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Abstract

Inductive biases are inherent in every machine
learning system, shaping how models gener-
alize from finite data. In the case of neural
language models (LMs), debates persist as to
whether these biases align with or diverge from
human processing constraints. To address this
issue, we propose a quantitative framework that
allows for controlled investigations into the na-
ture of these biases. Within our framework,
we introduce m-local entropy—an information-
theoretic measure derived from average lossy-
context surprisal—that captures the local un-
certainty of a language by quantifying how ef-
fectively the m — 1 preceding symbols disam-
biguate the next symbol. In experiments on
both perturbed natural language corpora and
languages defined by probabilistic finite-state
automata (PFSAs), we show that languages
with higher m-local entropy are more diffi-
cult for Transformer and LSTM LMs to learn.
These results suggest that neural LMs, much
like humans, are highly sensitive to the local
statistical structure of a language.

O https://github.com/rycolab/
Im-inductive-bias

1 Introduction

Every machine learning system has some form of
inductive bias: given a finite training sample with
potentially infinitely many compatible hypotheses,
its architecture and learning algorithm predispose
it to favor certain generalizations over others
(Mitchell, 1980; Rawski and Heinz, 2019). The
concept of inductive bias is central to the growing
discussion of whether the inductive biases of
neural network LMs align with the cognitive
pressures that shape human language learning. In
a 2023 New York Times article, Chomsky et al.
argued that neural LMs possess inductive biases
fundamentally different from human cognitive

*This research was conducted while visiting ETH Ziirich.
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Figure 1: KL divergence (Transformer LM) as a func-
tion of the 3-local entropy of the language generated
from a PFSA in Experiment 2. LMs perform better at
languages with lower local entropy.

constraints, a claim that has motivated theoretical
rebuttals (Piantadosi, 2024) as well as empirical
research to test the extent of this divergence
(Kallini et al., 2024; Ahuja et al., 2024).

In particular, Kallini et al. (2024) demonstrated
that perturbing natural language corpora to alter
their sequential structure, making the languages
less human-like, renders languages harder for
neural LMs to learn. While their findings suggest
that disrupting local structure (e.g., through local
shuffling transformations) impacts learnability,
they do not isolate the specific property responsible
for this effect. To rigorously assess whether a
neural LM’s inductive biases align with human
constraints, we must identify quantifiable prop-
erties of language that affect human learning
difficulty and systematically manipulate these
properties in controlled experiments with neural
LMs. Information-theoretic models of language
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processing, which view the structure of languages
as shaped by language users’ joint optimization of
informativity and complexity, provide a promising
framework for identifying these properties.

In this paper, we turn to the principles of
information locality, which suggest that language
is structured to minimize linear distance between
linguistic elements with high mutual informa-
tion (Gibson, 1998, 2001; Futrell, 2019; Futrell
etal., 2020). Information locality is thought to arise
from the memory limitations of human processors,
which make it challenging to integrate long-range
linguistic dependencies (Hahn et al., 2022). The
influence of these cognitive constraints has been ob-
served across multiple timescales, in both language
comprehension and production, and across diverse
languages of the world (Hahn et al., 2021; Futrell,
2023; Futrell and Hahn, 2024). Demonstrating
that a neural LM’s learnability of a language is
influenced by its local predictability would reveal
an inductive bias that aligns with the functional
pressures shaping human language processing.

As a first step in this direction, we propose using
m-local entropy, an information-theoretic measure
designed to quantify a linear notion of local pre-
dictability which can be derived from the principles
of information locality (Futrell et al., 2020).! We
study how m-local entropy affects learnability in
two sets of experiments: one where we perturb nat-
ural language corpora, and another where we ran-
domly generate probabilistic finite-state automata
(PFSAs). We train LSTM and Transformer LMs
on these languages and examine whether neural
LMs’ difficulty in learning a language is predicted
by the language’s m-local entropy, to see if neu-
ral LMs and humans share an inductive bias for
information locality. Our experiments demonstrate
that m-local entropy negatively correlates with the
ability of a neural LM to learn a probabilistic lan-
guage. Specifically, our experiment with an En-
glish natural language corpus—and its perturbed
variants—reveals that LSTM and Transformer LMs
show systematic degradation in performance as m-
local entropy increases, even when global and next-
symbol entropy are held constant. Furthermore,
in experiments using PFSAs, we manipulate the
properties of languages more systematically and

"More specifically, m-local entropy can be derived from
the lossy-context surprisal theory of language comprehension
(Futrell et al., 2020), a theory belonging to the expectation-
based family of theories of language processing (Hale, 2001;
Levy, 2008). See §2.2.2 for details.

show that this trend is not an artifact of the cor-
pora or particular perturbation functions used in
our experiments.

2 Formal Background

2.1 Languages and Language Models

An alphabet X is a finite, non-empty set of sym-
bols. The Kleene closure >* is the set of all strings
with symbols from ¥. We use |y| to denote the
length of y € ¥*. A language is a subset of ¥*.
A language model p is a probability distribu-
tion over X*. The prefix probability ﬁ(y) is the
probability that a string begins with y € >*:

> plwy) (1)

ylez*

Dy =

The conditional prefix probability of a string ¢y’ €
3* given another string y is given by

(Y |y) = %(%/)- )

Using the notion of a conditional prefix proba-
bility, one can factorize a language model p as’

lyl

pEos |y [[ 2w lyr), B3
t=1

p(y) =

where each 7’ (vt | Y<) is a distribution over & o
¥ U {EO0S}, where EOS ¢ ¥ is a distinguished
end-of-string symbol, and where we define

)d:ef p(y) . (4)

p (EOS | y )

We define p’s infix probability P as

W=D >

y EE* y/lez*

(v'yy") (5)

Note that, despite denoting the probability of an
event, p and p are not probability distributions
over »*. In order to convert them into proba-
bility distributions, we have to renormalize them.

However, the the sums 7 ZyEE* P (y) and
7 d ZyEZ* ‘D (y) may diverge. A necessary

Modern neural LMs (e.g., LSTMs, Transformers) di-
rectly parameterize the next—symbol probability distribution
Ty over 3, which coincides with the conditional prefix
probability ' (y | y). Training therefore maximizes the log-
likelihood of observed symbols, and the full string probability
q(y) is recovered via the product in (3).
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—\
and sufficient condition for Z to be finite is that

the expected length p = Ey~ply| under p is fi-
nite.> Thus, in the following, we assume that
1 = Eyply| < 400, which implies that we can
normalize the prefix probability function to fogn
probability distributions. We do not require that 2

be finite in this paper. However, one can show that

Z is finite if and only if Ey.,|y|? < +oo.

Random Variables. We will use the following
random variables in our exposition. First, let Y be
a X *-valued random variable distributed as

Pr(Y =y) = p(y). (6)
Then, let ? be a X*-valued random variable dis-
tributed according to

P (y)

—. )

Z

o
o

]

Pr(Y =y)

Next, let Y be a g—valued random variable jointly
distributed with Y according to

PrY=y| Y =) EPWwly). ®

Finally, let C be a ¥™ !-valued random variable
distributed according to o normalized over ¥™ !

PARN

p(c)
ZC'eEm—l Iﬁ(c/) .

Pr (C = c) can be interpreted as observing c as
a length-(m — 1) substring of a string sampled
from p. Additionally, the random variable Y is
conditionally distributed, given C, according to

PrY =y|C=c) = Z ﬁ(y | ylc)?(y,)a
y’EE*

Pr(C=c¢)=

(&)

(10)
i.e., as the next symbol given that the previous m—1
symbols were c.

2.2 Global Entropy and M-local Entropy

The concept of entropy, as introduced by Shan-
non (1948), provides a foundational framework
for quantifying uncertainty in language. Depend-
ing on how one defines the underlying probability
distribution over linguistic units, entropy can cap-
ture different aspects of language complexity. In
this paper, we discuss two versions of entropy—
global entropy (i.e., the Shannon entropy) and m-
local entropy—each capturing different facets of
language complexity.

3See Opedal et al. (2024, Prop. 1).

2.2.1 Global Entropy
The global entropy of p is defined as

H(Y) = = > p(y)logp(y) .

yeX*

(11)

Note that Eq. (11) may be infinite for some p. How-
ever, for the remainder of our paper, we will assume
that H(Y') < +o0. Eq. (11) reflects the uncertainty
in the distribution over all possible strings y € >*:
Higher global entropy indicates that p distributes
probability mass more uniformly across strings.*

We further define the (global) next-symbol en-
tropy for finite-mean-length language models as the
weighted average of the entropy of all local next-
symbol distributions, averaging over all possible
contexts y € X*, and weighted by the normalized
prefix probability of y.> First, for a specific con-
text y, we define the context-specific next-symbol
entropy as follows:

HY | Y =y)
£ PWlylogpyly). 12
yeS

Then, using Eq. (12), we construct the next-symbol
entropy as

HY |Y)
=N Pr(Y =y)HY | Y =y) (13
yer*
_Zpi(y—) Y|Y =y) (13b)
v 2
1 . NN
=— p(HY |Y =y) (3¢
H +1 yex*
1
= mH(Y). (13d)

where we exploit the identity u+1 = Z and where
the last equality follows from Malagutti et al. (2024,
Thm. 2.2). What Eq. (13d) tells us is that the next-
symbol entropy is proportional to the global en-
tropy. So, if both were used as predictors in a linear
model, they would yield identical predictive power.

Invariance of global and next-symbol entropy.
Our goal in this paper is to isolate how local uncer-
tainty of a language affects the performance of neu-
ral LMs in learning the language. Global entropy

“Because X* is countably infinite, there is no uniform

distribution over X*.
>The weighting cannot be uniform, as 3* is infinite.
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and its length-normalized variant, next-symbol en-
tropy, are obvious benchmarks, yet neither is sen-
sitive to the local statistical structure we want to
manipulate. Global entropy is invariant to bijective
transformations of ¥*; that is, for any bijection
f:¥* = ¥, H(Y) = H(f(Y)). Next-symbol
entropy is only slightly more rigid: it is, in gen-
eral, not conserved under bijection, but it remains
constant under any length-preserving bijection. To
capture the aspect of local uncertainty that these
measures miss, we introduce m-local entropy in
the next section. Unlike global entropy and next-
symbol entropy, m-local entropy does change under
the length-preserving, bijective perturbations used
in our experiment (§3.1), which makes it possi-
ble to create a set of counterfactual corpora where
each corpus has the same global and next-symbol
entropy but has different m-local entropy.

2.2.2 M-local Entropy

Next-symbol entropy measures uncertainty over
next-symbol predictions conditioned on the full
available context, averaged across all possible con-
texts. This can be seen as the limit of a local quan-
titification of uncertainty, which captures the unpre-
dictability of the next symbol given a fixed amount
of preceding context. We term this fixed-context
uncertainty measure m-local local entropy.
Given any ¢ € ™!, we can compute

HY [C=c)=-)Y PrY =y |C =)
yeS

logPr(Y =y |C=c¢). (14)

This captures the unpredictability of a symbol y
after observing a given local context c. We can
then say that the m-local entropy of p is an expec-
tation over possible contexts ¢ € X!, with each
context weighted by Pr (C = ¢):

HY |C)= Y Pr(C=c)HY |C=c).
cexm—1

(15)
This yields a measure of local complexity that can
differ from global entropy by more than a multi-
plicative constant. Even when two languages have
identical global entropy, their m-local entropies
reflect differences in how reliably the local con-
text predicts the next symbol. Importantly, unlike
global entropy, local entropy is not necessarily
preserved under bijective transformations of X%,
which enables us to assess the impact of such trans-
formations on learnability. Our experiments show

that transformations that disrupt local statistical
structure are associated with how well neural LMs
are able to learn a probabilistic language.

M-local entropy and lossy-context surprisal.
As a generalization of the surprisal model of lan-
guage processing difficulty (Hale, 2001; Levy,
2008), Futrell et al. (2020) propose lossy-context
surprisal. In this framework, the predicted dif-
ficulty of an upcoming word is proportional to
the word’s expected log probability given a lossy
memory representation of the preceding context.
A memory encoding function specifies a distribu-
tion over such representations. If that function
keeps only the m — 1 symbols immediately pre-
ceding the target word, the metric collapses to the
familiar m-gram surprisal. Averaging this quantity
over all possible contexts with language-specific
weights yields the average (lossy-context) surprisal
of a language (Futrell, 2019; Hahn et al., 2021).
When those weights are the contexts’ infix prob-
abilities (see Eq. (5)), the average coincides with
our definition of m-local entropy (Eq. (15)). To our
knowledge, no prior work has linked lossy-context
surprisal directly to language model learnability—a
connection that our work aims to explore.

2.3 Probabilistic Finite-State Automata

Definition 2.1. A probabilistic finite-state automa-
ton (PFSA) is a 5-tuple (X, Q, 0, A, p) where

* Y is an alphabet,

* () is a finite set of states,

*0 C Qx X xI[0,1] x Q is a finite set of

weighted transitions, rendered as q y/—w> q
withy € ¥ and w € [0, 1],

* \,p: Q — [0,1] are the initial and final
weighting functions,

* Asatisfies Y o A(q) =1, and

* forallq € Q, zqy/_w)q/eéw—i-p(q) =1

A path 7 in a PFSA A is a sequence of con-

secutive transitions qg wjw, Y/ qn. We

define its scan as s () = y; - - - yn. (A, y) de-

notes the set of all paths in A that scan y € >*.

The inner path weight of 7 is @(m) = [[)_, wn,

and its path weight is w(7) = A(qo)w(7)p(qn ).
A PFSA A induces a language model p, as

pay) s Y w(m).

well(Ay)

(16)

Studying PFSAs not only allows us to perform
controlled experiments but also enables us to com-
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pute many quantities of interest exactly. App. A
contains a collection of closed-form solutions for
computing various quantities of interest, including
the string (prefix and infix) probabilities and the
m-local entropy of the induced language model.

3 Experiment 1: LM Performance along
the M-local Entropy Continuum

In the first experiment, we investigate the relation-
ship between local entropy and LM performance
using a natural language corpus. We hypothesize
that local entropy is a key factor in determining
how easily an LM learns a language. To test this
hypothesis, we apply a length-preserving, bijective
perturbation function to a natural language corpus
that alters its local structure. As we will see in the
following section, this results in a counterfactual
perturbed corpus (cf. Kallini et al., 2024), where
language models have different m-local entropy but
the same global entropy and next-symbol entropy.
We then train neural LMs on the naturally occur-
ring corpus and the perturbed one and study how
local entropy affects the neural LMs’ performance.

3.1 Constructing Languages with Different
Local Complexity

Here, we detail several specific transformations
implemented in our experiments, refining the per-
turbation functions of Kallini et al. (2024). Note
that all of the perturbation functions defined below
are both bijective and length-preserving.

DETERMINISTICSHUFFLE. Given a string of
length T, y = y1y2 - - - yr, the function applies
a length-specific permutation o7 of the positions
{1,...,T}. Each o is sampled once at the start
of the experiment (using a fixed pseudorandom
seed) and then reused. Therefore, two strings of the
same length are shuffled in exactly the same way,
whereas strings of different lengths are transformed
according to different permutations. By construc-
tion, every o is a bijection on {1,...,T}, so the
string length is left unchanged.

REVERSE. This function reverses the entire
sequence of symbols. Formally, given a string
Y = Y1 Y2 - - - Y1, the REVERSE mapping produces
yr yr—1 - - - y1. It is trivially invertible (by apply-
ing the same operation again), making it a bijection.

EVENODDSHUFFLE/ODDEVENSHUFFLE.
Let y = y1y2---yr be a string of length T
Define two subsequences O(y) = y1y3ys - - - and

E(y) = yayays - - - that collect all symbols in y at
even positions and odd positions, respectively. We
then define EVENODDSHUFFLE(y) = E(y)O(y)
and ODDEVENSHUFFLE(y) = O(y)E(y).

K-LOCALDETERMINISTICSHUFFLE. Lety =
Yy1yo - - - yr be a string in X*, which we partition
into consecutive windows of size k. For the i
window, y(; _1)g+1 " Yik. We apply a fixed permu-
tation 7F determined by window size k, window
index 7 and a global random seed. Formally, the K-
LOCALDETERMINISTICSHUFFLE of y produces

(¥ (g1 yk)s T8 (Y1 yor)s .- .).0

3.2 Estimating the M-local Entropy

Unfortunately, when we only observe a corpus, the
m-local entropy of the data-generating distribution
is not known. In this experiment, we estimate it
using an n-gram language model implemented
with KenLM (Heafield, 2011). Given a corpus D,
we train an n-gram model on DD to get the estimated
conditional probability distribution p(y | ¢) for
c € Y 1. Plugging this estimated probability
distribution into Eq. (14), we can compute

o 1 R
HY |[C=¢)= —Wzlog}?(y le), (17)
yeD

where N (c) is the number of times ¢ appears in D.

The normalized infix probability is estimated as

_ N9
N, total ’

p(C = c) (18)
where Ntotal = Zc’EEm_l N(C/).

Given these and Eq. (15), we can approximate
the m-local entropy as

H(Y | O)
= Y BC=cHY|C=c) (1%)
cexm—1
1 .
=N > loghly | e). (19b)

cyeD

This estimator is a practical proxy for the quantity
in Eq. (15). The m-local entropy of each corpus is
estimated by an n-gram model with order m — 1
trained on the concatenation of the training, valida-
tion, and test set of the corpus.

®If the string length T is not a multiple of %, then the
final window, which contains £ (< k) symbols, is permuted
by applying the length-I permutation 7¢ to all the available
symbols in that window.
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50K samples 200K samples
m MAE MRE (%) MAE MRE (%)
2 0.0015+0.0009 0.04+£0.02 0.0007 £ 0.0005 0.02 +0.01
3 0.0132+£0.0058 0.36£0.14 0.0046 £0.0021 0.13 +0.05
4 0.1267 £0.0615 3.63 £1.53 0.0522 £0.0267 1.49 + 0.67
5 04702+0.1953 13.82+£4.78 0.2599 £0.1229 7.61 £+ 3.10

Table 1: Mean absolute error (MAE) and mean relative error (MRE) of the m-gram estimator of m-local entropy

(averaged over 16 PFSAS).

3.2.1 Validating M-local Entropy Estimation

To ensure the reliability of our m-local entropy
estimation with n-gram models, we quantify
the discrepancy between the m-local entropy
estimated with an empirical n-gram model with
order m — 1 and the true m-local entropy that can
be calculated analytically for PFSAs. We sample
16 PFSAs covering two values for the number
of states (|QQ| € {8,16}), two alphabet sizes
(|X| € {32,48}), two different random topologies,
and two different random transition weights (see
App. B for the details). For each PFSA, we gen-
erate two corpora, with 50K and 200K strings re-
spectively, and then estimate m-local entropy using
n-gram models with order m — 1 form = 2,...,5.
For every (m,PFSA) combination, we compute
the absolute (AE) and relative (RE) error between
the estimated and the true m-local entropy, then
average the errors across the 16 PFSAs. Table 1
summarizes our results. With 200K strings, the esti-
mator achieves relative error below one percent up
to m = 4 and remains under 8% even for m = 5,
the most challenging setting. Increasing the corpus
size from 50K to 200K consistently reduces both
absolute and relative error, confirming that addi-
tional data yield further improvements. In sum, the
m-gram estimator provides a faithful approxima-
tion to the true m-local entropy for all m studied.

3.3 Experimental Setup
3.3.1 Neural Language Models

We investigate how varying m-local entropy in
a language model impacts the performance of
two widely used neural LM architectures: the
LSTM (Hochreiter and Schmidhuber, 1997) and
the Transformer (Vaswani et al., 2017). We use
a single-layer LSTM with 512-dimensional hid-
den units and a 4-layer causally-masked Trans-
former encoder with 768-dimensional representa-
tions, 3072-dimensional feedforward layers, and
12 attention heads. Both are implemented in Py-

Torch (Paszke et al., 2019). Both architectures are
trained on the training set via the standard language
modeling objective across 5 random training seeds.
See Appendices C and D for more details.

3.3.2 Dataset

We conduct our experiments on a subset of the
Brown Laboratory for Linguistic Information Pro-
cessing 1987-89 Corpus Release 1 (BLLIP; Char-
niak et al., 2000).” Specifically, we adopt the
same training, development, and test splits as
BLLIP-SM in Hu et al. (2020), which comprise
roughly 200K sentences, totaling around 5M to-
kens. Starting from this original corpus, we apply
the perturbation functions in §3.1 to produce per-
turbed corpora. For both DETERMINISTICSHUF-
FLE and K-LOCALDETERMINISTICSHUFFLE, we
use 20 random seeds. In the case of
K-LOCALDETERMINISTICSHUFFLE, we vary the
parameters k over the set {3, 4,5, 6, 7}, yielding 20
perturbed corpora for each k. This produces a total
of 124 distinct corpora, including other perturbed
corpora and the BASE (original) corpus.

3.3.3 Evaluating Learning Difficulty

In this experiment, we rely on next-symbol cross-
entropy as a measure of how well a trained lan-
guage model ¢ approximates the target distribution.
If p is the ground-truth language model, and g is
any learned neural LM, we can estimate the next-
symbol cross-entropy as:

Y)

Z{log?(?:Eos\?:y)

ye

ly| L N

3l TV = 0| ¥ =wa)], 0
t=1

H,(Y

]

S

"We also conduct the same set of experiments using the
BabyLM corpus (Choshen et al., 2024); results in App. F.
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2-local entropy  3-local entropy  4-local entropy  5-local entropy

BASE 6.67 4.27 2.92 2.45
REVERSE 6.98 4.39 2.98 2.51
EVENODDSHUFFLE 7.91 5.10 3.76 3.43
ODDEVENSHUFFLE 7.87 5.07 3.74 341
LOCALSHUFFLE (K=3) 8.12 £0.08 5.05 £ 0.06 3.68 £0.07 3.39 £ 0.07
LOCALSHUFFLE (K=4) 8.25 £0.07 5.17 £0.04 3.80 £ 0.04 3.56 £0.05
LOCALSHUFFLE (K=5) 8.33£0.07 5.25+0.04 3.88 £0.04 3.64 £0.05
LOCALSHUFFLE (K=6) 8.43 +£0.07 5.31+0.05 3.97 £0.06 3.72 £ 0.06
LOCALSHUFFLE (K=7) 8.47 +0.07 5.36 £0.05 4.03 +£0.06 3.78 +0.07
DETERMINISTICSHUFFLE 8.77 5.73 4.60 441

Table 2: M-local entropy values for the BASE (original) corpus and the different perturbed corpora. LOCAL SHUFFLE
refers to the K-LOCALDETERMINISTICSHUFFLE. Values are shown as mean + standard deviation (averaged over

different random seeds).

where D = {y(™}_, is a set of i.i.d. draws from
p.and S =% p|y|+ 1. In this experiment, we
evaluate each LM using the estimated next-symbol
cross-entropy on the test set.

When comparing the ability of a neural LM to
learn two different target language models, it is
essential to account for the inherent entropy of
each target language model. In the statistical set-
ting, learning a language means estimating its prob-
ability distribution as closely as possible. Con-
sequently, cross-entropy without taking into ac-
count the entropy can lead to incorrect conclusions;
see, for example, NONDETERMINISTICSHUFFLE
in Kallini et al., 2024. To address this, our ex-
periments ensure that all corpora have the same
inherent (global) entropy; see §3.1, which allows
us to safely compare cross-entropy results across
different languages.

3.4 Results

How do different perturbations affect m-local
entropy? Table 2 reports the m-local entropy
values (m € {2,3,4,5}) for the BASE corpus
and the various perturbed corpora. REVERSE
barely changes the m-local entropy, whereas
EVENODDSHUFFLE and ODDEVENSHUF-
FLE increase it somewhat more. In contrast,
K-LOCALDETERMINISTICSHUFFLE yields
progressively higher entropy as the window size
k grows, indicating a greater disruption of local
ordering.  Finally, DETERMINISTICSHUFFLE
produces the highest m-local entropies among
all transformations. Our results confirm that the
bijective transformations we defined in §3.1 effec-
tively generate new language models with different

m-local entropies from the original one, while pre-
serving the global entropy by design. This yields
a continuum of languages along a specific measur-
able axis of complexity rather than a qualitative
notion of possibility as in Kallini et al. (2024).

M-local Entropy and LM Performance. Fig-
ure 2 shows the relationship between the m-local
entropy (estimated by m-gram models; §3.2) and
the next-symbol cross-entropy of each neural
LM on the test set. We observe a strong positive
correlation between m-local entropy and next-
symbol cross-entropy for both neural architectures.
For example, with m = 4, the coefficient of
determination R? reaches 0.922 for the LSTM LM
and 0.915 for the Transformer LM, indicating that
higher local ambiguity (as measured by m-local
entropy) generally leads to decreased performance
(i.e., higher next-symbol cross-entropy) under both
models. Furthermore, since our transformations
are designed to preserve global entropy and global
next-symbol entropy, these results highlight the
crucial role of local entropy in the learnability of a
language by neural LMs. This suggests that neural
LMs inherently possess an inductive bias toward
languages with lower local entropy.

4 Experiment 2: Controlled Learnability
Tests with PFSAs

Experiment 1 only focused on a specific English
corpus and a specific set of perturbation functions.
To confirm that the results are not just an artifact of
this experimental design but a fundamental prop-
erty of neural LMs, we conduct a controlled ex-
periment using PFSAs. This also enables us to
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compute quantities of interest exactly, especially
the m-local entropy of the induced language model.

4.1 Experimental Setup

We use the same neural LMs and training config-
urations as in §3, but we generate datasets using
PFSAs (§4.1.1) and evaluate neural LMs while con-
trolling for global entropy (§4.1.2).2

4.1.1 Generating Datasets Using PFSAs

We construct random PFSAs with alphabet sizes
X € {32,48,64} and numbers of states |Q| €
{16, 24, 32}. For each of the nine configurations,
we randomly generate 25 automata. We do this by
generating five random PFSA topologies (the un-
derlying multi-graph) and five random weightings
for each. See Algorithm 1 in App. B for details.
We sample 20K strings for the training set, 5K for
the validation set, and 5K for the test set from p 4
for each PFSA A.

4.1.2 Evaluating Learning Difficulty

Using PFSAs allows us to compute a range of
entropy-related values, including the inherent
next-symbol entropy (§2.3), which enables us
to evaluate LMs based on KL divergence Dxr..
Specifically, the estimated ﬁKL is given by sub-
tracting the next-symbol entropy of the PFSA from

8Recall that in Experiment 1 it was unnecessary to control
for global entropy.

the estimated next-symbol cross-entropy of the
LM (Eq. 20)): Dxr, =Ho(Y | Y)-H(Y | Y).
In this second experiment, we evaluate each LM
using Dk, on the test set.

4.2 M-local Entropy and LM Performance

Figure 3 shows the relationship between the
m-local entropy of PFSAs (calculated analytically;
App. A) and the KL divergence of each neural LM
on the test set; see Table 3 for Pearson correlation
coefficients. The experimental results reveal a
clear positive correlation between m-local entropy
and ﬁKL across both architectures and all values
of m = 2,3,4,5, indicating that neural LMs find
it more challenging to model distributions with
higher local uncertainty. The Transformer LM
consistently shows higher lA)KL compared to the
LSTM within each topological cluster, suggesting
that LSTMs are more effective at modeling these
particular probability distributions (Weiss et al.,
2018; Borenstein et al., 2024). Additionally, when
2| is constant, Dy, is higher for PFSAs with
larger |@|, consistent with Borenstein et al. (2024).

5 Discussion and Conclusion

By proposing m-local entropy as a predictor of
learning difficulty grounded in lossy-context
surprisal theory and information locality principles,
we provide a formal information-theoretic perspec-
tive that connects the inductive biases of LMs and
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Figure 3: Scatter plots of symbol-level KL divergence (y-axis) versus m-local entropy (x-axis) for m € {2, 3,4, 5},
for both LSTM (top row) and causally-masked Transformer encoder (Transformer; bottom row) models. Each
marker type/color corresponds to a different combination of number of states (|@|) and symbols (|X]). The dashed

line is a linear fit for each cluster.

the statistical properties of language thought to be
shaped by functional pressures in humans (Gibson,
2001; Futrell et al., 2020). Through two sets of
experiments—one on perturbations of a natural
language corpus and another using PFSAs for the
controlled generation of synthetic languages—we
consistently find that both LSTM and Transformer
architectures model languages with lower m-local
entropy more effectively. The shared sensitivity to
information locality between artificial and human
learners suggests a common inductive bias shaping
both systems, possibly because both systems
process language incrementally.

Our findings open several promising directions
for future research. One avenue is to explore induc-
tive biases beyond information locality, such as sen-
sitivity to hierarchical structure or structure depen-
dence (Chomsky, 1957; Everaert et al., 2015), in
order to better understand the full range of factors
influencing language learnability in both humans
and machines. Additionally, incorporating local en-
tropy into model evaluation or as a regularization
signal during training could lead to more robust and
cognitively plausible language models (Timkey and
Linzen, 2023; De Varda and Marelli, 2024).

In summary, our study presents new evidence
of the strong sensitivity of neural LMs to a lan-
guage’s local statistical structure, advancing our
understanding of their inductive biases and estab-
lishing a foundation for future research on assess-

ing and improving the alignment between artificial
and human language processors.

Limitations

While our study reveals a strong correlation
between m-local entropy and LM performance,
it is important to note that our analysis remains
correlational. We have not yet pinpointed the
precise mechanisms by which variations in local
uncertainty impact the learning dynamics of neural
language models. Additionally, our controlled
experiments relied on PFSAs to generate languages
with varied m-local entropy. Although PFSAs pro-
vide a tractable framework for such investigations,
they capture only a limited set of possible language
models. It is plausible that employing more expres-
sive formalisms, such as pushdown automata or
even more powerful models, might reveal different
relationships between local entropy and model
performance. In fact, empirical work has repeat-
edly suggested that some neural LM architectures
do not have human-like inductive biases (McCoy
et al., 2020; Yedetore et al., 2023, inter alia).

Furthermore, our focus on information locality,
as measured by m-local entropy, does not preclude
the influence of other inductive biases that may
also play significant roles in learning. Future
work will need to disentangle these factors to fully
understand their individual and combined effects
on neural LMs.
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A Probabilistic Finite-State Automata

Before listing a number of useful results for computing quantities of interest in PFSAs, we list a few
relevant definitions.

Definition A.1. Let A = (X,Q, 5, A\, p) be a PFSA. We define the transition matrix M € RIQIXIQl of A
as the matrix containing the probabilities of transitioning from state q; € Q to state q; € @ in A with any

y € X
Mi; =y > w, 1)
ver % y/—wWJj €9
where we fix some arbitrary enumeration of states (qy, . . . , q‘Q|). We also define the symbol-specific

transition matrix MY) where Mi(?) is the probability of transitioning from state q; € Q) to state q; € Q)
in A with a y-labeled transition:

MW= N w (22)
qiy/—w>qj‘ €4
We naturally extend this definition to strings and define for y = y1 - - - yr:

MW & A o pplur) (23)

Furthermore, we define Kleene closure of M as

M*E i M™, (24)

n=0

where the series above converges when the spectral radius satisfies p(M) < 1. Additionally, when the
(I — M) is invertible, this is simply calculated as

M*=(I-M)"L (25)

Remark 1. It is a standard exercise to show that M (y)m equals the sum of the weights of y-scanning
strings from gq; to q;.

Definition A.2. Let A = (X,Q, 0, \, p) be a PFSA. The emission matrix E € RIQ*>! is defined by

def

En= ) w (26)
G2 s

y1/w1 yN/wN

For a PFSA A and a path w = ¢q

state of the path and o () “ gy for its final state. We define the path prefix random variable II distributed
as

qn € T (A), we write () = go for the initial

Pr (ﬁ = ) o M) @), 27)

This is analogous to prefix string prob/aﬂilities, and the distribution is normalizable exactly when prefix
probabilities are. Similarly, we define II, which is distributed as

Pr (ﬁ = 7r) x Z AMe(w"))w(n")w(n), (28)
7' €T1(A)
Am')=d)
which is analogous to string infix probabilities.
PFSAs are particularly attractive to study since they allow us to exactly compute many interesting
quantities efficiently. In the following section, we describe how one can compute the m-local entropy of
the language model defined by a PFSA.
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A.1 Useful Properties of Probabilistic Finite-State Automata

The following lemmata hold for a general PFSA A = (¥, Q, d, A, p) and the language model p, induced
by it. None of the results are novel, but we include full proofs for completeness.

Lemma A.1 (Computing the probability of a string with a PESA). The probability of y € ¥* is:
paly) = A"MWp. (29)

Proof. We know from Remark 1 that M (y)l.7 j corresponds to the sum of the path weights from ¢; to g;.
Multiplying each entry with the source state’s initial weight and the target state’s final weight, we arrive at
the result. 0

Lemma A.2 (Computing the prefix probability of a string). The prefix probability of y € ¥* is:

Paly) =AMV M p. (30)
Proof.
Pay)= > palyy) (31a)
y'ex*
= Z )\TM(yyl)p (Lemma A.1, 31b)
y'ex*
— Z ATMW @), (3lc)
ylez*
—ATMmM® Z M) p (314d)
y'ex*
_ ,\TM(y)M*p (31e)
0

Lemma A.3 (Computing the next-symbol distribution). Let y € X*. The distribution over the next
symbols after observing y is

= ()‘TM(y)E)k
Py |s(T1) =y) = — O (32)
Proof.
N Pr (yk, s(ﬁ) = y)
Pr(y | s(Il) = y) = — (33a)
Pr (s( II) = y)
1
=== > Aum)w(m)Pry | o(m))
P ay) mell(Ay)
(Summing over all y-yielding paths, 33b)
1 QI
= T()ZPY (e 1a5) Y Al(m)) w(m) (33¢)
p Ay Jj=1 mell(A,y)
Am)=q;
1 Q| Q|
== Pr(ylq) ) Ma) > w() (33d)
P 4(y) = =1

well(Ay)
(1) =q:, {(m)=q;
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Q| Q|

= ZPr (ur | 45) ZA (g;) MW, ; (33e)

IQ\

1
- Pr q; AT MW (33f)
pA(y)j; (i 1 05) ( ).
1 1Q )
_ A MY w ;e 6,33
Tp @) ; ( )j (¢ q g)
_ <)\TM(y)E> (Eq. (26). 33h)
P 4(y) k
O
Lemma A.4 (Computing the infix probability of a string). The infix probability of y € ¥* is:
Paly) =AM MY M. (34)
Proof.
P .(y) = Z D A(Y'y) (35a)
ylez*
= Z }\TM(y/y)M*p (Lemma A.2, 35b)
ylez*
=T Z M) MW M*p (35¢)
y/ez*
=AM MYWM*p (35d)
O

Lemma A.5 (Computing the infix next-symbol distribution). Let ¢ € X™ 1. The distribution over the
next symbols after observing c as the last m — 1 symbols is

R ATM*M©E),
Pr(y, |s(I1) =c) = =0 (36)
Proof.
L e =)
Pr(yy [s(Il) =c) = — (37a)
Pr (s( IT) = c)
- A(e() @) Pr (g | ()
p A(C) /

(Summing over all c-ending paths, 37b)

Ql
D> > M) w(w) (37¢)
y'eX* well(Ay'c)
Am)=q;
Ql Q|
I M) Y w() (37d)
i=1 y'ex* well(Ay'c)

() =gqi,Am)=q;
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Q| Q|

-t S ) 3 o (M) s

7’7‘7

=1y’ ex*
IQ\ Q]
= ZPI‘ (yr | 45) ZA (@) > (M(y M(c) . (375)
y'ex*
IQ\ IQI

- ZPr (e 1) 3 Ao ) (Mpr€) (379)

)

IQ\

1
——N"pr N (ATM*MY) 37h
. w
= A M M) w (g0 2 4 e 5, 3T0)
P alc) ; ( )j
1 - .
= M MWYWE (26).
=5 (A )k (Fq. 26). 37))

O]

Lemma A.6 (Computing the m-local entropy of a DPFSA). The m-local entropy of p, can be computed
in time (’)(m\Q|3|E|m_1).

Proof. The m-local entropy of p, can be computed as

Ho(pa)= B _JHY|C=0) (382)
1 N —
== Y P HT |C=¢) (38b)
Z cexm—1

The terms p ,(c) and H(Y | C = ¢) can be computed in time O (m|Q\3) as per Lemmata A.4 and A.5

for each ¢ € ¥~ !, Computing this for each ¢ individually, we arrive at the claimed complexity. O
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B Generating Random PFSAs

Algorithm 1 and the subprocedure in Algorithm 2 describe our PFSA generation procedure.

Algorithm 1 Generate a Random DPFSA.

Input: |Q| (number of states), |X| (number of symbols), y (target mean string length), Ry (topology
random generator), and Ry, (weight random generator).

Output: A PFSA A with randomly assigned transitions and normalized weights with |Q)| states and |X|
symbols.

Note: CHOICE(R, S, 1) denotes selecting one element uniformly at random from the set S using the
random generator R.

unused is initialized as (), and out-arcs is a mapping that assigns to each state a subset of . (the allowed
outgoing symbols).

For exponential sampling, we write w ~ Exp(0.1) to denote that w is drawn from an exponential
distribution with rate 0.1, i.e., with density f(w) = 0.1e~%' for w > 0.

function RANDOMDPFSA(|Q|, |X|, #, Ry, Rw)
: q, < CHOICE(R7,Q, 1)

1:
2
3 Initialize A < (X, Q, 4, \, p)

4 Initialize A < 0)¢ and set AMgq) 1

5: Initialize M) to a |Q| x |Q| matrix of zeros for y € ¥

6 unused < @)

7 state-outgoing-symbols <~ GETOUTGOINGSYMBOLS(Q, ¥, Rr)
8

9

for ¢ € Q do

: fory € X do
10: if unused # () then
11: ¢’ < CHOICE(Rr,unused, 1)
12: Remove ¢’ from unused
13: else
14: q' + CHOICE(Rr,Q,1)
15: Let w ~ Exp(0.1)
16: MW, w-1{y € state-outgoing-symbols[q]} + 0.001
17: for g € Q do > Set final weights and normalize outgoing weights for each state.

5-1

18: t e 0 sum(M @), )
19: p(q) < t/p
20: s« t+p(q)
21: fory € {0,...,]¥| -1} do
22: MW, «— MW, /s
23: p(q) < p(a)/s

24: return A

C Details of Neural Language Models

C.1 Transformer

We use a 4-layer causally-masked Transformer with 768-dimensional embeddings, 3,072-dimensional
feedforward layers, and 12 attention heads, implemented in PyTorch. Following Vaswani et al. (2017), we
map input symbols to vectors of size 768 with a scaled embedding layer and add sinusoidal positional
encodings. We use pre-norm instead of post-norm and apply layer norm to the output of the last layer. We
use the same dropout rate throughout the Transformer. We apply it in the same places as Vaswani et al.
(2017), and, as implemented by PyTorch, we also apply it to the hidden units of feedforward sublayers
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Algorithm 2 Generate Outgoing Symbols for Each State.

Input: |Q| (number of states), | Y| (number of symbols), R (random generator), and S, (min. unique
symbols per state; default: 2).

Output: A list S of |Q)| sets, each containing outgoing symbols.

Note: CHOICE(R, X, k) selects k distinct elements uniformly at random from X using R, and
INTEGERS(R, a, b) returns a random integer in [a, b).

1: function GETOUTGOINGSYMBOLS(Q), X, R, Sinin)
2 Initialize state-outgoing-symbols <« an array of |()| empty sets
3 for ¢ € Q) do
4 s < CHOICE(R, N, min(smin, | X)) > Assign each state at least s,,;, symbols.
5: state-outgoing-symbols[q] <— state-outgoing-symbols[q] U s
6 for y € X do > Ensure each symbol appears in at least one set.
7 q <+ CHOICE(R, @, 1)
8 Add y to state-outgoing-symbols[q]
Q-1
9. M« > INTEGERS(R,0,max(1, [|Z/2] = smin))
q=0
10 for j +— 1toMdo > Add random transitions.
11: y < CHOICE(R, X, 1)
12: q < CHOICE(R, @, 1)
13: Add y to state-outgoing-symbols[q]

14: return state-outgoing-symbols

and to the attention probabilities of scaled dot-product attention operations. We always use BOS as the
first input symbol to the Transformer.
C.2 LST™™

We use a single-layer LSTM (Hochreiter and Schmidhuber, 1997) with 512-dimensional hidden units,
implemented in PyTorch with some modifications as in Butoi et al. (2025).

W ¥z — B, (1<t<n) (392)
RO & tanh(wl”) (1<¢<L) (39b)
K9 < Dropout(h”) (0< < L;0<t<n) (39¢)
(£-1)
i oW O [”Z(@ +bY) (1<¢<Li1<t<n) (39d)
t—1
GRS ) il BT
fi’ = oWy ,i@) +b) (1<(<L;j1<t<n) (39)
t—1
(£) def }’{(271)
g;” = tanh(W" ’i@) +b) (1<0<L:;1<t<n) (391)
t—1
(0) aet HY
o) £ oW ht,“) + b)) (1<(<L;1<t<n) (392)
t—1
o) i (0 o o0 |40 o o0 (1<£<L;1<t<n) (3%h)
A ¥ o) & tanh(c!”) (1<t<L1<t<n) (390)
RO (1<¢<I) (39)
Ay (0<t<n) (39k)
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Here, E is an embedding matrix to map each symbol w; of the input string to an embedding x; = E,,,.
The size of the embeddings is always d (the size of the hidden vectors), and we denote the number of
layers in the model as L. Also, ® denotes elementwise multiplication, and DROPOUT(-) indicates the
application of dropout. Here, w(()e) € R is a learned parameter, making the initial hidden state h((f) of
each layer learned. A modification is made from the original PyTorch implementation: each pair of b;;

and by, by and by s, b;y and by, and b;, and by, is replaced with a single bias parameter per layer.

D Hyperparameters for Neural Language Model Training

Wherever dropout is applicable, we use a dropout rate of 0.1. For layer norm, we initialize weights to 1
and biases to 0. We initialize all other parameters by sampling uniformly from [—0.1, 0.1].

For each epoch, we randomly shuffle the training set and group strings of similar lengths into the
same minibatch, enforcing an upper limit of 2,048 symbols per batch, including padding, BOS, and EOS
symbols. We train each model by minimizing cross-entropy on the validation set using Adam (Kingma
and Ba, 2015). We clip gradients with a threshold of 5 using L? norm rescaling. We take a checkpoint
every 10K examples, at which point we evaluate the model on the validation set and update the learning
rate and early stopping schedules. We multiply the learning rate by 0.5 after 5 checkpoints of no decrease
in cross-entropy on the validation set, and we stop early after 10 checkpoints of no decrease. We select
the checkpoint with the lowest cross-entropy on the validation set when reporting results. We train for a
maximum of 1K epochs.

E Pearson Correlation Coefficients between M-local Entropy and KL Divergence

Table 3 reports the Pearson correlation coefficients between the m-local entropy of PFSA and the estimated
KL divergence (Dxkr,; §4.1.2) in §4.

1Q| 16 24 32

= 32 48 64 32 48 64 32 48 64
ARCHITECTURE M

2 0433 0501 0.137 | 0291 0583 0.121 | 0423 0311 0.623
LSTM 3 0396 0532 0230 | 0291 0488 0.119 | 0460 0274 0.702

4 0412 0546 0236 | 0311 0477 0.122 | 0474 0283 0.702

5 0415 0554 0234|0338 0472 0.120 | 0466 0283 0.686

2 0740 0679 0455 | 0290 0.658 0.844 | 0.551 0.622 0.709
Transrormer 3 0743 0728 0569 | 0374 0735 0859 | 0693 0832 0820

4 0737 0674 0549 | 0389 0.727 0.844 | 0.668 0.848 0.799

5 0717 0614 0516 | 0333 0705 0.830 | 0.625 0.833 0.770

Table 3: Pearson correlation coefficients between m-local entropy and KL divergence for different architectures,
number of states |@|, and alphabet sizes |X|.

F Additional Experiments with BabyLM Corpus

We also conducted the same set of experiments using the BabyLLM corpus (Choshen et al., 2024). Table 4
and Figure 4 show our experimental results. They show the same trends as in our main experiment (§3),
but with slightly different tendencies for the REVERSE language.

G Computational Resources

Across all experiments, we used a total of approximately 717.5 GPU hours. Training was conducted on
NVIDIA GeForce RTX 4090 24GB and NVIDIA Quadro RTX 6000 24GB GPUs.

H License of the Data

The BLLIP corpus (Charniak et al., 2000) is used under the terms of the BLLIP 1987-89 WSJ Corpus
Release 1 License Agreement.
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2-local entropy  3-local entropy  4-local entropy  5-local entropy

BASE 5.78 3.72 2.69 2.32
REVERSE 6.50 3.87 2.78 2.43
EVENODDSHUFFLE 6.82 4.47 3.36 3.14
ODDEVENSHUFFLE 6.94 4.45 3.39 3.14
LOCALSHUFFLE (K=3) 6.99 +0.16 427 +0.08 3.21+0.07 2.97 +£0.08
LOCALSHUFFLE (K=4) 7.09 £0.15 4.35+£0.06 3.25+0.03 3.06 £ 0.04
LOCALSHUFFLE (K=5) 7.15+0.13 4.42 +0.06 3.29 +£0.04 3.08 £0.03
LOCALSHUFFLE (K=6) 7.25+0.11 447 +0.07 3.35+0.06 3.14 £0.05
LOCALSHUFFLE (K=7) 7.28 £0.12 4.50+£0.08 3.39+£0.07 3.19 £ 0.08
DETERMINISTICSHUFFLE 7.41 4.69 3.59 3.40

Table 4: M-local entropy values for BASE (original) corpus and different transformed corpora. “Local shuffle” refers
to the K-LOCALDETERMINISTICSHUFFLE. Values are shown as mean + standard deviation (averaged over different
random seeds).
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Figure 4: Scatter plots of next-symbol cross-entropy (y-axis) versus m-local entropy (x-axis) for m € {2,3,4,5},
for both LSTM (top row) and causally-masked Transformer encoder (Transformer; bottom row) models.
Each marker type/color corresponds to a different perturbation (e.g., Reverse, DeterministicShuffle, K-
LOCALDETERMINISTICSHUFFLE with various window sizes, etc.). The red star indicates the unperturbed BASE
condition (original corpus). The dashed line in each panel is a linear fit, with R? indicating the coefficient of
determination.
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