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Abstract

Knowledge forgetting is a central challenge
when adapting LLMs to new tasks. Prior stud-
ies indicate that pretrained knowledge is con-
centrated in the principal singular subspace of
pretrained weight W0; so recent Low-Rank
Adaptation (LoRA) variants initialize LoRA
in the minor subspace to steer early updates
away from principal directions and mitigate
forgetting. However, we observe that during
fine-tuning, the update direction progressively
shifts from the minor to the principal subspace,
which is called as Singular-subspace Drift (SD),
thereby allocating more energy to the direc-
tions that carry pretrained knowledge and leav-
ing a persistent risk of forgetting. To address
this issue, we propose Singular-subspace Drift
Controlled LoRA (SDC-LoRA), which con-
strains the growth of update energy in the
principal singular subspace of W0 and thus
mitigate SD. SDC-LoRA proposes Principal
Subspace Energy-Controlled Learning, using
Spectral Calibration factor γsc to selectively
downscale gradients along the principal sin-
gular subspace of W0 while keeping minor-
subspace updates unchanged. Across exten-
sive experiments with LLaMA-3.1-8B-Instruct
and Qwen2.5-7B-Chat on MetaMathQA and
CodeFeedback, SDC-LoRA mitigates forget-
ting on MMLU, TruthfulQA, and HellaSwag
while matching or improving GSM8K and Hu-
manEval, offering a practical route to adapt
LLMs without sacrificing prior knowledge.

1 Introduction

Fine-tuning LLMs translates broad pre-training
into task-specific ability (Touvron et al., 2023a;
Yang et al., 2024a; Touvron et al., 2023b), but
full fine-tuning (FFT) is increasingly prohibitive in
memory, compute, and storage (Qiu et al., 2020).
Parameter-efficient fine-tuning (PEFT) mitigates
this by freezing most weights and training a small
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Figure 1: Illustration of SD and its mitigation by SDC-
LoRA: in standard PEFT the update energy of ∆W
moves from the minor to the principal subspace, while
SDC-LoRA keeps it minor-subspace dominant.

subset (Houlsby et al., 2019; Zaken et al., 2022;
Lester et al., 2021; Li and Liang, 2021). Among
PEFT methods, LoRA (Hu et al., 2022) reparam-
eterizes the update weight matrix with low-rank
factors and is widely adopted, with many variants
further reducing trainable parameters or improv-
ing effectiveness. Both FFT and PEFT still suffer
from knowledge forgetting (McCloskey and Co-
hen, 1989; Kirkpatrick et al., 2017; Goodfellow
et al., 2013): as the fine-tuned model improves on
the target task, its performance on general-purpose
evaluations often drops. This trade-off motivates
methods that adapt LLMs while explicitly preserv-
ing their pre-training abilities.

Recent works refine LoRA initialization.
PiSSA (Meng et al., 2024) initializes from the SVD
of the pretrained weight W0 using leading singular
vectors/values to speed convergence and improve
performance; LoRA-GA (Wang et al., 2024) and
LoRA-One (Zhang et al., 2025) initialize from the
SVD of a one-step full-parameter gradient so that
LoRA better approximates full fine-tuning. But
such principal- or gradient-aligned initializations
steer the update ∆W toward the principal singular
subspace of W0. Since pretrained knowledge con-
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Figure 2: Illustration of SDC-LoRA. The pretrained weight W0 is decomposed by SVD into principal (Up, Vp) and minor
(Um, Vm) subspaces, LoRA weights (B0, A0) are initialized in the minor subspace, and during fine-tuning the gradients (gA, gB)
are split into principal and minor components, with only the principal part scaled by γsc which abtained by spectral calibration
using sampled full gradient G.

centrates in this subspace (Hajimolahoseini et al.,
2021; Sharma et al., 2023; Li et al., 2024), sus-
tained growth of ∆W there tends to overwrite ex-
isting representations and aggravate knowledge for-
getting (Wang et al., 2025a). To mitigate this risk,
CorDA (Yang et al., 2024b) uses activation covari-
ance from world-knowledge samples to guide an
SVD of W0 and fine-tune components least tied to
that knowledge, but it depends on such data and is
sensitive to its sampling quality. MiLoRA (Wang
et al., 2025a) initializes in the minor subspace to
keep early updates away from principal directions
without and reduce knowledge forgetting in early
stage.

However, we find that both initialization strat-
egy above can not keep the LoRA update away
from principal directions as fine-tuning proceeds.
During fine-tuning, in the SVD-aligned basis of
W0, the update ∆W allocates progressively more
energy to the principal singular subspace, mov-
ing from minor- to principal-dominant directions
(Fig. 1). We term this pattern Singular-subspace
Drift (SD). The existence of the SD phenomenon
would lead to sustained expansion of ∆W along
the principal singular directions of W0, progres-
sively overwriting the subspace that encodes pre-
trained knowledge and thereby aggravating knowl-
edge forgetting, which empirically appears as a
consistent drop on general-ability benchmarks even
when the target task continues to improve. (Details
for Section 3.2).

To address this issue, we propose Singular-
subspace Drift Controlled LoRA (SDC-LoRA),
which mitigates knowledge forgetting by keep-
ing incremental updates preferentially in the mi-
nor singular subspace of W0 (Fig. 1). Our analy-
sis attributes SD to an imbalance in gradient pro-
jections onto W0’s singular subspaces: a much
stronger principal component drives update en-

ergy to drift from the minor toward the princi-
pal subspace. Building on this observation, SDC-
LoRA implements Principal Subspace Energy-
Controlled Learning. At each step, it decomposes
the LoRA gradient into a component aligned with
the principal singular subspace of W0 and a com-
plementary component. It then rescales only the
principal-aligned part by a Spectral Calibration
factor γsc derived from the singular-value spec-
tra of the restricted gradients; Theorem 1 shows
that this choice prevents growth of the principal-to-
minor projection energy ratio and thus alleviates
SD. Our SDC-LoRA effectively slows the accumu-
lation of update energy in the principal subspace
and reducing forgetting while preserving target-
task learning. We fine-tune Llama-3.1-8B-Instruct
and Qwen2.5-7B-Chat on MetaMathQA, and then
evaluate on GSM8K (+0.12/+0.36) for math reason-
ing ability and MMLU (+2.14/+1.87), TruthfulQA
(+1.29/+2.16), and HellaSwag (+0.76/+1.44) for
the retention of pretrained knowledge. We also
fine-tune Llama-3.1-8B-Instruct and Qwen2.5-7B-
Chat on CodeFeedback, and then evaluate on
HumanEval (+1.09/+0.86) for code generation
ability and MMLU (+1.52/+2.69), TruthfulQA
(+1.14/+1.96), and HellaSwag (+2.77/+1.02) for
the retention of pretrained knowledge.

2 Related Work

Parameter Efficient Fine-Tuning. As LLMs
scale, full fine-tuning (FFT) becomes prohibitively
expensive (Qiu et al., 2020). Parameter-efficient
fine-tuning (PEFT) reduces training and storage
cost by freezing most weights. Adapter-style meth-
ods insert bottleneck modules and train only these,
but change the architecture and add inference la-
tency (Houlsby et al., 2019; Pfeiffer et al., 2021b,a).
Aghajanyan et al. (2021) further observed that task-
specific updates tend to lie in a low-dimensional
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subspace (the intrinsic dimension). Building on
this, LoRA (Hu et al., 2022) reparameterizes the
weight update as the product of two low-rank ma-
trices, which preserves the inference graph and
markedly lowers training cost. Extensions refine
LoRA via (i) adaptive/dynamic rank (Zhang et al.,
2023; Valipour et al., 2023), (ii) improved initializa-
tion (Meng et al., 2024; Wang et al., 2025a, 2024;
Zhang et al., 2025), and (iii) alternative factoriza-
tions (Liu et al., 2024a; Yuan et al., 2024; Liu et al.,
2024b; Kopiczko et al., 2023; Gao et al., 2024).
Despite these advances, both FFT and PEFT still
suffer post-fine-tuning degradation of pretraining
knowledge, i.e., knowledge forgetting (Biderman
et al., 2024).

Knowledge Forgetting. Knowledge forget-
ting (McCloskey and Cohen, 1989; Kirkpatrick
et al., 2017; Goodfellow et al., 2013) in LLMs
denotes the degradation of general-knowledge
performance when adapting a pretrained model
to new data. Mitigation strategies in classical
deep-learning literature (Hou et al., 2019; Li et al.,
2023; Yang et al., 2023; Yan et al., 2021) often fail
to scale due to model size and compute demands.
PEFT-based approaches include CorDA (Yang
et al., 2024b) (task-aware, context-guided adapta-
tion), LoRA-Null (Tang et al., 2025) (null-space
updates to limit interference), and MiLoRA (Wang
et al., 2025a) (minor-subspace initialization to bias
updates away from principal directions), yet none
fully resolves forgetting in practice. We introduce
a targeted method that mitigates knowledge
forgetting without increasing inference cost, while
maintaining (and sometimes modestly improving)
target-task performance, thereby achieving a better
balance between target accuracy and retention of
pretraining knowledge.

3 Singular-subspace Drift in PEFT

3.1 Setup

Consider a pre-trained weight matrix W0 ∈ Rd×k

and a low-rank PEFT update ∆Wt = BtAt with
Bt ∈ Rd×r and At ∈ Rr×k. The adapted weight at
timestep t is then given by:

Wt = W0 +∆Wt = W0 +BtAt. (1)

Let the SVD of W0 be

W0 = U ΣV ⊤. (2)

Here, U ∈ Rd×d and V ∈ Rk×k are orthogonal,
and Σ ∈ Rd×k is rectangular diagonal with non-
negative, descending entries.

Definition 1 (Projection energy and energy ratio).
For the principal singular subspace of W0 spanned
by Up := U[:,:S] ∈ Rd×S and Vp := V[:,:S] ∈
Rk×S , and the minor subspace spanned by Um :=
U[:,−S:] ∈ Rd×S and Vm := V[:,−S:] ∈ Rk×S , we
define the double-sided projection energy of ∆Wt

onto these two singular subspaces as follows:

Ep,t :=
∥∥UpU

⊤
p ∆Wt VpV

⊤
p

∥∥2
F
, (3)

Em,t :=
∥∥UmU⊤

m ∆Wt VmV ⊤
m

∥∥2
F
, (4)

and the contrastive energy ratio:

Rt :=
Ep,t − Em,t

Ep,t + Em,t
∈ [−1, 1]. (5)

Specifically, Ep,t quantifies the energy of the
component of ∆Wt aligned with the principal sin-
gular subspace of W0. A higher Ep,t indicates
greater modification of directions most strongly as-
sociated with pretraining knowledge. In contrast,
Em,t measures how much of the update ∆Wt is
injected along the minor singular directions of W0,
reflecting how much of the update is allocated to
directions that are less critical to the preservation
of pre-trained knowledge. Consequently, the con-
trastive energy ratio Rt serves as a quantitative
indicator of whether fine-tuning updates predom-
inantly align with the principal singular subspace
(positive Rt > 0) or remain concentrated in the
safer minor singular subspace (negative Rt < 0).

3.2 Projection Energy Analysis

To examine how the contrastive energy ratio of the
LoRA update ∆Wt (measured between the princi-
pal and minor singular subspaces of W0) evolves
during fine-tuning, we conduct controlled exper-
iments. Specifically, we fine-tune a LLaMA-3.1-
8B-Instruct model on the MetaMath dataset using
four parameter-efficient methods: LoRA, MiLoRA,
PiSSA, and LoRA-One. At multiple training steps,
we log the contrast Rt of ∆Wt (computed per layer
and then averaged across layers; Fig. 3(a)). In ad-
dition, we evaluate general-capability performance
at matched steps on the MMLU, TruthfulQA, and
HellaSwag benchmarks (Fig. 3 (b)–(d)).

From Fig. 3(a), we observe the following phe-
nomena. PiSSA starts with the contrastive ratio
R0 = 1 and remains at a high, nearly steady
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level throughout training, indicating that the energy
of ∆W projected onto the principal singular sub-
space dominates the minor projection, i.e., updates
persistently align with the principal directions of
W0. LoRA begins with the contrast ratio R0 = 0
and LoRA-One begins with R0 ≈ 0 (rough par-
ity between principal and minor projections) but
then exhibits a monotonic increase as training pro-
ceeds, rising roughly from 0 to 0.5, which reflects
the update direction of ∆W in W0 singular sub-
space a progressive tilt toward the principal singu-
lar subspace. A similar upward trend appears for
MiLoRA, and is even more pronounced: it initial-
izes with contrast near R0 = −1 (The update direc-
tion in the singular subspace of W0 is completely
concentrated in the minor singular subspace) and
then increases substantially, reaching about 0.2.
We refer to this stepwise increase of the princi-
pal/minor singular subspace contrast, i.e., the
migration of projection energy from the minor
to the principal subspace, as Singular-subspace
Drift (SD).

Empirical motivation from Fig. 3. Fig. 3 reveals a
consistent pattern that motivates our design. First,
larger contrastive energy ratio Rt correlate with
worse performance on general capability bench-
marks after fine-tuning in our setting. Second, prin-
cipal–aligned initialization (PiSSA) maintains a
consistently high Rt with minimal variation, and
correspondingly exhibits the strongest performance
degradation. Third, non–principal or non–aligned
initializations (LoRA, LoRA-One, MiLoRA) typ-
ically show a rising Rt over steps, indicating a
singular subspace shift toward the principal di-
rections, with MiLoRA displaying the most pro-
nounced growth. These observations yield a sim-

ple insight: Rt directly tracks principal-subspace
injection. When Rt remains high (positive), up-
dates allocate more energy to the principal sub-
space, which correlates with stronger forgetting of
pretraining knowledge. Conversely, when Rt stays
near −1, principal-subspace injection is limited,
allowing the model to preserve pretraining knowl-
edge while still learning the target task. Building
on this insight, we introduce SDC-LoRA in Sec-
tion 4.1, which explicitly regulates Rt by scaling
only the update component aligned with the princi-
pal singular subspace during training.

4 Method

4.1 Spectral Calibration

Minor-subspace initialization. To avoid imme-
diate interference with pretraining knowledge en-
coded in the principal subspace of W0, we initialize
the LoRA factors so that the initial update lies en-
tirely in the minor subspace (Wang et al., 2025a).
Let W0 = U ΣV ⊤ and we initializes SDC-LoRA
as follows:

B0 = U[:,−r:]

√
Σ[:,−r:], A0 =

√
Σ[:,−r:] V

⊤
[:,−r:],

(6)
where B0 ∈ Rd×r and A0 ∈ Rr×k. This initializa-
tion guarantees that the update ∆W starts entirely
in the minor subspace, orthogonal to the princi-
pal directions where pre-trained knowledge resides
(which ensures UpU

⊤
p ∆W0 VpV

⊤
p = 0). However,

as mentioned before (Section 3.2), as training pro-
gresses, we observe SD. According to Wang et al.
(2024) and Wang et al. (2025b), we can use full
parameter gradient to describe the update process
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of A and B:

At+1 ≈ At − η B⊤
t G, Bt+1 ≈ Bt − η GA⊤

t ,
(7)

where G := ∇WL(W )
∣∣
W=W0

is a one-step full-
parameter gradient. Then we project the LoRA
parameters onto the principal subspace of W0:
Ãp,t := AtVp ∈ Rr×S and B̃p,t := U⊤

p Bt ∈
RS×r. Therefore the parameter update in principal
subspace of W0 becomes:

Ãp,t+1 ≈ Ãp,t − η B̃⊤
p,tHp,

B̃p,t+1 ≈ B̃p,t − η Hp Ã
⊤
p,t,

where Hp = U⊤
p GVp ∈ RS×S .

(8)

Similarly we can describe the parameter update in
minor subspace of W0 by project the LoRA pa-
rameters onto the minor subspace of W0: Ãm,t :=

AtVm ∈ Rr×S and B̃m,t := U⊤
mBt ∈ RS×r:

Ãm,t+1 ≈ Ãm,t − η B̃⊤
m,tHm,

B̃m,t+1 ≈ B̃m,t − η Hm Ã⊤
m,t,

where Hm = U⊤
mGVm ∈ RS×S .

(9)

The proof of Eq. (8) and Eq. (9) see Appendix A.
From Eq. (8)and (9), we can find that the up-
dates of A and B restricted in different subspace
are assosiated with the projected gradient Hp and
Hm. Therefore, the SD is intuitively because
the gradient signal in the principle subspace
is significantly stronger than that in the minor
subspaces. Building on this insight, we intro-
duce a spectrally calibrated factor that reduces the
principal-subspace component of the update, slow-
ing drift and forgetting while preserving conver-
gence on the new task.

Theorem 1 (Spectral Calibration Factor). We per-
form SVD to Hm = PmΣmQ⊤

m and Hp =
PpΣpQ

⊤
p , where Σm = diag(σm

1 ≥ · · · ≥ σm
S ≥

0) and Σp = diag(σp
1 ≥ · · · ≥ σp

S ≥ 0). Then let
σp
max := maxi σ

p
i and σm

min := minj σ
m
j , and set

γsc :=
σm
min

σp
max

∈ (0, 1].

Under the linearized update dynamics, applying
γsc to the principal block update constrains its ag-
gregate energy growth rate to be no greater than
that of the minor subspace, thereby theoretically
preventing the SD.
Proof. See Appendix B.

Remark. While Theorem 1 guarantees drift sup-
pression in the deterministic linearized regime, in
practical training, Rt may exhibit local fluctuations
due to higher-order dynamics.

4.2 Principal Subspace Energy-Controlled
Learning

At step t, let gAt and gBt be the raw updates for
At and Bt. Project onto the principal subspace of
W0 = UΣV ⊤ (with Up ∈ Rd×S , Vp ∈ Rk×S):

gpAt
= gAtVpV

⊤
p , gpBt

= UpU
⊤
p gBt , (10)

and define residuals g⊥p
At

= gAt − gpAt
, g⊥p

Bt
=

gBt − gpBt
. Apply conservative scaling to the prin-

cipal components:

g
′
At

= g⊥p
At

+ γsc g
p
At
, g

′
Bt

= g⊥p
Bt

+ γsc g
p
Bt
.

(11)
At each step, replace (gAt , gBt) by (g′At

, g′Bt
) to

constrain principal-subspace injection and mitigate
SD (see Algorithm 1).

This SDC scaling is equivalent to a symmetric
positive-definite preconditioner Mγ = UmU⊤

m +
γscUpU

⊤
p with γsc ∈ (0, 1]: each step remains

a descent step, merely shortening the principal-
direction step by γsc rather than flipping direc-
tion, which at most slows the rate by a constant
factor. As a result, it curbs harmful changes
to knowledge-bearing directions while preserving
target-task learning. Please refer to Appendix D
for specific proof of convergence.

Algorithm 1 SDC-LoRA
Require: W0∈Rd×k, rank r, subspace suppression dimen-

sion S, learning rate η, optimizer, sample batch Ds.
1: Bases: W0 = UΣV ⊤; Up = U[:,:S], Vp = V[:,:S];

Um = U[:,−S:], Vm = V[:,−S:].
2: Minor init: set B0 = U[:,−r:]

√
Σ[:,−r:], A0 =√

Σ[:,−r:]V
⊤
[:,−r:], and ∆W0 = B0A0.

3: Compute γ: compute full-grad G on Ds;
4: Hp = U⊤

p GVp, Hm = U⊤
mGVm; get σp

max, σm
min;

5: γsc ← min(1, σm
min/σ

p
max).

6: for each batch B do
7: Obtain per-step increments gA and gB from optimizer.
8: gpA = gAVpV

⊤
p , g′A = gA − (1− γsc) g

p
A.

9: gpB = UpU
⊤
p gB , g′B = gB − (1− γsc) g

p
B .

10: At+1 = At − ηg′A, Bt+1 = Bt − ηg′B .
11: end for

5 Experiments

In this section, we conduct experiments to com-
pare SDC-LoRA with typical LoRA based algo-
rithms across math reasoning and code generation
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Table 1: Comparison of our SDC-LoRA with several baselines on Math Reasoning task. Results are reported as
mean with standard deviations over 5 runs (higher is better).

Model Method # Params (%) GSM8K MMLU TruthfulQA HellaSwag

LLaMA3.1-8B

LoRA (Hu et al., 2022) 33M (0.40%) 78.76±0.6 58.80±1.5 46.14±2.1 56.18±0.5
MiLoRA (Wang et al., 2025a) 33M (0.40%) 78.95±0.7 59.07±2.0 47.12±2.2 57.03±0.4
PiSSA (Meng et al., 2024) 33M (0.40%) 79.20±0.4 42.64±1.4 31.95±3.0 51.98±0.3
LoRA-One (Zhang et al., 2025) 33M (0.40%) 79.26±0.6 59.67±1.8 47.00±2.9 55.95±0.4
CorDA (Yang et al., 2024b) 33M (0.40%) 79.15±0.4 61.23±1.3 48.28±1.9 57.36±0.4
LoRA-Null (Tang et al., 2025) 33M (0.40%) 79.07±0.5 60.27±1.8 47.73±1.8 57.11±0.3
SDC-LoRA (Ours) 33M (0.40%) 79.38±0.7 63.37±1.1 49.57±2.5 58.12±0.3

Qwen2.5-7B

LoRA (Hu et al., 2022) 32M (0.41%) 82.00±0.5 66.24±1.3 42.23±2.7 54.73±0.4
MiLoRA (Wang et al., 2025a) 32M (0.41%) 81.74±0.6 68.32±1.7 42.59±1.6 56.46±0.3
PiSSA (Meng et al., 2024) 32M (0.41%) 80.74±1.3 46.12±2.1 33.54±2.1 48.97±0.5
LoRA-One (Zhang et al., 2025) 32M (0.41%) 82.14±0.5 66.02±1.8 43.57±2.0 53.53±0.1
CorDA (Yang et al., 2024b) 32M (0.41%) 81.47±0.6 68.35±1.6 44.03±2.3 56.38±0.4
LoRA-Null (Tang et al., 2025) 32M (0.41%) 82.05±0.6 67.67±1.8 45.21±2.7 54.31±0.3
SDC-LoRA (Ours) 32M (0.41%) 82.50±0.4 70.13±1.9 47.37±1.8 57.90±0.3

Table 2: Comparison of baselines and our SDC-LoRA on Code-Feedback. Results are reported as mean with
standard deviations over 5 runs (higher is better).

Model Method # Params (%) HumanEval MMLU TruthfulQA HellaSwag

LLaMA3.1-8B

LoRA (Hu et al., 2022) 33M (0.40%) 48.65±1.4 58.70±1.3 47.29±1.6 55.77±0.7
MiLoRA (Wang et al., 2025a) 33M (0.40%) 51.71±1.7 58.18±2.1 49.33±2.2 55.79±0.7
PiSSA (Meng et al., 2024) 33M (0.40%) 49.76±1.7 52.67±1.8 41.16±1.4 52.39±0.3
LoRA-One (Zhang et al., 2025) 33M (0.40%) 50.85±1.8 59.68±1.8 47.61±2.7 51.39±0.4
CorDA (Yang et al., 2024b) 33M (0.40%) 51.14±1.6 60.54±1.8 49.18±2.9 56.12±0.4
LoRA-Null (Tang et al., 2025) 33M (0.40%) 51.47±1.3 59.67±1.4 48.42±2.4 55.81±0.5
SDC-LoRA (Ours) 33M (0.40%) 52.80±1.5 62.06±1.1 50.47±2.4 58.89±0.4

Qwen2.5-7B

LoRA (Hu et al., 2022) 32M (0.41%) 68.17±1.5 66.44±1.1 43.33±2.4 57.27±0.4
MiLoRA (Wang et al., 2025a) 32M (0.41%) 69.51±1.2 66.15±0.9 43.33±2.7 56.33±0.6
PiSSA (Meng et al., 2024) 32M (0.41%) 69.27±1.1 61.32±1.1 43.70±1.8 55.02±0.2
LoRA-One (Zhang et al., 2025) 32M (0.41%) 70.12±1.3 67.46±0.5 44.55±2.1 57.61±0.4
CorDA (Yang et al., 2024b) 32M (0.41%) 69.38±0.6 67.49±1.1 44.32±2.3 56.41±0.5
LoRA-Null (Tang et al., 2025) 32M (0.41%) 69.86±1.0 66.73±1.8 43.81±2.6 57.15±0.3
SDC-LoRA (Ours) 32M (0.41%) 70.98±0.8 70.18±0.8 46.51±1.1 58.63±0.3

tasks. We fine-tune LLaMA3.1-8B-Instruct (Team,
2024) and Qwen-2.5-7B-Chat (Yang et al., 2025)
on: (1) 100k samples from MetaMathQA (Yu et al.,
2024) and evaluate out-of-domain math reason-
ing on GSM8K (Cobbe et al., 2021) with direct
prompting (no chain-of-thought or tool use); (2)
100k samples from CodeFeedback (Zheng et al.,
2024) training set and evaluate PASS@1 on Hu-
manEval (Chen et al., 2021). We use three bench-
marks, MMLU (Hendrycks et al., 2021), Truth-
fulQA (Lin et al., 2022), and HellaSwag (Zellers
et al., 2019) to evaluate the degree of pretraining-
knowledge forgetting in the fine-tuned model. We
compare LoRA (Hu et al., 2022), PiSSA (Meng
et al., 2024), MiLoRA (Wang et al., 2025a), LoRA-
One (Zhang et al., 2025), CorDA (Yang et al.,
2024b) and LoRA-Null (Tang et al., 2025) with
rank 16. We perform ablation studies to exam-
ine the effectiveness of key SDC-LoRA compo-
nents and analyze the results to gain deeper insights
into its underlying mechanics. Additional exper-

iments refer to Appendix E. For SDC-LoRA, we
set the principal-subspace suppression dimension
to S = 256. Full hyperparameters see Appendix F.

5.1 Math Reasoning

Table 1 reports results on the math reasoning setup.
Under the same trainabl parameter budget, SDC-
LoRA attains competitive GSM8K accuracy for
both backbones (79.38 vs. 79.26 for LLaMA-3.1-
8B and 82.50 vs. 82.14 for Qwen2.5-7B). More
importantly, it consistently strengthens knowledge
retention: on LLaMA-3.1-8B, SDC-LoRA sur-
passes the best prior baseline (CorDA) by +2.14
on MMLU (63.37 vs. 61.23), +1.29 on TruthfulQA
(49.57 vs. 48.28), and +0.76 on HellaSwag (58.12
vs. 57.36); on Qwen2.5-7B, the gains are +1.78 on
MMLU (70.13 vs. 68.35), +2.16 on TruthfulQA
(47.37 vs. 45.21), and +1.44 on HellaSwag (57.90
vs. 56.46). These results indicate that SDC-LoRA’s
principal-subspace energy control effectively pre-
serves pretrained knowledge while maintaining or
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Figure 4: Evolution of Rt during fine-tuning under
different γ strategies.

slightly improving target-task performance under a
fixed parameter budget.

5.2 Code Generation

Table 2 reports results on the code generation
task. With the same number of trainable parame-
ters, SDC-LoRA achieves competitive HumanEval
scores on both backbones: 52.80 on LLaMA3.1-
8B (+1.09 over MiLoRA) and 70.98 on Qwen2.5-
7B (+0.86 over LoRA-One). SDC-LoRA also
consistently improves knowledge retention. On
LLaMA3.1-8B it surpasses the strongest baselines
by +1.52 MMLU (62.06 vs. 60.54, CorDA), +1.14
TruthfulQA (50.47 vs. 49.33, MiLoRA), and +2.77
HellaSwag (58.89 vs. 56.12, CorDA); on Qwen2.5-
7B it gains +2.69 MMLU (70.18 vs. 67.49, CorDA),
+1.96 TruthfulQA (46.51 vs. 44.55, LoRA-One),
and +1.02 HellaSwag (58.63 vs. 57.61, LoRA-
One). Together with the math results, these findings
show that across tasks and backbones, SDC-LoRA
alleviates knowledge forgetting while maintaining
or slightly improving downstream performance.

5.3 Ablation Study

Principal Subspace Energy-Controlled Learn-
ing & Spectral Calibration. Our experimen-
tal results show that applying Principal Subspace
Energy-Controlled Learning (PSECL) to suppress
updates along the principal subspace tends to im-
prove knowledge retention metrics such as MMLU
compared to the unsuppressed setting. From Ta-
ble 3 and Fig. 4, our Spectral Calibration (SC)
factor γsc exhibits clear advantages over two ex-
treme choices. On the one hand, setting γ = 0
can further boost knowledge retention scores, but
under the tight r = 2 configuration it noticeably
harms target-task performance (GSM8K is clearly
lower than with our spectrally calibrated factor),
indicating that completely shutting off the prin-
cipal subspace over-constraints the model’s abil-

Figure 5: Spectral Calibration Factors across layers and
parameter types.

ity to fit the new task. On the other hand, Ran-
dom γ sometimes achieves GSM8K comparable to
SDC-LoRA, but yields consistently worse MMLU
/ TruthfulQA / HellaSwag, and its Rt trajectory al-
most coincides with MiLoRA, still drifting rapidly
toward the principal subspace; this shows that ran-
domly chosen scaling cannot effectively control
drift. In contrast, SDC-LoRA combines PSECL
with the spectrally calibrated γsc to precisely regu-
late principal-subspace update strength, and under
both r = 16 and r = 2 it stably improves knowl-
edge retention while nearly preserving (or slightly
improving) GSM8K / HumanEval.

Heatmap of Spectral Calibration. From Fig. 5,
we observe that the γsc values exhibit clear struc-
tural variation across layers, parameter types, and
datasets, rather than collapsing to a near constant.
On both MetaMath and CodeFeedback, middle lay-
ers generally have larger γsc, while shallow and
deep layers tend to have smaller γsc, indicating that
gradients in the principal subspace are more “ag-
gressive” at the shallow and deep layers and there-
fore require stronger suppression. Larger γsc val-
ues are also concentrated in the Wdown,Wup,Wo,
whereas Wq,Wk,Wv usually have smaller γsc,
showing that the degree of control is not uniform
across parameter types. Moreover, the two tasks
display distinct patterns: for example, on Meta-
Math we see stronger suppression (smaller γsc)
in the upper 16 layers, while on CodeFeedback
the stronger suppression appears in the lower 16
layers, suggesting that γsc adapts to the task dis-
tribution. Overall, these observations indicate that
our spectrally calibrated γsc adjusts the strength of
principal-subspace updates in a layer, module, and
task-aware manner, rather than relying on a single
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Table 3: Ablation Study of our SDC-LoRA fine-tuning LLaMA-3.1-8B-Instruct on MetaMath.

Method PSECL SC GSM8K MMLU TruthfulQA HellaSwag

LoRA_r = 16

MiLoRA ✗ ✗ 78.95±0.7 59.07±2.0 47.12±2.2 57.03±0.4
SDC-LoRA (γsc = 0) ✓ ✗ 78.62±1.2 63.51±0.9 50.21±2.1 58.26±0.2
SDC-LoRA (Random γsc) ✓ ✗ 79.27±0.4 60.21±2.9 47.47±1.9 57.71±0.5
SDC-LoRA (Ours) ✓ ✓ 79.38±0.7 63.37±1.1 49.57±2.5 58.12±0.3

LoRA_r = 2

MiLoRA ✗ ✗ 78.86±1.1 61.16±1.5 48.33±2.4 58.17±0.3
SDC-LoRA (γsc = 0) ✓ ✗ 77.19±0.8 63.67±1.1 50.03±2.5 58.51±0.3
SDC-LoRA (Random γsc) ✓ ✗ 78.58±0.6 61.32±1.9 49.69±1.7 58.18±0.5
SDC-LoRA (Ours) ✓ ✓ 78.65±0.6 63.41±1.3 50.23±2.2 58.36±0.3

Figure 6: Training loss over steps on MetaMathQA.

global or random scaling factor, highlighting the
necessity and of our spectral calibration design.

5.4 In-Depth Analysis
Training Loss over Steps. From Fig. 6, all meth-
ods share almost identical training loss curves on
MetaMath: they drop from ∼0.19 to ∼0.14 within
a few hundred steps and then converge smoothly,
with no extra loss introduced by SD suppression.
In the zoomed view of the first 100 steps, SDC-
LoRA’s initial descent rate is very close to that of
MiLoRA, only slightly higher at the beginning but
already aligned around step = 200, indicating that
scaling in the principal subspace does not signifi-
cantly slow early optimization. In the zoomed view
of the last 2k steps, SDC-LoRA consistently attains
the lowest or near-lowest loss and exhibits smaller
fluctuations than MiLoRA and PiSSA, with slightly
better tail loss, showing that our method does not
harm and may even improve long-horizon optimiza-
tion quality. Overall, this comparison provides di-
rect evidence that our SDC-LoRA can suppress SD
and mitigate knowledge forgetting without sacrific-
ing convergence speed or target-task optimization.

Comparing with MiLoRA under Different
Learning Rate. Fig. 7(b) shows that MiLoRA
with different learning rates lies on a clear neg-
atively sloped regression line: smaller learning
rate yield higher average retention (MMLU, Truth-
fulQA, HellaSwag) but lower GSM8K, forming a
small learning rate frontier. SDC-LoRA, however,
sits in the upper-right of this band, attaining both

Figure 7: (a) Rt during MetaMath fine tuning com-
pared MiLoRA; (b) GSM8K vs. average retention with
a MiLoRA linear fit and 95% confidence band.

higher retention and higher GSM8K than MiLoRA
even at its smallest learning rate, which cannot be
explained by simply shrinking the step size. Consis-
tently, Fig. 7(a) shows that, SDC-LoRA markedly
suppresses the early rise of Rt without the perfor-
mance loss seen for MiLoRA, because it selectively
scales only the principal-subspace component of
the update rather than uniformly shrinking all di-
rections. Together, these results indicate that SDC-
LoRA breaks the small-learning-rate trade-off and
more effectively balances target-task performance
with retention of pretraining knowledge.

6 Conclusion

We identify and analyze Singular-subspace Drift
(SD), where stronger gradients in the principal sin-
gular subspace of W0 drive LoRA updates from
minor to principal dominant directions and erode
pretrained knowledge. To counter this, we pro-
pose SDC-LoRA, which performs Principal Sub-
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space Energy-Controlled Learning by decompos-
ing each update into principal and complementary
components and rescaling only the principal part
with a Spectral Calibration factor γsc that controls
their energy ratio. Across LLaMA and Qwen on
math reasoning and code generation, SDC-LoRA
consistently reduces forgetting on MMLU, Truth-
fulQA, and HellaSwag while matching or improv-
ing GSM8K and HumanEval, achieving a better
trade-off between target accuracy and pretraining-
knowledge retention.

Limitations

Despite the superior performance of SDC-LoRA,
there are still several limitations. First, SDC-LoRA
requires a one-step full-parameter gradient and an
SVD on the restricted principal/minor blocks of
each weight matrix to obtain γsc, which adds a mod-
erate one-off overhead compared to vanilla LoRA;
while this cost is small in our setups, it may be
non-trivial for even larger models or more complex
optimizer stacks. Second, our theoretical analysis
is based on a local linearization around W0 and
small-step assumptions, so the guarantees do not
formally cover very aggressive learning-rate sched-
ules or extremely long fine-tuning horizons. Fi-
nally, we have evaluated SDC-LoRA on two back-
bones (LLaMA and Qwen) and two task families
(math reasoning and code generation); its behavior
on other domains (e.g., multimodal instruction tun-
ing, RLHF or continual learning settings) remains
to be systematically explored. We leave addressing
these limitations to future work.
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A Gradient Projection Transform

A.1 Gradient Projection Transform for
Principal Subspace

Starting from the linearized LoRA updates

At+1 ≈ At − ηB⊤
t G, Bt+1 ≈ Bt − ηGA⊤

t ,
(7)
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where G := ∇WL(W )
∣∣
W=W0

is the one-step full-
parameter gradient.

We project the LoRA parameters onto the princi-
pal singular subspace of W0, spanned by the top-S
singular vectors Up and Vp:

Ãp,t := AtVp ∈ Rr×S , B̃p,t := U⊤
p Bt ∈ RS×r.

Update of Ãp,t. Right-multiplying the update for
At in Eq. (7) by Vp gives:

Ãp,t+1 := At+1Vp ≈ (At − ηB⊤
t G)Vp

= Ãp,t − ηB⊤
t GVp. (12)

To analyze the exact coupling, we decompose Bt

using the orthogonal projector Pp = UpU
⊤
p and its

orthogonal complement P⊥ = I − UpU
⊤
p :

Bt = Up(U
⊤
p Bt) + P⊥Bt = UpB̃p,t +Bt,⊥.

Substituting this into the gradient term:

B⊤
t GVp = (UpB̃p,t +Bt,⊥)

⊤GVp

= B̃⊤
p,t(U

⊤
p GVp) +B⊤

t,⊥GVp. (13)

We define the principal restricted gradient as
Hp := U⊤

p GVp ∈ RS×S . The second term,
B⊤

t,⊥GVp, represents the cross-coupling from the
minor/orthogonal subspace. We neglect this term
based on the Spectral Alignment Assumption: in
pre-trained models, the gradient G typically aligns
with the weight basis, meaning the off-diagonal
block P⊤

⊥GVp is structurally small compared to
the diagonal block Hp. Furthermore, due to Eigen-
value Dominance, the dynamics of the principal
block are governed by the large singular values
in Hp, rendering the linear contribution from the
cross-term negligible in determining the exponen-
tial growth rate. Hence, we obtain the decoupled
update:

Ãp,t+1 ≈ Ãp,t − η B̃⊤
p,tHp. (14)

Update of B̃p,t. Similarly, left-multiplying the
update for Bt in Eq. (7) by U⊤

p yields:

B̃p,t+1 := U⊤
p Bt+1 ≈ U⊤

p (Bt − ηGA⊤
t )

= B̃p,t − ηU⊤
p GA⊤

t . (15)

Using the decomposition At = Ãp,tV
⊤
p + At,⊥

with the projector VpV
⊤
p :

U⊤
p GA⊤

t = U⊤
p G(Ãp,tV

⊤
p +At,⊥)

⊤

= (U⊤
p GVp)Ã

⊤
p,t + U⊤

p GA⊤
t,⊥

= HpÃ
⊤
p,t + U⊤

p GA⊤
t,⊥. (16)

Again, we neglect the cross-term U⊤
p GA⊤

t,⊥ under
the same Spectral Alignment and Eigenvalue Dom-
inance assumptions. Therefore:

B̃p,t+1 ≈ B̃p,t − η HpÃ
⊤
p,t. (17)

Result. Combining the two relations above, the
parameter updates in the principal subspace of W0

are approximately decoupled as:

Ãp,t+1 ≈ Ãp,t − η B̃⊤
p,tHp,

B̃p,t+1 ≈ B̃p,t − η HpÃ
⊤
p,t,

(8)

which is exactly Equation (8) in the main text.

A.2 Derivation for the Minor Subspace
Dynamics

The derivation for the minor subspace follows a
symmetric logic to the principal subspace, focusing
on the projections onto the minor singular bases
Um and Vm of W0.

We define the projected LoRA parameters in the
minor subspace:

Ãm,t := AtVm ∈ Rr×S , B̃m,t := U⊤
mBt ∈ RS×r.

Update of Ãm,t. Right-multiplying the linearized
update for At (Eq. 7) by Vm:

Ãm,t+1 := At+1Vm ≈ (At − ηB⊤
t G)Vm

= Ãm,t − ηB⊤
t GVm. (18)

We decompose Bt using the orthogonal projector
UmU⊤

m onto the minor subspace and its orthogonal
complement P⊥m = I − UmU⊤

m:

Bt = Um(U⊤
mBt) +P⊥mBt = UmB̃m,t +Bt,⊥m .

The gradient term then becomes:

B⊤
t GVm = (UmB̃m,t +Bt,⊥m)

⊤GVm

= B̃⊤
m,t(U

⊤
mGVm) +B⊤

t,⊥m
GVm. (19)

We define the minor restricted gradient as Hm :=
U⊤
mGVm. The cross-term from the principal sub-

space, B⊤
t,⊥m

GVm, is critical and normally causes
interference in standard LoRA. However, in the
specific context of our SDC-LoRA method, this
term becomes negligible because: (1) we initial-
ize with zero principal energy (Bp,0 = 0), and (2)
our compensation factor γ actively suppresses the
growth of the principal component, preventing it
from gaining sufficient magnitude to significantly
perturb the minor subspace dynamics. Thus, we
obtain:

Ãm,t+1 ≈ Ãm,t − η B̃⊤
m,tHm. (20)

24127



Update of B̃m,t. Similarly, left-multiplying the
update for Bt (Eq. 7) by U⊤

m:

B̃m,t+1 := U⊤
mBt+1 ≈ U⊤

m(Bt − ηGA⊤
t )

= B̃m,t − ηU⊤
mGA⊤

t . (21)

Using the decomposition At = Ãm,tV
⊤
m +At,⊥m

via the projector VmV ⊤
m :

U⊤
mGA⊤

t = U⊤
mG(Ãm,tV

⊤
m +At,⊥m)

⊤

= (U⊤
mGVm)Ã⊤

m,t + U⊤
mGA⊤

t,⊥m

= HmÃ⊤
m,t + U⊤

mGA⊤
t,⊥m

. (22)

Neglecting the cross-term U⊤
mGA⊤

t,⊥m
under the

same weak-coupling assumption yields:

B̃m,t+1 ≈ B̃m,t − η HmÃ⊤
m,t. (23)

Result. Combining the relations above, the de-
coupled parameter updates in the minor subspace
are:

Ãm,t+1 ≈ Ãm,t − η B̃⊤
m,tHm,

B̃m,t+1 ≈ B̃m,t − η HmÃ⊤
m,t.

(24)

These dynamics mirror those of the principal sub-
space but are governed by the minor restricted gra-
dient Hm.

B Proof of Theorem 1

Sketch. We work under the linearized update
around W0 given by

At+1 ≈ At − η B⊤
t G, Bt+1 ≈ Bt − η GA⊤

t ,

with G = ∇WL(W )
∣∣
W=W0

and a small stepsize
η > 0. Projecting onto the principal and minor
subspaces of W0 we obtain

Ãp,t+1 ≈ Ãp,t − η B̃⊤
p,tHp,

B̃p,t+1 ≈ B̃p,t − η Hp Ã
⊤
p,t,

Ãm,t+1 ≈ Ãm,t − η B̃⊤
m,tHm,

B̃m,t+1 ≈ B̃m,t − η Hm Ã⊤
m,t,

(25)

where Hp = U⊤
p GVp ∈ RS×S and Hm =

U⊤
mGVm ∈ RS×S are the principal and minor re-

stricted gradients.
Take economy-size SVDs Hp = PpΣpQ

⊤
p ,

Hm = PmΣmQ⊤
m, with

Σp = diag(σp
1 , . . . , σ

p
S),

Σm = diag(σm
1 , . . . , σm

S ),
(26)

and σp
1 ≥ · · · ≥ σp

S ≥ 0, σm
1 ≥ · · · ≥ σm

S ≥ 0.
Rotate coordinates within each block:

Âp,t := Ãp,tQp, B̂p,t := P⊤
p B̃p,t,

Âm,t := Ãm,tQm, B̂m,t := P⊤
mB̃m,t.

(27)

In this basis, the S principal modes decouple: for
each i = 1, . . . , S,

âi,t+1 = âi,t − η σp
i b̂i,t,

b̂i,t+1 = b̂i,t − η σp
i âi,t,

(28)

and analogously on the minor block with σm
j .

Define the energy of mode i as the squared
Frobenius norm of its contribution rank-one matrix:

epi,t :=
∥∥b̂i,tâ⊤i,t

∥∥2
F
= ∥b̂i,t∥22 ∥âi,t∥22. (29)

We approximate the total principal projection
energy as the sum of per-mode energies:

Ep,t ≈
S∑

i=1

epi,t. (30)

Note: This approximation assumes that cross-
modal interference terms are negligible, which
holds due to the high-dimensional quasi-
orthogonality of the updated vectors.

A direct calculation on the 2-dimensional sys-
tem (âi,t, b̂i,t) 7→ (âi,t+1, b̂i,t+1) shows that the
maximal possible growth of epi,t in one step occurs

when âi,t and b̂i,t are aligned with the eigenvector

(1,−1) of the 2 × 2 matrix
( 1 −ησp

i

−ησp
i 1

)
. In this

“alignment” regime we obtain

epi,t+1 =
(
1 + η σp

i

)4
epi,t,

The same reasoning applies to the minor block,
yielding emi,t+1 =

(
1 + η σm

i

)4
emi,t,. Please refer to

Appendix C for the proof.

Assumption 1 (Asymptotic alignment regime).
Motivated by the analysis in Appendix C, which
shows that update dynamics drive the vectors (â, b̂)
towards the principal eigenvector of the update
matrix, we assume the system is in the asymptotic
alignment regime. Specifically, we assume the per-
mode energy growth is governed by the spectral
rate:

epi,t+1 ≈ (1 + ησp
i )

4epi,t,

emj,t+1 ≈ (1 + ησm
j )4emj,t for all i, j.

(31)
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Now consider SDC-LoRA with the conservative
coefficient

γsc =
σm
min

σp
max

,

where σp
max := max

i
σp
i , σm

min := min
j

σm
j .

(32)
Scaling only the principal block by γsc is equiva-
lent to replacing σp

i by γscσ
p
i in the principal-mode

dynamics. Thus the compensated growth factor of
mode i is

epi,t+1

epi,t
=
(
1 + η γscσ

p
i

)4

=
(
1 + η

σm
min

σp
max

σp
i

)4

≤
(
1 + η σm

min

)4
,

(33)

where we used σp
i ≤ σp

max and the monotonicity of
(1 + ηx)4 in x.

On the minor block, Assumption 1 gives

emj,t+1

emj,t
≈ (1 + ησm

j )4, (34)

and since σm
j ≥ σm

min and (1 + ηx)4 is increasing,

(1 + η σm
min)

4 ≤ (1 + η σm
j )4, ∀j. (35)

Denote the total principal and minor energies by
Ep,t ≈

∑
i e

p
i,t and Em,t ≈

∑
j e

m
j,t, and define the

per-block growth factors

αp(γ) :=
∑

i

wp
i,t (1 + ηγσp

i )
4,

αm :=
∑

j

wm
j,t (1 + ησm

j )4,
(36)

where wp
i,t := epi,t/Ep,t and wm

j,t := emj,t/Em,t are
energy weights. These are convex combinations of
the per-mode factors.

From the bound above we have, for every princi-
pal mode,

(1 + η γscσ
p
i )

4 ≤ (1 + η σm
min)

4,

hence

αp(γsc) =
∑

i

wp
i,t(1+η γscσ

p
i )

4 ≤ (1+η σm
min)

4.

(37)
On the minor block, using the inequality above for
each j,

(1+η σm
min)

4 ≤
∑

j

wm
j,t(1+η σm

j )4 = αm. (38)

Therefore

αp(γsc) ≤ αm.

Under the linearized dynamics, the block
energies evolve approximately as Ep,t+1 ≈
αp(γsc)Ep,t and Em,t+1 ≈ αmEm,t, so the energy
ratio ρt := Ep,t/Em,t satisfies

ρt+1 ≈
αp(γsc)

αm
ρt ≤ ρt.

Since the contrast Rt = (Ep,t − Em,t)/(Ep,t +
Em,t) is a strictly increasing function of ρt
on (0,∞), a non-increasing ρt implies a non-
increasing Rt in this linearized regime. In partic-
ular, applying γsc prevents growth of the contrast
and thus suppresses singular-subspace drift at the
one-step level.

C Justification of the per-mode energy
growth via a 2-D linear system

We look at one principal mode and drop the
superscript/suffix for clarity. The linearized 2-
dimensional system for this mode is

at+1 = at − ησ bt, bt+1 = bt − ησ at, (39)

which can be written as

(
at+1

bt+1

)
= M

(
at
bt

)
, M :=

(
1 −ησ

−ησ 1

)
.

For this mode we define the energy

et := (atbt)
2. (40)

Exact growth in the “aligned” case. Suppose
(at, bt) is aligned with the eigenvector (1,−1) of
M , i.e. bt = −at. Then

at+1 = at − ησ(−at) = (1 + ησ)at,

bt+1 = −at − ησat = −(1 + ησ)at.
(41)

Hence

et+1 = (at+1bt+1)
2 =

(
(1 + ησ)2atbt

)2

= (1 + ησ)4et.
(42)

This gives the claimed growth factor in the “align-
ment” regime.
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Growth dynamics for general (at, bt). For gen-
eral initial states (at, bt), we observe that the up-
date matrix M has eigenvalues λ1 = 1 + ησ
and λ2 = 1 − ησ corresponding to eigenvectors
v1 = (1,−1) and v2 = (1, 1). Since λ1 > λ2

(assuming ησ > 0), the component along v1 is
amplified by a factor of 1 + ησ at each step, while
the component along v2 grows more slowly (or
shrinks).

Consequently, for any initialization not orthogo-
nal to v1, the vector (at, bt) rapidly aligns with the
principal eigenvector direction bt ≈ −at (which
corresponds to s → −1). While the transient rela-
tive energy growth et+1/et can be arbitrarily large
when et is near zero (e.g., at initialization), the
asymptotic per-step energy growth converges to the
spectral rate calculated above:

lim
t→∞

et+1

et
= (1 + ησ)4.

Thus, (1+ησ)4 represents the characteristic growth
rate of the principal mode under typical training
dynamics.

D Proof of convergence

Convergence of principal-subspace scaling.
Let f(W ) = L(W ) be L-smooth and lower
bounded. Let Pp and Pm be the orthogonal pro-
jectors onto the principal and minor singular sub-
spaces of W0 (so Pp+Pm = I , PpPm = 0). Define
the anisotropic preconditioner

Mγ := Pm + γ Pp, γ ∈ (0, 1].

Under the small-step linearization around W0 (Sec-
tion 3.1), one SDC-LoRA step is locally equivalent
to the preconditioned gradient step

Wt+1 = Wt − ηMγ ∇f(Wt).

Lemma 1 (Monotone descent under
L-smoothness). If f is L-smooth and η ∈ (0, 1/L],
then for any γ ∈ (0, 1],

f(Wt+1) ≤ f(Wt)

− η
(
1− Lη

2

)
∇f(Wt)

⊤Mγ∇f(Wt).

(43)
In particular, since Mγ ⪰ γI and ∥Mγg∥ ≤ ∥g∥,

f(Wt+1) ≤ f(Wt) − η
(
1− Lη

2

)
γ ∥∇f(Wt)∥2.

Proof sketch. By L-smoothness (Descent Lemma),

f(Wt+1) ≤ f(Wt)− η⟨∇f(Wt),Mγ∇f(Wt)⟩
+ Lη2

2 ∥Mγ∇f(Wt)∥2.
(44)

Since the eigenvalues of Mγ are in {γ, 1} ⊆
(0, 1], we have M2

γ ⪯ Mγ , which implies
∥Mγg∥2 ≤ g⊤Mγg. Substituting this into the in-
equality yields:

f(Wt+1) ≤ f(Wt)

− η
(
1− Lη

2

)
∇f(Wt)

⊤Mγ∇f(Wt).

(45)
Finally, use Mγ ⪰ γI to obtain the stated bound in
terms of ∥∇f∥2.

Lemma 1 shows that SDC-LoRA remains a descent
method whenever vanilla gradient descent would
descend (same stepsize regime), and the decrease
per step is lower bounded by a factor proportional
to γ. Hence the method does not break conver-
gence; it at most scales the per-step decrease by a
constant factor.

Theorem 2 (Convergence to stationary points). Let
f be L-smooth and lower bounded, and choose
η ∈ (0, 1/L]. Then the sequence {Wt} generated
by Wt+1 = Wt − ηMγ∇f(Wt) satisfies

T−1∑

t=0

∥∇f(Wt)∥2 ≤ f(W0)− f⋆

ηγ (1− Lη
2 )

,

so min0≤t<T ∥∇f(Wt)∥2 → 0 as T → ∞. More-
over, Mγ is invertible with eigenvalues in {γ, 1},
so Mγ∇f(W ) = 0 ⇐⇒ ∇f(W ) = 0: the
stationary points are unchanged by the scaling.

Thus, in the general nonconvex setting, SDC-LoRA
converges to the same set of stationary points as
vanilla gradient descent, with the usual sublinear
rate up to the constant factor γ.

Corollary 1 (Linear rate under PL/strong convex-
ity). Suppose f satisfies the Polyak–Łojasiewicz
(PL) inequality with constant µ > 0 in the region
visited, i.e., 1

2∥∇f(W )∥2 ≥ µ (f(W ) − f⋆). If
η ∈ (0, 1/L], then

f(Wt+1)− f⋆ ≤
(
1− η µ γ

) (
f(Wt)− f⋆

)
,

so SDC-LoRA enjoys linear convergence with rate
factor 1− ηµγ.
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Figure 8: Effect of the principal subspace suppression
dimension S in SDC-LoRA: (a) evolution of Rt during
fine-tuning on MetaMath; (b) MMLU, TruthfulQA, and
HellaSwag accuracy over different S.

Error to vanilla GD and acceptability. Let gt =
∇f(Wt). The SDC-LoRA step uses g̃t := Mγgt =
gt − (1 − γ)Ppgt. Hence the update distortion
relative to vanilla GD is

∥g̃t − gt∥ = (1− γ) ∥Ppgt∥ ≤ (1− γ) ∥gt∥,

i.e., a bounded, directional shrinkage only along
the principal subspace. Because Mγ ⪰ γI , descent
is preserved and the convergence rate degrades by
at most a constant factor γ. Intuitively, SDC-LoRA
behaves like a benign preconditioner: it attenu-
ates steps along high-curvature, knowledge-bearing
principal directions while leaving the minor direc-
tions unchanged, which stabilizes training without
eliminating useful learning signals.

Link to drift control. The results above show
that such a choice does not compromise conver-
gence: it preserves descent (Lemma 1), converges
to the same stationary points (Theorem 2), and re-
tains linear rates under PL (Corollary 1), with only
a constant-factor slowdown governed by γ. In prac-
tice, since SDC-LoRA keeps full step size in the
minor subspace and only scales the principal com-
ponent, the slowdown is limited while forgetting
risk is substantially reduced.

E Additional Experiments

E.1 Principal Subspace Suppression
Dimension.

We ablate the principal subspace suppression
size S in SDC-LoRA by sweeping S ∈

Table 4: Training time and GPU memory usage on
MetaMathQA for standard LoRA and our SDC-LoRA

LoRA SDC-LoRA

Training time 4h 37min 4h 45min
Init. Memory Usage 15.08 GB 16.93 GB
Fine-tuning Memory Usage 23.27 GB 23.17 GB

{16, 32, 64, 128, 256}. For each S, we precompute
from W0 the top-S left/right singular vectors and,
during fine-tuning, attenuate only the gradient com-
ponents projected onto this S-dimensional princi-
pal subspace, keeping all other settings (learning
rate, batch size, steps, LoRA rank, and trainable pa-
rameter count) identical. We track the contrastive
energy ratio Rt at every step, averaging across
layers and seeds, with a fixed evaluation window
R for the top-R versus bottom-R singular direc-
tions independent of S, and evaluate knowledge
retention on MMLU, TruthfulQA, and HellaSwag
(Fig. 8). As S increases, the Rt trajectory shifts
upward and becomes smoother, and retention con-
sistently improves, with S = 128 and S = 256
yielding the most stable anti-forgetting behavior.
In contrast, S = 16 underperforms S = 256,
indicating that too small an S leaves principal
modes under-regulated. In practice, we recommend
S ∈ {128, 256} by default, and S = 64 as a more
memory-efficient alternative.

E.2 Memory Footprint and Training Time
From Table 4, SDC-LoRA introduces only a
marginal training overhead compared with stan-
dard LoRA: the total training time increases from
4h37min to 4h45min (about 3% slower). The ini-
tial memory usage of SDC-LoRA is slightly higher
(16.93GB vs. 15.08GB), reflecting the extra book-
keeping for computing one-step gradient G, but
the peak memory during fine-tuning is essentially
unchanged (23.17GB vs. 23.27GB). Overall, SDC-
LoRA provides its forgetting mitigation with negli-
gible additional compute and memory cost.

F Hyperparameters

We have detailed the hyperparameters required for
fine-tuning LLaMA3-8B and Qwen2.5-7B using
SDC-LoRA on the math reasoning tasks in Table
5.

We have detailed the hyperparameters required
for fine-tuning LLaMA3-8B and Qwen2.5-7B us-
ing SDC-LoRA on the code generation tasks in
Table 6.
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Table 5: Hyperparameters for the SDC-LoRA run on
MetaMath with LLaMA-3.1-8B-Instruct and Qwen-2.5-
7B-Chat.

Hyperparameter Value

Epochs 1
Max sequence length 256
Global batch size 16
Learning rate 1× 10−4

Optimizer AdamW

Rank r 16
Target modules Q, K, V, O, Up, Down
LoRA α 32
LoRA dropout 0.05
RS-LoRA True
Principle surpressing dimension 256

Table 6: Hyperparameters for the SDC-LoRA run
on Code-Feedback with LLaMA-3.1-8B-Instruct and
Qwen-2.5-7B-Chat.

Hyperparameter Value

Epochs 1
Max sequence length 512
Global batch size 16
Learning rate 5× 10−4

Optimizer AdamW

Rank r 16
Target modules Q, K, V, O, Up, Down
LoRA α 32
LoRA dropout 0.05
RS-LoRA True
Principle surpressing dimension 256

G Usage of LLMs

In this paper, LLMs were used for coding assis-
tance and writing support. Specifically, they were
employed to optimize our runing code. For writing
support, they were primarily utilized for proofread-
ing the text and formatting LaTeX code.
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