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Abstract

Chain-of-Thought (CoT) reasoning typically
utilizes the discrete language space for think-
ing, which is inherently inefficient, as many
generated tokens only enforce linguistic rules
that are not required for reasoning. To bypass
this, latent-space thinking allows models to
think using the continuous embedding space.
While existing methods for training those mod-
els show domain-specific gains, they fail to
maintain performance in complex tasks, such
as mathematical reasoning. We experimen-
tally demonstrate that the Coconut approach, a
form of supervised fine-tuning for latent-space
thinking, is highly sensitive to design choices
and exhibits several inherent limitations. To
address these issues, we investigate reinforce-
ment learning (RL) techniques — an under-
explored direction in latent-space thinking —
including GRPO and design a novel Latent
RL method for directly optimizing the latent
thinking steps. Our experimental results reveal
that these RL-trained models still lag behind
traditional language-space CoT models in the
mathematical reasoning domain. We make our
codebase publicly available. '.

1 Introduction

Language model (LM) training is typically divided
into two phases: pre-training, where models ac-
quire general language understanding and world
knowledge, and post-training, which adapts them
for downstream use cases such as dialogue, code
completion, or translation (Grattafiori et al., 2024).
Among the most widely used post-training methods
is reinforcement learning (RL), which aligns LM
behavior with human preferences (Ouyang et al.,
2022; Touvron et al., 2023b). RL has also been ap-
plied to strengthen reasoning abilities in domains
such as mathematics and programming (Shao et al.,
2024). While effective, such methods incur sub-
stantial computational costs, as models trained in
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Figure 1: Illustration of latent-space thinking. Start-
ing from the input (x1, x2), the <|start-latent|>is
inserted, then the model switches to the latent mode
and performs two latent steps (C' = 2). Once the
<|end-latent|> token is reached, the model switches
back to language mode to answer in language-space
(7, T8).

this way tend to produce longer responses during
inference (Guo et al., 2025; Zheng et al., 2025).
An alternative direction improves efficiency by
shifting reasoning from the language space (dis-
crete tokens) to the latent space (i.e., the contin-
uous hidden states, see Fig. 1, Hao et al., 2025;
Zhu et al., 2025b), inspired by neuroscience find-
ings that language primarily serves communication
rather than thought (Fedorenko et al., 2024). A no-
table example is the Coconut (Chain of Continuous
Thought) method (Hao et al., 2025), which directly
reuses final-layer embeddings as subsequent in-
put, rather than decoding them into tokens. This
allows the model to operate in its continuous la-
tent space, avoiding the bottleneck imposed by dis-
crete language tokens. However, training such mod-
els is non-trivial, as no ground-truth latent-space
thinking® data exists. To address this, Coconut

With "Latent-Space Thinking" we refer to the same con-
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follows the strategy of Deng et al. (2024), employ-
ing a supervised fine-tuning (SFT) approach where
language-space reasoning steps are gradually re-
placed by latent-space thinking steps (referred to
as Coconut SFT procedure). A crucial aspect of
this procedure is that latent thinking steps do not
receive direct supervision signals; instead, they are
guided only through indirect signals during train-
ing. As a result, even though Hao et al. (2025)
reported improvements in the logical reasoning do-
main, the performance drops in the mathematics
domain when compared with the language-space
thinking models.

In this work, we explore RL-based methods as a
way to improve latent-space thinking models. Ini-
tial experiments applying group relative policy op-
timization (GRPO, Shao et al., 2024) show no mea-
surable performance gains. As an alternative, we
explore a novel RL method tailored to latent-space
thinking to try to overcome the indirect learning
signal limitation of the Coconut SFT method. How-
ever, this approach results in unstable training and
fails to deliver performance improvements. Finally,
we conduct an in-depth analysis of the Coconut
SFT procedure, including ablation studies, which
demonstrate that the procedure is sensitive to sev-
eral factors, with performance being highly fragile.
This analysis also evaluates several modifications,
with the results indicating some promising adapta-
tions as well as methodological weaknesses to be
improved in future work.

The main contributions of this work are summa-
rized as follows:

1. An empirical study of training latent-space
thinking models with GRPO.

2. The introduction of a novel RL method tai-
lored to latent-space thinking models.

3. An empirical in-depth analysis of the Coconut
SFT procedure.

2 Related Work

Latent-Space Thinking In their recent survey
paper, Zhu et al. (2025b) highlight the growing
body of work on latent-space thinking. One of the
earliest studies by Goyal et al. (2023) demonstrated
that inserting dummy <pause> tokens before gen-
erating a response improves LM performance on
WLatent Reasoning" by (Hao et al., 2025). In

our opinion, this is more adequate, as only a few latent steps
are probably not yet real reasoning.

some tasks. This finding suggests that using more
compute, even without producing language tokens,
is beneficial for enabling the model to create richer
(internal) representations before generating the an-
swer. Similarly, Pfau et al. (2024) showed that
even adding meaningless tokens like ‘.’ (dot)
can achieve performance comparable to Chain-of-
Thought (CoT) reasoning in certain problems.
Instead of focusing on latent thinking, Deng et al.
(2024) aimed to internalize the CoT process within
LMs. They proposed an SFT procedure that gradu-
ally removes explicit CoT steps from the training
data, allowing the model to internalize the CoT
process. Their results showed that this approach
outperforms models trained without CoT, but still
falls short of the performance achieved by mod-
els trained with CoT steps. Building on this idea,
Hao et al. (2025) introduced the Coconut method,
which incorporates latent thinking steps while also
gradually removing the CoT steps during SFT. The
goal is to enable the model to reason in an un-
restricted latent space, rather than in the discrete
language space. They define latent reasoning as
feeding the last hidden layer’s last embedding back
to the model as input, rather than decoding it into
a token and feeding the corresponding token em-
bedding in the next autoregressive iteration, as typ-
ically done in standard text generation. Their ex-
periments show that this approach provides slight
improvements on certain logical reasoning bench-
marks but performs worse than explicit CoT in
language space on the mathematical benchmark
GSMSK (Cobbe et al., 2021). Zhu et al. (2025a)
build on Coconut by developing a theoretical frame-
work to explain why latent-space thinking can en-
hance LM performance on certain tasks, with a
particular focus on the graph reachability problem.

Reinforcement Learning One of the first appli-
cations of RL for LM post-training was proximal
policy optimization (PPO, Schulman et al., 2017),
which laid the groundwork for reinforcement learn-
ing from human feedback (RLHF, Ziegler et al.,
2019; Ouyang et al., 2022) for LMs. It aligns
models with human preferences by increasing the
likelihood of responses favored by annotators. Be-
cause collecting human feedback for every output
is costly, a reward model is trained on limited anno-
tations to assign a scalar reward to each complete
response (Ouyang et al., 2022). However, this sin-
gle score gives sparse feedback for long outputs.
To refine this, a value model (Mnih et al., 2016)



predicts token-level contributions to the reward, of-
fering more fine-grained feedback and improving
training efficiency.

Recently, exploration of RL methods to enhance
the reasoning capabilities of LMs has gained mo-
mentum (Shao et al., 2024; Lambert et al., 2024;
Guo et al., 2025; Zheng et al., 2025). One of the
first effective open-source approaches, Shao et al.
(2024), introduced the GRPO method, which uses
rule-based rewards tailored to mathematics and cod-
ing tasks—based on answer correctness or unit-test
success. They reported consistent improvements
during training and found that GRPO encourages
progressively longer reasoning chains. Despite ex-
tensive exploration of SFT strategies in latent-space
thinking models, the application of RL in this con-
text remains largely unexplored.

3 Methodology
3.1 Latent Space Thinking

A LM my with parameters 6 processes text by to-
kenizing it into ¢ tokens, each represented as a
one-hot vector over the vocabulary V, forming
Xt e RVl Tokens are embedded via the em-
bedding matrix W, € RIVI*P:

E! = X'W, )]

The embeddings are contextualized by the model
layers:

H' = Layers(E'), H'eR™P )

To predict the next token, the final hidden state
h, is projected into the vocabulary space using the
language head W, € RIVIXD:

Yy, = Winhy, p, = softmax(y,) 3)

A decoding strategy selects the next token, and
the process repeats auto-regressively until the end-
of-sequence token is generated.

Latent-space thinking, as proposed by Hao
et al. (2025), modifies the first and final step
of the autoregressive generation process as illus-
trated in Figure 1. As a starting point, three
new tokens, <|start-latent|> <|latent]|>,
<|end-latent|>, are added to the vocabulary and
their embeddings are initialized randomly in the
embedding matrix W,.. The <|latent]|> acts
purely as a placeholder for latent steps, and its
embedding is never used by the model. When an
input text X is provided, the <|start-latent|>

token is directly appended as the (¢ + 1)-th token,
forming X+,

Instead of proceeding with token generation us-
ing the language head matrix Wj;, and a decoding
strategy, the latent-space thinking model performs
a latent step by taking the last contextualized token
embedding h;;; and appending it directly to the
embedded sequence E'*!. This is done via row-
wise concatenation operation, denoted as concat:

E*2 = concat(E'™, hyy 1) ()

This process, referred to as latent-space think-
ing, is repeated until a predefined number C' of
latent steps have been performed. After that, the
<]end-latent|> token is appended. Following
this, the latent-space thinking model reverts to the
standard token generation in language space. To im-
plement this mechanism, we used the Huggingface
transformers library (Wolf et al., 2019) with tar-
geted modifications to the generate and forward
methods.

3.2 Existing Training Methods

Supervised Fine-Tuning For the language-space
thinking model, we apply standard SFT without
any modifications. Given a question-response pair
(X%, X"), we do one forward pass and calculate
the cross-entropy loss on each response token:

N
Lspr = =Y log (mg(X" | X%))  (5)

i=1
For the latent-space thinking model, we follow
the Coconut SFT procedure (Hao et al., 2025).
Given (X% X"i), the model first processes all to-
kens in the question X %, then generates latent steps
auto-regressively as described in Section 3.1. Af-
ter the latent steps are generated, the embeddings
of the question tokens E%, the latent steps E,
and the response tokens E" are concatenated and
passed through the model in a single forward pass.
During training, a cross-entropy loss is computed
over the response tokens only; question tokens and
latent steps are masked and excluded from the loss.
Thus, the objective minimized during the Coconut

SFT procedure is:

N
Lser = — Y log (mo(X™ | X%, EY))  (©)
i=1

This method optimizes the latent steps indirectly
through the language space tokens in the response
part.



(Modified) GRPO Applying RL to latent-space
thinking models represents an unexplored research
direction. We therefore experiment with the GRPO
algorithm to investigate its impact. The language-
space thinking model is trained with the GRPO im-
plementation from the Hugging Face TRL package
(von Werra et al., 2020). In contrast, training the
latent-space thinking model with GRPO requires
a modified version of this module. We modify the
TRL package to exclude latent-step embeddings
from the GRPO loss calculations since the GRPO
loss requires token probabilities.

Similar to the Coconut SFT procedure, this mod-
ified GRPO setup optimizes the latent steps indi-
rectly through the probabilities of tokens in the
language space, and thus only through the final
answer portion. In GRPO training, two types of
rewards are used: an accuracy and a format reward
(see Appendix A).

3.3 Proposing Latent RL

Neither Coconut SFT nor GRPO provides explicit
supervision for training latent steps, as it is not
straightforward to determine what constitutes a
“good” latent step, since these steps are represented
by continuous vectors and no ground-truth latent
vectors are available.

To address this challenge, we propose an alter-
native RL approach, referred to as Latent RL. In
the Latent RL training setup, a value model pg ¢
is employed to directly optimize the latent steps.
The value model pg, 4 shares some of its parame-
ters 6 with the underlying policy model 7y and is
extended with additional value head parameters ¢
on top.
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Figure 2: Illustration of Latent RL training. The value
model head estimates the accuracy reward for each la-
tent step.

The Latent RL training procedure is illustrated
in Figure 2. In the first phase, we train pg;4 by

freezing parameters 6. In the second phase, we
train the policy model by utilizing the value model.
To achieve this, we generate responses with latent
steps for given questions and then maximize the
value model predictions:

arg min Lpar, Lpar = —posg(h) (7)
Further details of the Latent RL procedure can
be found in Appendix B.

3.4 Performance Measures

We primarily evaluate LMs for their mathematical
capabilities and efficiency. Hence, the following
two evaluation metrics are employed.

pass@k This metric estimates the expected prob-

ability that a model generates a correct answer to

a question within its first k attempts (Chen et al.,

2021; Guo et al., 2025; Dang and Ngo, 2025). It is
)

defined as
w1 @)
o

where n denotes the number of generated an-
swers for a given question and ¢ denotes the num-
ber of correct answers among them. We set n = 4
and report both pass@1 and pass@4.

paSS@k = ]Eproblems [1 -

# Tokens The average number of tokens gener-
ated by the LM to produce an answer is a measure
of output length and efficiency.

4 Experimental Setup

4.1 Models

The base LM used in this study is Qwen2.5 1.5B
Base (Yang et al., 2024). This choice strikes a bal-
ance between computational feasibility and model
capability in this study. For brevity, the model is
referred to simply as Qwen Base. All methods and
implementations proposed here are model-agnostic
and can be applied to other decoder-only trans-
former LMs.

To analyze the effects of different training
methodologies, we train and compare the models
as outlined in Table 1.

4.2 Datasets

Since we employ two SFT and RL training method-
ologies, each with distinct requirements for the
training data, we utilize different datasets for each
of them (see Table 2).



Model Name Training

QWCII Base Base model

QWCH SFT Qwen Base + SFT
Qwen SFT & GRPO Qwen SFT + GRPO
LaST SFT Qwen Base + Coconut SFT
LaST SFT & GRPO LaST SFT + GRPO
LaST SFT & Latent RL.  LaST SFT + Latent RL

Table 1: Models compared in this study. LaST is short
for Latent-Space Thinking Model.

Dataset Purpose \ Usage Vol.
GSMS8K-Aug-NL Training (SFT) 300K
OpenR1-Math-220k  Training (RL) 10K
GSMSK Testing 1.3K
MATHS500 Testing 500

Table 2: The volumes of the datasets used in this study.
K denotes thousands. For the training part, full datasets
are not utilized for efficiency purposes. The Usage Vol.
column reports the amount we used in our experiments.

For SFT, the primary requirement is that the
dataset must contain question-response pairs. The
Coconut SFT procedure, however, has the addi-
tional requirement that the responses X" must be
structured as a list of sequential steps. This means
that, e.g., the response should contain a sequence
of sentences or mathematical formulations, each
corresponding to an individual, separate reasoning
step. To satisfy these requirements, the GSM8K-
Aug-NL dataset (Deng et al., 2023) is selected for
SFT.

For pure RL training methods, a dataset contain-
ing question-answer pairs (X%, X %) is sufficient;
the full response? is not necessary. We use OpenR 1-
Math-220k (Hugging Face, 2025).

4.3 Training Details

The models in Table 1 are trained using the datasets
in Table 2. The details of the training are given in
this section. All the training hyperparameters are
provided in Appendix C.

Qwen SFT. This model is obtained by SFT train-
ing of the Qwen Base model on 300K question-
response pairs from GSM8K-Aug-NL.

Qwen SFT & GRPO. This model is trained
with the GRPO algorithm using rule-based rewards,
starting from the Qwen SFT model. The training

3We strictly differentiate answers (just the final result) from

responses (including the whole reasoning trace) to emphasize
the different requirements.

is performed on 10K samples from OpenR1-Math-
220k.

LaST SFT. This model is trained using the Co-
conut SFT procedure proposed by Hao et al. (2025),
starting from the Qwen SFT model and using the
same 300K question-response pairs from GSM8K-
Aug-NL as in the Qwen SFT training process. This
procedure follows a multi-stage approach: in each
stage, one language step (typically one sentence)
from the ground-truth response is removed and re-
placed with two latent steps. In the final stage, all
language steps are removed, and the model relies
solely on latent steps to predict the final answer.
Consistent with Hao et al. (2025), a three-stage ap-
proach was adopted, allowing the model to use up
to six latent steps.

A key difference to Hao et al. (2025) lies in the
choice of training data: instead of the GSM8K-Aug
dataset, which contains only mathematical calcula-
tion steps, the GSM8K-Aug-NL dataset was used,
where the steps consist of both language tokens and
mathematical calculations. This choice was made
to align with the main motivation for introducing
latent steps - namely, to enable the model to inter-
nalize not only mathematical calculations but also
language.

LaST SFT & GRPO. This model is trained
on the same 10K question-answer pairs from the
OpenR1-Math-220k dataset as used for the Qwen
SFT & GRPO model, but starting from the LaST
SFT model.

LaST SFT & Latent RL. The Latent RL method
consists of two stages. First, the value model
is trained to estimate accuracy rewards for latent
steps. For this purpose, 20K question-answer pairs
from the OpenR1-Math-220k are selected, and re-
sponses are generated with the LaST SFT model.
Accuracy rewards for the generated responses are
computed using the reward function, and the value
model is trained to predict these rewards from the
latent steps. The value head itself consists of a
linear layer that maps each latent step embedding
to a scalar score representing the estimated reward.
In the second stage, training is performed using
10K question-answer pairs from the OpenR 1-Math-
220k dataset, distinct from those used for value
model training. These pairs are the same pairs as
used in the LaST SFT & GRPO model training to
be consistent.



Model Shot GSMSK MATHS500
pass@1 pass@4 # Tokens|pass@1 pass@4 # Tokens

Qwen Base Zero| 24.8 49.7 156 12.1 27.4 310
Qwen Base One| 57.0 73.4 575 254 40.2 589
Qwen SFT Zero| 62.6 76.0 105 22.0 32.0 290
Qwen SFT & GRPO Zero| 72.6 82.5 216 38.7 50.0 366
LaST SFT Zero| 22.6 29.9 19 8.5 12.4 19

LaST SFT & GRPO Zero| 21.8 24.1 19 9.2 14.0 18
LaST SFT & Latent RL Zero| 22.7 30.1 19 8.4 13.2 19

Table 3: Evaluation results on GSM8K and MATH500 benchmarks.

5 Results

This chapter summarizes the main conclusions
drawn from the experiments (cf. Table 3) and
an ablation study for Coconut SFT.

5.1 Main Results

Evaluating Qwen Base is challenging. In the
zero-shot setting, the Qwen Base model often fails
to follow the instructed answer format, making it
difficult to evaluate performance based on boxed
answers in the answer block (see Appendix D for
more details). To address this, the model was also
tested in a one-shot setting with a single exam-
ple showing the expected format. However, prior
work shows that few-shot prompting, including
one-shot, can boost performance beyond format
compliance (Brown et al., 2020; Wei et al., 2022),
so the model’s true zero-shot ability likely lies
between its zero- and one-shot results presented
here. Notably, in one-shot evaluation, the model
sometimes hallucinated additional questions and
answers, resulting in notably longer responses.

SFT on GSM8K-Aug-NL improves the perfor-
mance on GSM8K. The Qwen SFT model out-
performs the Qwen Base model under both zero-
shot and one-shot prompting on the GSM8K bench-
mark. This improvement can be attributed to
the use of the GSM8K-Aug-NL dataset during
SFT, which contains questions similar to those
in GSMS8K and thereby enhances domain-specific
performance. On the MATH500 benchmark, how-
ever, the Qwen SFT model surpasses the Qwen
Base model under zero-shot prompting but per-
forms worse than under one-shot prompting. This
indicates that the fine-tuning provides less benefit
for MATHS00, suggesting more limited transfer

compared to the gains observed on GSM8K.

GRPO on OpenR1-Math-220k improves the
performance and increases the response length.
The Qwen SFT & GRPO model, obtained through
training with the GRPO algorithm with rule-based
rewards, achieves higher performance on both
benchmarks compared to the Qwen SFT model.
In addition, the average response length increases
after GRPO training, consistent with previous stud-
ies (Guo et al., 2025; Dang and Ngo, 2025).

Coconut SFT harms model performance. Sim-
ilar to the findings in Hao et al. (2025), the LaST
SFT model trained with the Coconut SFT proce-
dure performs worse than the Qwen SFT model on
mathematical benchmarks. And since the model
only produced six latent steps prior to the answer
block, the number of tokens generated is signifi-
cantly lower than other language-space thinking
models.
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Figure 3: Effect of varying the number of latent steps
on the pass@1 score with the LaST SFT model. The
x-axis has the log scale.

To examine the influence of the number of latent
steps in the LaST SFT model, evaluations were con-



ducted using configurations of 2, 4, 6, 16, and 64
latent steps, despite the model having been trained
with a maximum of 6 latent steps (Figure 3). The
results show that increasing the number of latent
steps does not improve performance. Although the
model stays within distribution up to 16 latent steps,
its performance declines sharply at 64 latent steps.

GRPO training does not improve the perfor-
mance of LaST SFT. Using the GRPO algo-
rithm, which ignores the latent steps, does not yield
performance gains for the LaST model, in contrast
to results for the Qwen SFT & RL model. Two
main factors may explain this outcome:

First, the GRPO algorithm is designed for
language-space reasoning models, where it in-
creases the probability of generating intermediate
language tokens that eventually lead to correct an-
swers. In the LaST SFT model, however, no such
intermediate language tokens are produced before
the final answer, which prevents the learning signal
from being effective. To address this limitation,
we introduced Latent RL in Section 3.3. Second,
GRPO typically enhances performance by encour-
aging models to generate longer responses before
the final answer, thereby increasing inference-time
computation. In the LaST SFT model, the number
of latent steps is fixed. However, as shown in Fig-
ure 3, simply increasing the number of latent steps
does not enhance performance. This indicates that
the effect of this factor is limited.

Latent RL training is unstable. Even though
we address the limitations of other training tech-
niques for latent-space thinking model training, we
observe that Latent RL training shows unstable op-
timization dynamics (Appendix E). This is also
reflected in the benchmark evaluations, where per-
formance does not increase despite the Latent RL
training. These observations suggest that the un-
stable Latent RL struggles to improve latent-space
thinking. Exemplary model outputs for a question
are presented in Appendix F.

5.2 Coconut SFT Ablations

We conduct ablation studies for the Coconut SFT
procedure, as the baseline latent-space thinking
model is trained with it.

Necessity of the Coconut SFT Procedure.
When latent-space thinking is introduced to the
Qwen Base model without any additional training,
the model produces out-of-distribution and nonsen-

sical outputs (Figure 4). This occurs because the
model is fed its own latent steps as input—data it
has never encountered during pre-training. There-
fore, an SFT procedure is essential before applying
any RL training, as RL relies on having at least
some correct responses. To this end, we employ
the Coconut SFT method (Hao et al., 2025).

Qwen Base with Latent-Steps

<|start-latent|><|latent|><|end-latent|>
LNOAIDNS) ;5 ,;5)\{degrees\} ( (); shi zi equ zi
. hua\})<|end-latent|><|end-latent|>)

LalIN_ OV}

Figure 4: Qwen Base response to the question in Fig-
ure 10 after introducing latent-steps.

Language Removal Approach. Instead of a step-
wise removal of pre-defined reasoning steps (as
in Coconut SFT), we investigate a token-wise re-
moval approach, where a fixed number of tokens
is removed. This relaxes dataset constraints, en-
abling the use of any question-response dataset
for latent-space thinking model training beyond
GSMS8K-Aug-NL. For this investigation, all rea-
soning steps in GSM8K-Aug-NL answers are con-
catenated. During LaST SFT training, we remove
12 tokens per latent step—half the average step
length—to match the step-wise setup.

GSMS8K | MATHS500
Removal Technique | pass@1

pass@1
Step-wise | 179 | 11.3
Token-wise | 75 | 34

Table 4: Investigation of different language token re-
moval techniques in Coconut SFT.

Step-wise removal performs better (Table 4), pre-
sumably because token-wise removal can truncate
reasoning steps mid-thought, making it more dif-
ficult for the model to internalize the reasoning
process.

Number of Epochs per Stage. The Coconut SFT
method uses 3 epochs per stage, with each stage
involving one language step removal and two latent
space insertions. We explore different numbers of
epochs per stage:

Training the LaST model with one epoch per
stage performs better than with two epochs (Ta-
ble 5). In comparison, the Coconut method (Hao
et al., 2025) reported using 3 epochs per stage. Fur-



GSMSK | MATHS00

Epochs/Stage | pass@1 pass@1
1 | 179 | 11.3
2 | 17.0 | 10.4

Table 5: Ablation study on num. of epochs/stage.

ther experiments were omitted due to the slow train-
ing of Coconut SFT.

Final Stage Training Epochs Effect. We also
explore the impact of each epoch on the final
stage of Coconut SFT procedure, showing that this
last stage enhances the performance of the LaST
SFT model on the GSM8K benchmark (Figure 5).
However, the observed performance drop on the
MATHS500 benchmark indicates that extended train-
ing on the GSM8K-Aug-NL dataset reduces the
generalization.
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Figure 5: The effect of number of epochs in the last
stage of the Coconut SFT procedure.

6 Conclusion

In this work, we explored different training strate-
gies for latent-space thinking models, starting from
the Coconut SFT procedure (Hao et al., 2025)
and extending it to RL-based methods. While
Coconut SFT provides a structured way to train
latent-space thinking models, it consistently under-
performs compared to language-space models on
mathematical benchmarks. We showed, that its suc-
cess depends heavily on design choices, such as the
number of epochs in the final stage and token re-
moval strategies. The method’s main limitation lies
in the absence of direct learning signals to latent
steps and its reliance on auto-regressive processing,
which limits scalability.

RL approaches were then evaluated as poten-
tial improvements. Extending GRPO to Coconut-
trained latent-space thinking models brought no
gains, since GRPO also lacks direct latent-step su-

pervision. To overcome this, we introduced the
Latent RL method, which provides explicit learn-
ing signals to latent steps through a value model.
However, training was unstable and did not im-
prove benchmark performance.

Future work should aim to enhance SFT training
efficiency, stabilize Latent RL, and develop mecha-
nisms for adaptive control over latent steps. Over-
all, the findings suggest that current latent-space
thinking training methods still lag behind language-
space models, primarily due to their instability or
the absence of supervision for latent-space think-
ing.

Limitations

This study examines training techniques for latent-
space thinking models in the mathematical domain.
While this focus allows for precise evaluation, it
limits generalizability to other tasks such as gen-
eral knowledge, logical reasoning, or programming.
Prior work (Hao et al., 2025; Zhu et al., 2025a)
suggests that latent-space thinking may perform
differently in those domains, highlighting a key
direction for future research.

Another limitation is the use of a single base
model, which ensures consistency but narrows the
scope of conclusions. Models with different sizes,
architectures, or pretraining strategies may respond
differently to these training methods, and exploring
such variations could offer deeper insight.

A further challenge is efficiency: unlike stan-
dard LMs, latent-space thinking models require
auto-regressive generation during both training and
inference, increasing computational cost and lim-
iting scalability. This makes large-scale training
impractical with current setups.

Finally, latent-space thinking reduces model in-
terpretability, making it harder to analyze internal
processes or ensure transparency in deployment.
Future work should therefore focus on improving
interpretability—such as by studying attention or
representation changes across latent steps—to bet-
ter understand and control latent-space thinking
behavior.
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A Reward Functions

For the GRPO method, accuracy and format re-
wards are used; while the accuracy reward is the
same, the format reward differs as indicated be-
low. The Latent RL method uses the same reward
functions as GRPO for the latent-space thinking
model.

Accuracy Reward

Reward | Condition
r =1 | The correct answer appears
in \boxed{. ..} inside
<answer>...</answer> tags.
r =0 | Otherwise.

The correctness is verified by exact string match or
mathematical equivalence similar to Hugging Face
(2025).

Format Reward — Language-Space Thinking
Models

Reward| Format
r = 1| <think>...</think>
<answer> \boxed{. ..} </answer>
r = 0.5| Same format but the
\boxed{. ..} is missing.
r = 0| Otherwise.

Format Reward — Latent-Space Thinking Mod-
els

Reward| Format
r = 1| <|start-latent]|>...<|end-latent|>
<answer> \boxed{. ..} </answer>
r = 0.5| Same format but the
\boxed{. ..} part is missing.
r = —1| Any of <|start-latent|>,
<|end-latent|>, <think> appear
after the first latent block.
r = 0| Otherwise.

B Latent RL Methodology

Latent RL method has two stages:

1. Training a value model py, 4 by freezing pa-
rameters 6.

2. Training the policy model 7g by leveraging
the predictions of the value model for latent
steps.

In the first stage, data is collected to train pg .
A policy model with latent space thinking 7y is
used to generate responses to questions. For each
response, an accuracy reward is computed using
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the reward function described in Section A. From
these responses, the final-layer embeddings h are
extracted and paired with the corresponding accu-
racy reward r, forming training pairs (h;, ;).

The value model pg4 4 maps the embedding h to
an estimated reward py 4(h). To train it, only the
value head parameters ¢ are optimized by minimiz-
ing the binary cross-entropy (BCE) loss Lycg over
embedding—reward pairs (h;, ;). Crucially, the
loss is computed exclusively on embeddings cor-
responding to latent steps, while embeddings from
other parts of the sequence—such as the question
tokens or the final language answer—are ignored.
This ensures that the value model learns to evaluate
the quality of latent-space thinking steps.

©)

arg m(;n Lpce(pote)

Lgce(po+o) = 7ilog(pots(hi))

+ (1 =) log(1 — pore(hi))
(10)

In the second stage, the policy model 7y is pro-
vided with a question and generates a sequence con-
sisting of latent steps followed by a final language
answer. This complete sequence—comprising the
given question, the latent steps, and the generated
answer—is then passed to the value model pg4 4,
ensuring that it receives the same input as the pol-
icy model. Although the value model outputs esti-
mated rewards for all positions in the sequence, the
training objective is applied only to the latent step
positions. The goal is to maximize the estimated
reward of the latent steps, which is equivalent to
minimizing Ly a7 in Equiation (7).

When optimizing Equation (7), the value head
parameters ¢ are frozen. This is necessary because
if ¢ were also updated, the value head could triv-
ially learn to always predict high rewards, thereby
collapsing the training signal. Instead, only the
shared parameters 6 are updated, which means that
optimizing the value model py 4 also updates the
policy model 7y, since the two models share 6.

After this update step, the value head parameters
¢ are refined separately using the BCE objective in
Equation (9), with the true accuracy reward from
that step as the target. This ensures that the value
head remains aligned with the updated policy and
continues to provide reliable reward estimates.



C Training Hyperparameters

The training set ups are presented in Table 6
and 7. All training runs use AdamW optimizer
(Loshchilov and Hutter, 2017).

D Instruction Following

The ratio of generated responses that are fitting to
the instructed format is given in Figure 6.

| | | |
100 100 100 100
95 —

100

50

Responses in Instructed Format (%)

Figure 6: Ratio of answers following the instructed
format during evaluation of models in GSM8K and
MATHS00 benchmarks. All models evaluated in zero-
shot setting unless otherwise indicated.

E Latent RL Experiments

The training curves in Latent RL training procedure
for the LaST SFT & Latent RL model in in Table 3
are presented in this section.

As described in Section 3.3, in the first phase we
train a value model (Figure 7). Although the model
achieves a high ROC-AUC score, its F1 score re-
mains comparatively lower. This discrepancy arises
because ROC-AUC measures the overall ranking
ability of the model across thresholds, whereas the
F1 score reflects the balance of precision and recall
at a fixed threshold. Since the second phase of La-
tent RL training relies on the predicted probabilities
rather than thresholded labels, ROC-AUC is a more
informative indicator of value head performance in
this setting.

After training the value model, in the second
stage both the policy model and the value models
are trained sequentially. However, we see that the

13

both policy loss and value head loss are fluctuating,
indicating an unstable training (Figure 8).

To stabilize training, we freeze the value head
during the second phase of Latent RL. This pre-
vents it from becoming a moving target and leads
to smoother optimization for the policy model, as
shown in Figure 9. Although the policy loss de-
creases steadily, overall accuracy does not improve.

This stagnation arises from two causes: mis-
alignment between the frozen value head and the
evolving policy, and reward hacking. As the pol-
icy changes, the static value head becomes less
accurate, while the policy exploits its fixed reward
signal instead of improving reasoning or task accu-
racy. Thus, smoother training does not yield better
benchmark performance.

F Example Responses from MATHS00
Benchmark

Example answers from the models reported in Ta-
ble 3 are shown in Figure 11 to Figure 16 for a
representative question from the MATHS500 bench-
mark, illustrating their behavior.

For this MATHS500 example, the language-space
models show variation in their responses, whereas
all latent-space thinking models produce identical
final answer. Since the latent steps are continuous,
changes in their behavior cannot easily be inferred
without additional interpretability studies.



Hyperparameter \ Qwen SFT \ LaST SFT

Dataset GSMS8K-Aug-NL GSMS8K-Aug-NL
Num Examples 300K 300K

Base Model Qwen Base Qwen Base
Hardware 4 x Nvidia A100-80GB | 8 x Nvidia A100-40GB
Training Time ~ 1 hour ~ 8 hours

Num Epochs 1 5

Per Device Batch Size 4 1

Gradient Accum. Steps | 32 128

Effective Batch Size 512 512

Learning Rate S5e-5 5e-5

LR Scheduler StepLR StepLR

LR Scheduler Args v = 0.8, step size=50 v = 0.8, step size=50
Warmup Steps - -

Weight Decay 0.01 0.01

Table 6: Training hyperparameters for Qwen SFT and LaST SFT models. Note that the optimizer and scheduler
reset after each stage in LaST SFT training.

Hyperparameter |Qwen SFT & GRPO |LaST SFT & GRPO |LaST SFT & Latent RL
Dataset OpenR1-Math-220k OpenR1-Math-220k OpenR1-Math-220k
Num Examples 10K 10K 10K

Base Model Qwen SFT LaST SFT LaST SFT

Hardware 4 x Nvidia A100-80GB |4 x Nvidia A100-80GB |1 x Nvidia A100-40GB
Training Time ~ 4 hours ~ 1 hour ~ 1.5 hours

Num Epochs 1 1 1

Batch Size / Device 2 4 2

Grad. Accum. Steps |32 16 128

Effective Batch Size |256 256 256

Learning Rate Se-6 Se-6 Se-6

LR Scheduler Cosine With Min LR [Cosine With Min LR | Cosine With Min LR
LR Scheduler Args |min Irrate =0.1 min Ir rate = 0.1 min Ir rate = 0.1
Warmup Steps 10 10 10

Weight Decay 0.01 0.01 0.01

Max Completion Len. | 1024 1024 1024

Temperature 0.7 0.7 0

Num Generations 8 8 1

KL Div. Coeff. 3 0.0 0.64 -

Table 7: Training hyperparameters for Qwen SFT & GRPO and LaST SFT & GRPO models. Note that the effective
batch size contains 256 responses to 256/8 = 32 different questions and 8 responses for each questions in GRPO

training.

14



Value Model Training - Loss Value Model Training - F1 Score and Roc-Auc Score

== Validation Loss = Training Loss Training F1 Validation F1 « Training Roc Auc = Validation Roc Auc
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Figure 7: Training curves for the value model training in the first stage of Latent RL. Note that only the linear value
head is trained. (a) BCE loss. (b) F1 and Roc Auc scores.
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Figure 8: Training details of Latent RL: (a) policy loss, (b) value head BCE loss, (c) accuracy and latent format
rewards.
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Figure 9: Training dynamics of Latent RL with a frozen value model. (a) Policy loss shows smooth convergence.
(b) Value model loss, monitored but not optimized. (c) Accuracy and latent format rewards.
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Question

How many positive whole-number divisors does
196 have?

Figure 10: Example question from MATHS500 bench-
mark. The question, inserted into the system prompt

which is omitted here for brevity. The correct answer is
9.

Qwen SFT & GRPO Response

<think>The problem requires us to find the
number of positive whole-number divisors of
196. First, we need to determine the prime
factorization of 196. We start by dividing 196
by the smallest prime number, which is 2:
\[196 \div 2 = 98\]

Next, we divide 98 by 2:

\[98 \div 2 = 49\]

Now, 49 is not divisible by 2, so we check the
next smallest prime number, which is 7

Qwen Base Response

<think>196 is a perfect square, so it has an
even number of divisors. The prime
factorization of 196 is 272 % 7%2. The number
of divisors is (2+1)(2+1) = 9. So, 196 has 9
positive whole-number
divisors.</think><answer >\boxed{9}</answer>

Figure 11: Example Qwen Base (zero-shot) response to
the question in Figure 10.

Qwen SFT Response

<think>First prime factorize 196=2%2%7%2. The
prime factorization of any divisor of 196 can
only include the primes 2 and 7.

We are free to choose either @, 1, 2, or 3 as
the exponent of 2 (4 options).

For the exponent of 7, we can choose @ or 1 (2
options).

In total, there are $4\times 2=8%
possibilities.</think><answer>\boxed{8}</answer>

Figure 12: Example Qwen SFT response to the question
in Figure 10.

\[49 \div 7 = 7\]

And again, 7 is a prime number. Therefore, the
prime factorization of 196 is:

\[196 = 272 \times 772\]

To find the number of positive whole-number
divisors, we use the formula that if a number
has a prime factorization of the form
\(p_1*{e_1} \times p_2*{e_2} \times \cdots
\times p_k*{e_k3}\), then the number of
divisors is given by \((e_1 + 1)(e_2 + 1)
\cdots (e_k + 1)\). For the factorization
\(2%2 \times 7%2\), the exponents are 2 and 2
Adding 1 to each of these exponents gives 3
and 3. Therefore, the number of divisors is:

\[(2+1) (2+1) = 3 \times 3 = 9\]
Thus, the number of positive whole-number

divisors of 196 is
\(\boxed{9}\).</think><answer>\boxed{9}</answer>

Figure 13: Example Qwen SFT & GRPO response to
the question in Figure 10.

LaST SFT Response
<|start-latent|><|latent|><|latent|><|latent|>

<|latent|><|latent|><|latent|><|end-latent|>
<answer>\boxed{14}</answer>

Figure 14: Example LaST SFT response to the question
in Figure 10.

LaST SFT & GRPO Response
<|start-latent|><|latent|><|latent|><|latent|>

<|latent|><|latent|><|latent|><|end-latent|>
<answer>\boxed{14}</answer>

Figure 15: Example LaST SFT & GRPO response to
the question in Figure 10.

LaST SFT & Latent RL Response
<|start-latent|><|latent|><|latent|><|latent|>

<|latent|><|latent|><|latent|><|end-latent|>
<answer>\boxed{14}</answer>

Figure 16: Example LaST SFT & Latent RL response
to the question in Figure 10.
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