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Abstract

With the increasing interest in using large lan-
guage models (LLMs) for planning in natu-
ral language, understanding their behaviors be-
comes an important research question. This
work conducts a systematic investigation of
LLMs’ ability to perform logical reasoning in
natural language. We introduce a controlled
dataset of hypothetical and disjunctive syllo-
gisms in propositional and modal logic and use
it as the testbed for understanding LLM per-
formance. Our results lead to novel insights
in predicting LLM behaviors: in addition to
the probability of input (Gonen et al., 2023;
McCoy et al., 2024), logical forms should be
considered as important factors. In addition,
we show similarities and discrepancies between
the logical reasoning performances of humans
and LLMs by collecting and comparing behav-
ioral data from both.

1 Introduction

Logical reasoning is a fundamental aspect of build-
ing Al systems for reliable decision-making (Kautz
et al., 1992, inter alia)—given a set of premises, an
Al system should be able to deduce valid conclu-
sions. With the advent of large language models
(LLMs; Touvron et al., 2023; Jiang et al., 2023;
Al@Meta, 2024, inter alia), there has been a surge
of interest in using these models to assist plan-
ning and decision-making (Huang et al., 2022, in-
ter alia); therefore, understanding the logical rea-
soning capabilities becomes crucial in understand-
ing the reliability and potential of LLMs in plan-
ning. While recent work has shown that LLMs
exhibit decent performance on logical reasoning
problems (Liu et al., 2020; Ontanon et al., 2022;
Wan et al., 2024, inter alia), there is still a lack of
fine-grained understanding of the logical forms—
among many argument forms presented in natu-
ral language (Shieber, 1993), do LLMs perform
equally well, or do they exhibit preferences for
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Figure 1: Illustration of the fact that perplexity does
not serve as a reliable indicator of logical reasoning
performance; and therefore, neither does probability.
The distributions of the probabilities assigned to the
ground-truth answer (i.e., soft accuracy; Y-axis) by
Llama-3-70B are plotted against the perplexity of the
corresponding example question (X-axis) and grouped
by (a) modality, (b) argument forms, and (c) logic inter-
pretation content. Each group consists of 20 randomly
selected examples with other factors controlled.

certain argument forms? Do more complex compo-
nents of logical forms, such as modalities, matter
for LLM performance?

In this work, we investigate the logical reason-
ing capabilities of LLMs by assessing their per-
formance on different logical forms. We curate
a dataset of natural language statements and ques-
tions based on several logical forms in both proposi-
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tional and modal logic, which is designed to mirror
reasoning in daily communication. An example is
shown in §3.3. We then conduct a series of con-
trolled experiments to analyze the performance of a
set of LLMs on the dataset. Although our findings
generally align with those by Gonen et al. (2023)
and McCoy et al. (2024), who suggest that LLMs
excel on examples with high probability, our results
indicate that logical form, including but not limited
to modalities and argument forms, is a crucial com-
plementary factor in predicting the performance of
LLMs (Figure 1). Additionally, with meaningful
real-world interpretations, we find that:

1. LLMs are still far from being perfect in atomic-
level propositional and modal logic reasoning.

2. LLMs prefer an affirmative answer under the
modality of possibility, whereas they prefer a
negative answer under the modality of necessity.

3. In line with the recent results on categorical syl-
logisms (Eisape et al., 2024), we verify on hy-
pothetical and disjunctive syllogisms that LLMs
achieve better performance on certain logical
forms that humans perform well. However,
some logical forms receive favor from LLMs,
while the phenomena lack support from human
intuition or human behavioral data.

This paper is structured as follows. After reviewing
related work (§2), we describe the dataset synthesis
process (§3). We report the LLM reasoning results
on our data (§4) and compare them with human
performance (§5). We conclude by discussing the
implications of our results and the limitations(§6).

2 Related Work

Logical reasoning benchmarks. Existing LLM
logical reasoning benchmarks (Liu et al., 2020; Han
et al., 2024, inter alia) focus on complex, multi-
hop reasoning problems with manually annotated
problems, making cross-problem comparisons chal-
lenging. Recent work has introduced benchmarks
with synthesized natural-language questions us-
ing predefined logical formulas and substitution
rules (Saparov and He, 2022; Saparov et al., 2023;
Parmar et al., 2024; Wan et al., 2024, inter alia).
Compared to them, our work uniquely incorporates
modal logic, which has been largely unexplored in
existing benchmarks—while Holliday et al. (2024)
present a case study, our approach offers two key
advances: controlled knowledge bias in logic in-
terpretations (§3.3) and a more rigorous statistical
evaluation framework (§4.1).

Propositional and modal logic reasoning in lan-
guage models. Recent work has explored training
and fine-tuning language models specifically for
logical reasoning (Clark et al., 2021; Hahn et al.,
2021; Tafjord et al., 2022). Our work differs in two
key aspects: (1) we evaluate general-purpose lan-
guage models through prompting, a cost-efficient
setup that has been widely adopted in recent years,
and we focus on propositional and alethic modal
logic rather than temporal (Hahn et al., 2021) or
epistemic (Sileo and Lernould, 2023) logic; ' (2)
unlike studies comparing LLM and human per-
formance on categorical syllogisms (Eisape et al.,
2024, inter alia),”> we focus on hypothetical and dis-
junctive syllogisms with considerations of modal-
ity.

Human logic reasoning and reasoning bias.
Work on human reasoning capabilities has in-
formed studies of LLM logical reasoning: Eis-
ape et al. (2024) compared LLM syllogistic rea-
soning with human behavior results (Ragni et al.,
2019) under the framework of the Mental Mod-
els Theory (Johnson-Laird, 1983); Lampinen et al.
(2024) found similar content effects in human and
LLM reasoning, supporting the need to control for
common-sense knowledge in benchmarks (§3.2);
Belem et al. (2024) studied human and LLM per-
ception of uncertainty at a lexical level. Seals and
Shalin (2024) simulated the famous Wason selec-
tion task (Wason, 1968) and covered content effects
over conditional syllogisms. Ozeki et al. (2024) in-
vestigated the human-like bias of LLM first-order
logic reasoning introduced by content effects or
answer argument forms.

Compared to them, we focus on the bias in-
troduced by argument forms within the proposi-
tional and modal logic reasoning process. We also
contribute new human behavioral data beyond the
LLM results.

3 Dataset

We curate a dataset of natural-language multi-
choice questions to measure the logical inference
performance of LLMs. Starting from propositional
and modal logical forms as templates (§3.1), we as-

'Technically, any logic that involves non-truth-functional
operators, including first-order logic, temporal logic, and epis-
temic logic, can be viewed as a modal logic; however, we
adopt the most restrictive sense of modal logic (Ballarin, 2023)
and use it interchangeably with alethic modal logic.

2We refer readers to Zong and Lin (2024) for a more com-
prehensive review of categorical syllogisms.
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sign meanings (e.g., real-world interpretations) to
each variable and translate templates into natural-
language Yes/No questions (§3.2). A subsidiary
visualization of the process is shown in Figure 2.

3.1 Background: Propositional and Modal
Logic

Propositional logic studies the relation between
propositions. In this framework, each proposition
is typically represented by a variable, and multi-
ple propositions combine with logical connectives
(e.g., V and —) to form compound propositions.

In propositional logic, a proposition can be eval-
uated as either true or false; however, this system
can be overly simplistic when dealing with the com-
plexity of real-world events. Consider the state-
ment Alice is not eating, while it is true in a world
where Alice is not eating, it may become false in
a hypothetical possible world where Alice is in-
deed eating. This idea, known as possible world
semantics (Kripke, 1959), provides a framework
for more nuanced statements about event possibili-
ties, such as Alice may be eating and Alice must be
eating. The former statement can be understood as
there exists a possible world where Alice is eating,
and the latter can be understood as in all possi-
ble worlds, Alice is eating.> Normal modal logic
(Kripke, 1963) formalizes this idea and extends
propositional logic to reason about event necessity
and possibility. In the Backus—Naur form, a normal
modal logic system £ can be written as

L:p=p|-p|Op]|Op|
oV loNp|o—p, (1)

where p is a propositional variable that serves as
an atom in £, — is the negation operator, O is the
necessity operator (must), < is the possibility oper-
ator (may), V is logical disjunction (or), A is logical
conjunction (and), and — is the logical implica-
tion operator (if...then).  denotes the syntactic
category of a formula in £. The right-hand side of
Eq. (1) describes all possible logical formulas un-
der the system L: for example, if ¢ € L, the rules
imply that ~¢ € £, Op € L, and so on. Following
the convention in logic, the operator precedence is
{=,0,0} = {Vv,A} = {—}.

Indeed, the operators (—, 0, —) forms a func-
tional complete set of operators under £. Suppose

3The possible world semantics, therefore, connects the no-
tion of necessity and possibility to the universal and existential
quantification (V, 3) under first-order logic.

@ and v are variables that represent logical formu-
las. The logical or (V) and logical and (A) operators
can be rewritten with logical not (—) and logical
implication (—), as follows:

V& —p =, 2
AN (0= Y).

Possibility operator < can also be derived from the
necessity operator.

Cp & -0y 3)

Deduction and sequent. Given a formula set I" as
premises, if a deduction to a conclusion ¢ exists
using axiom schemata and inference rules under the
normal modal logic, we say the premises infer the
conclusion, and the deduction can be represented
as a logic sequent I" = . If a formula set I" do not
infer the conclusion, we denote it as I" ¥ ¢ and call
it a non-entailment.

3.2 Translating Logic to Natural Language

An interpretation maps propositional variables to
concrete meanings. For example, under the inter-
pretation that p is “Jane is eating apples” and q is
“John is eating oranges”, the logical formula p V ¢
becomes “Jane is eating apples or John is eating
oranges.”

Choices of interpretation, i.e., the concrete con-
tent of the sentence, should not affect the un-
derlying logical reasoning process. However, in
natural-language utterances, reasoning can be in-
fluenced by various confounding factors. Knowl-
edge bias is a common pitfall. For example,
given the logical form {Op — O—gq, Op} - O—g,
regardless of p’s interpretation, if we interpret
—q = “Cats are not animals” then the conclusion
will be “It is certain that cats are not animals.”
But common-sense knowledge suggests that it is
certain that cats are animals” (Og), which logi-
cally contradicts the existing premise set.* Such
bias will complicate logical reasoning (Lampinen
et al., 2024) and should be avoided in data curation.
Besides, each variable should have independent
interpretation, as detailed in Appendix B.1.

After being assigned interpretations, each logi-
cal form is further articulated as a yes-no question
on whether the conclusion can be inferred from the

*This confounding factor affects the examples in Table
9 of Han et al. (2024). See Bertolazzi et al. (2024) for a

detailed discussion on the impact of knowledge bias in natural
language reasoning.

16864



It is true that ¢ or it is true that .

-} Itisn’t true that ¢.
LoV, oo Is it true that 1)?

(Jane, watch, show)
(John, read, book)

Consider the following statements:

It is true that Jane is watching a show or ...
it is true that John is reading a book.

It isn’t true that Jane is watching a show.

Question: Based on these statements, can we infer ...
that John is reading a book?

Answer:

¢ = Jane is watching a show
1) = John is reading a book

Figure 2: The data synthesis pipeline: for each variable in logic forms (§3.1), we assign meanings to them to obtain

the natural language question-answering pairs (§3.2).

premises. To mitigate the ambiguity in natural lan-
guage, we design heuristic rules to translate logic
forms into less ambiguous English, which are de-
tailed in Appendix B.1. For the exact wordings we
used, see Table Al in Appendices. If a valid deduc-
tion exists () for the logical form, the ground truth
answer is Yes, otherwise No. The answer is solely
determined by the logical form and is independent
of the interpretation.

3.3 Involved Logical Forms

Translated logical forms can have varying degrees
of naturalness. For example, the necessitation rule
{¢} F Oy, which translates to “¢ is true; therefore,
it is certain that ¢ is true,” appears to be unnatural
due to redundancy. > Based on the relationship
between V and — in Eq. (2), we use hypothetical
and disjunctive syllogisms with four basic variants:

{e Vi, —p} 9, %0)
{=¢ = ¥, ~¢} 1, (= modus ponens)
{90 \ ¢7 _'w} + 2 (\/R)
{=¢ =, =~} F . (=8 modus tollens)

Despite the semantic similarity, these logical
forms translate to different natural-language ques-
tions. For example, taking the interpretations
of ¢ Jane is watching a show and
John is reading a book, V' translates to

Consider the following statements:

Jane is watching a show or John is reading a
book.

Jane isn’t watching a show.

Question: Based on these statements, can we
infer that John is reading a book?

SNevertheless, we report the experiment results on neces-
sitation rule in Appendix C.1.

With the same interpretation, —"’s translation of
the first statement is If Jane isn’t watching a show,
then John is reading a book.

According to the commutativity of disjunction
operator, we group V¥ and V! together as disjunc-
tive syllogism, alongside two hypothetical syllo-
gism groups, modus ponens (—) and modus tol-
lens (—1). All the logical forms shown above are
valid sequents with ground-truth answer Yes. To
balance the dataset, we introduce some logic fal-
lacies that generate questions with ground-truth
label No. By flipping the second premises and the
conclusions, we obtain the following fallacies:

{o Vv, ¥} F -, (VE)
{—p = ¥, 9} F -, (=)
{o V1, 0} ¥ -y, (V)
{~¢ = ¥, 0} ¥ —h, (=)

where \/}E and \/f} are grouped as affirming the dis-
junction, —>J,‘z and —>f} corresponds to affirming
the consequent and denying the antecedent, respec-
tively. In our dataset, we require the formulas ¢
and v to the form of Mip and Mg, where p and ¢
are propositional variables, each assigned with an
interpretation. Both variables are constrained under
the same modality 9T, which can be necessity (O),
possibility (<) or no modality (@). Pairing with
four rules and theorem—fallacy variations, we have
atotal of 3 X 4 x 2 = 24 forms.

3.4 Involved Logic Interpretations

For logic interpretations, we generate a set of verb
phrases by prompting the CodelLlama 2 model
(Roziere et al., 2024), and select 204 of them manu-
ally. and combine them with top-200 popular baby
names in the US into subject-verb-object pairs,’

Shttps://www.ssa.gov/oact/babynames/names.zip
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such as (Ray, make, a pizza). We randomly gener-
ate 1000 interpretations with two pairs each. The
same set of interpretations is applied to variables
p, q in each logic sequent’s natural langauge tem-
plate. In total, there are 24 x 1000 = 24000 ques-
tion, with samples shown in Table Al.

4 Experiment

4.1 Metrics and Investigated Models

Hu and Levy (2023) have suggested that the stan-
dard approach of greedily decoding yes-no strings
(Dentella et al., 2023) may underestimate the com-
petence of a language model; therefore, we adopt a
probability-based metric to evaluate the model per-
formance. In our evaluation protocol, the predicted
likelihood of the tokens Yes and No, conditioned on
the prompt s—denoted as p(Yes | s) and p(No | s),
respectively—serve as the soft labels for yes-no an-
swers. The soft accuracy p on the single example
with ground-truth answer y € {Yes,No} is defined
as the relative probability of y:

p(No | s)1[y = No] + p(Yes | s)1[y = Yes]
p(No | s) + p(Yes | s)

p= ;
where 1[] is the indicator function that returns 1
if the condition is true and O otherwise. This rel-
ative probability can also be viewed as the confi-
dence score of the model on the ground-truth an-
swer. The soft accuracy Accgor; of a model on
the entire dataset D is defined as the average soft
accuracy over all examples,

D]

1 .
ﬁ sz‘-
i=1

We use a zero-shot setting to investigate the gen-
eral performance of the models’ logical inference
capabilities—while adding detailed instructions or
few-shot demonstrations may increase the absolute
performance, they are at the cost of introducing
possibly undesired confounding factors or behav-
iors, such as simply copy-pasting the answers in
the examples.

We evaluate on the following models with open-
sourced weights: mistral-7b-v0.2 and -8x7b (Jiang
et al., 2023, 2024); llama-2-7b, -13b and -70b (Tou-
vron et al., 2023); 3.1 version of llama-3-8b and
-70b (Al@Meta, 2024); yi-34b (01.Al, 2024); phi-2
and phi-3-mini (Microsoft, 2023, 2024).7

Accgo =

"Our evaluation protocol technically requires the condi-

4.2 Results: Performance w.r.t. Logical Forms

We evaluate the aforementioned models with the
probability-based protocol (Table 1). Generally,
models that rank higher in the leaderboard also
achieve higher soft accuracy on our dataset. The
break-down accuracies on modalities and argument
forms reveal that:

1. (Modality) All models consistently perform bet-
ter on the possibility (<) than necessity (O) or
plain propositional logic.

2. (Argument Forms) The pattern is more diverse,
yet most of the models struggle the most on
modus tollens (—>E”) within logic sequents (i.e.,
questions with ground-truth answers Yes), and
affirming the consequent (—>fz) within fallacies.
This result resonates with Wason (1968), who
concludes that modus tollens is a particularly
hard reasoning pattern for human participants
with card selection tasks.

4.2.1 Analysis on Logic Sequents

To systematically analyze the effect on model per-
formance of each factor of interest, as well as cross-
validating the observations above, we fit a linear
mixed-effects model (Raudenbush, 2002) to the
soft accuracy data on valid logic sequents (i.e. with
ground truth of Yes) across different LLMs and
logical forms,

Accgor ~ Modality 4 ArgForm + Perplexity
+ (1 + Perplexity | LLM), 4)

with the linear fixed effects of (i.) modality, (ii.)
argument form, and (iii.) input perplexity. Indi-
vidual probability, coupled with a constant term, is
modeled as a random effect to account for potential
model-specific biases. Here, Perplexity denotes the
perplexity of the input text (z1xs ...z ), which
is defined as the exponential of the token-wise av-
erage negative log-likelihood of the text given a
specific language model:

N
1
Perplexity = exp <_N Z log p(x; | $<z)>

=1

The mixed-effects model yields a marginal R? of
0.342 and a conditional R? of 0.543, suggesting

tional probabilities of specified answers given a prompt, which
are not supported by most commercial models; however, we
report the greedy-decoding accuracy of these models on a
sample subset for reference.
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Overall Leaderboard Modality Argument Form
Model (Rank) (Rank) 1} o Y Vi R
mistral-7b 0645 (4) 0.145 (7) 0464 049 0974 0.877 0.663 0.280 0.434 0.653 0.939
mistral-8x7b 0724 (1) 0.193 (5) 0.698 0.601 0.874 0963 0.873 0.023 0.757 0.648 0.813
llama-2-7b 0.335 (10) 0.094 (10) 0.262 0.207 0.538 0.444 0.147 0315 0.208 0.451 0.468
llama-2-13b 0513 (9 0.110 (9 0488 0.362 0.688 0.418 0.581 0.393 0.631 0.436 0.591
llama-2-70b 0.611 (5) 0.127 (8 0.616 0471 0.746 0.446 0.845 0.518 0.775 0.389 0.694
llama-3-8b 0.565 (6) 0239 (3) 0598 0460 0.639 0.526 0470 0332 0.664 0.625 0.716
llama-3-70b 0714 (2) 0362 (1) 0.745 0.554 0.843 0.606 0.773 0.515 0.882 0.661 0.788
yi-34b 0518 (8 0226 (4) 0457 0413 0.683 0346 0498 0.205 0.685 0.638 0.737
phi-2 0532 (7) 0.155 (6) 0469 0456 0.673 0.670 0.757 0.522 0365 0.402 0.510
phi-3-mini 0690 (3) 0272 (2) 0.657 0.536 0.877 0.839 0.974 0475 0.664 0.462 0.604
OpenAl-ol 0926 N/A N/A NA 1.000 0.773 1.000 0.895 1.000 0.775 0919 1.000 1.000
Gemini-1.5-Pro  0.859 N/A N/A N/A 0.831 0.748 0.997 1.000 1.000 0919 0.661 0.991 0.638
human 0595 N/A N/A N/A 0589 0566 0.640 0.691 0.901 0.628 0.594 0.225 0411

Table 1: Overall and break-down accuracies of different models, as well as their HuggingFace OpenLLM Leader-
board performance and relative ranking (Fourrier et al., 2024). Each argument form category denotes the union
of the fine-grained categories specified in the superscripts and subscripts—for example, \/I;’R denotes the entire
disjunctive syllogism group. Boldfaced values indicate the row-wise maximum for each factor. Note that due to
technical limitations of commercial LLMs, results from OpenAl-ol (OpenAl, 2024) and Gemini-1.5-pro (Team
et al., 2024) are greedy-decoding based evaluation on 2,000 random samples that serve as references, and are
therefore not directly comparable to other probability-based evaluations. Human results are detailed in §5.

propositional —o—
0.27
must —eo—
0.61
may —eo—
0.00 0.25 0.50 0.75 1.00
0.54
disjunctive —eo—
059
modus ponens —e—
031
modus tollens —e—
0.00 0.25 0.50 0.75 1.00

Figure 3: Estimated marginal means of logical form
factors in the mixed-effects model of Eq. (4), along with
their 95% confidence intervals.

a reasonable predictive power. The likelihood ra-
tio test on the full regression model vs. the null
regression model without each of the fixed effects
yields a significant result (p < 0.001), suggesting
the importance of all these factors in determining
the model performance.

Fixed effects. In line with Gonen et al. (2023) and
McCoy et al. (2024), we find a negative correlation
between perplexity and soft accuracy (p < 0.001);
however, the correlation is weak (p = —0.09),

Hypothesis p-value
propositional < may < 0.001
must < propositional < 0.001
must < may < 0.001
disjunctive < modus ponens < 0.001
modus tollens < modus ponens < 0.001
modus tollens < disjunctive < 0.001

Table 2: Hypothesis testing results on the effect of
logical form factors on soft accuracy (Figure 3).

which suggests the necessity of the complemen-
tary factors below in predicting LLM performance.

For different modalities and argument forms, we
estimate their marginal means on soft accuracy
(Figure 3) and perform pairwise hypothesis testing
on the estimated coefficients (Table 2). The results
generally align with the general observations on
the full dataset. The only exception is that modus
ponens (—1), instead of disjunctive syllogisms (V),
appears to be the easiest argument form (i.e., the
one with the highest soft accuracy) among all.

Random effects. We analyze the per-LLM ran-
dom effects on the soft accuracy (Figure 4). All
the model-specific mixed effects of perplexity are
negative, suggesting the negative correlation be-
tween perplexity and soft accuracy is consistent
across models (Figure 4a). While the intercept
random effects are not perfectly aligned with the
model performance—since the perplexity random
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(a) Perplexity (b) Intercept

mistral-7b — Q)

mistral-8x7b - (1)
llama-2-7b - (10)
llama-2-13b - 9)
llama-2-70b o~ (5)
Illama-3-8b - (6)
llama-3-70b - (2)
yi-34b - 8)
phi-2 - 7)
phi-3-mini - (3)

0.0 -0.1 -0.2 -0.2 0.0 0.2

Figure 4: Illustration of per-model random effects on
soft accuracy in the mixed-effects model of Eq. (4) with
99.9% confidence intervals. (a) Mixed effects (i.e., the
sum of fixed and random effects) of perplexity. (b)
Intercept random effects (i.e., constant term per model
on soft accuracy), with the model performance rank
(Table 1) annotated in parentheses.

effects may introduce confounding factors—higher-
ranked models generally tend to have higher in-
tercept random effects (Figure 4b), which cross-
validates the general performance ranking.

4.2.2 Extended Analysis on the Negative
Perplexity—Performance Correlation

We further investigate the negative correlation be-
tween perplexity and model performance through
a controlled experiment: we create a mirror dataset
of the same size, keeping all the logical formulas
while interpreting them with nonsensical words.
For example, the formula (¢ V 1) may be in-
terpreted as it’s possible that Neva is balaring a
montery or Lucille is sweeling prandates, where
the underlined words and phrases are nonsensical.
Intuitively, the perplexity of the problems in this
mirror dataset should be much higher than that of
the primary dataset problems (§3) under any rea-
sonably trained language model.

We analyze the correlation between perplexity
and model performance (Figure 5). As desired,
the perplexity of problems with nonsensical words
are indeed much higher than that of the primary
dataset (= 30 vs. =~ 10). The significant portion
of horizontal and inclined lines in the figures again
suggests that perplexity is not a reliable predictor
of model performance. Meanwhile, the overall
parallelism of the lines echos our results that logical
forms are important factors for such prediction.

4.2.3 The Affirmation Bias over Modalities

One key argument of Dentella et al. (2023) is that
large language models exhibit a bias towards affirm-
ing the claim, i.e., answering Yes more frequently
than No. We investigate this phenomenon by fitting
a mixed-effects model

P(Yes | s)
~ Modali ArgF
P(Yes | s) 4+ P(No | s) odattty + ArgForm
+ Perplexity + (1 + Perplexity | LLM), (5)

which has the same structure as Eq. (4), except the
dependent variable being the relative probability of
answering Yes conditioned on input text s.

We present the estimated marginal means of
the factors in the mixed-effects model (Figure 6).
While our results confirm the affirmation bias on
propositional logic, such bias is slightly less pro-
nounced on the possibility modality (<, around
0.03), and the models even show a bias towards
rejecting claims under the necessity modality (O).

S Human Experiments

LLMs are trained on text produced by humans and
are able to generate plausible text; therefore, there
have been interests in using LLMs as human mod-
els (Eisape et al., 2024; Misra and Kim, 2024, inter
alia). Following this line of work, we conduct a
human behavioral experiment to ground the LLM
reasoning behavior, as advocated in Ivanova (2025).
Using samples from our primary dataset, we col-
lected 710 responses from adults fluent in English
through Prolific.> More experiment details can be
found in Appendix A.2.

The average human accuracy on each group is
shown in the last row of Table 1.° Aligned with our
LLM results (§4), on modalities, the overall human
results also show an accuracy order of (& > & >
0), and on argument forms, modus ponens (—=h)
is the most accurately answered pattern.

To further investigate the interactions of logic
factors, we fit a generalized linear mixed-effects
model (Bates et al., 2015) to verify the effect of
modality and argument forms on human logic rea-
soning accuracy (Eq. (6) and Figure 7).

logit(Acc) ~ Modality + ArgForm + Rt
+ (1 + Rt | ParticipantID),  (6)
8https://prolific.com

“Human responses are binary classes, so correct and incor-
rect responses are coded as 1 and 0, respectively.
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Figure 6: Estimated marginal means of the factors in
the mixed-effects model of Eq. (5) with 95% confidence
intervals. Higher coefficients indicate a higher tendency
to affirm the claim.

where Acc is the binary accuracy of human re-
sponses, and Rt is the response time. The gen-
eralized mixed-effects model yields a marginal R?
of 0.121 yet a 0.419 conditional R?, indicating a di-
verse response pattern across participants. The like-
lihood ratio test on the full model against the null
model shows that only the effect of argument form
is significant (x%(2) = 25.6, p < 0.001). How-
ever, in accordance with the overall performance,
we find modus ponens (—%) has a significantly
higher effect than the other two valid argument
forms. This confirms that logical forms can also
have a significant impact on human reasoning ac-
curacy, which is consistent with the LLM results,
although the effect sizes are not the same.

6 Conclusion and Discussion

We present an analysis of hypothetical and disjunc-
tive syllogisms on propositional and modal logic
and systematically analyze the LLM performance
on the dataset. Our analysis provides novel insights
on explaining and predicting LLM performance: in
addition to the perplexity or probability of the input
text, the underlying logic forms play an important

0.83
propositional o
076
must
0.82
may —e—
0.00 0.25 0.50 0.75 1.00
0.73
disjunctive —eo—|
0.94
modus ponens e
0.65
modus tollens —e—
0.00 0.25 0.50 0.75 1.00

Figure 7: Estimated marginal means of logical form
factors in the generalized mixed-effects model of Eq. (6),
along with their 95% confidence intervals.

role in determining the performance of LLMs. In
addition, we compare the behaviors of LLMs and
humans using the same data through human behav-
ioral experiments. We discuss the implications of
our results as follows.

Probability in language models. Probability and
perplexity are often used as intrinsic evaluation
metrics for language models. While Gonen et al.
(2023) and McCoy et al. (2024) show that probabil-
ity and perplexity correlate well with LLM perfor-
mance, literature in program synthesis with LLMs
shows little correlation between probability and
execution-based evaluation results (Li et al., 2022;
Shi et al., 2022). This work does not necessarily
contradict either line but rather provides comple-
mentary factors for analyzing LLM performance.
We argue that probability may have become an
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overloaded term in analyzing LLMs. Low proba-
bility may be due to one or more of the following
non-exhaustive reasons: (1) out-of-context content,
(2) ungrammatical language, or (3) grammatical
but semantically awkward content (cf. the mirror
dataset in §4.2.2), (4) reasonable but rare content.
We hypothesize that the probability of language
models may not be essentially able to capture all
these nuanced differences, and call for encoding
and decoding algorithms—such as Meister et al.
(2023)—that can better decompose the probability
into finer-grained and explainable components.

Comparing humans and LLMs. What is our goal
for building LLMs? To achieve better performance
on practical tasks or to build a more human-like
model? Our results, together with Eisape et al.
(2024), suggest that these two goals may not be per-
fectly aligned by revealing a mixture of similarity
and discrepancy between LLMs and humans—for
example, while LLMs exhibit higher benchmark
performance than humans on our dataset and show
the same argument form preferences with humans
(Figures 3 and 7), they also show systematic biases
that we do not find significant in human reasoning
(e.g., disfavoring the necessity modality, §4.2.3).
While there has been positive evidence of using
LLMs as human models in psycholinguistic stud-
ies (Misra and Kim, 2024, inter alia), our results
suggest executing such approaches cautiously.

On the relation between modality and perfor-
mance. Our results show that there is a significant
difference in performance between necessity and
possibility modalities, with the former much lower
than the latter (Table 1). Part of the reason for this
is that LL.Ms have a significant tendency to say
“No” to the necessity modality (Figure 6).

On the one hand, our results extend the conclu-
sion of Dentella et al. (2023) that LLMs generally
respond positively—LLM behaviors may be signif-
icantly affected by finer-grained factors, including
but not necessarily limited to the modality involved
in the input. On the other hand, while LLMs sys-
tematically tend to answer “No” to questions in
necessity modality, we do not find related evidence
in human experiments, which leads us to hypothe-
size that such rejection bias comes from either the
model architecture or the training strategies, such
as the reinforcement learning with human feedback
(RLHF; Ouyang et al., 2022) protocol. We leave
this as an open question for future research.

Modal logic and theory of mind. Modality, in

principle, encodes mental states and beliefs. The
reasoning of beliefs also resonates with the the-
ory of mind (Premack and Woodruff, 1978; Baron-
Cohen et al., 1985, inter alia) and machine the-
ory of mind (Rabinowitz et al., 2018; Ma et al.,
2023, inter alia). Following the effort by Sileo and
Lernould (2023) that uses epistemic modal logic
to model the machine theory of mind, our work
assesses the behaviors of LLMs on alethic modal
logic, distantly revealing the future potential of
LLMs in achieving the theory of mind.

Limitations

This work comes with two major limitations:

1. While we have verified that our data has a low
perplexity (9.82 + 2.47 under mistral-7b; much
lower than that of the data by Wan et al. (2024),
25.44), and, therefore, are similar enough to nat-
ural language utterances, the synthetic language
cannot fully substitute natural language in daily
life. Our dataset and analysis are not comprehen-
sive enough to cover many nuanced examples
that may appear in real communication, espe-
cially when context-dependent understanding is
crucial to conveying communication goals.

2. Despite more than 7,000 languages worldwide,
as a first step, our material only covers English.
This narrow focus is due to the languages the
authors are proficient in and the coverage of the
language models. We acknowledge the impor-
tance of extending the scope of this work to a
more comprehensive set of languages and leave
the extension as an immediate follow-up step.
In addition, the sample size of human experi-

ments is somewhat limited. We leave more com-

prehensive human behavioral data collection and
analysis to future work.

Ethics Statement

While this work involves human logical reasoning
experiments, we have ensured that (1) the data are
generated procedurally following templates listed
in the paper and (2) there is no harmful content
in the atomic logical interpretations, reviewed by
all the authors. In addition, we have ensured that
all participants are paid a fair wage through the
Prolific platform. Instructions and consent forms
delivered to the participants can be found in the Ap-
pendix A.2. The institutional ethics review board
has approved the data collection process.
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This work contributes to the understanding of
LLMs. We do not foresee risk beyond the minimal
risk posed by LLM evaluation work. We acknowl-
edge that using LLMs in real-world scenarios could
significantly impact human behaviors, raising the
need for model transparency, safety, security, and
interpretability. We will open-source the synthetic
logical reasoning dataset upon publication.
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A Additional Experiment Details

A.1 LLM Experiment Details

All LLMs used are obtained from Hugging Face
checkpoints, exact repository and commits are
shown in Table 3. Specifically, we use the
instruction-tuned versions of the models due to
the zero-shot nature of our experiments.

Time and compute power requirements vary, the
largest llama-3-70b model takes around 2 hours on
NVIDIA A6000 GPU to obtain all results in §4.

All models besides phi-2 and phi-3-mini is
quantized to the bfloat16 floating-point format
(bf16), while the Phi family is using the original
32-bit format (f32). We found that phi-2’s perfor-
mance degraded too much when quantized in an
earlier experiment, so we resort to f32 on small
models from the Phi family. Due to compute re-
source limits, models of size 70B have to be quan-
tized, so we choose to align all the larger models
to bf16.

A.2 Human Experiment Details

Participant instructions. We use keys F and J,
which are roughly symmetric on a standard English
keyboard, to collect participant responses. Half of
the participants see the following instruction:

In this study, you will be presented with two
statements followed by a question. Your task is to
answer either Yes or No to the question, based on
the information provided in the statements. Please
respond quickly and accurately by pressing "F" for
Yes, and "J" for No.
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Model Repository Commit

mistral-7b mistralai/Mistral-7B-Instruct-v(.2 250544c9a802b0396550d0fd24bc80ff98bb1f5f
mistral-8x7b  mistralai/Mixtral-8x7B-Instruct-v0.1 1e637f2d7cb0a9d6fb19221305ch784995190a83
llama-2-7b meta-llama/Llama-2-7b-chat-hf f5db02db724555f92da89c216ac04704123d4590
llama-2-13b  meta-llama/LLlama-2-13b-chat-hf c2f3ec81aac798ae26dcc57799a994dfbf521496
llama-2-70b  meta-llama/Llama-2-70b-chat-hf 8b17e6f4e86be78cf54afd49ddb517d4e274c13f
llama-3-8b meta-llama/Meta-Llama-3.1-8B-Instruct 5206a32e0bd3067aef1ce90f5528ade7d866253f
llama-3-70b  meta-llama/Meta-Llama-3.1-70B-Instruct 33101ce6ccc@8fa6249c10a543ebfcac65173393
yi-34b 01-ai/Yi-34B-Chat 75fa0ab8d2a508411433f373433c170b571638ba
phi-2 microsoft/phi-2 ef382358ec9e3823089352992d908de@99b64c23
phi-3-mini microsoft/Phi-3-mini-4k-instruct 5a516f86087853f9d560c95eb9209c1d4ed9f 69

Table 3: Hugging Face checkpoints used in the experiments.

To mitigate the possible bias introduced by the
dominant hand, we have the other half of the par-
ticipants see instruction with reversed keys:

In this study, you will be presented with two
statements followed by a question. Your task is to
answer either Yes or No to the question, based on
the information provided in the statements. Please
respond quickly and accurately by pressing "F" for
No, and "J" for Yes.

Participant wage. We offer participants an
hourly wage of 1.5 times Prolific’s minimum wage.
The duration is determined by the median comple-
tion time among all participants.

B Extra Details of the Dataset

B.1 Considerations in Translating Logical
Form to Natural Language

During the interpretation process, another key point
is to assign independent interpretations to vari-
ables. Deciding the dependency also involves com-
mon sense knowledge. For example, consider the
premises -p — ¢q and ¢g. If we interpret p =
“Jane is inside the house” and q = “Jane is out”
to proposition variables p and g, the two variables
are possibly not independent. According to com-
mon sense, “Jane is not inside the house” (—p)
correlates with or is even equivalent to “Jane is out”
(¢). Logically, {—p — ¢, q} ¥ —p; however, with
the extra premise —p <+ ¢ given by common sense,
people may conclude that —p.'°

Besides, natural language is ambiguous—one
sentence in natural language can come from mul-
tiple logical forms under the same interpretation.
We use present tense and progressive aspect to en-
courage a reading of imaginary ongoing events,
corresponding to the alethic modality. Such events

10This confounding factor affects the examples in Appendix
C.1.12 of Holliday et al. (2024).

are less likely to induce LLM’s or human’s individ-
ual bias, as they are unrelated to factual knowledge
or moral judgements. Also, we always use two
full verb phrases, ruling out sentences like “Jane
is eating apples or oranges,” so the two events are
less likely to be mutually exclusive. In this way, we
can reduce the ambiguity of the questions in our
dataset.

B.2 Data Samples

All logic forms and corresponding natural language
sentences can be found in Table A1l.
The exact prompt format is as follows:

Consider the following statements:\n

Jane is watching a show or John is reading a book.\n
Jane isn’t watching a show.\n

Question: Based on these statements, can we infer that
John is reading a book?\n

Answer:<eof>

C Additional Experiments
C.1 Extra Experiment: Introduction Rule of
Modality

We report the results on the necessitation rule and
its variants here, as these rules are obscure and
verbose to be articulated in natural language:

{e} F Dp,
{o} FCp,
{e} Fo.

Its natural language form is as follows:

(necessitation rule)

Jane is watching a show.

(d) Can we infer that it’s certain that Jane is watching
a show?

(¢)  Can we infer that it’s possible that Jane is watch-
ing a show?

(@) Can we infer that Jane is watching a show?

All three variants are paired with 1000 logic in-
terpretations. As they are all rules of inference,
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Modality
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Argument Form
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Logical Form

{pVaqg,-p}tq

{pVag,~q}Fp

{-p—=q,-pttq

{-p—=q¢-q}tp

{Bp Vv Og,-0Op} - Og

{Bp Vv Og,—-0Og} F Op

{—-0p — Og,—~Op} + Oq

{-0p — O¢,—-0Oq¢} - Op

{Op Vv ©q,~Op} F Og

{OpV ©q,~0q} F Op

{—~0p = ©¢,~Op} F Oq

{=0p = ©q,=0q} F Op

{rVaq,q} ¥ -p

{rVq,p} ¥ —q

{-p—q,q} ¥-p

{-p— q,p} ¥ ~q

{Op v Og,0Oq} ¥ -Op

{Op Vv Og, Op} ¥ -0Oq

{—0p — Og,0Oq} ¥ -Op

{—0p — Og,Op} ¥ -0Oq

{Op Vv ©q,0q} ¥ —Cp

{Op Vv ©q, Op} ¥ ~Oq

{=0p = ©q,Oq} ¥ =Op

{=0Op = Oq, Op} ¥ =0q

Natural Language

Jane is watching a show or John is reading a book.

Jane isn’t watching a show.

Can we infer that John is reading a book?

Jane is watching a show or John is reading a book.

John isn’t reading a book.

Can we infer that Jane is watching a show?

If Jane isn’t watching a show, then John is reading a book.

Jane isn’t watching a show.

Can we infer that John is reading a book?

If Jane isn’t watching a show, then John is reading a book.

John isn’t reading a book.

Can we infer that Jane is watching a show?

It’s certain that Jane is watching a show or it’s certain that John is reading a book.
It’s uncertain whether Jane is watching a show.

Can we infer that it’s certain that John is reading a book?

It’s certain that Jane is watching a show or it’s certain that John is reading a book.
It’s uncertain whether John is reading a book.

Can we infer that it’s certain that Jane is watching a show?

If it’s uncertain whether Jane is watching a show, then it’s certain that John is reading

a book.
It’s uncertain whether Jane is watching a show.
Can we infer that it’s certain that John is reading a book?

If it’s uncertain whether Jane is watching a show, then it’s certain that John is reading

a book.
It’s uncertain whether John is reading a book.
Can we infer that it’s certain that Jane is watching a show?

It’s possible that Jane is watching a show or it’s possible that John is reading a book.

It’s impossible that Jane is watching a show.
Can we infer that it’s possible that John is reading a book?

It’s possible that Jane is watching a show or it’s possible that John is reading a book.

It’s impossible that John is reading a book.
Can we infer that it’s possible that Jane is watching a show?

If it’s impossible that Jane is watching a show, then it’s possible that John is reading

a book.
It’s impossible that Jane is watching a show.
Can we infer that it’s possible that John is reading a book?

If it’s impossible that Jane is watching a show, then it’s possible that John is reading

a book.
It’s impossible that John is reading a book.
Can we infer that it’s possible that Jane is watching a show?

Jane is watching a show or John is reading a book.

John is reading a book.

Can we infer that Jane isn’t watching a show?

Jane is watching a show or John is reading a book.

Jane is watching a show.

Can we infer that John isn’t reading a book?

If Jane isn’t watching a show, then John is reading a book.

John is reading a book.

Can we infer that Jane isn’t watching a show?

If Jane isn’t watching a show, then John is reading a book.

Jane is watching a show.

Can we infer that John isn’t reading a book?

It’s certain that Jane is watching a show or it’s certain that John is reading a book.
It’s certain that John is reading a book.

Can we infer that it’s uncertain whether Jane is watching a show?

It’s certain that Jane is watching a show or it’s certain that John is reading a book.
It’s certain that Jane is watching a show.

Can we infer that it’s uncertain whether John is reading a book?

If it’s uncertain whether Jane is watching a show, then it’s certain that John is reading

a book.
It’s certain that John is reading a book.
Can we infer that it’s uncertain whether Jane is watching a show?

If it’s uncertain whether Jane is watching a show, then it’s certain that John is reading

a book.
It’s certain that Jane is watching a show.
Can we infer that it’s uncertain whether John is reading a book?

It’s possible that Jane is watching a show or it’s possible that John is reading a book.

It’s possible that John is reading a book.
Can we infer that it’s impossible that Jane is watching a show?

It’s possible that Jane is watching a show or it’s possible that John is reading a book.

It’s possible that Jane is watching a show.
Can we infer that it’s impossible that John is reading a book?

If it’s impossible that Jane is watching a show, then it’s possible that John is reading

a book.
It’s possible that John is reading a book.
Can we infer that it’s impossible that Jane is watching a show?

If it’s impossible that Jane is watching a show, then it’s possible that John is reading

a book.
It’s possible that Jane is watching a show.
Can we infer that it’s impossible that John is reading a book?

Table Al: Samples of all logical forms and corresponding natural language sentences.
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%) O &

mistral-7b 0.998 0.885 0.999
mistral-8x7b 0.957 0.540 0.987
llama-2-7b 0.768 0.013 0.920
llama-2-13b 0.368 0.004 0.829
1lama-2-70b 0.511 0.051 0.834
Ilama-3-8b 0.398 0.225 0.783
llama-3-70b 0.674 0.384 0.794
yi-34b 0.960 0.382 0.999
phi-2 0.814 0.226 0.892
phi-3-mini 0.992 0.925 0.994

Table A2: Overall accuracy of the necessitation rule
and its modality variants on each model.

the ground truth answer is always Yes. Overall
accuracy is shown in Table A2, where across all
LLMs, the necessitation rule has the lowest accu-
racy. This echoes the necessity modality’s tendency
to be rejected discussed in §4.2.3.

We further fit a linear mixed-effects model simi-
lar to Eq. (4), except that the argument form effect
is now constant across all data points. The mixed-
effects model yields a marginal R? of 0.391 and
a conditional R? of 0.745. Estimated marginal
means shows that the accuracy on @ is 0.171 less
than <, but 0.371 higher than O, with both dif-
ferences significant at p < 0.0001. This further
suggests that modality serves as an important fac-
tor on logic reasoning performance.

C.2 Extra Experiment: Distribution of
Modalities

Besides the necessitation rule, distribution axiom
is the other fundamental axiom in normal modal
logic. It can be transformed into the rule shown
in Eq. (A1), and plugging in the definition of V in
Eq. (2) gives the rule shown in Eq. (A2). Notice
that Eq. (A2) closely resembles rule Vs variant
with necessity, as shown in Eq. (A3), except the dif-
ferent scope of the necessity operator and the posi-
tion of the negation operator. Moving the negation
operator out of the necessity operator will result in
a fallacy (Eq. A4).

{3(p — ), Op} - O, (A1)
{3(p V1), O=ep} - O, (A2)
{Op Vv Oy, ~0p} F Oy, (A3)
{B(p V), ~Op} ¥ Oy (A4)

We say (A2) to (A4) are of argument form
theorem, base and spurious, respectively. See
Table A3 for the logical forms and their ground

Modality ~ Argument Form  Logical Form

o] base eV, mpk

a base Op V O, —~0p + Oy
O theorem O(p V), 0-p + Oy
O spurious O(e V), ~Op ¥ Oy
& base Qo VoY, ~Cp F OY
& theorem O V), Omp = O
& spurious Sl V), ~Cp F Oy

Table A3: Logical forms and their ground truth to study
the distribution of modalities. Only the spurious form
of the necessity modality (marked by underline) has a
ground truth of false.

truth we used to study the distribution of modali-
ties. The natural language form is as follows:

It’s certain that if Freddy is not going
shopping, then Coy is making dinner.

(theorem) It’s certain that Freddy is not going shop-
ping.
(spurious) It’s uncertain whether Freddy is going
shopping.

Can we infer that it’s certain that Coy is
making dinner?

This group of rules and fallacies comes from
the fact that the necessity modality O is not dis-
tributive to disjunction, i.e. d(p V 1) ¥ Op vV O
(Xiang, 2019, Ex. 5). In contrast, the possibility
modality < is distributive to disjunction. This par-
ticular case could have served as a material to test
the LLM’s knowledge of the asymmetry between
the two modalities, yet in §4.2.3 we showed that
there is a bias towards rejection on the necessity
modality. As the false case of the disjunction is
on the necessity modality, this bias confounds the
experiment.

We fit a linear mixed-effects model similar to
Eq. (4) to the data,

Accgon ~ Modality x ArgForm + Perplexity
+ (1 + Perplexity | LLM),

with an interaction term between the modality and
argument form. On the theorem form compared
to the base form, the necessity modality O has a
0.173 higher estimated marginal means with p <
0.0001 significance, yet the possibility modality <
has a 0.071 lower estimated marginal means. On
the spurious form compared to the base form,
the O has a 0.312 higher means, and the < has no
significant difference. On both forms, & > O in
terms of accuracy still holds at a slight margin of
0.110 and 0.047 respectively.
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Soft
Soft (Thresholded) Hard
mistral-7b  0.644 0.648 0.648
mistral-8x7b  0.725 0.731 0.730
Ilama-2-7b  0.335 0.273 0.259
llama-2-13b  0.513 0.553 0.511
llama-2-70b  0.611 0.719 0.696
Ilama-3-8b  0.566 0.684 0.665
llama-3-70b  0.714 0.850 0.836
yi-34b  0.517 0.544 0.528
phi-2  0.532 0.544 0.544
phi-3-mini  0.690 0.712 0.712

Table A4: Comparison between greedy decoding-based
hard accuracy and probability-based soft accuracy.

To verify whether on O the performance increase
on spurious form is due to the rejection bias, we
fit a linear mixed-effects model with the relative
probability of answering Yes as dependent variable.
Results show that on spurious form compared to
the base form, the effect of O’s tendency to answer
Yes is only 0.060 lower, indicating the rejection
bias of the base form is still present. Therefore,
we hypothesize that the LLM’s performance on
recognizing the fallacy of necessity distribution
over disjunction is hindered by the rejection bias
on the necessity modality.

C.3 Extra Experiment: Greedy Decoding

We provide additional results based on greedy de-
coding methods. The hard accuracy, a metric com-
plementing the soft accuracy we mentioned in §4.1,
is obtained by the following procedure:

1. Prefill the input.

2. Predict the next token with the model, and greed-
ily select the token ¢ with the highest probability.

3. If the ¢ token is Yes or No, take the token as
model’s answer and terminate.

4. Append the ¢ token to the input. Return to step 2
to generate autoregressively, until an answer is
determined or the maximum number of output
tokens NV is reached.

5. The hard accuracy is 1 iff the answer is correct.
If the answer is incorrect or the maximum num-
ber of output tokens NV is reached without an
answer, the hard accuracy is 0.

We report the hard accuracy with maximum to-
ken number of N = 10. '' As hard accuracy is

"Notice that due to the non-deterministic nature of GPU
parallelism, the soft accuracy results reported in this section
differ from the one in §4. We verify that on all models, the
mean squared error between the soft accuracy results reported

a binary metric, we threshold the soft accuracy at
0.5 (I[Accgopr > 0.5]) for a fair comparison. The
results of accuracies averaged over all argument
forms and modalities on all models are shown in
Table A4. We observe that the thresholded soft ac-
curacy is no less than the hard accuracy on models.
Besides accuracy, we also observe that although
nearly all models always predict an answer token
(either Yes or No) as the first output token, this is
not the case for phi-3-mini. It on average greedily
decodes an answer token at around the 4th output
token, and only on 76.3% of the cases it decodes
an answer token within the first 10 output tokens.
The evidence above supports the argument from
Hu and Levy (2023) that decoding-based methods
may underestimate the language model’s true per-
formance, and justifies our choice of using the soft
accuracy in §4.

here and the ones in §4 is less than 0.01.
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