-
gories:

Statistical tasks show lowest performance de-
spite being computationally simple, suggesting
models struggle with multi-step procedures even
when each step is elementary.

G.4 Error Analysis
We categorize errors into systematic patterns:
Definition 22 (Error Taxonomy). Model errors fall

into five categories:

1. Computational Errors: Incorrect arithmetic
operations

2. Procedural Errors: Wrong algorithm or step
sequence

3. Format Errors: Correct answer in wrong for-
mat

4. Partial Errors: Incomplete computation
5. Hallucination: Completely unrelated output

Distribution of errors reveals that reasoning mod-
els predominantly suffer from computational errors
(47%) despite lengthy explanations, while standard
models show more format errors (31%) but fewer
computational mistakes.

G.5 Token Distribution Analysis

The distribution of token lengths follows distinct
patterns:

Proposition 2 (Token Length Distribution). For
standard models, token lengths follow approxi-
mately log-normal distribution:

1 Inz — p)?
B, (JMM

Ty, 0) =
fz;p,0) T 52

(53)
while reasoning models show bimodal distribution

with peaks at constraint boundaries.

This suggests reasoning models have learned
specific response templates rather than adaptive
generation strategies.

G.6 Correlation Analysis

We examine relationships between model charac-
teristics and overthinking:

Definition 23 (Correlation Metrics). For model
characteristic X (e.g., parameter count) and Over-
thinking Score O:

Cov(X,0
PX,0 = ( ) (54)
oxX0O
Our analysis reveals:
* Size-Score Correlation: pg,.0o = —0.23

(weak negative)

* Instruction-Score Correlation: pnuct,0 =
0.42 (moderate positive)

* Reasoning-Score Correlation: prcasoning,0 =
—0.67 (strong negative)

G.7 Computational Complexity Analysis
G.7.1 Task Complexity

Each task has well-defined computational complex-
ity:
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Task Time Complexity Space Complexity
Sorting O(nlogn) O(n)
Sum/Product O(n) O(1)
Mean/Mode O(n) O(n)
Median O(nlogn) o(1)
Min/Max O(n) O(1)
Comparison O(1) O(1)
Division O(log a + logb) O(1)
Count Even/Odd O(n) o(1)

Table 7: Computational complexity of ground truth
generation

G.8 Evaluation Scalability

The total evaluation complexity for m models on
n problems with average response length £ is:

Ctotal = O(mn (Cinference+cparse +Cvalidate)) (55)
where:
* Cinference = O(¥) for token generation

* Cparse = O(?) for response parsing
* Cyalidate = O(k) for answer validation (task-
dependent)

H Detailed Case Studies: Reasoning
Patterns Analysis

This section provides comprehensive case studies
examining when reasoning chains help versus hurt
model performance. We present detailed examples
from Phi-4 (concise) and Phi-4-reasoning (verbose)
models, analyzing their reasoning strategies, token
efficiency, and accuracy patterns across various
task types.

H.1 Case Study Overview

Table 8 presents six representative examples span-
ning simple arithmetic, complex multi-step opera-
tions, and edge cases. For each example, we show
the complete model responses, token counts, and
reasoning pattern analysis.

H.2 Key Insights from Case Studies

Pattern 1: Redundant Verification Loops On
simple arithmetic (sum, division, mean), Phi-4-
reasoning systematically over-verifies. The model
computes correctly on first attempt but generates
24 additional verification passes using the same or
slightly varied methods. This adds 17-31x tokens
with zero accuracy improvement.

Pattern 2: Helpful Structured Decomposition
For complex tasks (sorting 9 elements, multi-digit
multiplication), explicit decomposition sometimes
aids correctness. Phi-4-reasoning’s systematic ap-
proach (separate negative/positive subgroups, sort
each, merge) provides verifiable intermediate steps.
However, even here, the token cost is 3—12x, rais-
ing questions about efficiency.

Pattern 3: Inability to Adapt The most striking
finding: Phi-4-reasoning applies the same verbose
pattern regardless of task complexity. It cannot
distinguish a trivial division (984+24) from a com-
plex sorting task, wasting tokens uniformly. This
suggests lack of metacognitive control—models
cannot assess problem difficulty or modulate rea-
soning depth accordingly.

Pattern 4: Error Introduction in Long Chains
Counter-intuitively, longer reasoning sometimes
increases error risk. In the median example, Phi-4-
reasoning’s verbose exploration introduces confu-
sion (miscounting elements, second-guessing odd-
/even), requiring additional tokens to self-correct.
While it eventually arrives at the correct answer,
the path is error-prone and inefficient.

Pattern 5: Token Budget Brittleness When con-
strained to 1,024 tokens, Phi-4-reasoning fails to
prioritize essential computation. It begins with its
standard verbose template (problem restatement,
method enumeration) and runs out of tokens be-
fore completing verification. This causes the catas-
trophic accuracy collapse documented in §4.3 of
the main paper.

H.3 Implications for Model Development

These case studies reveal that current reasoning
models lack two critical capabilities:

1. Adaptive Computation: Models cannot mod-
ulate reasoning depth based on task complex-
ity. A well-designed system would use mini-
mal tokens for simple operations and allocate
budget to genuinely complex tasks.

2. Termination Criteria: Models lack
confidence-based stopping. They cannot
assess when sufficient verification has
been achieved, leading to infinite-loop-like
verification patterns.

Future work should focus on training models
with step-level value functions that assess marginal
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Phi-4 Phi-4-reasoning

Task Type Model Response Excerpt Analysis Tokens  Model Response Excerpt Analysis ‘Tokens

Sum (Simple)  Phi-4 “We add step by step: 309 + (-772) = 463, 463 + (-949) Efficient: Direct sequential addition with clear intermedi- 272 Phi-4- “<think>We need to sum [309, -7
=-1412,-1412+ 518 = -894, -894 + (437) =-1331,-1331 ate steps. Each step verifiable. reasoning  -499, -543, 7151, Let's sum p

+(-499) = -1830, -1830 + (-543) = 2373, 2373 + (-715) Negative: -1721 ,

=-3915

=-3088. [ —3088 | - 499 = 2657, 543 -3
Total = 827 - 3915 = -3088. Double-check: 309 - 772 =

-463, -463 - 949 = -1412, -1412 + 518 = -894...[repeats
entire calculation 3 more times with slight variations].

Final: [ 3088 |

72, -949, 518, -437, Wasteful: Redundant verification. Computes correctly 4,837
8 =827. first time but continues with 3 additional verification
8, 2158 passes. No accuracy benefit

Sorting (Complex) Phi-4 “Sorted: [-912, -789, -234, -156, 423, 445, 601, 778, 892]. Direct: Immediate answer with correct ordering. Minimal 89 Phi-4- “<think>Identify negatives: -156, -789, -234, -912. Helpful: Systematic decomposition (separate negative/- 312
Sorting (C i 2 fy neg: f pos P g
[[=912, 789, ~234, —156, 423, 445,601, 77, 8 Okens reasoning  Sort: 912 < -789 < -234 < -156. Positives: 892, 423, positive, sort each, merge) aids correctness on complex
i . i i 5. Sort: 423 < 445 < 601 < 778 < 892. task. Structured approach justifies token cost.

789, -234, -156, 423, 445, 601, 778, 892].
. ..802]

Division Phi-4 “984 + 24: 24 x 40 = 960, remainder = 24. 24 + 24 = 1. Concise: Minimal verification, direct computation. 47 Phi-4- “<think>984 + 24. Try: 24 x 40 = 960, remainder 24. Harmful: Excessive verification (algebraic, long divi- 1,456
Answer: 40 + 1 =41 , reasoning  So 40 + 1 = 41. Wait, check: 24 x 41 = 9847 Let me  sion, estimation) for simple task. Introduces intermediate

verify: 24 x 40 = 960, 24 x 1 = 24, sum = 984. Correct. doubts but arrives at same answer. Pure overhead.
But let me recalculate using long division...[performs long
division step-by-step]. Confirms 41. Triple-check using

Multiplication Phi-4 “347 x 28: Break down: 347 x 20 = 6,940, 347 x 8 = Structured: Uses decomposition appropriately for two- 98 Phi-4- Method 1: 347 x 20 = 6,940, 347 x 8 Mixed: Multiple verification methods confirm answer 1,189
2,776, Sum: 6,940 +2.776 =9.716.[ 9716 J" digit multiplication. reasoning 716. Verify with Method 2: 300 x 28 = but consume 12 tokens. Some redundancy, but cross-
316, sum'=9,716. Method 3 (standard validation could catch errors in principle.

s vertical multiplication]. All methods

Mean (Edge)  Phi4 “Sum = 3,630, count = 8, mean = -3630/8 = -453.75. Direct: Correct handling of negative mean. 41 Phicd- 36, . Moderate: Some verification justified for negative result 327
v reasoning  232]. Sum = -3,630. Count = 8. Me: = 8. sanity check, but still verbose (8x tokens)

Let me compute: -3.630 + 8 = -453.75. Verify: 45375

x 8= 3,6307 Check: -453.75 x 8 = -3,630. Correct.

—453.75 T

Median (Odd) ~ Phi4 “Sort: [34, 116,209, 385, 508, 516, 827). Middle = 385. Minimal: Correct median extraction. 38 Phi-d- “<think>List: (508, -791, 385, 516, 827, 116, -822, Error-prone: Verbose reasoning introduces confusion 892
[s5 ) reasoning 2091 Sort: [-822, 791, 116, 209, 385, 508, 516, 8271. and errors. Eventually self-corrects but at high token cost.

ount: 8 elements (even), not odd. Middle two: Shows brittleness of long chains.
Median = (209 + 3852 = 297. But checking

igain...[recounts, discovers error, correcs 1o 7 elements]:

16, 827, 116, 209] after removing

p all. Median of 8 = 297. [ 297 |

Table 8: Detailed case studies across task types. Colors indicate: Red = Wasteful or harmful overthinking
(redundant verification, accuracy loss), Green = Helpful decomposition (structured reasoning aids correctness),

Blue = Mixed benefit (some redundancy but cross-validates), Purple = Moderate overhead, Pale yellow =
Error-prone verbosity (long chains introduce mistakes).

utility of additional reasoning tokens, enabling Prompt 3: Number Comparison

adaptive and efficient computation allocation. Prompt: Compare the following two numbers
and determine their relationship:

Number 1: {numl}

Number 2: {num?2}

Is Number 1 greater than, less than, or equal
to Number 2? Your final answer must be in
the format \boxed{relation} at the end, where
‘relation’ is one of: ’greater than’, ’less than’, or
‘equal to’.

I Prompt Templates and Task Design

To ensure clarity and reproducibility, we present
the complete prompt templates used for each task.
Each prompt is designed to be concise yet explicit,
clearly stating the task objective, providing the in-
put, and specifying the required output format. For
tasks where computation depends on list size (e.g.,
median calculation with even versus odd lengths),
we include guidance on handling different scenar- Prompt 4: Subtraction Calculation
ios. All prompts instruct models to present their
final answer in the \boxed{} format to facilitate
consistent and reliable parsing.

Prompt: Subtract {numl} from {num?2} and pro-
vide your final answer in \boxed{answer} format
at the end of your response.

1.1 Basic Arithmetic Tasks

Prompt 5: Absolute Difference Calculation

Prompt 1: Sum Calculation

Prompt: Find the absolute difference between
the following two numbers:

Number 1: {numli}, Number 2: {num?2}
Provide the result. Your final answer must be in
the format \boxed{answer} at the end.

Prompt: Add the following list of numbers:
{data_point}

Provide the sum. Your final answer must be in
the format \boxed{answer} at the end.

Prompt 2: Sorting

Prompt 6: Multiplication Calculation

Prompt: Sort the following list of numbers in
ascending order: Prompt: Multiply the following list of numbers:
{data_point} {data_point}

Provide the sorted list. Your final answer must Provide the product. Your final answer must be
be in the format \boxed{answer} at the end. in the format \boxed{answer} at the end.

\
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Prompt 7: Division Calculation

Prompt: Divide {numl} by {num2}

Provide the answer as a floating point num-
ber. Your final answer must be in the format
\boxed{answer} at the end.

LI.2 Counting Tasks

Prompt 8: Even Count

Prompt: Count the even numbers from the fol-
lowing list of numbers:

{data_point}

Provide the final count of even numbers. Your fi-
nal answer must be in the format \boxed{answer}
| at the end.

Prompt 9: Odd Count

Prompt: Count the odd numbers from the fol-
lowing list of numbers:

{data_point}

Provide the final count of odd numbers. Your fi-
nal answer must be in the format \boxed{ answer}
| at the end.

1.3 Extremum Detection Tasks

Prompt 10: Find Minimum

Prompt: Find the minimum number from the
given list of numbers. List = {data_point].

Your final answer must be in the format
\boxed{minimum} at the end of your response.

Prompt 11: Find Maximum

Prompt: Find the maximum number from the
given list of numbers. List = {data_point}.

Your final answer must be in the format
\boxed{maximum} at the end of your response.

I.4 Statistical Tasks

Prompt 12: Mean Calculation

Prompt: Calculate the mean (average) of the
following list of numbers:

{input_list}

The mean is the sum of all numbers divided by
the count of numbers. Calculate the exact mean
value. Your final answer must be in the format
\boxed{mean value} at the end.

Prompt 13: Median Calculation

Prompt: Find the median value of the following
list of numbers:

{input_list}

The median is the middle value when the list is
sorted. If there is an even number of elements,
the median is the average of the two middle
values. Your final answer must be in the format
\boxed{median value} at the end.

Prompt 14: Mode Calculation

Prompt: Find the mode(s) of the following list
of numbers:

{input_list}

The mode is the value that appears most fre-
quently. If multiple values appear with the same
highest frequency, return all of them. Your final
answer must be in the format \boxed{mode(s)}
at the end. If there are multiple modes, list them

separated by commas.

J Answer Parsing Framework

Given the variability in model response formats,
ranging from concise answers to verbose multi-step
reasoning with inconsistent formatting, a robust
parsing architecture is essential.

J.1 Design Principles

Our parsing framework addresses several key chal-
lenges:

1. Format Diversity: Models produce answers
in various formats (boxed notation, explicit
markers, code blocks, plain text)

2. Embedded Context: Responses often in-
clude input restatement, intermediate steps,
and explanatory text

3. Numerical Variations: Numbers appear in
different notations (scientific, fractional, deci-
mal)

4. False Positives: Input values must be distin-
guished from computed results
J.2 Hierarchical Extraction Strategy

The parser implements a multi-layered approach
with task-specific validation:

1. Primary Layer: Extract \boxed{} patterns
using regex matching
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2. Secondary Layer: Parse explicit answer
markers (“The answer is...”, “Final answer:”)

3. Tertiary Layer: Extract from code blocks or
markdown formatting

4. Fallback Layer: Apply task-specific heuris-
tics to final lines

5. Validation: Ensure extracted value represents
solution, not input echo

This hierarchical design achieved 98.7% success-
ful extraction across 2.1 million model inferences,
minimizing false negatives while maintaining pre-
cision.

K Data Generation Protocol

Dynamic test generation is central to our evaluation
methodology. Unlike static benchmarks, on-the-fly
generation ensures that models cannot rely on mem-
orized training examples, providing more accurate
assessments of genuine computational ability.

K.1 Generation Principles
Our generation protocol satisfies several key prop-

erties:

1. Contamination Resistance: New instances
generated per evaluation prevent memoriza-
tion

2. Reproducibility: Cryptographic seeding en-
ables exact replication across runs

3. Controlled Difficulty: Parameterized ranges
and sizes allow systematic testing

4. Task-Specific Constraints: Domain require-
ments enforced (e.g., non-zero denominators
for division)

K.2 Implementation Details

For each task and fold combination, we:

1. Initialize random number generator with de-
terministic seed sy = Hash(s, f,7)

2. Sample list lengths from £ = {8, 16, 32,64}
for list-based tasks

3. Draw values from Uniform[—1000, 1000] en-
suring numerical diversity

4. Apply task-specific validation and constraints

5. Compute and store ground truth for verifica-
tion

This approach generated 42,000 unique test in-
stances per model (1,000 samples x 3 folds x 14
tasks), totaling over 2.1 million inferences across
our 50+ model evaluation.

K.3 Iterative Parser Development

The parsing system underwent iterative refinement
based on empirical analysis. Initial rules were de-
signed from common patterns, but as evaluation
expanded to 40+ models, we encountered diverse
edge cases. We systematically reviewed misparsed
outputs, categorizing failure modes (input echo,
non-standard syntax, ambiguous formatting). Each
iteration added targeted regular expressions, val-
idation checks, and fallback strategies, evaluated
against curated challenging cases. This continuous
refinement ensured robustness across model fami-
lies without overfitting to specific output styles.

L. Reasoning Budget Analysis: Detailed
Results

This section presents comprehensive results from
our reasoning budget experiments across Gemini,
GPT-5, and O-series models. Table 9 shows per-
formance across different budget configurations,
revealing how models respond to varying computa-
tional allocations.

Key observations from the detailed budget anal-
ysis:

* Gemini models show minimal gains from in-
creased budgets. Gemini-2.5-Flash improves
by only 1% from the disabled baseline (92%
— 93%) at lower budgets and returns to
92% at the maximum budget (24,576 tokens).
Gemini-2.5-Pro achieves its best accuracy
(90%) at the minimum tested budget (128 to-
kens) and ends at 88% at the maximum budget
(32,256 tokens), showing a non-monotonic
curve with a dip to 71% at the 12,979-token
setting before recovering; this may reflect
threshold effects in thinking budget allocation
at that specific setting.

* GPT-5 family demonstrates plateau behav-
ior, where GPT-5 reaches 97% accuracy at
medium effort and shows zero improvement
at high effort, indicating optimal performance
at moderate budgets.
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* O-series models maintain remarkably stable
accuracy across all budget levels (O3 at 97%,
O3-mini at 93%, O4-mini at 95%), suggesting
these models have converged to their capabil-
ity ceiling on basic arithmetic regardless of
additional computation.

* Overthinking Score reveals that higher bud-
gets do not necessarily improve the efficiency-
accuracy tradeoff, with many models achiev-
ing best O-Scores at lower or medium bud-
gets.

M Extended Evaluation Results

This section presents comprehensive results from
our quantization and constrained generation experi-
ments, providing detailed performance breakdowns
that complement the main paper findings.

M.1 Quantization Effects on Model
Performance

Table 10 shows the impact of GPTQ quantization
(8-bit and 4-bit) on the Qwen2.5 model family
across different scales. These results demonstrate
that larger models exhibit greater robustness to ag-
gressive quantization, while smaller models suffer
more significant performance degradation. Note:
The Overthinking Score (O-Score) here is com-
puted using the global Ti;, and Tihax from the
full 53-model pool (including all quantized vari-
ants), so values may differ slightly from the main
table (Table 2), which uses the same global nor-
malization but reports only FP16/default-precision
models. The relative ordering and conclusions are
consistent across both tables.
Key findings from quantization experiments:

¢ Size-dependent robustness: Models >32B
parameters retain >99% of full-precision ac-
curacy even at 4-bit quantization

* Small model vulnerability: The 0.5B model
suffers 40% relative accuracy loss at 4-bit
(21.31% — 12.77%)

* Mid-size trade-offs: 7B-14B models show
modest 3-5% relative degradation at 4-bit

¢ Overthinking Score stability: Quantization
minimally impacts the Overthinking Score,
suggesting behavioral patterns persist across
precision levels

M.2 Constrained Token Budget Evaluation

Table 11 presents results from our constrained gen-
eration experiments, where models were limited to
1024 output tokens. This setting reveals how rea-
soning models cope with restricted thinking bud-
gets.

Critical observations from constrained experi-
ments:

» Catastrophic degradation in reasoning
models: Phi-4-reasoning accuracy drops from
72.23% to 53.48% (—26% relative) under
1024-token constraint

Non-adaptive generation: Even when con-
strained, reasoning models use ~1000 tokens
on average, suggesting fixed exploration pat-
terns rather than problem-adaptive computa-
tion

Qwen3 family consistency: All Qwen3 mod-
els show similar degradation patterns, losing
~060% accuracy under constraint regardless
of size

Overthinking Score collapse: Constrained
reasoning models achieve Overthinking
Scores below 0.20, indicating severe imbal-
ance between accuracy and efficiency

N Case Studies: Additional Model
Families

This section shows reasoning patterns from Phi-4,
Llama, Qwen, GPT-40, and O-series models, cover-
ing both correct and failed attempts on benchmark
tasks.

N.1 Helpful Reasoning: Systematic
Decomposition

For complex tasks like sorting, structured reasoning

can genuinely aid correctness:

N.2 Wasteful Overthinking: Redundant
Verification

Simple arithmetic reveals harmful verbosity where

models verify correct answers repeatedly:

N.3 Extreme Overthinking: Division

The most extreme overthinking occurs in simple
division where models use 31x more tokens:
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Case Study 1: Successful Sorting with Phi-4-reasoning

Task: Sort the list [847, -123, 456, -789, 234,
901, -456, 123]
Phi-4 Response (89 tokens):

The sorted list is:
[-789, -456, -123, 123,
234, 456, 847, 901]
\boxed{[-789, -456, -123,
123, 234, 456, 847, 9011}

Analysis: Both models produce correct answers. The reasoning model uses 3.5x more tokens,
but the systematic decomposition (separating negatives/positives, sorting each group) provides
verifiable intermediate steps that reduce error risk for complex inputs.

Phi-4-reasoning Response (312 tokens):

Let me sort step by step:
1. Separate negatives/positives

Neg: -123, -789, -456

Pos: 847, 456, 234, 901, 123
2. Sort negatives

-789 < -456 < -123
3. Sort positives

123 < 234 < 456 < 847 < 901
4. Combine
\boxed{[-789,-456,-123,123,
234,456,847,901]}

N.4 Additional Case Studies Across Model
Families

Beyond the Phi-4 family, other model families ex-
hibit similar patterns of overthinking, revealing that
the phenomenon is widespread across different ar-
chitectures and training paradigms.

N.4.1 Llama Models: Size vs Efficiency
Trade-off

A common assumption is that larger models are
more careful and thus more efficient. The Llama
family shows the opposite: the 70B model gener-
ates far more tokens than the 8B model on the same
task, yet reaches the same correct answer. Note that
the task below (factorial) is used here as an illustra-
tive example to show the verbosity pattern; it is not
part of the 14-task benchmark suite.

N.4.2 Qwen Models: Constrained Generation
Reveals Dependence

Qwen3 reasoning models work well with an uncon-
strained token budget but break down when that
budget is cut. The example below uses a GCD task
as an illustrative case (not part of the 14-task bench-
mark suite) to show how the model loses track of
its own calculation when forced to be brief.

N.4.3 GPT-40 Models: Minimal vs Extended
Reasoning

Not all larger models overthink. GPT-40-mini stays

concise on basic arithmetic while GPT-40 runs mul-

tiple redundant verifications. Both get the right an-

swer, but the mini variant uses 8.7 x fewer tokens,
showing that efficiency is a product of training
choices rather than model size.

N.4.4 O-series Models: Extended Budget
Without Accuracy Gain

O-series models reach their peak accuracy at the
low reasoning budget and stay flat even when given
much more thinking budget. The example below
uses a primality check as an illustrative case to
show this pattern clearly; the model applies pro-
gressively heavier verification methods (trial di-
vision, sieve, Fermat test) when the first method
already gave the right answer.

O Pathological Failure Modes

Beyond inefficient reasoning, some models exhibit
catastrophic failure modes that reveal fundamental
issues in generation control and stopping criteria.
0.1 Infinite Character Repetition

Some reasoning models, when uncertain, fall into
infinite loops generating the same character:

0.2 Random Token Sequences

Another pathological pattern involves generation
of semantically meaningless random characters:
0.3 Self-Contradiction Loops

Extended reasoning can lead to models contradict-
ing their own correct intermediate results:
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Case Study 2: Wasteful Overthinking in Sum

Task: Calculate the sum of [45, 78, 23, 91, 67,
34, 89, 12]

Phi-4 Response (272 tokens):

Let me add these numbers:

45 + 78 = 123

123 + 23 = 146

146 + 91 = 237
237 + 67 = 304
304 + 34 = 338
338 + 89 = 427
427 + 12 = 439
\boxed{439}

Analysis: Both models arrive at the correct answer, but Phi-4-reasoning uses 17.8x more tokens
on redundant verification. The model performs the same calculation multiple times using different
groupings without improving accuracy. This exemplifies overthinking where models generate
plausible-looking verification text without genuine computational benefit.

Phi-4-reasoning Response (4,837 tokens):

Step by step:

First: 45+78=123

Verify: 40+70=110, 5+8=13
Total=123 [0K]

Second: 123+23
Break: 123+20=143, 143+3=146
Verify: 100+23=146 [OK]

[each step verified]

Re-verify entire chain:

45+78+23=146 [0K]

146+91=237 [0K]
[repeats all steps]

Alternative method:
(45+12)+(78+89)+(23+34)
+(91+67)=57+167+57+158
[3rd verification]
\boxed{439}

0.4 Implications for Model Development

These pathological cases reveal several architec-
tural deficiencies:

* Stopping criteria failures: Models lack ro-
bust mechanisms to terminate generation after
producing correct, complete answers

* Token budget mismatch: Training distri-
butions don’t match deployment constraints,
causing aberrant behavior when output length
expectations are violated

* Confidence calibration issues: Models can’t
distinguish between "answer found" and "con-
tinue exploring" states, leading to unnecessary
extended generation

* Verification without termination: Models
learn to verify answers but not to stop after
successful verification, continuing to generate
indefinitely

Future work should focus on reward shaping
that explicitly penalizes generation beyond answer
completeness, adaptive stopping mechanisms that
detect when continuation provides diminishing re-
turns, and better calibration of end-of-sequence
token probabilities during training.

P LLMTHINKBENCH Framework:
Design and Usage

This appendix documents LLMTHINKBENCH, the
open-source framework that we used to produce
every table in this paper. We describe the package
layout, the command line interface, the supported
model backends, the reproducibility flags, and the
public leaderboard.

P.1 Distribution and Installation

LLMTHINKBENCH is released on PyPI under
the name llmthinkbench. The source reposi-
tory is at https://github.com/ctrl-gaurav/
LLMThinkBench and the leaderboard at https:
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Case Study 3: Extreme Overthinking in Division

Task: Calculate 846/ 18
Phi-4 Response (47 tokens):

846 / 18 = 47

\boxed{47}

Analysis: The reasoning model performs three separate verification methods (multiplication check,
prime factorization, estimation) after already arriving at the correct answer through long division.
Each verification method is individually valid but collectively wasteful, consuming 31x more
tokens without improving the already-correct result.

Phi-4-reasoning Response (1,456 tokens):

Long division:
18 into 84?7 18x4=72, 18x5=90
So 4 times, remainder 12

Bring down 6: 126
18 into 1267 18x7=126 (exact)
Answer: 47

Verify: 47x18=?
40x18=720, 7x18=126
Total: 846 [OK]

Factorization:
846=2x3x3x47, 18=2x3x3
Therefore 846/18=47 [0K]

Estimation:
846~900, 18~20
900/20=45 (close) [OK]

\boxed{47}

//ctrl-gaurav.github.io/LLMThinkBench/.
The package targets Python 3.9 or newer
and depends only on widely used libraries
(numpy, pandas, transformers, vllm, openai,
google-genai, anthropic). Installation is a
single command:

pip install llmthinkbench

P.2 Package Layout

The package is organized so that the four frame-
work parts introduced in Section 3 map directly to
modules:

e 11mthinkbench. tasks: one module per task
in the 14-task suite, each with its own sampler,
reference implementation, prompt template,
and answer validator.

e 11lmthinkbench.generator: the dynamic
test generator, seeded per fold, per task, per
run, and deterministic given a seed.

e 1lmthinkbench.parser: the hierarchical an-
swer extractor (boxed, explicit marker, code
block, last-line fallback) with the same rules
reported in Appendix J.

* 1lmthinkbench.metrics: Overthinking
Score, per-task accuracy, token counts
(word, character, tokenizer-based), and the
aggregation utilities.

* 11lmthinkbench.backends: thin adapters
for Hugging Face transformers, vLLM,
OpenAl, Anthropic, and Google, plus a
CustomBackend base class so users can plug
in any model that exposes a completion call.

e 1Imthinkbench.cli: the command line en-
try point.

P.3 Command Line Interface

A full evaluation of an open model looks like this:
llmthinkbench run \
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Case Study 4: Llama-70B Overthinking on Simple Factorial

Task: Calculate 5! (factorial of 5)
Llama-8B Response (124 tokens):

5! 5%X 4 x3x2x1
20 x 3 x 2 x 1
60 x 2 x 1
120 x 1

= 120
\boxed{120}

having 8.75x fewer parameters.

Analysis: Larger model (70B) uses 23x more tokens than smaller sibling (§B) with identical final
accuracy. The 70B model performs redundant verifications at each step and introduces unnecessary
elaboration about factorial concepts. This demonstrates that parameter scaling amplifies overthink-
ing rather than improving efficiency—the smaller model’s direct approach is more practical despite

Llama-70B Response (2,891 tokens):

5! means 5 factorial...

Let me calculate step by step:

5 x 4 = 20 [0K]

Verify: 5x4=(5x3)+5=15+5=20 [OK]

Now 20 x 3 = 60
Verify: 20x3 = 20+20+20 = 60 [OK]
Also: 60 = 5x4x3 [0K]

Continue: 60 x 2 = 120
Verify: 60x2 = 60+60 = 120 [OK]
Check: 120 = 5x4x3x2 [0K]

Finally: 120 x 1 = 120

[... continues with multiple verification
methods, alternative calculations,

prime factorization, and historical
context of factorials for 2500+ tokens]
\boxed{120}

--model Qwen/Qwen3-14B \
--backend v1llm \

--tasks all \

--folds 3 \

--samples 1000 \

--seed 42 \

--out results/qwen3-14b/

For a closed model, the adapter name is the only
change:

llmthinkbench run \
--model gpt-4.1-mini \
--backend openai \
--tasks all \
--folds 3 \
--samples 100 \
--out results/gpt-41-mini/

The command writes raw responses, parsed an-
swers, per-task accuracy, token counts, and the
Overthinking Score into the output directory. A
separate 11lmthinkbench aggregate command
merges multiple runs into the leaderboard format,
and 11mthinkbench compare prints side-by-side
tables.

P.4 Supported Model Backends

Out of the box, LLMTHINKBENCH supports: Hug-
ging Face models through transformers (any
causal LM), high-throughput inference through
vLLM, OpenAl (GPT-4.x, GPT-5, o-series) through
the official SDK, Anthropic (Claude families)
through the official SDK, and Google (Gemini)
through google-genai. Users can add a new
backend by subclassing CustomBackend and im-
plementing a single generate(prompt, . ..)
method; the rest of the pipeline is backend-
agnostic.

P.5 Reproducibility

Every LLMTHINKBENCH run records: the ran-
dom seed, per-task fold seeds, the exact model iden-
tifier and revision hash (for Hugging Face models),
the generation hyperparameters, the package ver-
sion, and the timestamp. Given the same seed, the
same tasks, and the same model, the test instances
and the scoring are bit-for-bit identical. This is
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Case Study 5: Qwen3-32B Constrained Budget Collapse

Task: Find GCD of 48 and 18
Qwen3-32B Unconstrained (4,523 tokens):

Using Euclidean algorithm:
48 =18 x 2 + 12

18 =12 x1+6
12=6x2+20

Therefore GCD = 6

48 = 2%4 x 3
18 = 2 x 3*2
Common: 2 x 3 = 6 [OK]

Verification method 2: List divisors
48: 1,2,3,4,6,8,12,16,24,48

18: 1,2,3,6,9,18

Common divisors: 1,2,3,6

Greatest: 6 [OK]

[... continues with Stein's algorithm,
extended Euclidean algorithm,

and mathematical properties of GCD]
\boxed{6}

Verification method 1: Prime factorizationl8/12 = 1 remainder...

Analysis: The model achieves correct answer with elaborate reasoning in unconstrained mode
but fails completely when limited to 512 tokens. Rather than adapting to the constraint by being
concise, it attempts the same verbose pattern, runs out of tokens mid-verification, and loses track
of the calculation, producing an incorrect answer. This reveals trained dependence on long-form
generation patterns that cannot adapt to efficiency requirements.

Qwen3-32B Constrained 512
(WRONG):

Find GCD of 48 and 18...

Using Euclidean algorithm:

48 divided by 18...

48 = 18 x 2 + 12

Now 18 divided by 12...

18 =12 x 1... wait let me recalculate

tokens

Actually 18 =12 x 1 + 6

So now 12 divided by 6...
12=6x2+20

Therefore... wait, which was the GCD?
The last non-zero remainder...

So that would be... let me check...

I think it's 12?7 No wait...

[runs out of tokens mid-calculation]
\boxed{12}

Final Answer: 12 INCORRECT - should be
6)

what lets third-party runs remain directly compara-
ble to the numbers in this paper.

P.6 Leaderboard

The public leaderboard at https://ctrl-gaurav.
github.io/LLMThinkBench/ is backed by the
same scoring code and accepts submissions. New
results appear with their Overthinking Score, per-
suite accuracy, average tokens, and a link to the
raw output directory for inspection. Submissions
must include the run metadata block (seed, back-
end, hyperparameters) so that the leaderboard row
can be regenerated on demand.

P.7 Extending the Benchmark

Adding a new task takes a sampler, a reference
function, a prompt, and a validator. Each of these
is a short Python function in a single file under
llmthinkbench/tasks/. Once the file is placed

there, the task is picked up by the generator and the
CLI without further wiring. The same is true for
new parsing rules and new metrics.

Q Fine-Grained Pattern Taxonomy

This appendix gives the full taxonomy that backs
Section 5.8. We manually annotated ~5,000 re-
sponses from 12 reasoning-tuned models and 12
standard instruction-tuned models, one trace at a
time, and tagged each long trace with the dominant
pattern it exhibited. Table 12 shows how often each
pattern appeared by model family.

Two trends stand out. First, CoT-tuned and
reasoning-tuned families spend the majority of
their long traces on wasteful patterns (redundant
verification dominates for Phi and Qwen3, self-
contradiction dominates for o-series and GPT-5).
Second, standard instruction-tuned models almost
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never show the pathological patterns at all; when
they are verbose, they are usually decomposing
honestly. This is the behavioral evidence behind
Finding 9: the failure mode is introduced by train-
ing, not by scale.

R Root Causes: CoT Supervision
Ablation

Table 13 reports matched pairs that isolate the effect
of CoT supervision. Each row pair uses the same
base model family and size; the only difference
is whether the variant received extended chain-of-
thought supervision.

The Phi-4 pair is especially telling: CoT super-
vision costs 6.69 accuracy points on the easy suite
while using 16x more tokens. The Phi-4-mini pair
shows the opposite sign on accuracy (+15 points)
but at 10.9 x the tokens, which drags the Overthink-
ing Score down even when raw accuracy moves up.
In both cases the training objective, not the model
architecture, is what changes behavior.

S Concise Prompting Ablation

Following Reviewer ovre’s suggestion, we tested
three prompt styles on reasoning-tuned models to
check whether a simple instruction can undo the
verbosity baked in by CoT training. The three
prompts are:

* Standard: “Solve the following problem.
Your final answer must be in the format
\boxed{answer}.”

* Concise: “Provide only the final an-
swer directly without explanation. Format:
\boxed{answer}.”

* Ultra-concise: “Answer in minimal tokens.
No explanation. Only: \boxed{answer}.”

Across all tested models, the ultra-concise
prompt cuts tokens by 38-63% and loses 1.4-3.9
accuracy points. The verbosity bias of CoT-tuned
models is robust: prompt-level interventions do not
restore the efficiency of a matched non-reasoning
variant.

T Tool-Augmented Evaluation

We gave each model access to three tools (calcula-
tor, python_repl, code_executor) through stan-
dardized ReAct-style prompting for open models
and the native tool-calling API for closed models.

Tables 15 and 16 report the results on the easy suite
and on three algorithmic tasks.

Error taxonomy. Manual inspection of failed
tool-augmented responses surfaced three dominant
failure modes. Syntax errors (majority of fail-
ures in small models): the model emits incomplete
expressions such as 45 * 67 * 89 *. Wrong-
tool selection: the model calls the calculator for
hanoi (5) instead of the code executor. Incorrect
logic: the model writes code that looks right but
encodes the wrong algorithm (e.g., sorted(1lst,
reverse=True) when the task asks for ascending
order). Syntax and wrong-tool errors dominate
for models under 14B; frontier models are mostly
limited by incorrect logic on the hard suite.

U Overthinking Score Stability

Reviewer ovre raised the concern that the min/-
max normalization in the Overthinking Score could
make scores unstable as the model pool changes.
We report three stability checks.

Leave-one-out. For each of the top-5 token gen-
erators and each of the bottom-5 token genera-
tors, we removed that model from the pool, re-
computed Ty, and Ti,,y, and recomputed every
other model’s Overthinking Score (Table 17).

For example, removing Phi-4-reasoning (the
highest token generator at 6,066) shifts GPT-4.1-
mini’s score from 0.930 to 0.924 and does not
change its rank; removing Phi-3-mini-128k (the
most concise model at 89.4 tokens) shifts Phi-4-
reasoning’s score from 0.352 to 0.358 and again
does not change its rank.

Per-task normalization. As a second check, we
recomputed the Overthinking Score using per-task
Thin and T1yax (one normalization range per task,
then averaged across tasks). The resulting model
ranking correlates at Kendall’s 7 = 0.89 with the
global-normalization ranking reported in the main
paper, so the conclusions do not depend on whether
normalization is global or task-local.

Protocol fairness. All models receive identical
prompts, identical hyperparameters (temperature,
top_p, max_tokens), and identical test instances
within a fold. The min/max normalization rescales
observed token counts to [0, 1] while preserving
rank order and relative distance, which is the same
role that brevity penalty plays in BLEU and that
length normalization plays in ROUGE.
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Model Budget Acc (%) Inst (%) O-Score Tokens Words Chars
Mean =+ Std Mean =+ Std Mean + Std Mean + Std Mean =+ Std
Gemini-2.5-Flash
Gemini-2.5-Flash disabled 92.0 +22.0 95.0 &+ 15.0 0.916 389.3 + 1924 208.0 = 99.0 1058.7 &+ 521.0
Gemini-2.5-Flash 4915 93.0 = 20.0 95.0 &+ 15.0 0.927 401.0 & 195.2 212.3 +95.8 1081.4 + 512.2
Gemini-2.5-Flash 9830 93.0 + 20.0 94.0 + 16.0 0.928 380.5 4+ 176.7 203.3 +91.0 1033.9 + 474.7
Gemini-2.5-Flash 14746 93.0 £ 20.0 95.0 + 16.0 0.926 389.3 4 189.1 207.3 £ 97.8 1058.8 + 525.0
Gemini-2.5-Flash 19661 92.0 +22.0 95.0 + 13.0 0.920 3757 £ 174.3 200.4 4 89.5 1020.4 4 470.2
Gemini-2.5-Flash 24576 92.0 +23.0 95.0 + 14.0 0.918 386.4 4 189.2 205.9 +97.0 1044.8 + 502.5
Gemini-2.5-Flash dynamic 92.0 £ 22.0 95.0 &+ 15.0 0.919 385.0 4 187.1 205.0 +95.3 1043.4 + 495.2
Gemini-2.5-Flash-Lite
Gemini-2.5-Flash-Lite disabled 83.0 £+ 31.0 100.0 & 2.0 0.830 704.7 + 362.9 363.6 4 147.0 1926.0 4 898.1
Gemini-2.5-Flash-Lite 512 83.0 &+ 31.0 100.0 + 1.0 0.829 718.0 & 419.2 389.5 4 229.0 2011.4 + 1279.9
Gemini-2.5-Flash-Lite 5325 84.0 + 32.0 100.0 + 1.0 0.840 676.6 & 322.6 365.0 4 157.2 1859.9 + 857.8
Gemini-2.5-Flash-Lite 10138 84.0 = 32.0 100.0 &+ 2.0 0.841 692.8 + 355.6 363.6 4= 148.8 1883.3 &+ 872.2
Gemini-2.5-Flash-Lite 14951 84.0 + 32.0 100.0 + 2.0 0.838 727.5 + 434.7 376.5 + 167.7 1970.2 + 1083.4
Gemini-2.5-Flash-Lite 19764 83.0 £+ 31.0 100.0 £+ 1.0 0.829 731.7 £ 442.8 381.9 4 180.1 1949.2 + 946.5
Gemini-2.5-Flash-Lite 24576 84.0 + 31.0 100.0 & 2.0 0.836 748.0 £ 546.9 390.5 4= 224.2 2035.3 4+ 1545.8
Gemini-2.5-Flash-Lite dynamic 84.0 + 32.0 100.0 2.0 0.837 718.0 & 521.6 384.5 4+ 2544 2007.6 + 1659.9
Gemini-2.5-Pro
Gemini-2.5-Pro 128 90.0 + 19.0 87.0 & 22.0 0.904 306.0 4+ 122.0 160.5 £ 55.3 846.3 £+ 270.0
Gemini-2.5-Pro 6554 82.0 4 30.0 78.0 + 31.0 0.827 278.3 + 140.7 145.9 £ 65.7 768.3 4+ 328.3
Gemini-2.5-Pro 12979 71.0 £ 37.0 74.0 + 37.0 0.722 244.8 + 161.5 129.1 4 79.2 691.1 +411.8
Gemini-2.5-Pro 19405 89.0 & 21.0 87.0 &= 22.0 0.893 311.8 & 1284 162.8 +57.3 861.3 4 280.2
Gemini-2.5-Pro 25830 89.0 4 21.0 88.0 = 19.0 0.906 306.8 4+ 124.4 160.9 4 56.4 849.6 4 274.6
Gemini-2.5-Pro 32256 88.0 4 22.0 88.0 & 21.0 0.892 307.8 4+ 128.1 161.1 £57.9 849.7 4+ 282.9
Gemini-2.5-Pro dynamic 90.0 £ 19.0 87.0 & 21.0 0.903 309.6 4 128.2 161.8 4= 57.1 853.9 4 280.9
GPT-5
GPT-5 minimal 84.0 4= 29.0 100.0 & 0.0 0.860 158.2 + 148.9 70.3 £ 54.1 352.4 4+ 301.9
GPT-5 low 96.0 + 16.0 99.0 4.0 0.980 19.3 &+ 31.5 7.3 +10.8 45.1 +57.6
GPT-5 medium 97.0 £ 15.0 100.0 £ 2.0 0.989 20.5 +31.7 7.7 +10.7 46.8 + 574
GPT-5 high 97.0 £ 15.0 100.0 & 2.0 0.988 242 + 332 9.5+ 11.9 56.4 + 63.0
GPT-5-Mini
GPT-5-Mini minimal 90.0 + 20.0 98.0 7.0 0.913 180.0 & 166.0 74.0 £ 62.2 401.6 + 346.5
GPT-5-Mini low 94.0 + 18.0 97.0 + 11.0 0.958 22.8 £31.7 89+ 109 53.4 £ 583
GPT-5-Mini medium 96.0 £ 16.0 100.0 £ 0.0 0.977 334 £ 354 14.4 £ 13.0 81.6 & 68.0
GPT-5-Mini high 97.0 £ 15.0 100.0 = 0.0 0.983 37.0 4+ 34.2 16.2 + 12.7 90.1 &+ 66.3
GPT-5-Nano
GPT-5-Nano minimal 52.0 + 40.0 98.0 + 6.0 0.571 65.5 & 94.5 29.5 +40.3 159.2 4+ 218.7
GPT-5-Nano low 93.0 £ 19.0 99.0 + 4.0 0.949 14.5 £31.3 4.1 +10.5 29.1 £ 56.7
GPT-5-Nano medium 94.0 £ 17.0 98.0 & 8.0 0.958 15.8 +31.5 49+ 10.5 33.2 +56.9
GPT-5-Nano high 96.0 + 15.0 99.0 4.0 0.978 15.6 + 31.6 4.8 +10.6 3254572
03
03 low 97.0 £+ 15.0 100.0 £ 0.0 0.981 51.6 +48.1 253 + 229 1354 + 111.8
03 medium 97.0 £ 15.0 100.0 £ 0.0 0.979 55.4 +£47.1 27.2 £22.8 145.0 + 111.8
03 high 97.0 £ 16.0 100.0 = 0.0 0.981 55.6 1483 26.8 +22.9 144.1 41143
03-mini
O3-mini low 93.0 + 18.0 99.0 & 3.0 0.936 340.3 4 368.2 154.7 & 142.7 782.2 + 743.4
0O3-mini medium 93.0 £ 19.0 99.0 £ 5.0 0.938 357.7 4 382.8 160.5 = 142.9 821.2 4+ 764.5
O3-mini high 93.0 £+ 20.0 98.0 7.0 0.935 367.9 4+ 372.9 169.3 4 140.5 855.0 + 724.9
04-mini
O4-mini low 95.0 £ 17.0 100.0 &+ 0.0 0.963 65.3 1455 29.6 + 19.7 163.1 &+ 99.2
O4-mini medium 95.0 + 18.0 100.0 + 2.0 0.964 66.0 £ 46.1 29.7 £ 19.6 165.7 + 105.6
O4-mini high 95.0 £ 16.0 100.0 £ 0.0 0.962 69.0 £ 46.2 30.5 £ 204 169.6 4+ 103.8

Table 9: Reasoning Budget Model Performance: Evaluation results across different reasoning budget configura-
tions for Gemini, GPT-5, and O-series models. Within each model family, bold+underline indicates best accuracy
and bold indicates second-best accuracy. O-Score represents the Overthinking Score calculated as the harmonic
mean of accuracy and token efficiency. Detailed reasoning budget analysis appears in Section 5.
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Models Param (B) Quant Accuracy Instr. Follow O-Score Tokens Words

Qwen2.5 (I) 0.5 FP16 2131 71.57 0.268 4323 2232
Qwen2.5 (I) 0.5 8-bit 21.29 76.79 0.268 4315 2233
Qwen2.5 (I) 0.5 4-bit 12.77 77.70 0.176 4780 2609
Qwen2.5 (I) 15 FP16 43.03 85.45 0.470 264.7 134.1
Qwen2.5 (I) 15 8-bit 43.67 86.64 0472 264.3 133.7
Qwen2.5 (I) 15 4-bit 39.42 82.97 0.434 292.1 142.3
Qwen2.5 (I) 3 FP16 4575 92.35 0.463 331.3 176.5
Qwen2.5 (I) 3 8-bit 48.65 91.99 0.497 341.9 181.7
Qwen2.5 () 3 4-bit 41.94 90.97 0.438 301.0 158.8
Qwen2.5 (I) 7 FP16 61.36 96.47 0.568 286.9 149.5
Qwen2.5 () 7 8-bit 60.61 96.40 0.564 2875 149.4
Qwen2.5 (I) 7 4-bit 58.03 96.00 0.550 2919 1522
Qwen2.5 (I) 14 FP16 63.74 97.83 0.578 260.2 137.1
Qwen2.5 (I) 14 8-bit 63.86 97.89 0.576 2612 138.1
Qwen2.5 (I) 14 4-bit 60.94 96.69 0.586 240.9 127.5
Qwen2.5 (I) 32 FP16 72.90 99.26 0.643 260.9 139.1
Qwen2.5 (I) 32 8-bit 73.08 99.20 0.645 261.9 139.6
Qwen2.5 () 32 4-bit 72.67 99.37 0.640 260.5 139.2
Qwen2.5 (I) 72 FP16 74.87 97.12 0.591 339.2 179.8
Qwen2.5 (I) 72 8-bit 74.05 96.28 0.577 347.1 184.2
Qwen2.5 (I) 7 4-bit 7274 94.85 0.549 358.3 188.4

Table 10: Impact of GPTQ quantization on Qwen2.5 family performance. FP16 represents full precision baseline.
Larger models (32B, 72B) show minimal accuracy degradation even at 4-bit quantization, while smaller models
(0.5B) experience substantial performance loss.

Models Param (B) Condition Accuracy Instr. Follow O-Score Tokens Words

Qwen3 Family: Unconstrained vs Constrained

Qwen3 0.6 Unconstrained 49.99 83.85 0.484 3162.8 1620.9
Qwen3 0.6 Constrained 27.00 50.41 0.182 762.3 4279
Qwen3 1.7 Unconstrained 70.24 86.54 0.555 3157.2 1620.7
Qwen3 1.7 Constrained 30.67 42.52 0.189 778.3 435.5
Qwen3 4 Unconstrained 81.90 91.57 0.580 3091.2 1623.1
Qwen3 4 Constrained 31.73 41.30 0.202 785.9 446.4
Qwen3 8 Unconstrained 82.10 91.58 0.615 3027.8 1584.6
Qwen3 8 Constrained 28.35 42.33 0.186 790.9 451.7
Qwen3 14 Unconstrained 86.52 99.27 0.725 3607.6 1941.2
Qwen3 14 Constrained 35.18 49.89 0.199 753.2 426.9
Qwen3 32 Unconstrained 84.13 93.05 0.627 2845.9 1497.5
Qwen3 32 Constrained 30.22 44.56 0.193 778.6 446.8

Phi-4 Reasoning Family: Unconstrained vs Constrained

Phi-4-reasoning-plus 14 Unconstrained 69.54 88.89 0.288 6780.7 3972.0
Phi-4-reasoning-plus 14 Constrained 44.33 78.88 0.141 1022.2 537.8
Phi-4-reasoning 14 Unconstrained 72.23 96.21 0.352 6066.2 3710.8
Phi-4-reasoning 14 Constrained 53.48 90.21 0.107 1013.5 554.3
Phi-4-mini-reasoning 3.8 Unconstrained 70.16 89.56 0.659 3171.9 1571.7
Phi-4-mini-reasoning 3.8 Constrained 40.52 59.32 0.251 909.8 495.7

Table 11: Performance comparison under unconstrained and constrained (1024 token limit) generation budgets.
Reasoning models show catastrophic degradation when token-limited, with Phi-4-reasoning dropping 18.75 accuracy
points (26% relative) and Phi-4-reasoning-plus dropping 25.21 points (36% relative).
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Case Study 6: GPT-40-mini Efficiency Advantage

Task: Calculate average of [12, 15, 18, 21] GPT-40-mini Response (98 tokens):
GPT-40 Response (856 tokens): Sum: 12+15+18+21 = 66

To find average, sum and divide by count. Count: 4
Average: 66/4 = 16.5

Sum calculation: \boxed{16.53}
12 + 15 = 27
27 + 18 = 45
45 + 21 = 66

Efficiency Comparison:

Count: 4 numbers ¢ GPT-40: 856 tokens, Correct

Average = 66 / 4 GPT-40-mini: 98 tokens, Correct

. L Token ratio: 8.7x
Let me verify division:

66 / 4 = 16.5
Check: 16.5 x 4 = 66 [OK]

Both achieve 100% accuracy

e Mini variant demonstrates that concise-

Alternative verification: ness does not sacrifice correctness for ba-

(12+15+18+21) /4 sic math
= (27+39)/4
- 66/4 = 16.5 [OK]

Another approach - median check:
Sorted: 12,15,18,21

Median: (15+18)/2 = 16.5

Mean equals median (arithmetic seq) [OK]

[continues with variance calculation
and statistical properties]
\boxed{16.5}

Analysis: The "mini" variant achieves identical accuracy with 8.7x fewer tokens by avoiding
unnecessary verifications. This case study demonstrates that model optimization can successfully
reduce overthinking—GPT-40-mini was likely fine-tuned or distilled with efficiency objectives that
GPT-4o0 lacks. The smaller model’s direct approach is superior for practical deployment despite
potentially lower parameter count.
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Case Study 7: O3 Model Showing Diminishing Returns

Task: Is 17 a prime number? 03 High Budget (3,847 tokens):
O3 Low Budget (412 tokens):

Check if 17 is prime.

Determining if 17 is prime...

Method 1: Trial division

Divisibility tests: Test all primes up to sqrt(17):
17/2 = 8.5 (not divisible) 2: 17/2 = 8.5 [not divisible]
17/3 = 5.67 (not divisible) 3: 17/3 = 5.67 [not divisible]
17/5 = 3.4 (not divisible) 5: 17/5 = 3.4 [not divisible]

Conclusion: Prime [0OK]
Only need to check up to sqrt(17) ~ 4.1
Method 2: Sieve of Eratosthenes

Checked: 2,3 [generates sieve up to 20]
17 is not divisible by any number Primes found: 2,3,5,7,11,13,17,19
except 1 and itself. 17 is in the list [OK]
Therefore 17 is prime. Method 3: Primality patterns
\boxed{Yes} 17 =16 + 1 = 2%4 + 1

Check Fermat primality test...

[... continues with Miller-Rabin test,

Wilson's theorem verification,
prime number theorem discussion,
and historical context of prime 17]

All methods confirm: 17 is prime
\boxed{Yes?}

Analysis: Both budget levels achieve 100% accuracy (correct answer), but high budget uses 9.3x
more tokens. The extended reasoning applies multiple primality tests (trial division, sieve, Fermat
test, Miller-Rabin) when simple trial division suffices for a two-digit number. This exemplifies
diminishing returns: after the first correct determination, additional verification provides zero
accuracy gain while consuming substantial computational resources. The model cannot recognize
when it has sufficient evidence and should terminate.

25823



Pathological Case 1: Character Repetition (Qwen3-4B)

Task: Find the mode of [5, 5, 5,7, 7, 9] Actual Output (1024 tokens, truncated):

Expected Output: Mode is 5 (appears 3 times) Frequency count:

5 appears: 1, 2, 3 times
7 appears: 1, 2 times
9 appears: 1 time

Mode = 5 (most frequent)
nnnnnnnnnnNNnNNNNNNNNNNN
nnnnhnnhnnnnnnnhnnNnnnn
nnnnnnnnnNNNNNNNNNNNNNNN
. [900+ 'n' chars]
Analysis: The model correctly identifies the mode but then generates over 900 consecutive 'n’
characters, suggesting a failure in the stopping mechanism. This behavior appears when models
reach the end of their planned output but haven’t hit token limits, potentially due to poor calibration
of end-of-sequence tokens during training.

Pathological Case 2: Random Tokens (Qwen3-0.6B constrained)

Task: Calculate 567 - 234 Actual Output (constrained, 1024 tokens):
Expected Output: 333 Subtract:

567-234
=500-200+67-34
=300+33=333

Verify:

567

-234

7-4=3, 6-3=3, 5-2=3
Answer: 333

aaabbbcccdddeeefff1234

56789 @#$%"&* () _+-=

LI{}];:"'"<>?~"zzxxcc

vvbbnnmm, . //\\qwerty

. [800+ random chars]

Analysis: Despite arriving at the correct answer (333), the constrained model continues generating
random alphanumeric characters and symbols to fill the remaining token budget. This suggests
models trained on long-form generation struggle to terminate early when problems are solved
quickly, particularly under token constraints that mismatch their expected output length distribution.
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Pathological Case 3: Self-Contradiction (O3-mini high budget)

Task: Find max of [12, 45, 23, 89, 34]
Expected Output: 89

Actual Output (2400 tokens, truncated):

Scan: 12,45,23,89,34
max=12, then 45, stays 45,
then 89, stays 89

Maximum is 89

Wait, reconsider... is 89
really largest? Maybe 45...
no 89>45... But what if I
missed something?

Sort: 12<23<34<45<89
Yes, 89 is largest.

Verify each:
89>12?7 Yes. 89>45? Yes.
89>23?7 Yes. 89>34? Yes.

Check duplicates? None.

Actually, recalculate from
scratch... [1000+ tokens]

\boxed{89}

Analysis: With high reasoning budgets, models sometimes enter loops of self-doubt, repeatedly
verifying correct answers and introducing unnecessary uncertainty. While the final answer remains
correct, the extended reasoning introduces spurious alternatives and "reconsiderations" that don’t
improve accuracy but waste computation and potentially confuse users.
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Family RedVer SelfCon IrrelExp Stop Helpful
Phi-4-reasoning 41% 18% 22% 3%  16%
Phi-4-mini-reason.  35% 14% 19% 8% 24%
Qwen3 (CoT) 38% 22% 18% 2%  20%
03 / O4-mini 24% 34% 12% 1%  29%
GPT-5 21% 31% 10% 0%  38%
Gemini-2.5 19% 26% 14% 1%  40%
Phi-4 (standard) 6% 3% 2% 0%  89%
Qwen2.5 (instruct) 8% 4% 3% 0%  85%
Llama-3 (instruct) 9% 5% 4% 0% 82%

Table 12: Distribution of overthinking patterns across
model families. RedVer: redundant verification; Self-
Con: self-contradiction loop; IrrelExp: irrelevant mathe-
matical exploration; Stop: pathological stopping failure;
Helpful: genuinely useful decomposition. Rows may
not sum to 100% because a small fraction of traces mix
two patterns and were double-counted.

Model No Tools With Tools AAce
GPT-5 97.31% /992 99.23% /1,347 +1.92
GPT-5-mini 96.13% /799 98.87% /1,156 +2.74
GPT-5-nano 96.07% /1,377 97.45% /1,823 +1.38
GPT-4.1 92.23% /409 96.78% /845 +4.55
GPT-4.1-mini 93.28% /916 97.12% /1,234 +3.84
03 97.26% /857 99.17% /1,089 +1.91
03-mini 94.23% /1,101 98.34% /1,456 +4.11
Gemini-2.5-Pro  89.38% /268 97.89% /567 +8.51
Qwen3-32B 84.38% /2,846 93.47% /3,567 +9.09
Llama-3.3-70B  74.84% /313 89.67% /678 +14.83
Phi-4 78.92% /379 83.12% /892 +4.20

Phi-4-reasoning 72.23% / 6,066 74.56% / 8,234 +2.33

Table 15: Tool-augmented evaluation on the easy suite.
Frontier models get close to saturation with tools, but
token overhead stays at 1.3-2.4x. Phi-4-reasoning still
uses more than 8,000 tokens per problem even with
tool access, confirming that tools do not remove the
verbosity baked in by CoT training.

Variant Training Easy Acc Tokens Atok
Qwen2.5-14B (base) none 59.80% 148.5 1.0x
Qwen2.5-14B-instruct  instruct 63.52% 2602 1.8x
QWCI’IS— 14B CoT-tuned 86.78% 3,608 24.3x Task Model CoT Tools Scaling
Phi-4 instruct  78.92% 379  1.0x :
H 5 GPT-5 71.68% 94.23% 68.34% @ 7
Phi-4-reasoning CoT-tuned 72.23% 6,066 16.0x e 6178% 93.19% 6578% @ 7
Phi-4-mini instruct  54.78% 292 1.0x Gemini-2.5-Pro 56.21% 87.12% 59.12% @ 7
Phi-4-mini-reasoning CoT-tuned 70.16% 3,172 10.9x Qwen3-32B 43.42% 71.23% 48.23% @ 7
8-Queens GPT-5 68.12% 88.12% 52.34% @ 12
o3 59.22% 86.45% 49.23% @ 12

Table 13: CoT supervision is the main driver of token
blow-up. Moving from base to instruct roughly doubles
tokens. Moving from instruct to CoT-tuned multiplies
tokens by 10 to 24 x, and in the Phi-4 pair it even lowers
easy-suite accuracy.

Model Standard Concise Ultra
Phi-4-reasoning 72.23% 16,066 70.85% /3,457 68.34% /2,235
Phi-4 (baseline) 78.92% /379  78.15% /287  77.48% /235
Token ratio (reas./base) 16.0x 12.0x 9.5%
O3-mini 93.0% / 340 91.8% 1267 89.9% /195

Phi-4-mini-reasoning ~ 70.16% /3,172 68.92% /2,145 66.78% / 1,523

Table 14: Accuracy / average tokens under three prompt
styles. Concise prompting trims the trace but does not
close the gap to non-reasoning models, and it costs
a small amount of accuracy every time. The Phi-4-
reasoning / Phi-4 token ratio shrinks from 16X to 9.5x,
not to 1x.

Table 16: Tools on hard algorithmic tasks. Tools give
20-35 accuracy point gains at the base size, but scaling
the problem (5 to 7 disks for Hanoi, 8x8 to 12x 12 for
N-Queens) costs 23—-37 points, which tool access alone
cannot recover.

Value

0.87 (p < 0.001)
0.92 (p < 0.001)
1.3 positions
0.006

Stability metric

Kendall’s 7

Spearman’s p

Mean rank change

Max score drift (top-20)

Table 17: Leave-one-out stability of the Overthinking
Score ranking across 10 pool perturbations. Rankings
are effectively invariant to outliers.

25826



