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Abstract

Large language models increasingly expose
reasoning traces, yet their underlying cogni-
tive structure and steps remain difficult to iden-
tify and analyze beyond surface-level statis-
tics. We adopt Schoenfeld’s Episode Theory as
an inductive, intermediate-scale lens and intro-
duce ThinkARM (Anatomy of Reasoning in
Models), a scalable framework that explicitly
abstracts reasoning traces into functional
reasoning steps such as Analysis, Explore, Im-
plement, Verify, etc. When applied to math-
ematical problem solving by diverse models,
this abstraction reveals reproducible thinking
dynamics and structural differences between
reasoning and non-reasoning models, which
are not apparent from token-level views. We
further present two diagnostic case studies
showing that exploration functions as a criti-
cal branching step associated with correctness,
and that efficiency-oriented methods selectively
suppress evaluative feedback steps rather than
uniformly shortening responses. Together, our
results demonstrate that episode-level represen-
tations make reasoning steps explicit, enabling
systematic analysis of how reasoning is struc-
tured, stabilized, and altered in modern lan-
guage models.

1 Introduction

Large language models (LLMs) have demonstrated
remarkable performance on complex reasoning
tasks (OpenAl, 2024c; Marjanovié et al., 2025;
Comanici et al., 2025; Qwen Team, 2025a), partic-
ularly when generating explicit chains of thought
(CoT) (Wei et al., 2023). Consequently, evaluation
of reasoning models has predominantly focused on
outcome-oriented metrics such as accuracy, solu-
tion length, or aggregate token counts (Lightman
et al., 2023; Jiang et al., 2025a). While these mea-
sures are effective for comparing final performance,
they provide limited insight into how these models
organize their reasoning traces and how different
reasoning behaviors emerge across models.

It is still unclear which parts of a generated chain-
of-thought correspond to problem understanding,
exploration, execution, or verification, making it
difficult to interpret model behavior beyond sur-
face statistics. This opacity is particularly salient
when studying “overthinking” (Chen et al., 2025b;
Fan et al., 2025; Kumar et al., 2025), where longer
or more elaborate reasoning does not necessarily
translate into improved correctness (Feng et al.,
2025b), yet the underlying thinking dynamics and
structure are hard to characterize systematically.
Various reasoning behaviors that are often dis-
cussed conceptually, e.g., abstract planning versus
concrete execution, open-ended exploration versus
evaluative checking, lack rigorous formulation and
quantitative comparison across models.

To better interpret such reasoning traces, a nat-
ural question is whether they contain meaning-
ful structure at an intermediate level of abstrac-
tion beyond individual tokens. Motivated by prior
work (Li et al., 2025¢) that introduced Schoenfeld’s
Episode Theory (Schoenfeld, 1985) as a framework
for characterizing problem-solving behaviors, we
adopt episode-level representations as an inductive
lens for analyzing LLM reasoning traces. Episode
Theory conceptualizes problem solving in terms
of functional episodes, thereby providing an in-
terpretable intermediate-scale representation that
bridges low-level token statistics and high-level
reasoning intents. A condensed example is shown
in Figure 1.

While earlier work (Li et al., 2025¢) first lever-
aged this theory to reasoning models, their scope
is limited to one model and one dataset. Thus, it
remains unclear whether such an episode-level ab-
straction can reveal systematic, reproducible struc-
ture in LLM reasoning at scale. In this work, we
build upon this foundation and extend episode-level
annotation to a broader, comparative setting, us-
ing it to examine what principal patterns emerge
when diverse reasoning traces are viewed through
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kay, so I have this problem here: I need to find the sum of f(k) from k = 2 to infinity, where f(k) is defined as

Question: the sum from j = 2 to 2008 of 1/ (). So £(k) is like 1/2¥ +1/3% + - - - +1/2008F, right? And then I have to
Let f r)= nggg Ry + sum that from k = 2 all the way to infinity."ddmm, okay, let me think about how to approach this.
= ir T
1 1 J 2 irst, let me write down what exactly the problem is asking. fhe sum they want is: ;- , [):’22028 /.%]e.so, that’s
r T + 20087 " a double sum.“The inner sum is ovgr j from 2 to 2008, and the outer sum is over k from 2 to i nity.Q’[aybe I
can switch the order of summation?Because sometimes switching the order makes things easier.“Let me check if
that’s possible here.
. ()
Find Zk:z Q) 1f I switch the order, the sum becomes: 27238 [):20:2 ;1[] Right?Qecause for each j, we’re summing over all k
Categories: from 2 to infinity. So instead of summing over k first and then j, I sum over j first and then k.@nat seems valid
ecause all terms are positive, so by Tonelli’s theorem, we can interchange the order of summation. Okay, good.
1. Read 5. Explore 0 now the problem reduces to computing, for each j from 2 to 2008, the sum from k = 2 to infinity of 1/ (j*).
: en sum all those up.
2. Analyze 6. Verify él 547 More Tokens Here]
o the telescoping works here @lence, the method is correct.
3.Plan 7. Answer Therefore, confident that the answer is 2007/2008.
. 2007
4. Implement 8. Monitor **Final Answer** | ooon

Figure 1: A condensed example of a reasoning trace that is annotated in our framework. Each sentence in response

is tagged with one of the eight episode categories.

a theory-grounded abstraction. Our study is orga-
nized around three research questions. RQ1: Do
reasoning traces exhibit consistent linguistic and
dynamic structure when viewed through episode-
level representations? RQ2: How do reasoning
dynamics differ across models and reasoning styles,
as indicated by episode sequencing and transition
patterns? RQ3: Can we utilize this framework to
analyze the correlation of thinking patterns to final
correctness, and the structural differences between
overthinking and efficient models?

To address these questions, we apply
ThinkARM (Anatomy of Reasoning in Models),
an episode-level annotation framework grounded
in Schoenfeld’s Episode Theory (Harskamp
and Suhre, 2007), to a large-scale analysis of
mathematical reasoning traces from a diverse set of
LLMs. Concretely, we curate a corpus of 410, 991
sentences generated by 15 models solving 100
problems from a subset of Omni-MATH (Gao
et al.,, 2024). To support reliable automated
analysis, we construct a human-verified gold
set of 7,067 sentences and evaluate multiple
state-of-the-art LLMSs as automatic annotators, and
finally select GPT-5 (OpenAl, 2025b) for full-scale
episode labeling due to its strongest agreement
with human annotations. This pipeline enables
consistent, sentence-level episode annotation at
scale and sets up a controlled setting for comparing
reasoning dynamics across models and methods.

Contributions. We extend a cognitive science-
inspired episode annotation framework to an auto-
matic, scalable, sentence-level representation that
supports large-scale analysis of reasoning traces
and conduct a systematic study of reasoning dy-
namics across a diverse set of LLMs. Moreover,
we demonstrate the practical utility of episode-level

2. Comparing

representations through downstream case studies
on correctness and efficiency, illustrating how rea-
soning dynamics can be analyzed beyond outcome-
based metrics.

Key Findings.

1. When reasoning traces are analyzed at the
episode level, a functional progression from
abstract reasoning to concrete execution,
and finally to evaluative control, consistently
emerges. Episodes associated with analysis and
exploration use more abstract, conceptual lan-
guage and decrease steadily as reasoning pro-
gresses, while execution-oriented episodes dom-
inate the middle of the trace through sustained
concrete operations. In contrast, verification-
related episodes are characterized by evaluative
and meta-level language and increase toward
the end of the reasoning process.

reasoning and non-reasoning
models, the difference is not merely how many
tokens they generate, but how reasoning is
structured. Non-reasoning models allocate
most of their response trace to execution,
with episode transitions largely following a
feed-forward pattern toward implementation.
In contrast, reasoning models distribute effort
across analysis, exploration, execution, and
verification, and exhibit frequent iterative
Explore-Monitor/Verify loops.

3. Through our correctness-oriented case study, we

find that exploration reflects uncertainty and
serves as a critical branching point. correct
solutions more often route exploration into
monitoring or re-analysis, whereas incorrect
solutions tend to continue execution or terminate
prematurely after exploration.
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4. Through our efficiency-oriented case study, we
find that different efficient reasoning meth-
ods selectively suppress evaluation-oriented
episodes and feedback loops, leading to varying
degrees of divergence from the reasoning pat-
terns of the base model. Episode-level analysis
thus reveals which episodes can be removed to
gain efficiency, beyond token-level pruning.

Together, these findings make explicit a range of
intermediate-scale reasoning behaviors that are of-
ten discussed intuitively but rarely characterized
structurally.

2 The ThinkARM Framework

In this section, we formalize our analytical method-
ology. We first ground our approach in cognitive
science theory in mathematical problem solving
and then detail the implementation of Think ARM,
a scalable, automated pipeline to quantify the rea-
soning dynamics of LLMs with high precision.

2.1 Schoenfeld’s Episode Theory

To scientifically dissect the reasoning traces of
LLMs, we ground our framework in Schoenfeld’s
Episode Theory (Schoenfeld, 1985), a seminal
framework in cognitive science originally devel-
oped to decode the black box of human mathe-
matical problem-solving. Schoenfeld’s theory is
descriptive, derived from the rigorous analysis of
hundreds of hours of videotaped “think-aloud” pro-
tocols. By observing students and mathematicians
tackling mathematical problems, they identified
that the performance is not distinguished by supe-
rior domain knowledge alone, but by the dynamic
regulation of that knowledge. The theory frames
problem-solving as a temporally ordered sequence
of “episodes” that reveal the solver’s evolving goal
structure and metacognitive decisions'.
Schoenfeld’s framework ultimately consists of 7
episodes: the original 6 episodes, including Read,
Analyze, Plan, Implement, Explore, and Verify, plus
a later-added Monitor episode that specifically cap-
tures the solver’s metacognitive behaviors. Episode
theory has since become a foundational analytic
lens in mathematics-education research and in stud-
ies of human reasoning, offering a fine-grained
vocabulary for tracing cognitive control and strat-
egy shifts (Harskamp and Suhre, 2007). Li et al.

"More discussion on mathematical problem solving in
cognitive science can be found in Appendix A

Reasoning  Non-Reasoning Overall
Model Acc  Kappa Acc  Kappa  Acc Kappa
GPT-4.1 8575 8239 8934 8536 86.10 82.74
GPT-5 86.02 82.54 89.34 8535 86.33 82.85
Gemini-2.5-Flash  82.45 7821 87.16 8235 8290 78.67
Gemini-2.5-Pro 80.53 75.60 8443 78.62 80.89 7596

Table 1: Performance of candidate annotators on the
human-annotated gold set. GPT-5 shows the highest
agreement with human annotations overall and is used
for further large-scale annotation.

(2025c) first applied this theory to annotate reason-
ing traces of LLMs with thinking behaviors. How-
ever, their work is limited to single-task scenarios
and single-model case studies and does not provide
a systematic analysis of the reasoning dynamics of
diverse LLMs.

2.2 A Refined Taxonomy

While Schoenfeld’s original taxonomy captures key
functional stages of human problem solving, it does
not include an explicit state for structural conver-
gence. In the context of LLM reasoning, where
models are trained to produce a final answer in a
prescribed format, this distinction becomes prac-
tically important. We therefore extend the taxon-
omy by introducing an Answer episode, resulting
in Eight episodes, which allows us to explicitly
identify when the model commits to producing a
final solution and to analyze convergence behav-
ior separately from verification or monitoring, as
shown in Figure 1.

Prior work (Li et al., 2025¢) explored episode-
based annotation using hierarchical schemes that
combine paragraph-level and sentence-level labels.
In this study, we adopt sentence-level annotation
only, as it provides a uniform granularity that facil-
itates large-scale aggregation, transition analysis,
and comparison across models. This design choice
reflects a trade-off toward scalability and analytical
simplicity, rather than a claim about the relative
merits of different annotation granularities.

2.3 Data Collection and Gold Annotation

To construct a diverse and representative dataset
for our analysis, we sample problems from Omni-
MATH using its domain annotations. Specifically,
we stratify the full benchmark by domain and select
problems from each group proportionally, aiming
to preserve domain coverage while maintaining
diversity in problem types and difficulty. This pro-
cedure yields a subset of 100 problems spanning a
broad range of mathematical topics.
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Figure 2: Word clouds visualizing the most frequent semantic tokens for each cognitive episode. The distinct
lexical distributions highlight the semantically separable cognitive patterns captured by ThinkARM.

We then collect reasoning traces utilizing 15
widely used LLMs? to solve each problem, result-
ing in 1, 500 responses and a total of 410, 991 sen-
tences. The collected traces include both thinking
and answering tokens for native reasoning models
and their distilled variants, and only answering to-
kens for standard instruction-following baselines
and proprietary reasoning models without accessi-
ble thinking tokens. This diverse model coverage
enables comparative analysis across model families
and reasoning paradigms.

To support the reliable evaluation of automated
episode annotation, we construct a human-verified
gold set. From the 100 sampled problems, we se-
lect 9 representative problems following the same
domain-based grouping strategy and manually an-
notate? all resulting reasoning traces using the re-
fined episode taxonomy and guidebook. This pro-
cess produces 7,067 annotated sentences, which
we use as the gold standard for testing the effective-
ness of the automatic annotators and selecting the
annotation model used in our large-scale analysis.

2.4 The ThinkARM Framework

In ThinkARM, we utilize LLMs for automatic an-
notation. During the automatic annotation pro-
cess, we provide the detailed annotation guidebook,
which consists of the definition and examples of
each episode, along with the previous contexts and
annotated categories. Furthermore, when anno-
tating each sentence, we not only ask models to
generate the annotated category, but also generate
the justifications for each annotation to ensure the
reliability of the annotation®.

For the annotation model selection, we evaluate
the performance of several state-of-the-art models,

The complete list of models is in Appendix B

3The detailed annotation guidebook is in Appendix G

*The detailed ThinkARM Framework is in Appendix F
and the annotation prompt is in Appendix H

including GPT-4.1 (OpenAl, 2025a), GPT-5 (Ope-
nAl, 2025b), Gemini-2.5-Flash (Comanici et al.,
2025), and Gemini-2.5-Pro, on the gold standard
annotated traces. The performance of the annota-
tion models is shown in Table 1, containing the
accuracy and kappa scores on the traces from rea-
soning and non-reasoning models. Based on the
performance, we select GPT-5 for the full-scale an-
notation and utilize its results for further analysis.

3 Episode Patterns of Reasoning Models

With ThinkARM, we now move beyond surface-
level performance metrics to empirically analyze
the cognitive dynamics of current LLMs.

3.1 Episode Divergence

Our analysis asks whether different functional
modes of reasoning, often discussed intuitively,
manifest as separable patterns in language. Fig-
ure 2 visualizes the most frequent tokens associ-
ated with each episode and shows that episodes
occupy distinct lexical regions, suggesting that
ThinkARM captures meaningful behavioral dif-
ferences rather than superficial variation.

Analyze vs. Implement: A clear separation
emerges between abstract reasoning and concrete
execution. Language associated with Analyze em-
phasizes conceptual and structural elements of the
problem (e.g., “coprime”, “boundary”), reflecting
the construction and manipulation of an abstract
problem representation. In contrast, Implement
is dominated by procedural and symbol-level lan-
guage (e.g., variable names and concrete values),
indicating step-by-step execution of a chosen ap-
proach. Thus, Think ARM captures a genuine shift
from conceptual thinking to solid implementation
in reasoning behavior.

Verify vs. Monitor: Two qualitatively different
forms of reflection also emerge. Verify is character-

32776



25 50 75 100
Response Progress (%)

1] 25 50 75 100 o
Response Progress (%)

- Mean +*SD DeepSeek-R1 Phi-4-Reasoning

> Read Analyze Plan Implement

9] 0.08

c &

3

T 0.3

9 0.04

S

'S

T 0.2

X8 0.03

g 0.1

5 0.02

2 0.0+ T T T T T T y T —  0.02- T T T T T T y T T
o 25 50 75 100 o 25 50 75 100 o 25 50 75 100 (1] 25 50 75 100
Response Progress (%) Response Progress (%) Response Progress (%) Response Progress (%)

> Explore Verify Answer Monitor

e 0.12

9 0.06

T \ 0.06 | 0.3 1 0.10

9 0.05 \ —

: ~ _ 0.2

e 0.04 i \ 0.04

T 0.03 0.1

E 0.02 _

6 0.02 0.0 | i

2

25 50 75 100
Response Progress (%)

1] 25 50 75 100 1]
Response Progress (%)

Qwen-3-32B QwQ-32B R1-Distill-Qwen-32B

Figure 3: Thinking dynamics of cognitive episodes reveal a three-phase ‘heartbeat” pattern of reasoning
models: (1) Initialization, dominated by Read, Analyze, and Plan; (2) Execution, where Implement peaks; and (3)
Convergence, characterized by a surge in Verify and Monitor before the final Answer.

ized by decisive evaluative language (e.g., “wrong”,
“helpful”), indicating explicit checking of logical
correctness or validity. Monitor, by contrast, is as-
sociated with meta-level expressions of uncertainty
or progress tracking (e.g., “confusing”, “messy”),
reflecting awareness of the state of the reasoning
process rather than evaluation of a specific step.
These two behaviors that are separated lexically
support treating verification and monitoring as dis-
tinct reasoning modes, which are important in later
temporal and structural analyses.

Plan vs. Explore: Forward-looking reasoning
also exhibits two separable modes. Plan is domi-
nated by directive verbs and goal-oriented language
(e.g., “calculate”, “formalize”), signaling commit-
ment to a concrete strategy. In contrast, Explore is
marked by tentative and hypothesis-driven expres-
sions (e.g., “suspect”, “maybe”), reflecting open-
ended search over possible solution paths. This
separation highlights exploration as a distinct be-
havioral mode characterized by uncertainty, rather
than merely an early stage of execution.

3.2 Temporal Dynamics

By normalizing each reasoning trace to a 0-100%
progress scale’, we analyze how episode frequen-
cies evolve over the generation (Figure 3). A
consistent coarse-grained temporal organization
emerges, captured by Think ARM, across reasoning
models. We refer to this pattern as the cognitive

3Details in Appendix B

heartbeat of machine reasoning.

Early-stage scaffolding: Episodes associated
with initial scaffolding (Read, Analyze, Plan, Ex-
plore) exhibit distinct decay patterns. Read drops
sharply after the beginning, while Analyze and Plan
decay more gradually, indicating that structural rea-
soning persists beyond the first few steps rather
than being confined to a fixed planning prefix. Ex-
plore is typically front-loaded as well, consistent
with early hypothesis search that narrows as execu-
tion proceeds.

Mid-stage execution: Implement exhibits a char-
acteristic bell shape trajectory, peaking in the mid-
dle of the trace. This pattern suggests that concrete
execution occupies the longest continuous region of
the reasoning process, providing the backbone onto
which other behaviors (e.g., exploration and veri-
fication) attach. The model shifts from high-level
strategizing to mechanical execution (symbolic ma-
nipulation and calculation) as the core engine of
the response.

Late-stage convergence:  Verify increases
steadily over progress, and Monitor follows a U-
shaped profile with elevated mass near the begin-
ning and end. Together, these trends indicate that
evaluative and process-regulatory behaviors be-
come more prominent as generation approaches
completion, rather than appearing only as a final
end check. Finally, Answer remains near-zero for
most of the trace and rises sharply near the end,
reflecting that answer commitment is concentrated
in the terminal stage.
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Model ‘ Percentage (%) ‘ Token Count (#) ‘ Avg

‘ Read Ana Plan Imp Exp Ver Ans Mon ‘ Read Ana Plan Imp Exp Ver Ans Mon ‘ Tok
DeepSeek-R1 3.47 5.67 921 10.16 286 1.54 524 142 | 9250
R1-Distill-Qwen-1.5B | 4.18 126.93  4.20 1323 1143 380 1.84 416 182 | 9897
R1-Distill-Qwen-7B 3.80 [25.82 4.44 1224 1197 340 1.86 392 165 | 8831
R1-Distill-Qwen-32B | 3.12 12523 4.75 1094 10.67 6.85 1.95 456 187 | 9598
QwQ-32B 3.03 2453 6.28 1398 11.05 332 2.09 785 261 | 12504
Phi-4-Reasoning 4.16 2783 6.42 1156 891 275 087 639 86 | 9957
Qwen-3-32B (R) 2.88 2558 7.79 1156 10.54 3.04 1.76 227 | 12931
GPT-40 849 22,66 12.96 258 484 694 0.77 59 156 89 281 18 33 48 5 690
Gemini-2.0-Flash 5.63 1 19.24 4.33 097 445 414 0.08 63 215 48 | 682 11 50 46 1 1115
Qwen-2.5-32B 585 2278 13.58 088 339 725 065 41 160 95 320 6 24 51 5 700
Phi-4 4.87 1566 6.66 021 427 389 031 64 206 88 3 56 51 4 1316
Qwen-3-32B 6.87 13.03 6.82 097 342 282 030 182 345 181 26 91 75 8 2649
Gemini-2.5-Flash 264 [2804° 6.47 042 [ 675 305 035 | 60 6420 148 W97 10 155 70 8 | 2290
GPT-ol-mini 942 2297 8.64 071 426 1132 0.67 53 129 49 237 4 24 64 4 563
GPT-03-mini 6.17 - 8.04 097 466 990 304 63 328 83 363 10 48 102 31 1027

Table 2: Episode-level allocation across model families. Standard instruction-following models are strongly
Implement-heavy, whereas reasoning models exhibit a more balanced allocation with substantial mass on
Analyze, Explore, and Verify. Distilled models largely preserve the teacher’s allocation profile across scales.

3.3 Episode Coverage

Table 2 reports the episode-level allocation of
generated tokens. We group models into: (i)
open-source reasoning models where full reason-
ing traces are available, (ii) standard instruction-
following models evaluated on their direct re-
sponses, and (iii) proprietary reasoning models
where only the final responses are observable.

From Doing to Thinking: A clear allocation
gap emerges between reasoning and non-reasoning
models. Standard instruction-following models al-
locate the majority of tokens to Implement, with
minimal mass assigned to Explore, Verify, or Moni-
tor. In contrast, reasoning models exhibit a more
balanced profile, allocating substantially more bud-
get to Analyze and Explore, and maintaining non-
trivial allocation to Verify. This suggests that
the distinguishing factor is not merely response
length, but how the generation budget is dis-
tributed across reasoning behaviors.

The Nature of Non-reasoning Responses: For
proprietary reasoning models where only the fi-
nal formulated answers are accessible, the episode
allocation from the observable outputs is much
closer to the non-reasoning group than to open-
trace reasoning models. In other words, the exter-
nally visible responses exhibit limited allocation to
exploration- and verification-associated episodes.

Distillation Preserves Structure: Within the dis-
tilled series, we observe that episode allocation
profiles remain similar across model sizes. R1-
Distill-Qwen-1.5B exhibits an episode distribution
close to its teacher DeepSeek-R1 despite large dif-
ferences in parameter count. This indicates that
distillation can transfer not only answers but also

R vs. Reasoning (Answer) ‘ R vs. Non-Reasoning Models

Idx Score Pattern ‘ Idx Score Pattern
1 02862 Exp-Mon 1 02510 Exp-Mon
2 0.2815 Ver-Exp 2 0.2405 Mon-Exp
3 02771 Mon-Exp 3 0.2073 Exp-Ana-Imp
4 0.2754 Exp-Plan 4 02033 Ana-Exp-Ana
5 0.2605 Exp-Ver 5 0.2028 Exp-Ana-Exp
6  0.2579 Exp-Imp 6 0.1974 Exp-Ana
7 0.2568 Exp-Ana-Exp | 7 0.1917 Ver-Exp
8 0.2567 Exp-Plan-Imp | 8 0.1838 Exp-Ver
9  0.2560 Imp-Ver-Exp 9  0.1830 Exp-Mon-Exp
10 0.2519 Ana-Exp 10 0.1806 Ana-Exp-Mon

Table 3: Top discriminative episode N-grams ranked by
Mutual Information (MI). Left: patterns that distinguish
a reasoning model’s reasoning trace from the final an-
swer segment. Right: patterns that distinguish reasoning
traces from non-reasoning model responses. Higher MI
indicates a stronger association between the pattern
and the source group.

episode-level reasoning structure, as reflected in
allocation patterns.

3.4 Transition Patterns

Beyond marginal episode allocations, episode tran-
sitions characterize how reasoning behaviors inter-
act with each other. We convert each trace into
a symbolic episode sequence (e.g., Read — Plan
— Implement) and use an information-theoretic
criterion to identify distinctive local structures®.
Concretely, we compute the Mutual Information
(MI) between the presence of episode N-grams and
the source group, and extract the most discrimina-
tive patterns. Formally, the MI between an episode
N-gram pattern presence X and the source group
variable G is defined as:

1066 = Y Y pleg)log HED

, (D
2€{0,1} 9€G (z) p(g)

®Details in Appendix B
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Positive Correlation ‘ Negative Correlation

# Feature B | # Feature B

1 Trans (Exp — Mon) +0.41 | 1 Ratio (Exp) -0.54
2 Trans (Exp — Ana) +0.31 | 2 Trans (Exp — Ver) -0.45
3 Trans (Mon — Ana) +0.28 | 3 Trans (Exp — Ans) -0.41
4 Trans (Read — Ver) +0.27 | 4 Count (Total) -0.36
5 Ratio (Think) +0.22 | 5 Trans (Imp — Read) -0.32
6  Trans (Ans — Ver) +0.22 | 6 Trans (Imp — Imp) -0.28
7  Ratio (Ver) +0.21 | 7 Trans (Ana — Mon) -0.26
8 Trans (Read — Mon) +0.18 | 8 Trans (Ver — Read) -0.25
9  Trans (Read — Read) +0.17 | 9 Trans (Ver — Plan) -0.25
10 Ratio (Mon) +0.16 | 10 Trans (Mon — Read) -0.22

Table 4: Top predictive episode-level features for cor-
rectness in a diagnostic Lasso logistic regression case
study. Features are ranked by their coefficient magni-
tude (), where the sign and magnitude of 3 indicate
the direction and relative strength of association with
correctness under the fitted model.

where x € {0, 1} indicates whether a given episode
N-gram is present in a trace, and g denotes the
source group. Since MI is symmetric and only
measures the strength of association, we further use
conditional probability to determine which group
each top-k discriminative pattern is attributed to.

Reasoning vs. Answer Tokens: Comparing the
reasoning portion of a reasoning model to the final
formulated answer tokens, we find that the most
discriminative patterns are short feedback loops
involving Explore, Monitor, and Verify (Table 3).
In particular, Exp-Mon and Mon-Exp rank among
the top patterns, indicating frequent alternation be-
tween exploration and process monitoring during
the reasoning trace. Patterns such as Ver-Exp fur-
ther suggest that verification is often followed by
renewed exploration rather than immediate conver-
gence. In contrast, the final answer tokens are char-
acterized by more feed-forward transitions with
limited recurrence of these evaluative loops.

Reasoning vs. Non-Reasoning Models: When
comparing reasoning traces to responses from
standard instruction-following models, we ob-
serve an overlapping set of discriminative patterns:
non-reasoning responses are dominated by feed-
forward transitions, where exploration-monitoring-
verification loops are much less prevalent. This
indicates that the gap between reasoning and non-
reasoning models is reflected not only in how
much time is allocated to different behaviors,
but also in the presence of recurrent transitions
that interleave exploration with evaluation.

4 Applications

4.1 How Episodes Correlate to Correctness

To demonstrate the utility of our framework, we
conduct a correctness-oriented case study exam-
ining how episode-level patterns are associated
with solution correctness. Using a stratified sam-
ple of 500 reasoning traces from the 5 representa-
tive open-source reasoning models, we formulate
a binary classification setting that predicts answer
correctness from quantitative cognitive features ex-
tracted from episode annotations’.

Methodology We map each reasoning trace to a
feature vector consisting of three components: (i)
global statistics (total token count, thinking-token
count, and thinking-token ratio), (ii) episode inten-
sities (token ratios for each of the eight episodes),
and (iii) transition features (the flattened 8 x 8
episode transition matrix capturing frequencies of
state shifts). Then, we fit a Lasso-regularized logis-
tic regression model to predict the correctness of a
reasoning trace:

L£==>"[vilog§i+(1—y:) log(1— )] +Al[w|1, )

i

where § = o(w'x), o(-) denotes the sigmoid

function and the ¢; penalty encourages sparsity
in the coefficient vector. Table 4 reports the top
features ranked by coefficient magnitude (5). Here,
each coefficient 3 corresponds to a weight in w for
a specific episode-level feature. A positive (nega-
tive) 3 indicates that higher values of the feature are
associated with increased (decreased) likelihood of
a correct answer under this model, and the magni-
tude of [ reflects its relative importance among the
selected features.

Results The most predictive positive features
highlight how exploratory behavior is resolved dur-
ing successful reasoning. In particular, Explore
— Monitor and Explore — Analyze rank among
the strongest positive coefficients, suggesting that
correct solutions tend to route exploratory uncer-
tainty into meta-level monitoring and renewed con-
ceptual analysis. Similarly, Monitor — Analyze
indicates that monitoring is often followed by ad-
ditional analysis rather than immediate execution,
consistent with an uncertainty-to-reasoning redirec-
tion pattern. Verification-related transitions also
appear as informative signals at different points in

"Details in Appendix E
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Model ‘ Percentage (%) ‘ Token Count (#) | Avg

‘ Read Ana Plan Imp Exp Ver Ans Mon ‘ Read Ana Plan Imp Exp Ver Ans Mon ‘ Tok
RI-Distill-Qwen-1.5B 4.18 [2693 420 [3439 1323 1143 380 1.84 | 414 26661 416 [34047 1309 1131 376 182 | 9897
L1 (1.5B) (Aggarwal and Welleck, 2025a) [19.33 Fi8347 6.01 4030 15:147 699 852 1.64 [1227 14470 147 [N829W"369" 170 208" 40 | 2437
ThinkPrune (1.5B) (Hou et al., 2025) 648 2075 5.16 1074 837 731 180 | 263 841 209 436 339 297 73 | 4054
A&Z (Arora and Zanette, 2025) 512 2832 4.69 876 994 463 164 | 272 1505 249 465 528 246 87 | 5312

Table 5: Cognitive behavior divergence of different efficient reasoning methods. L1 and ThinkPrune drastically
reduce the budget for Verify and Analyze, while the last one maintains a distribution closer to the baseline.

Ryvs. L1 ‘ R vs. ThinkPrune ‘ Rvs. A&Z
Idx Score Pattern ‘ Idx Score Pattern‘ldx Score Pattern
1 0.3762 N-V-N 1 0.1506 N-V-N 1 0.1039 M-E
2 0.2491 V-N-V | 2 0.1465 V-N-I 2 0.0928 E-N-I
3 0.2476 M-N-V | 3 0.1240 V-N 3 0.0919 M-E-1
4 0.2291 V-N 4 0.1200 I-N-V 4 0.0911 I-N-M
5 0.2261 M-V 5 0.1120 E-V-N 5 0.0897 N-M-I
6 0.2233 N-M 6 0.1073 V-N-V | 6 0.0836 E-V-I
7 02144 I-V-M 7 0.1070 V-N-E 7 0.0789 V-A-M
8 0.2075 V-M 8 0.1018 I-V-N 8 0.0746 I-M-N
9 02017 I-N-M 9 0.0924 N-I-V 9 0.0701 E-I
10 0.1949 V-N-I 10 0.0881 V-M-P | 10 0.0692 I-N-V

Table 6: Cognitive patterns that are lost in efficiency
models compared to the baseline. L1 shows high distinc-
tive scores, indicating a significant loss of complex veri-
fication loops (V-N-V). Conversely, A&Z shows much
lower divergence scores, suggesting it preserves the
baseline’s topological structure more effectively.

the trace. Read — Verify and Answer — Verify sug-
gest that traces associated with correctness more
frequently include explicit checking both near the
beginning and near the end.

On the negative side, a higher Explore ratio is
a strong risk indicator, suggesting that sustained
exploration without subsequent stabilization is as-
sociated with incorrect outcomes. Two additional
failure-associated patterns emerge. First, Explore
— Verify reflects verification applied before ex-
ploration has been consolidated into a coherent
hypothesis. Second, Implement — Read indicates
breakdowns during execution that coincide with re-
verting to problem re-reading, a signal of disrupted
reasoning flow.

This study illustrates how episode-level repre-
sentations can surface interpretable transition-
level signatures associated with correctness,
complementing outcome-based evaluation with a
structured diagnostic view of reasoning behavior.

Further Discussion More importantly, these
findings suggest that reasoning performance may
be improved by explicitly shaping such structural
patterns during training or inference. For instance,
prior work has shown that encouraging cognitive
behaviors such as backtracking and self-reflection
can lead to more robust reasoning trajectories (Kim
et al., 2025; Yang et al., 2025). Similarly, incorpo-

rating key cognitive patterns into training data has
been found to significantly enhance model perfor-
mance (Gandhi et al., 2025). Beyond training-time
interventions, recent studies demonstrate that rea-
soning behaviors can also be steered at inference
time via activation control, providing a practical
pathway to translate diagnostic insights into per-
formance gains (Venhoff et al., 2025). Taken to-
gether, these results highlight a promising direction:
leveraging episode-level diagnostics not only for
analysis, but also as a foundation for systematically
improving reasoning processes.

4.2 Episode Divergence for Efficient Models

Efficient reasoning methods for LLMs are often
evaluated primarily through surface metrics such
as response length, leaving it unclear which rea-
soning behaviors are being altered. In this case
study, we use ThinkARM to characterize how dif-
ferent efficiency paradigms reshape episode-level
dynamics. Specifically, we compare a baseline
model (R1-Distill-Qwen-1.5B) against three repre-
sentative strategies: (1) L1 (Aggarwal and Welleck,
2025a), (2) ThinkPrune (Hou et al., 2025), and (3)
the model proposed by Arora and Zanette (2025),
referred as A&Z.

Table 5 summarizes how episode-level token al-
location changes for these methods. Compared to
the baseline, L1 and ThinkPrune substantially re-
duce the budget assigned to evaluative and concep-
tual episodes (e.g., Verify and Analyze) and shift the
profile toward a more Implement-heavy allocation.
In contrast, A&Z maintains an allocation profile
closer to the baseline, retaining a substantial Verify
and Analyze budget. These patterns suggest that
efficiency methods are not uniformly compressive:
they can induce qualitatively different redistribu-
tions of reasoning behaviors.

To further localize which transition-level struc-
tures are most affected, Table 6 reports the most
distinctive episode N-grams suppressed by each
efficiency strategy relative to the baseline by
computing the Mutual Information. L1 exhibits
high divergence scores (peaking at 0.37), partic-
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Model ‘Read Ana  Plan

DeepSeek-R1 21.82 1304 413 [2969 688 8.19 1488 138
Qwen-3-32B(R) 653 570 540 1648 3.52 551890 4.18 230

Gemini-2.0-Flash | 1481 9.04 3.85 [J55%8) 0.00 135 1462 0.77
Qwen-3-32B 2194 214 2291 3767 0.00 000 1340 194

Imp Exp Ver Ans Mon

Table 7: Episode-level token allocation (%) on a 50-
problem subset of GSMS8K. Rows are separated into
reasoning (top) and non-reasoning (bottom) models.
Compared to Omni-Math (Table 2), all models shift
more budget to Read and Answer on easier problems,
while non-reasoning models largely suppress Explore
and Verify.

ularly for loop-like patterns such as N-V-N (Ana-
lyze— Verify—Analyze) and V-N-V, indicating that
recurrent verification loops are strongly attenuated.
ThinkPrune shows a similar but generally weaker
suppression of such loop structures. By contrast,
A&Z yields much lower divergence scores (peak-
ing around 0.10), suggesting that it preserves more
of the baseline transition topology while still reduc-
ing overall cost.

Overall, this case study illustrates that efficiency
is not behaviorally neutral: strategies that achieve
similar surface-level reductions in length can
correspond to markedly different changes in
episode-level allocation and transition structure.

5 Results on Problems with Lower
Difficulty Level

The analyses presented so far focus on Omni-Math,
an olympiad-level benchmark that stresses reason-
ing at its limits. To examine whether the observed
episode-level patterns are specific to this high-
difficulty regime or reflect more general properties
of model behavior, we apply ThinkARM to a 50-
problem subset of GSM8K (Cobbe et al., 2021), a
widely used benchmark of grade-school math word
problems. We annotate four models: two reasoning
models (DeepSeek-R1 and Qwen-3-32B (R)) and
two non-reasoning models (Gemini-2.0-Flash and
Qwen-3-32B). Table 7 reports the episode-level
allocation. Several patterns emerge when compar-
ing these results to the Omni-Math allocations in
Table 2.

Easier problems shift budget toward reading
and answering. All four models allocate substan-
tially more tokens to Read on GSMS8K than on
Omni-Math, consistent with simpler problems re-
quiring more time to process relative to the total re-
sponse. Answer proportions are also higher, reflect-
ing shorter reasoning paths before commitment.

Non-reasoning models largely suppress explo-

ration and verification. On Omni-Math, non-
reasoning models already show limited Explore
and Verify allocations; on GSMSK this suppression
is near-total. Both Gemini-2.0-Flash and Qwen-
3-32B assign essentially zero budget to Explore
and Verify, suggesting that these models skip reflec-
tive checking entirely on problems they perceive as
routine.

Model-specific traits become more pronounced.
Cross-difficulty differences reveal characteristic
model signatures. The reasoning mode of Qwen-3-
32B allocates 55.89% of its GSM8K budget to Ver-
ify—far higher than on Omni-Math—suggesting
it applies proportionally more checking effort on
problems where execution is inexpensive. Gemini-
2.0-Flash concentrates 55.58% on Implement, con-
sistent with a direct-execution strategy that is ampli-
fied when problems offer little structural resistance.

Overall, these results show that the main qual-
itative distinctions between reasoning and non-
reasoning models identified on Omni-Math are
preserved, and in several respects sharpened, on
medium-difficulty problems, supporting the gener-
ality of the episode-level framework across diffi-
culty regimes.

6 Conclusion

In this work, we introduce ThinkARM as an induc-
tive, intermediate-scale framework that abstracts
reasoning traces into functional reasoning steps
grounded in cognitive theory. Through large-scale
empirical analysis, we show that this abstraction
makes previously opaque reasoning structures ex-
plicit, revealing consistent temporal organization
and interpretable diagnostic patterns related to cor-
rectness and efficiency. Our framework provides
a principled lens for analyzing, comparing, and di-
agnosing reasoning behavior in modern language
models.

Limitations

Large-scale episode annotation relies on an au-
tomatic annotator, which may introduce labeling
noise despite strong agreement with human annota-
tions on a verified gold set. Moreover, our exper-
iments focus primarily on mathematical problem
solving; extending episode-level analysis to other
domains and reasoning settings remains an impor-
tant direction for future work.
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A Related Work

A.1 Cognitive Theories of Math Problem
Solving

Analyzing human problem-solving has evolved
from broad cognitive taxonomies to domain-
specific frameworks. Early models like Bloom’s
Taxonomy (Krathwohl, 2002) categorized cogni-
tive processes hierarchically but failed to cap-
ture the iterative nature of mathematical problem-
solving. Similarly, instructional frameworks such
as Pélya (1945) four-phase model and subsequent
refinements by Mason et al. (2010) and Yeo and
Yeap (2010) provided valuable pedagogical scaf-
folding but lacked the fine-grained operational-
ization required for rigorous empirical annotation.
Even more detailed models like Greenes (1995),
while emphasizing metacognition, remained too se-
quential to effectively code the nonlinear dynamics
often observed in real-world reasoning tasks.

Schoenfeld (1985) episode theory offers a robust,
empirically validated scheme for coding behaviors
into distinct episodes such as Reading, Analysis,
Exploration, and Verification. Unlike prescrip-
tive models, Schoenfeld’s framework explicitly
captures the strategic decisions and metacognitive
control—or lack thereof—that determine problem-
solving success (Kuzle, 2013). This granular focus
on cognitive transitions makes it particularly suit-
able for analyzing Al-generated reasoning, which
often struggles with self-regulation. Consequently,
Schoenfeld’s model provides the necessary preci-
sion to systematically annotate and evaluate the
complex, often non-linear reasoning traces inves-
tigated in this study. Li et al. (2025c¢) first applied
this framework to analyze the reasoning process
of large language models. However, they haven’t
conducted a systematic fine-grained analysis of the
episode-level patterns of annotated reasoning traces
or compared the episode-level patterns between dif-
ferent models.

A.2 Large Reasoning Models

The surge in LLM development has catalyzed sub-
stantial efforts to bolster their reasoning skills (Ahn
et al., 2024; Besta et al., 2025; Chen et al., 2025a).
Most research has centered on enhancing these
abilities via post-training methods. For instance,
reinforcement learning has been utilized to steer
models towards superior reasoning strategies (Shao
et al., 2024; Xiong et al., 2025; Cui et al., 2025).
Furthermore, instruction tuning using rigorously se-

lected, high-quality datasets has proven effective in
boosting performance (Li et al., 2024b,a; Ye et al.,
2025; Muennighoff et al., 2025; Li et al., 2025a).
Moreover, Snell et al. (2024); OpenAl (2024a) have
shown that scaling up test time compute can also
improve the reasoning capabilities of models. Yet,
while these models demonstrate remarkable gains
in mathematical reasoning on benchmarks, there
remains a notable gap in systematically understand-
ing and quantifying how these enhancements al-
ter model behavior. Recent efforts have begun
to bridge this gap from an information-theoretic
perspective; for example, Wang et al. (2025) em-
phasize the critical role of high-entropy minority
tokens in reasoning traces during reinforcement
learning and Chain-of-Thought (CoT) paths. Dis-
tinct from their token-level, entropy-based method-
ology, our work analyzes model output behavior
at the semantic and cognitive levels. Despite these
divergent starting points, our findings are strikingly
aligned: while their analysis reveals the importance
of logical connectors within and across sentences,
our study similarly highlights the positive contribu-
tion of "Monitor"-related phase transitions in the
reasoning process.

A.3 Efficient Reasoning Methods

Overthinking (Chen et al., 2025b; Fan et al., 2025)
has been an identified issue of reasoning models.
They tend to produce excessive intermediate steps
or consider unnecessary details, which can lead to
inefficient reasoning. To address this issue, sev-
eral methods (Sui et al., 2025; Feng et al., 2025a)
have been proposed to encourage the reasoning
models to reason more efficiently. Specifically,
L1 (Aggarwal and Welleck, 2025a) proposes a
simple reinforcement learning method that opti-
mizes for accuracy and adherence to user-specified
length constraints. ThinkPrune (Hou et al., 2025)
offers a simple solution that continuously trains
the long-thinking LLMs via reinforcement learn-
ing with an added token limit. Arora and Zanette
(2025) train reasoning models to dynamically al-
locate inference-time compute based on task com-
plexity. More works (Fang et al., 2025; Liu et al.,
2025; Xiang et al., 2025; Li et al., 2025b) have
been proposed to encourage the efficient reasoning
of models. However, currently, very limited work
explicitly analyzes how these methods are different
in behavior or episode-level patterns. Our work
is the first to systematically analyze the episode-
level patterns of these methods in comparison to
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the baseline reasoning models.

A.4 Reasoning Analysis Methods

Chain-of-thoughts (CoT) (Wei et al., 2023) can sig-
nificantly elicit the reasoning capabilities of models.
Various works have studied the different properties
of CoT, including bias (Wu et al., 2025), faithful-
ness (Lanham et al., 2023), and redundancy (Chen
et al., 2025b). Specifically, for ol-like reasoning
models that have particularly long reasoning traces
and showcase more system-II level reasoning abil-
ities, efforts have been made to uncover the struc-
tural patterns of CoT (Jiang et al., 2025b). Bog-
dan et al. (2025) introduced a black-box method
that measures each sentence’s counterfactual impor-
tance to understand the sentence-level importance
in long CoT chains. Feng et al. (2025b) introduced
a graph view of CoT to extract structure and iden-
tified an effective statistic that correlated to the
correctness of the reasoning trace. Li et al. (2025c¢)
and Kargupta et al. (2025) incorporated theories
from cognitive psychology to label the episodes
of CoT in analogy of human problem-solving pro-
cesses.

Our work, built upon Li et al. (2025¢), is the first
to systematically analyze the statistical patterns
of reasoning traces grounded in cognitive theories.
While our work builds on a similar episode taxon-
omy, it introduces several key extensions. Rather
than directly reusing the taxonomy in Li et al.
(2025¢), we refine it to improve scalability and
alignment with standardized LLM reasoning bench-
marks by removing the hierarchical structure and
introducing an explicit Answer state for practical
applicability. In addition, whereas Li et al. (2025¢)
focuses on SAT-style data, we conduct our experi-
ments on Omni-Math (Gao et al., 2024), a widely
used dataset in contemporary LLM reasoning re-
search, making our findings more representative of
current evaluation settings. Beyond annotation, we
perform a substantially deeper quantitative analysis
of episode dynamics, including episode divergence,
temporal evolution, coverage, and multi-step tran-
sition patterns. We further extend prior work by
introducing episode-level n-gram pattern mining
with mutual information, whereas Li et al. (2025¢)
primarily analyzes one-step transitions. Finally,
we demonstrate broader downstream applications
of the framework by using logistic regression to
examine how episode-level features correlate with
correctness, and by analyzing efficient reasoning
methods to identify which behavioral patterns are

selectively suppressed. Taken together, although
both works are grounded in the same underlying
cognitive theory, our approach represents a refined
and extended framework with deeper analysis and
stronger practical applicability.

Concurrent with our work, Kargupta et al. (2025)
also investigate cognitive behaviors in reasoning
traces, with particular attention to success-related
elements and temporal patterns. While both stud-
ies are grounded in cognitive science, they differ
in scope and level of abstraction. Kargupta et al.
(2025) propose a taxonomy structured along four
dimensions comprising 28 fine-grained cognitive
elements, enabling detailed identification of local-
ized reasoning behaviors. In contrast, our frame-
work organizes reasoning into a smaller set of eight
episodes that emphasize the overall structure and
progression of problem solving. As such, their
approach provides higher granularity at the micro
level, whereas ours focuses on capturing the global
dynamics of reasoning processes. We view these
perspectives as complementary, collectively con-
tributing to a more comprehensive understanding
of cognitive behavior in large language model rea-
soning.
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B Implementation Details

B.1 Full Model List

We conduct our analysis on a variety of reasoning
and non-reasoning models. The reasoning models
include DeepSeek-R1 (DeepSeek-Al et al., 2025),
DeepSeek-R1-Distill-Qwen, QwQ-32B (Qwen
Team, 2025b), Phi4 (Abdin et al., 2024), Qwen3-
32B (Qwen Team, 2025a), Gemini-2.5-Flash (Co-
manici et al., 2025), GPT-o1-mini (OpenAl, 2024b)
and GPT-03-mini (OpenAl, 2025c). The non-
reasoning models include GPT-40 (OpenAl et al.,
2024), Gemini-2.0-Flash (Team et al., 2024),
Qwen2.5-32B (Team, 2024) and the non-reasoning
mode of Phi4 and Qwen3-32B. We also study some
efficient reasoning models including L1 (Aggar-
wal and Welleck, 2025b), ThinkPrune (Hou et al.,
2025), and models released by Arora and Zanette
(2025).

B.2 Temporal Dynamics Details

To investigate the temporal dynamics of reason-
ing phases across model responses, we analyze
how the distribution of cognitive phases evolves
over the course of generation. For each annotated
response, we divide the sequence into B equal-
sized temporal bins based on token position, where
B = 25 in our analysis. Within each bin, we com-
pute the frequency of tokens belonging to each
reasoning phase category. Specifically, for a re-
sponse with total length L tokens, we define bin
size as A = L/B. Each token at position t is
assigned to bin b = |¢/A], ensuring uniform tem-
poral coverage across responses of varying lengths.
For each category c and bin b, we count the number
of tokens belonging to that category, yielding a raw
frequency distribution f .

To enable comparison across responses with dif-
ferent phase compositions, we normalize the fre-
quency distribution within each response. For cate-
gory c in response 7, we compute the normalized
frequency in bin b as:

Sy £

where the denominator represents the total number
of tokens of category c in response r. This normal-
ization ensures that the distribution sums to 1 for
each category within each response, allowing us to
examine the relative temporal positioning of phases
independent of their absolute frequency.

74 = (3)

B.3 Transition Patterns Details

After annotation, each response can be represented
with a sequence of cognitive phases. To study
which phase combinations are specific to a certain
model or kinds of models (e.g. Deepseek vs others,
reasoning vs non-reasoning), we conduct the phase-
based N-gram analysis that treats each phase as a
gram and investigate what combinations of grams
are most significant patterns of a type of models.
Specifically, we use a letter to represent each phase
(e.g. R for READ), and each response becomes
a string. We use the mutual information to iden-
tify the most discriminative patterns between two
groups:

I(X;G)= > > plz,g)log Pr.9)_ - g

e(o1} oo p(z) p(9)

where x € {0, 1} indicates whether a given episode
N-gram is present in a trace, and g denotes the
source group. Since MI is symmetric and only
measures the strength of association, we further use
conditional probability to determine which group
each top-k discriminative pattern is attributed to.
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C Confusion Matrix

To further examine annotation quality, we report
the confusion matrices of the four candidate an-
notation models on the same set of 7,067 human-
annotated sentences in Tables 8—11. Rows corre-
spond to gold labels and columns correspond to
model predictions. Across all models, the matrices
are strongly diagonally dominant, indicating that
most sentences are assigned to the correct episode
category.

Several common patterns appear across all four
annotators. First, the dominant confusions con-
sistently involve behaviorally adjacent categories,
especially Analyze — Implement, Verify — Imple-
ment, and, to a lesser extent, spillover from Verify
into other active reasoning categories such as Ana-
lyze, Monitor, and Plan. Second, Answer and Read
remain comparatively easy to identify, with much
cleaner diagonals than the more process-oriented
categories. Third, the stronger annotators mainly
differ from the weaker ones not in the types of er-
rors they make, but in how often they make them:
GPT-5 and GPT-4.1 preserve the same overall struc-
ture while showing less off-diagonal mass than
the two Gemini models. For GPT-5 specifically,
the largest off-diagonal entries are Analyze — Im-
plement (225 cases) and Verify — Implement (89
cases), which account for only 3.2% and 1.3% of
the full dataset, respectively, or 4.4% combined.
Therefore, we believe the resulting annotations are
sufficiently reliable for the downstream analyses in
the main paper, including the temporal “heartbeat”
patterns.
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Analyze Answer Explore Implement Monitor Plan Read Verify

Analyze 1031 14 35 225 7 10 18 67
Answer 1 405 2 4 2 1 0 1

Explore 6 2 594 13 10 14 0 15
Implement 15 15 3 2542 0 4 1 86
Monitor 17 1 16 10 322 17 9 53
Plan 14 3 18 79 42 584 4 30
Read 6 0 2 14 1 6 259 1

Verify 25 18 7 89 8 1 4 996

Table 8: Confusion matrix of the GPT-5 annotation model on the 7,067 human-annotated sentences. Rows denote
ground-truth labels and columns denote predicted labels.

Analyze Answer Explore Implement Monitor Plan Read Verify

Analyze 1219 3 12 101 5 30 24 13
Answer 15 389 1 5 0 2 0 4
Explore 46 1 514 11 26 48 5 3
Implement 102 9 5 2448 2 46 9 45
Monitor 5 1 6 2 409 14 2 6
Plan 18 0 7 42 13 680 12 2
Read 5 0 0 5 2 3 274 0
Verify 151 8 17 56 64 67 3 782

Table 9: Confusion matrix of the GPT-4.1 annotation model on the 7,067 human-annotated sentences.

Analyze Answer Explore Implement Monitor Plan Read Verify

Analyze 1109 4 34 149 17 20 11 63
Answer 7 374 4 20 0 7 0 4

Explore 30 0 565 6 14 19 0 20
Implement 68 1 8 2389 2 15 0 183
Monitor 17 3 31 9 299 22 2 62
Plan 22 4 36 62 13 593 5 39
Read 36 0 2 17 6 9 214 5

Verify 95 11 17 57 33 13 0 922

Table 10: Confusion matrix of the Gemini-2.5-Flash annotation model on the 7,067 human-annotated sentences.

Analyze Answer Explore Implement Monitor Plan Read Verify

Analyze 1140 0 13 146 0 13 3 92
Answer 15 345 2 29 1 7 0 17
Explore 72 1 455 16 7 43 0 60
Implement 94 0 3 2423 0 18 1 127
Monitor 22 2 13 14 229 31 1 133
Plan 69 1 10 55 7 580 5 47
Read 47 0 1 10 2 5 214 10
Verify 92 2 3 117 2 9 0 923

Table 11: Confusion matrix of the Gemini-2.5-Pro annotation model on the 7,067 human-annotated sentences.
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D Question-Domain Analysis

To assess whether the “heartbeat” pattern in Fig-
ure 3 is driven only by aggregate averaging or also
persists across different kinds of math problems,
we analyze episode-level allocation separately for
each major question domain in Omni-Math. Ta-
ble 12 reports the average proportion of tokens
assigned to each episode category for each domain.

Several common patterns emerge across do-
mains. First, Analyze and Implement consistently
take the largest shares, indicating that most do-
mains devote the bulk of reasoning to problem inter-
pretation and execution. Second, Read and Answer
remain comparatively small in every domain, sug-
gesting that the main differences do not come from
input parsing or final response formatting. Third,
the largest domain-specific variation appears in the
more execution- and control-oriented phases: Im-
plement is higher in Calculus and Number Theory,
Verify is especially prominent in Geometry and Pre-
calculus, and Monitor is notably higher in Applied
Mathematics. Overall, these results suggest that
the main “heartbeat” pattern is not an artifact of
averaging across unrelated problem types; rather, it
reflects a broadly shared reasoning structure with
moderate domain-specific adjustments.
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Question Domain Read Analyze Plan Implement Explore Verify Answer Monitor

Algebra 3.04 22.97 8.68 32.29 11.77 13.00 3.17 5.09
Calculus 3.37 1938  9.60 35.57 10.57 12.90 351 5.09
Applied Mathematics ~ 3.41 22.17 7.11 28.49 12.10 11.42 2.27 13.02
Discrete Mathematics  3.26 23.99  7.46 28.32 11.67 14.01 2.79 8.49
Geometry 3.18 21.56  8.23 30.42 9.69 19.58 2.26 5.09
Number Theory 2.94 22.00  8.29 35.31 10.35 13.47 2.76 4.87
Precalculus 2.90 20.62  9.51 27.99 11.82 16.30 5.56 5.32

Table 12: Average episode-level token allocation (%) across question domains in Omni-Math. The domain-wise
distributions are broadly consistent, while still revealing moderate variation in execution- and checking-related
phases.
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E Episode-level Diagnostics of
Correctness Details

In this section, we provide the detailed implemen-
tation of the correctness diagnostic analysis pre-
sented in Section 4.1. We formulate the problem
as a binary classification task, where we predict
the correctness of a reasoning trace based on its
episode-level cognitive features.

E.1 Feature Engineering.

For each reasoning trace, we extract a compre-
hensive set of features capturing global statistics,
episode intensity, and transition dynamics. Let
S ={s1, s2,...,sn} be the sequence of sentences
in a trace, where each sentence s; is associated with
an episode tag e; € £ and a token count ¢;. The
set of episode categories £ consists of the 8 refined
episodes: Read, Analyze, Plan, Implement, Explore,
Verify, Monitor, Answer. We compute the following
feature groups:

* Global Statistics:

— Total Tokens: The total number of tokens
in the response, »_ t;, estimated using
the GPT-4 tokenizer (‘cl100k_base®).

— Think Ratio: The proportion of tokens
belonging to the reasoning process (ex-
cluding the final Answer content) relative
to the total tokens.

¢ Episode Intensity (Token Ratios): For each
episode category ¢ € £, we compute the pro-
portion of the total budget allocated to it:

Zi:ei:c ti
Zj tj

This yields 8 features representing the relative
dominance of each cognitive behavior.

Ratio. =

* Transition Features: We construct a transi-
tion matrix capturing the frequency of shifts
between reasoning states. We compute the
raw count of transitions from episode src to

episode tgt:
N—-1

Transs.c—igt = Z I(e; = srcheijr1 = tgt)
i=1

This results in 8 X 8 = 64 transition features,
capturing the structural flow of reasoning (e.g.,
Explore — Verify).

E.2 Model Specification.

We employ a Lasso-regularized Logistic Regres-
sion model to identify the most predictive fea-
tures while enforcing sparsity for interpretability.
The model predicts the probability of correctness

p(y = 1]x):
ply =1]x) = o(w ' x +b)

where x is the standardized feature vector, w are
the learned coefficients, and o(-) is the sigmoid
function. To handle the high-dimensional feature
space (particularly the transition matrix) and select
only the most robust signals, we use L1 regulariza-
tion (Lasso). The objective function is:

w,b M

M
. 1 . .
min ( -=> [yj log ; 4 (1 — y;) log(1 — yj)]
=1

4 AHWH1>

where M is the number of samples and A controls
the regularization strength.

Implementation Details. We use the reasoning
traces from 5 representative open-source reason-
ing models (DeepSeek-R1, DeepSeek-R1-Distill-
Qwen-32B, Phi-4, Qwen3-32B, and QwQ-32B).
All features are standardized using Z-score nor-
malization before training. This ensures that the
magnitude of coefficients directly reflects the rela-
tive importance of features. We use the liblinear
solver which is well-suited for smaller datasets with
L1 regularization. We set the regularization param-
eter C' = 0.5 (where C' = 1/)) to promote feature
selection, and use a maximum of 2,000 iterations
to ensure convergence. We analyze the learned
coefficients w. Features with positive coefficients
increase the probability of a correct answer, while
those with negative coefficients are associated with
incorrect outcomes. Features with zero coefficients
are pruned by the Lasso regularization, indicating
they are less relevant for predicting correctness in
this linear approximation.

E.3 Full Feature Coefficients.

Table 13 shows the full feature coefficients for the
Lasso logistic regression model in the diagnostic
Lasso logistic regression case study
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Positive Contributors

Negative Contributors

# Feature I} # Feature 15}
1 Trans (Exp — Mon) +0.41 | 1 Ratio (Exp) -0.54
2 Trans (Exp — Ana) +0.31 | 2 Trans (Exp — Ver) -0.45
3 Trans (Mon — Ana) +0.28 | 3  Trans (Exp — Ans) -0.41
4  Trans (Read — Ver) +0.27 | 4 Count (Total) -0.36
5 Ratio (Think) +0.22 | 5 Trans (Imp — Read) -0.33
6  Trans (Ans — Ver) +0.22 | 6 Trans (Imp — Imp) -0.28
7  Ratio (Ver) +0.21 | 7 Trans (Ana — Mon) -0.26
8 Trans (Read — Mon) +0.18 | 8 Trans (Ver — Read) -0.25
9 Trans (Read — Read) +0.17 | 9 Trans (Ver — Plan) -0.25
10 Ratio (Mon) +0.16 | 10 Trans (Mon — Read) -0.22
11 Trans (Read — Imp) +0.15 | 11 Ratio (Ans) -0.21
12 Trans (Exp —+ Read) +0.14 | 12 Trans (Plan -+ Mon) -0.19
13 Trans (Plan — Ver) +0.12 | 13  Trans (Read — Ans) -0.18
14 Trans (Plan — Plan)  +0.12 | 14 Trans (Imp — Ans) -0.15
15 Ratio (Plan) +0.10 | 15 Trans (Ana — Ana) -0.14
16 Trans (Imp — Mon) +0.07 | 16 Ratio (Read) -0.13
17 Trans (Ana — Ver) +0.07 | 17 Trans (Ans — Ana) -0.11
18 Trans (Ver — Imp) +0.05 | 18 Trans (Read — Exp) -0.11
19 Trans (Mon — Ver) +0.05 | 19 Trans (Ver — Mon) -0.08
20 Trans (Ana — Plan) +0.04 | 20 Trans (Exp — Plan) -0.08
21 Trans (Mon — Mon) +0.04 | 21 Trans (Plan — Imp) -0.06
22 Trans (Plan — Read) +0.03 | 22 Trans (Ans — Imp) -0.05
23 Trans (Plan — Exp) +0.01 | 23  Trans (Ans — Exp) -0.05
24 Trans (Imp — Ana) -0.03
25 'Trans (Read — Plan) -0.03
26 Trans (Ans — Mon)  -0.02
27 Trans (Ver — Ana) -0.01

Table 13: The full predictive episode-level features for correctness in the diagnostic Lasso logistic regression case
study. Features are ranked by their coefficient () magnitude.
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F Detailed ThinkARM Framework

The detailed Think ARM Framework is shown in
Figure 4. For each batch of sentences in the model
response, the annotation model tags the episode
category for each sentence based on the guidebook,
question, previous context and outputs the ratio-
nale and annotation in JSON format as instructed
by the format prompt. The labels after batch pro-
cessing are then concatenated to form the labels for
the whole response. The guidebook and prompt
template in the figure are in Appendix G and Ap-
pendix H.
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Model Response

| Segmenting |

Model Response by Sentences

| Batching |

W e

Prompting
Guidebook]| [Neilitsl=1s1s)e)¢| [End of Guidebook]
Problem] [End of Problem]

[
[
[Context] | ) [End of Context]
[
[

Ieliil Current Batch N [End of Input]
Format] [End of Format]

Rationale Iterate until the
Labels end of response

Figure 4: The Think ARM Framework. For each question-response pair, the model response is first segmented into
sentences. They are then tagged by the annotation models in batches, along with information about the guidebook,
question, context, and format. The guidebook is in Appendix G, the prompt template is in Appendix H.
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G Refined Annotation Guidebook

In this project, we aim to analyze the reasoning
process of current large language models (LLMs)
with advanced reasoning capabilities, i.e., Large
Reasoning Models (LRMs), based on a modified
version of Alan Schoenfeld’s (1985) “Episode-
Timeline” framework for problem-solving. The
original Schoenfeld theory was built on hundreds
of hours of recorded tapes of students tackling
non-routine math problems while being asked to
think aloud. Widely regarded as a gold-standard
framework in mathematics education research, this
theory offers a rigorously validated, fine-grained
lens for dissecting both expert and novice problem-
solving strategies. After thorough investigation, we
find that the thinking process of LRMs can be well-
aligned with the episodes in the theory, as they also
follow similar problem-solving processes. Thus, in
this project, we aim to annotate the model (solver)
responses with these episode categories. To better
apply the theory to the analysis of model responses,
we utilize sentence-level annotation, which is used
to capture the fine-grained behavior of each sen-
tence, including eight categories: Read, Analyze,
Plan, Implement, Explore, Verify, Monitor, and
Answer. The original Schoenfeld theory only has
six categories: Read, Analyze, Plan, Implement,
Explore, and Verify. These categories describe the
thinking behaviors of how humans solve a prob-
lem. Later, an additional “Monitor” category was
included in the system to capture behaviors that do
not contain specific content but are still important,
such as “Let me think.” Moreover, when trying to
apply the theory to analyzing LLLM behaviors, we
introduce another category, “Answer,” to represent
the sentence that delivers the answer. Thus, in total,
there are eight categories. For each sentence, the
annotation depends on both the current sentence
itself and its context.

G.1 Label Definitions and Guidelines
1. Read

* Definition: This is usually the initial phase,
which focuses on extracting or restating the
given information, conditions, and the goal of
the problem as presented. It involves under-
standing the question without any inference
of strategy or reasoning.

¢ Guidelines:

— Sentences in this category should directly
present the content of the original prob-
lem statement.

— Look for phrases that recall or repeat ele-
ments of the question.

— This label is mostly presented for the
model’s initial processing of the prob-
lem.

* Potential Keywords/Indicators: “The ques-
tion asks...”, “The problem requires...”, “We
are given...”, “The goal is to...”, “The choices
are...”, direct quotes from the problem.

* Distinguishing Features:

— This stage is purely about understand-
ing the input, not about processing it or
deciding how to solve it. It should not
contain content like trying to understand
or analyze the question.

— Avoid labeling sentences as Read if they
include any form of analysis or evalu-
ation of the problem. The Read stage
usually appears at the beginning of the
reasoning. However, it can also appear in
the middle of the reasoning, in order to
ensure that the question was understood
correctly.

* Example: “The question asks us to find the
value of x in the equation 2z + 5 = 10.”

2. Analyze

* Definition: This stage involves constructing
or recalling relevant theories, introducing nec-
essary symbols, and deducing relationships
based on the problem statement and existing
knowledge. The core activity is explanation
or logical inference that sets the stage for the
solution but does not involve concrete calcula-
tions yet.

¢ Guidelines:

— Sentences should explain the underlying
mathematical concepts or principles rele-
vant to the problem.

— This category includes analysis of either
the problem itself or intermediate results.

— This label applies to logical deductions
and inferences made with certainty.
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* Potential Keywords/Indicators: “According to...”, “Let’s proceed by...”, “I will now...”,
to...”, “We can define...”, “This implies that...”, “The plan is to...”, “We should first...”, “To...,
“Therefore...”, “Based on this...”, “We can in- do...”, “The xxx we need/want is...”, “Let’s...”,
fer that...”, “Let’s note that...”, “Let me ob- “Then/Now calculate/consider...”.
serve that...”, “Let’s recall that...”

* Distinguishing Features:

Distinguishing Features:
— The Plan phase clearly indicates the in-

— The Analyze episode involves certain tended action, unlike Analyze, which ex-
inferences and explanations, unlike Ex- plains concepts, or Explore, which sug-
plore, which shows uncertainty. gests possibilities.

— The actual execution of calculations is

— It precedes the actual carrying out of the
mainly in the Implement stage.

plan in the Implement stage.
— Analyze does not involve any concrete

calculation, which is unlike Implement.

— Note that sentences like “Let’s denote...”
are Analyze, because this is introducing a

— The behavior of setting some basic nota- new variable, rather than making a plan.
tions should be in the Implement stage,

— Sentences like “let’s verify...”, “let’s
e.g., “Let me set a = 1, then...”.

test...” or “let’s double-check” are Verify.

Important Note: Be careful not to include
sentences that involve substituting values or
performing calculations, as those belong to

the Implement stage. 4. Implement

* Example: “Next, we will differentiate both
sides of the equation with respect to x.”

Example: “According to the Pythagorean the-
orem, in a right-angled triangle, the square
of the hypotenuse is equal to the sum of the
squares of the other two sides.” or “If I
can get the equation in slope-intercept form
(y = mzx + b), then I can plug in y = 4 and
solve for x, which should be d.”

* Definition: This stage is the operational phase
where the planned strategy is executed. It in-
volves setting up basic notations, performing
specific calculations, constructing diagrams,
enumerating possibilities, or coding solutions
using numerical values, symbols, or geomet-
ric objects.

3. Plan

Guidelines:

* Definition: This stage involves announcing
the next step or outlining the entire solution
strategy. It represents a commitment to a par-
ticular course of action before the actual exe-
cution begins.

— Sentences should describe the actual
steps taken to solve the problem.

— Look for mathematical operations, sub-
stitutions, and the generation of interme-
diate results.

* Guidelines: — This stage is about “doing” the math.

— Sentences should clearly state the in-
tended next step or the overall plan.

Potential Keywords/Indicators: “Substitut-
ing x = 2, we get...”, “Therefore, P(1) =
—17, “Expanding the expression...”, “The ma-
trix becomes...”, “Let me set ¢ = 1, then...”,
“Let’s denote x = 10...”, actual mathematical
equations and calculations.

— Look for explicit declarations of intent,
often using the first person or imperative
voice.

— This stage signifies that a decision has
been made on how to proceed, and the
next step should be related to math prob- * Distinguishing Features:
lem solving, rather than generally saying

“let’s think about it.” — Implement involves concrete actions and

calculations, unlike Analyze, which fo-
¢ Potential Keywords/Indicators: “Next, we cuses on theoretical explanations, or
will...”, “The next step is to...”, “We need Plan, which outlines future actions.

32798



— If a conclusion follows the implementa-
tion of math, that conclusion is tagged as
Implement, such as “therefore, the sum
of all possible values is 5.”

* Example: “Substituting = 3 into the equa-
tion, we get 2(3) +5=6+5=11"

5. Explore

* Definition: This stage is characterized by gen-
erating potential ideas, making guesses, draw-
ing analogies, or attempting trial calculations
that might be abandoned later. The model is
exploring different avenues without commit-
ting to a specific solution path. This stage
often involves uncertainty.

Guidelines:

— Sentences should suggest alternative ap-
proaches or possibilities.

— Look for tentative language and expres-
sions of uncertainty.

— This stage involves brainstorming and
initial investigations without a clear com-
mitment to a particular method.

Potential Keywords/Indicators: ‘“Maybe
we can try..”, “Perhaps we could use...”,
“What if we consider...”, “Another possibil-
ity is...”, “Could this be related to...”, “Maybe
I should...”, “Maybe there is another way...”,
“Maybe we can try...”, “Maybe there is a better
way...”, “Maybe consider...”, “Perhaps... is...”,
“Let’s try...”, “Alternatively, maybe use...”,
“Wait, but maybe...”, “But in soccer, it’s pos-
sible to lose a game but still have more total
goals?”’; question marks indicating uncertainty

about a step.
¢ Distinguishing Features:

— Explore is marked by uncertainty and a
lack of commitment, unlike Plan, which
announces a definite course of action.

— It involves considering various options
before settling on a specific plan. If a
sentence contains analyzing the problem,
implementing the calculation, or veri-
fying the result or thought, even if it
follows sentences like “Maybe we can
try...”, the sentences are not considered
Explore at the sentence level, and there-
fore should not be labeled as Explore.
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Rather, these sentences are considered
Analyze, Implement, or Verify within the
Explore episode at the paragraph level.
Only sentences like “Maybe we can try...”
will be labeled as Explore at the sentence
level.

* Example: “Maybe we can try substituting
different values for x to see if we can find a
pattern.”

6. Verify

* Definition: This stage involves judging the
correctness, effectiveness, or simplicity of the
obtained result or the method used. It might
include checking the answer, using an alter-
native method for calculation, or estimating
bounds.

Guidelines:

— Sentences should express an evaluation
or confirmation of the solution or the pro-
cess.

— Look for keywords related to checking,
confirming, or validating.

— This stage ensures the solution and result
are accurate and make sense.

Potential Keywords/Indicators: “Let me
double-check...”, “This is consistent with...”,
“Plugging it back in...”, “Therefore, the answer
is correct.”, “Let’s confirm...”, “Let me check
again...”, “We can confirm this by...”, “This
result seems reasonable because...”, “The an-
swer is...7”, “Is the answer...?”, “Is there any
mistake?”, “Did I make a mistake?”, “This is
the same/correlated as previous...”, “But this
seems to contradict...”, “...lead/arrive to the
same answer”, “Wait, we don’t know... yet”,
“Let’s try another way to verify...”, “XXX is
possible/impossible.” When the following
sentences are meant as conclusions, “...is in-
deed...”, “...should be...”

* Distinguishing Features:

— Verify focuses on evaluating the solution,
unlike Implement, which focuses on gen-
erating it.

— It often involves comparing the result
with initial conditions or using alterna-
tive methods.



* Example: “Let me double-check my calcu-
lations: 2 x 3 + 5 = 11, which matches the
previous result.”

7. Monitor

* Definition: This additional category captures
sentences that are typically short interjections
or expressions indicating the model’s self-
monitoring, hesitation, or reflection at the
juncture between different episodes. These of-
ten do not contain substantial problem-solving
content and are brief pauses in the thought pro-
cess.

¢ Guidelines:

— Sentences should be short phrases indi-
cating a shift in thought or a brief pause.

— Look for expressions of uncertainty, re-
flection, or transition.

— This label is for meta-comments that
don’t fit neatly into the other problem-
solving stages.

¢ Potential Keywords/Indicators: “Hmm...”,
“Wait...”, “Let me think.”, “Okay...”, “Let’s
see.”, “Hold on.”, “But wait, hold on.”

* Distinguishing Features:

— Monitor sentences lack the substantive
content of the other categories and pri-
marily serve as indicators of the model’s
internal processing flow.

— They are often very short and act as
bridges between more content-heavy
stages.

— In most cases, it should not contain eval-
uation for previous steps or contain any
specific question or solution content. If it
contains specific content, e.g., “Wait, the
problem says...”, it should be categorized
into others like Read.

* Example: “Wait.”

8. Answer

* Definition: This stage is used for sentences
that explicitly state an answer or conclusion
to the problem. These sentences deliver the
result, either as a final answer at the end of
the response or as an intermediate answer that
may be subject to later verification or revision.
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Note: it should be the answer to the given
problem, rather than an intermediate answer
for a calculation step.

¢ Guidelines:

— Sentences should directly present a solu-
tion, value, or conclusion in response to
the given problem statement.

— Look for clear, declarative statements
that summarize the outcome of the rea-
soning or calculation.

— This category applies whether the answer
is final or provisional.

* Potential Keywords/Indicators: “The an-
swer is...”, “Hence, the result is...”, “So, the
final answer is...”.

* Distinguishing Features:

— Answer sentences are characterized by
their directness in providing a result to
the given problem, unlike Verify, which
focuses on checking correctness, or Im-
plement, which details the process of ob-
taining the result.

— These sentences often appear at the end
of a solution but can also occur mid-
response as provisional answers.

* Example: “Therefore, the answer is 24.”

G.2 Important Considerations for Annotators

* Sentence-Level Focus: Annotate each sen-
tence individually based on its primary func-
tion within the problem-solving process.

* Context is Key: While keywords can be help-
ful, always consider the context of the sen-
tence within the overall response. A sentence
might contain a keyword but function differ-
ently based on the surrounding text.

* Refer to Examples: The examples provided
in this guidebook and any additional exam-
ples you encounter should serve as valuable
references.



H Annotation Prompt

We use the prompt template in Figure 5 to annotate
the reasoning traces in our study. The detailed con-
tent of the guidebook can be found in Appendix G.
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Prompt Template for Annotation

In this project, we aim to analyze the reasoning process of current large language models (LLMs)
with advanced reasoning capabilities, i.e., Large Reasoning Models, LRMs, based on a modified
version of Alan Schoenfeld’s (1985) "Episode-Timeline" framework for problem-solving. Given
the model response you need to annotate the sentence-level behavior of the model response with the
eight categories: Read, Analyze, Explore, Plan, Implement, Verify, Monitor, and Answer.

The [Guidebook] - [End of the Guidebook] section provides the detailed introduction and definition
of each category. The [Math Problem] - [End of the Math Problem] section provides a math problem.
The [Overall Response] - [End of the Overall Response] section provides the overall response of
the model to the math problem.

The [Previous Context] - [End of the Previous Context] section provides all the previous context of
the response that has been annotated and their corresponding labels.

The [Input] - [End of the Input] section provides the sentences that need to be annotated.

The [Format] - [End of the Format] section provides the format of the output.

[Guidebook]

(Guidebook Content)

[End of Guidebook]

[Math Problem]

(The Question)

[End of the Math Problem]

[Previous Context]

The previous sentences are:(Previous batch sentences)

[End of Previous Context]

[Input]

The following sentences that you need to classify:([1] xxx [2] xxx ... [batch_num] xxx)

[End of Input]

[Format]

You should format the output in JSON format regarding the index, a short rationale and the fine-
grained class of the indexed sentence. The format is as follows:"

{’sentences’: [

{’index’ ’The index of the sentence’, 'reason’: *The short reason of the classification’, *category’:
"The fine-grained class of the sentence’ },

{’index’: *The index of the sentence’, 'reason’: *The short reason of the classification’, ’category’:
"The fine-grained class of the sentence’ },

] } "
[End of Format]
Now, annotate the sentences in the [Input] - [End of the Input] section. Refer to the guidebook to

make the decision. Strictly follow the index number of the sentence in the [Input] - [End of the
Input] section for labeling. You should output the label for batch_num sentences.

Figure 5: The prompt template we used to annotate the reasoning episode.

32802




