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Abstract

The advancement of reasoning capabilities in
Large Language Models (LLMs) requires sub-
stantial amounts of high-quality reasoning data,
particularly in mathematics. Existing data syn-
thesis methods, such as data augmentation
from annotated training sets or direct ques-
tion generation based on relevant knowledge
points and documents, have expanded datasets
but face challenges in mastering the internal
logic of the problem during generation and en-
suring the verifiability of the solutions. To
address these issues, we propose RV-Syn, a
novel Rational and Verifiable mathematical
Synthesis approach. RV-Syn first constructs
a structured library of mathematical operations
and then composes them into executable com-
putational graphs, which serve as verifiable
solution blueprints. These graphs are subse-
quently back-translated into complex problems,
enabling solution-guided, logic-aware problem
generation while inherently ensuring the veri-
fiability of the solving process. Experimental
results show RV-Syn surpasses existing synthe-
sis methods, including those involving human-
crafted problems. Our method achieves a 6.3%
performance gain over the previous state-of-the-
art synthetic data on LLaMA-3-8B and demon-
strates superior data efficiency, outperforming
others with only half the training data (50k vs.
100k), enabling a more scalable and robust rea-
soning dataset generation framework.

1 Introduction

The development of advanced reasoning Large Lan-
guage Models (LLMs) (Zhao et al., 2023; OpenAl,
2024) has markedly improved their ability to ad-
dress complex tasks across domains such as mathe-
matics, science, and coding. This highlights the im-
portance of synthesizing complex reasoning data to
drive further advancements, given the limited avail-
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ability of high-quality annotated instructions (Shah
et al., 2024; Yuan et al., 2023).

To address this scarcity, researchers have ex-
plored various synthesizing methods, particularly
in the mathematics domain. The mainstream meth-
ods involve data augmentation based on existing an-
notated training sets, such as GSM8K (Cobbe et al.,
2021) and MATH (Hendrycks et al., 2021), ranging
from self-evolving instructions (Xu et al., 2024a;
Zeng et al., 2024) and question paraphrasing (Yu
et al., 2024), to solution augmentation (Lu et al.,
2024). However, these methods are limited by the
available training data, constraining the synthesis
diversity (Li et al., 2024c, 2023). To enhance diver-
sity, recent approaches enable LLMs to generate a
large scale of questions from various mathematics-
related sources, including web pages (Yue et al.,
2024) and knowledge points (Tang et al., 2024)
from web corpora or textbooks.

However, as shown in Figure 1, these direct
problem generation methods suffer from a funda-
mental limitation. We argue this stems from the
auto-regressive nature of LLMs, which leads to a
lack of forward-looking planning during generation.
When composing a math problem, a model might
introduce entities and quantities without a coherent
plan, frequently resulting in internal contradictions,
unsolvable scenarios, or trivial questions, particu-
larly in complex, multi-step reasoning problems.
Furthermore, this approach makes it difficult to
validate the correctness of the generated solutions,
often compromising the quality and reliability of
the training data.

To address the aforementioned challenges, we
draw inspiration from how human educators create
problems. Just as one cannot directly write down
an Olympic-level math problem without deep con-
sideration and careful curation of the underlying
problem-solving process, the same holds true for
models. Specifically, human educators obtain ab-
stract independent computation goals from histori-
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[ (1) Lack of Reasoning Depth J

Synthesized problem: Michael starts counting at 32, and he
counts by fives. What is the 12th number that he counts?

[ (2) Logical Inconsistency ]

Synthesized problem: Consider the piecewise function f(x)

defined as: ax*+b, ifx>2,
fx)=4{x-5, if-2<x<2,
2x —c, if x <=2,

Where a, b, and c are constants. The derivative f’(x) is
continuous at x = 2 and x = -2. What is the value of a + b + c?
(Contradiction)

[ (3) Lack of Ground-Truth ]

Synthesized problem: Suppose that the sum of the squares of
two complex numbers x and y is 7 and the sum of their cubes is
10. List all possible values for x+y, separated by commas.

Completion: We are given that x? + y?2 = 7and x3 + y3 = 7.
We can factor x® + 3 to get (x + y) (x? — xy + y?).

Thus, we can write 10 = (x + y)(7). It follows that x + y must
divide 10. The only possibilities are that x + yis 1, 2,5 or 10.
(Incorrect Answer)

( RV-Syn ]
Synthesized problem: Given a line defined by the point (1, 2, 3) and
the direction vector (1, 1, -1), find the intersection point of this line
with the xy-plane. Then, count the prime numbers between the x and
y coordinates of this intersection point that have the same remainder
when divided by 3 and 5. What is the count of such prime numbers?

Multi-hop Ground-Truth: 0

Synthesized problem: Find the smallest integer n > 2 such that

2™ — 1 can be expressed as the product of two integers a and b (i.e.,
2™ — 1 = ab), and the highest power of two that divides 2" 2 + a —
b is an even number.

Ground-Truth: 3
Enumeration and Iterative Loop

Synthesized problem: Given eleven coins in a row, all initially heads-
up. To win, arrange the coins such that every pair of adjacent coins
shows different faces (e.g., heads-tails-heads...). Each move allows you
to flip there adjacent coins. What is the minimum number of moves
required?

. Ground-Truth: 6
Modularized Structures

Figure 1: (Left) Illustration of the limitations of existing synthesis methods; (Right) Examples of data synthesized
by RV-Syn, which naturally support sophisticated reasoning structures and provide ground-truth answers.

cal experience, such as “projecting a vector onto a
plane”, and “solving for the smallest prime number
that satisfies specific conditions”. Then, when de-
signing a new question, they would combine these
computation goals to obtain a new solution or intro-
duce them into an existing solution. Finally, they
derive the final problem based on this elaborated
solution process. This strategy ensures the devel-
opment of problems with coherent and logically
consistent solution processes, thereby minimizing
the internal inconsistencies of the final problems.

Inspired by this, we propose RV-Syn, a novel
framework for mathematical problem synthesis that
emphasizes enhanced rationale and verifiability.
Instead of direct generation, RV-Syn first synthe-
sizes a structured computational graph. This graph
serves as a formal blueprint, explicitly defining
the problem’s reasoning structure and guarantee-
ing a valid, executable solution path. Subsequently,
this logically consistent blueprint is back-translated
into a natural language problem. By generating
questions through solution guidance, RV-Syn ef-
fectively provides the rich semantics and control
flows required for complex reasoning. As shown
in Figure 1, this enables the synthesis of diverse
and sophisticated reasoning structures—including
multi-hop reasoning, iterative loops, and modu-
lar structures—while naturally providing verifiable
ground-truth labels.

We conduct extensive experiments to evaluate
the proposed RV-Syn method using various LLMs.

The results demonstrate that our method achieves
superior performance across five benchmarks com-
pared to existing approaches, including those in-
volving human-designed problems (e.g., Numina-
Math). Notably, RV-Syn outperforms the previous
state-of-the-art method while utilizing only half the
data, leading to a more efficient scaling curve.

2 Related Work

Mathematical Reasoning. Researchers have pro-
posed various approaches to enhance the mathe-
matical reasoning capabilities, including methods
applied in training or inference stages. During the
training stage, existing methods aim to enhance the
LLMs from the aspects of pre-training and post-
training. Specifically, some studies (Azerbayev
et al., 2024; Shao et al., 2024; Chen et al., 2024a)
involve collecting extensive math-related corpora
and enhancing the foundational mathematical ca-
pabilities of LLLMs through continual pre-training.
In contrast, other studies (Chen et al., 2024c; Tong
et al., 2024; Huang et al., 2024b; Toshniwal et al.,
2024) focus on synthesizing a substantial amount
of high-quality math-related instructional data, fur-
ther refining the problem-solving abilities of LLMs
through post-training. During the inference stage,
there are two primary prompting approaches, in-
cluding Chain-of-Thought (CoT) (Wei et al., 2022)
and Program-of-Thought (PoT) (Chen et al., 2023).
Specifically, some studies (Yao et al., 2023; Shinn
et al., 2023; Zhou et al., 2023) utilize CoT to elicit
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LLMs’ inherent reasoning ability with a step-by-
step reasoning process. Furthermore, other stud-
ies (Gou et al., 2024; Wang et al., 2024; Chen et al.,
2024b; Wen et al., 2024) incorporate PoT to allow
LLMs to utilize external computers during reason-
ing. In this work, we focus on the training stage
and try to synthesize instruction data by leveraging
the strengths of both the CoT and PoT methods.

Data Synthesis for Math Instruction. Exist-
ing research has proposed various synthesizing ap-
proaches: Firstly, existing studies focus on syn-
thesizing new mathematical problems based on
few-shot problems (Li et al., 2024a), math-related
documents (Yue et al., 2024), key knowledge
points (Huang et al., 2024a), or self-evolution (Luo
et al., 2023). Furthermore, with the improvement
of LLMs’ capabilities, subsequent studies (Zhou
et al., 2024; Ding et al., 2024) utilizingexplore the
utilization of open-source LLMs (i.e., DeepSeek-
Math and Qwen-Math) to scale the number of syn-
thesized problems. Despite their effectiveness, di-
rect problem generation suffers from a lack of fine-
grained control over the problem’s internal logic,
leading to lower-quality problems. Besides, these
methods frequently lack mechanisms for validating
the correctness of generated answers, which may
introduce errors and affect the final performance. In
contrast, our method starts from the internal logic
of problem-solving, rather than directly synthesiz-
ing problems. This provides more refined logical
consistency and improves problem quality, while
also enabling effective correctness control.

3 Approach

In this section, we provide a comprehensive in-
troduction to our proposed RV-Syn method. Its
essence involves developing a comprehensive set
of mathematical operations and skills. These skills
are then systematically combined to construct the
solution process, ultimately enabling the genera-
tion of complex problems through back-translation.
The complete pipeline comprises three core stages:
(1) decomposing existing seed problems to gen-
erate a set of computational graphs (Section 3.1),
(2) extracting functions from these computational
graphs and constructing a graph-format function
library (Section 3.2), and (3) combining selected
functions to reconstruct new computational graphs,
which are subsequently back-translated into prob-
lems (Section 3.3). The overall data flow of our
method is illustrated in Figure 2.

3.1 Problem Decomposition

We first represent the solutions of existing mathe-
matical problems with sequences of functions into
a standardized format shown in Appendix C lever-
aging LL.Ms. Each function represents a specific
mathematical skill with defined parameters, form-
ing an executable computational graph that cap-
tures the data flow of the problem-solving process
(examples shown in Figure 2). To ensure the cor-
rectness of the extracted solutions and their associ-
ated functions, we filter out erroneous cases by exe-
cuting the solution code using a Python interpreter
and comparing its output with the ground-truth
answer provided in the corresponding Chain-of-
Thought annotation. This results in a large-scale,
high-quality set of computational graphs derived
from real-world problems.

3.2 Graph-based Function Library
Construction

After decomposing the problem, we extract func-
tions from the computational graphs. To further
enhance the quality of the function library, we em-
ploy model-based labeling. We utilize LLMs to val-
idate the correctness of the functions and identify
their corresponding mathematical topics, eliminat-
ing any functions that contain errors. The prompts
are shown in Appendix A. To describe the rela-
tionships between these functions, each function is
represented as a node, and they are organized into a
graph-based function library. Specifically, the con-
struction process involves two key steps: structural
and semantic-aware function merging, followed by
co-occurrence and topic-based node connecting.

3.2.1 Structural and Semantic-aware
Function Merging

As previously discussed, each extracted function
primarily encapsulates a specific mathematical op-
eration or skill. Consequently, different functions
may exhibit similarities in semantics (i.e., possess-
ing similar skills) or structure (i.e., sharing similar
computational logic). To preserve the diversity of
function expressions while minimizing redundancy
within the final function library, we merge func-
tions that are similar in either structure or semantic
aspects into one node. Therefore, the final node is
a set that contains one or more similar nodes. In
the subsequent description, we will take this setting
as the default.

Specifically, we examine the similarity between
two functions by analyzing both structure and se-
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Graph-based Function
Library Construction

def generate_numbers(max_num, even_digits): (

def check_multiples(numbers, multiple_of):
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even_digits = ['@', '2', '4', '6', '8']
largest_multiple = find_largest(...)
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S
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Function Library
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def main():
# Define the equations of the lines
ml, bl =3, 2
m2, b2 = -1/3, 4

# Find the intersection point...
inter_x, inter_y =

solve system
solve_system_of_equations(ml, bl, m2, b2)

of equations

# Find_equation of line perp...
T

_perp_slope, perp_inter = ) 1ine
b @ Execute J1::;5:;r)‘penduular;to?pmnt(ml, inter_x,  Regenerate per‘pendi'cular
] to point

# Calculate m + b
result = perp_slope + perp_inter

print(result)

Figure 2: The pipeline of our proposed method. The upper part demonstrates the construction of the operation
function library. The lower part illustrates the synthesis process.

mantic aspects. For the structure, we focus on
the computational operations without considering
specific variable names. For instance, expressions
such as “(a 4+ b)/¢” and “(m + n)/d” are consid-
ered equivalent. To accomplish this, we extract
the function body and parse it using Abstract Syn-
tax Trees (ASTs). For the semantic, we compute
hash values for the function’s docstrings. If the
ASTs or hash values of two functions are identi-
cal, we merge these functions into a single node.
We show an example of two similar functions in
Table 12 at Appendix H. This approach allows simi-
lar functions (e.g., matrix multiplication and matrix
projection) to preserve their distinct mathematical
meanings while minimizing redundancy in the fi-
nal function library, offering advantages over direct
deduplication. Our structure-based method using
ASTs proves highly effective in practice, success-
fully identifying and merging approximately 28%
of redundant functions from the initial library.

3.2.2 Co-occurrence and Topic-based Node
Connecting

After obtaining the final set of nodes through func-
tion merging, we further establish connections be-
tween relevant nodes to construct the final graph.
We define two types of edges: co-occurrence-based
edges and topic-consistent edges.

Specifically, for any two given nodes (i.e., two
sets of functions), we first check whether there ex-
ists at least one pair of functions—one from each
set—that co-occurred in the same computational
graph. If so, we add a co-occurrence-based edge
between these two nodes. If not, we then check

whether there is at least one pair of functions shar-
ing the same topic. If this condition is met, we
add a topic-consistent edge. If neither condition is
satisfied, no edge is added between the nodes.

In this way, we finally obtain an incompletely
connected graph that contains multiple types of
edges, which depicts the relationships between
nodes. This serves as the basis for the subsequent
recombination of functions.

3.3 Problem Synthesis

Based on the constructed graph-format function li-
brary, we are able to synthesize complex problems
in a solution-guided approach. This process con-
sists of two primary steps: first sampling various
functions to regenerate the computational graph,
then synthesizing the final complex problems.

3.3.1 Computational Graph Regeneration

To balance the reasonableness and novelty of the
computational graphs, we design three sampling
strategies: first, selecting nodes connected by co-
occurrence-based edges; second, selecting nodes
connected by topic-based edges; and third, se-
lecting unconnected nodes. During the sampling
process, nodes are randomly selected using these
strategies. Since each node represents a set of func-
tions, we further randomly select one function per
node. Subsequently, we generate a computational
graph based on these selected functions as detailed
in Appendix A. This approach offers several ad-
vantages: Firstly, by combining functions, the gen-
erated computational graph can comprehensively
cover mathematical skills while minimizing redun-
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dancy. Secondly, the sampling strategy effectively
balances high-frequency combinations of mathe-
matical skills (i.e., connected by edges) with long-
tail combinations (i.e., without connected edges).
In our setup, we randomly select from the three
strategies when synthesizing each data sample.

3.3.2 Problem Back-translation and
Verification

The final stage of our pipeline generates a com-
plete (problem, solution) pair and ensures its cor-
rectness, highlighting the core verifiability of our
framework. First, we execute all newly generated
computational graphs using an interpreter. Graphs
that fail to execute due to errors are discarded. This
step serves two key purposes: it validates the fea-
sibility of the synthesized reasoning process and
yields a reliable, ground-truth final answer from
successful execution. With a verified computa-
tional graph and its ground-truth answer, we then
back-translate the graph into a coherent natural-
language math problem and generate its Chain-of-
Thought (CoT) solution. Unlike direct generation
methods, which struggle to verify the correctness of
their outputs, our framework can compare the final
answer derived from the LLM-generated CoT solu-
tion against the ground-truth answer obtained from
executing the computational graph. Any (problem,
solution) pair with mismatched answers is auto-
matically discarded. This execution-based filter-
ing acts as a precise and automatic quality control
mechanism, effectively eliminating instances of
flawed reasoning or incorrect calculations in the
final LLM-generated solutions. We provide more
statistics of the synthesis pipeline in Appendix E.

3.4 Comparison to Previous Work

We give a comparison in Table 1. The first line
of research, including MetaMath (Yu et al., 2024),
Orca-Math (Mitra et al., 2024), WizardMath (Luo
et al., 2023), MuggleMath (Li et al., 2024b), Math-
Genie (Lu et al., 2024), primarily focuses on aug-
menting existing problems or solutions, which
leads to new instructions that are too similar to
the original ones, thus limiting diversity. Another
line of research, represented by Mammoth2 (Yue
et al., 2024), Jiuzhang3.0 (Zhou et al., 2024), KP-
Math (Huang et al., 2024a), and ScaleQuest (Ding
et al., 2024), synthesizes brand new mathemati-
cal problems based on math-related documents,
knowledge points, or from scratch, offering greater
diversity and scalability. However, many of these

Rational Problem Automatic Solution
Synthesize Verification

Open-source

Method Problem Crafter

Category

MetaMath Aug X X X
Orca-Math Aug X X X
WizardMath Aug X X X
MathGenie Aug v v X
Mammoth2 New v X X
Jiuzhang3.0 New v X X
ControlMath New X ' X
MathScale New X X X
PromptCoT New ' v X
ScaleQuest New v X X
RV-Syn ‘ New ‘ v v v

Table 1: Comparison of Different Methods. Category
specifies whether the method augments existing data
(“Aug”) or synthesizes new questions (“New”). Open-
source Problem Crafter indicates whether the method
utilizes open-source models (v') or proprietary mod-
els like GPT-4 (X) for problem generation. Rational
Problem Synthesize denotes whether the synthesized
problems incorporate internal problem-solving logic.
Automatic Solution Verification denotes the method’s
ability to automatically verify the correctness of synthe-
sized data.

methods overlook the internal logical processes
when directly synthesizing problems. Methods
like ControlMath (Chen et al., 2024¢) and Prompt-
CoT (Zhao et al., 2025) attempt to enhance the
rationality of synthesis by leveraging equation gen-
erators or injecting intermediate thought processes.
Nevertheless, they still lack mechanisms to verify
the correctness of the synthesized data. Our RV-
Syn method approaches problem generation from
the perspective of internal problem-solving logic
rather than directly producing problem statements
without methodical consideration, thereby enhanc-
ing problem quality. Additionally, through exe-
cutable computation graphs, our method enables
automatic verification of solution correctness.

4 Experiments

4.1 Experimental Setup

Compared Baselines. We compare our method
with previous problem synthesis methods with
publicly available datasets, including: (1) Meta-
Math (Yu et al., 2024) introduces several ques-
tion bootstrapping techniques; (2) Orca-Math (Mi-
tra et al., 2024) augments existing datasets using
an Agent-Instruct method; (3) MathScale (Tang
et al., 2024) uses topic and knowledge-point
graphs to prompt new problem synthesis; (4) Mam-
moth2 (Yue et al., 2024) extracts QA pairs from
webpages; (5) Jiuzhang3.0 (Zhou et al., 2024) uses
math-related seed data to synthesize new QA pairs;
(6) PromptCoT (Zhao et al., 2025) generate com-
plex problems with intermediate thought; (7) Scale-
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Method Problem Crafter MATH-500 GSM8K GSM-Hard College Math Olympiad Bench Avg (Rel. Imp.)
Models based on LLaMA-3-8B-Instruct
Official Model - 28.4 75.1 35.6 21.2 7.3 33.50
MetaMath ChatGPT 424 83.1 36.2 223 10.1 38.82 (+15.9%)
Orca-Math GPT-4 29.4 86.6 42.7 19.8 11.1 37.92 (+13.2%)
Mammoth2 72B Model 422 78.6 40.3 33.0 13.6 41.54 (+24.0%)
Jiuzhang3.0 7B Math Model 434 81.3 40.5 29.6 159 42.14 (+25.8%)
MathScale ChatGPT 43.4 81.3 384 32.6 13.6 41.86 (+25.0%)
PromptCoT 72B Model 434 78.2 41.5 25.8 15.7 40.92 (+22.1%)
ScaleQuest 7B Math Model 45.8 83.6 41.9 29.4 133 42.80 (+27.8%)
RV-Syn 7B / 72B model 50.4 82.6 44.5 30.7 16.4 44.92 (+34.1%)
Models based on Qwen2.5-7B-Instruct
Official Model - 74.0 86.8 59.9 44.1 36.0 60.16
MetaMath ChatGPT 74.0 90.9 67.6 455 35.0 62.60 (+4.1%)
Orca-Math GPT-4 74.2 92.0 67.4 45.3 354 62.86 (+4.5%)
Mammoth2 72B Model 75.0 90.2 68.2 45.9 34.7 62.80 (+4.4%)
Jiuzhang3.0 7B Math Model 74.8 91.3 67.4 45.8 34.7 62.80 (+4.4%)
MathScale ChatGPT 74.0 91.0 67.6 453 36.4 62.98 (+4.5%)
PromptCoT 72B Model 75.8 90.5 67.7 45.8 34.8 62.92 (+4.6%)
ScaleQuest 7B Math Model 75.0 914 67.6 45.9 344 62.86 (+4.5%)
RV-Syn 7B / 72B model 76.8 91.3 69.6 46.1 36.4 64.04 (+6.4%)
Models based on Phi-3-mini

Official Model - 43.0 73.3 54.1 35.7 15.7 44.40
MetaMath ChatGPT 55.8 89.8 64.5 39.6 20.7 54.08 (+21.8%)
Orca-Math GPT-4 55.2 90.4 65.3 40.0 19.6 54.10 (+21.9%)
Mammoth2 72B Model 59.0 87.7 62.9 41.6 21.3 54.50 (+22.7%)
Jiuzhang3.0 7B Math Model 58.2 88.9 63.8 41.5 19.6 54.40 (+21.8%)
MathScale ChatGPT 58.2 89.5 63.5 40.3 20.3 54.36 (+22.5%)
PromptCoT 72B Model 58.2 87.4 63.5 39.6 21.3 54.00 (+21.6%)
ScaleQuest 7B Math Model 59.0 88.9 63.8 41.2 21.8 54.94 (+23.7%)
RV-Syn 7B / 72B model 59.8 88.8 65.0 42.2 224 55.64 (+25.3%)

Table 2: After training on 50k data, the evaluation results of our method compared with various synthesis approaches
across five benchmarks. The best ones among LLMs with the same backbone model are marked in bold.

Quest (Ding et al., 2024) trains a problem genera-
tion model similar to Magpie (Xu et al., 2024b).

Tuning Data. Directly comparing the perfor-
mance of models from previous works introduces
potential unfair factors, as newer models may lever-
age more advanced models for backbone and an-
swer generation (see Appendix F for details). To
ensure a fair comparison, we use the same model,
Qwen-2.5-Math-7B-Instruct (Yang et al., 2024) to
generate answers for problems synthesized by each
method and train the same backbone model. By
controlling for other variables, we can focus on
comparing the quality of the synthesized problems.

Evaluation and Metrics. We assess the mod-
els’ performance on MATH-500 (Hendrycks et al.,
2021; Lightman et al., 2024), GSM8K (Cobbe
etal., 2021), GSM-Hard (Gao et al., 2023), College
Math (Tang et al., 2024) and OlympiadBench (He
et al., 2024). The generated outputs are all in
the form of natural language Chain-of-Thought
(CoT) (Wei et al., 2022) through greedy decoding,

and we report zero-shot pass@1 accuracy.

Implementation Details. We extract seed data
from the high-quality Numina-Math dataset (Li
et al., 2024d) to collect function nodes and fine-
tuning data. The problem decomposition is per-
formed using Qwen2.5-72B-Instruct. We then use
the fine-tuned Qwen2.5-7B-Instruct to generate
computational graphs with the strategy described in
3.3.1, followed by problem back-translation using
Qwen2.5-72B-Instruct.

4.2 Main Results

As shown in Table 2, methods focusing on syn-
thesizing diverse new problems (e.g., Mammoth2,
Jiuzhang3.0, ScaleQuest) outperform approaches
that augment existing data (e.g., MetaMath, Orca-
Math). This performance gap may be attributed
to augmentation-based methods leading to new in-
structions that are too similar to the original ones,
emphasizing the crucial role of data diversity. Our
approach outperforms traditional data synthesis
methods without relying on proprietary models like
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Average Accuracy vs. Training Samples
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Figure 3: The performance of the model as the training
data size increases. The “Average” refers to the mean
performance across five datasets: MATH-500, GSMS8K,
GSM-Hard, College Math, and OlympiadBench.

GPT-4. For example, on LLaMA-3-8B-Instruct,
our method outperforms the previous state-of-the-
art by 6.3%. Notably, this advantage is particu-
larly evident on more challenging or computation-
intensive datasets such as MATH-500, GSM-Hard,
and OlympiadBench, further emphasizing the ben-
efits of rational synthesis. We present experiments
on distilling Long-CoT reasoning in Appendix 4.7.

4.3 Scalability Study

In this section, we study the scalability of our
method. We compare our method with previ-
ous approaches by training on scaling datasets up
to 300k using LLaMA-3-8B-Instruct (Al@Meta,
2024). The results in Figure 3 demonstrate a strong
scaling curve, with performance consistently im-
proving as the dataset size increases. Our method
consistently outperforms other methods, and no-
tably, achieves better performance with only half
the dataset size (50k vs. 100k). This advan-
tage is particularly pronounced on challenging or
computation-intensive datasets, demonstrating the
superiority of our method for enhancing advanced
mathematical reasoning capabilities.

4.4 Comparison with Human-Crafted Data

To rigorously benchmark the quality of our synthe-
sized data, we compare RV-Syn against datasets
that contain a significant portion of high-quality,
human-crafted problems. We include two such
strong baselines in our analysis: MMIQC (Liu
et al.,, 2024), which contains QA pairs from
the Mathematics Stack Exchange, and Numina-
Math (Li et al., 2024d), a large collection of both
real-world human-crafted and synthesized math
problems, which also serves as the source of our

47.5
- 45.0
S
> 42.5
Q
g
3 40.0
Q =<t~ Previous synthesis data
< 375 < —»— MMIQC (Human-Crafted)
—&— NuminaMath (Human-Crafted)
35.0 —d— RV-syn
10 20 50 100

Training Samples (k)

Figure 4: Comparison between RV-Syn and human-
crafted data. Numina-Math serves as the seed data for
our synthetic dataset. Previous state-of-the-art synthetic
data methods are indicated by gray lines.

initial seed data. As illustrated in Figure 4, human-
crafted datasets such as MMIQC and Numina-Math
consistently outperform most synthetic methods,
reflecting the superior quality of human-authored
data over synthetic data, though they face signifi-
cant scalability challenges. In contrast, RV-Syn
demonstrates a clear competitive advantage: at
nearly every data scale, it achieves the highest av-
erage performance, even surpassing Numina-Math,
the very dataset used as its seed. This result val-
idates that our synthesis process does not merely
replicate existing examples, but instead generates
novel, high-quality instructions that are more effec-
tive for model training than the original seed data
itself. Consequently, RV-Syn successfully bridges
the gap between scalability and quality, producing
synthetic data that rivals human expertise without
sacrificing performance. We provide further dis-
cussion on data diversity in Appendix D.

4.5 Analysis of Data Efficiency

Higher complexity through Rational Synthesis.
First, we posit that the solution-first, rational syn-
thesis approach leads to higher-quality and more
complex problems. A higher-quality dataset can
provide richer supervision signals per example,
thus improving training efficiency. To quantify this,
we analyze the difficulty and efficacy of different
datasets using three key metrics, following Prompt-
CoT (Zhao et al., 2025). First, accuracy serves as
an indicator of problem difficulty. Lower perfor-
mance signifies a higher level of difficulty. For
datasets without ground-truth labels, we adopt the
approach detailed in PromptCoT (Zhao et al., 2025)
by leveraging a more powerful model, Qwen?2.5-
Math-72B-Instruct, to generate reference answers,
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applying self-consistency with 8 rollouts to en-
hance reliability. Second, the average number of
reasoning tokens provides insights into the com-
plexity of the reasoning process. A larger average
number of tokens suggests that the model necessi-
tates more extensive reasoning steps. Finally, the
average accuracy on the benchmark after tuning re-
flects the dataset’s contribution to improving model
performance. Larger improvements in benchmark
accuracy observed after fine-tuning suggest that the
respective dataset is more effective in enhancing
the model’s capabilities. Experimental results in
Table 3 show a strong consistency among these
three metrics, and our method achieves the best
results across all three difficulty evaluation metrics.
Specifically, problems synthesized by RV-Syn are
the most difficult (lowest accuracy at 55.6%), re-
quire the longest reasoning chains (highest token
count), and yield the largest performance improve-
ment after fine-tuning (+34.1%). This demonstrates
that our solution-first, rational synthesis approach
successfully generates more challenging and effec-
tive training instances compared to other methods.

Avg. Reasoning Avg. Benchmark

Dataset Accuracy (])

Tokens (1) Accuracy (1)
MetaMath 97.2 1,339 38.82 (+15.9%)
Orca-Math 86.3 919 37.92 (+13.2%)
MathScale 82.0 2,565 41.86 (+25.0%)
Mammoth?2 70.6 3,272 41.54 (+24.0%)
ScaleQuest 75.8 2,591 42.80 (+27.8%)
Numina-Math 72.9 3,858 43.90 (+31.0%)
RV-Syn 55.6 4,431 44.92 (+34.1%)

Table 3: Difficulty and efficacy evaluation for differ-
ent datasets. Accuracy: Performance of Qwen2.5-
Math-7B-Instruct on the problems in different datasets.
Avg. Reasoning Tokens: Average number of tokens
in reasoning processes generated by DeepSeek-R1-
Distill-Qwen-7B when processing the problems. Avg.
Benchmark Accuracy: Performance of LLaMA-3-8B-
Instruct after fine-tuning on different datasets.

Higher Quality through Verifiability. In this
part, we investigate the verifiable characteristics of
our method to ensure data correctness. We sample
1,000 data points from the training data of each
method, evaluate them and analyze the error rates
for both problems and solutions (see Appendix B
for details). As shown in Table 4, firstly, the prob-
lem error rate reflects the quality of the synthesized
problems. It can be observed that problems gen-
erated by humans exhibit a lower error rate, while
directly synthesized problems contain more errors.
Our method approaches the level of control that

humans exert in problem design. Secondly, the
solution error rate reflects the extent to which each
method controls the correctness of training data.
Since other methods cannot naturally obtain the
ground truth, their solution error rates are relatively
high. Further quality control requires heavy re-
liance on powerful models for post-filtering, anno-
tation, voting, or scoring, which incurs significant
additional costs. In contrast, our method inherently
provides the ground truth and enables rule-based
matching, ensuring an extremely low error rate. We
then manually inspect our data labeled as erroneous
and find that most solutions have correct final an-
swers, with only minor errors in intermediate steps.

Problem Error Solution Error

Method Rate (%)  Rate(%) |
Mammoth2 0.9 10.6
Jiuzhang3.0 2.4 6.5
MathScale 1.6 4.9
ScaleQuest 5.6 8.0
Numina-Math 0.6 5.5
RV-Syn 0.9 1.4

Table 4: Error rate analysis across different methods.
The problem error refers to issues such as inconsistency
or conflict in problem conditions and statements; the
solution error indicates computational mistakes or mis-
interpretation of the problem in the solution.

4.6 Ablation Study

To provide a comprehensive understanding of RV-
Syn, we conduct ablation studies to analyze the
impact of our graph sampling strategies and the
controllability of problem difficulty.

Impact of sampling strategies. We introduce
three strategies to sample function nodes for
computational graph regeneration: co-occurrence-
based, topic-based, and edgeless. To evaluate their
individual contributions, we synthesize 20k train-
ing samples using each strategy exclusively and
train LLaMA-3-8B-Instruct. As shown in Table 5,
each strategy excels in different areas. For example,
the co-occurrence strategy is strongest on GSM8K.
The edgeless strategy performs best on MATH-500.
The topic-based strategy shows particular strength
on the more complex GSM-Hard and Olympiad-
Bench datasets. This validates our decision to use
a mix of all three, creating a balanced and robust
dataset that leverages their complementary advan-
tages.
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Strategy GSM8K MATH Hard College Olym.

779 352 353 265 11.0
772 352 392 267 12.9
396 378 271 12.6

Co-occur.
Topic
Edgeless 71.3

Table 5: Ablation study on different sampling strategies.

Controllability of problem difficulty. A key ad-
vantage of RV-Syn is the fine-grained control over
synthesized problem complexity. We analyze our
ability to control problem complexity by varying
the number of function nodes sampled during graph
regeneration. We train models on 50k datasets
synthesized with a fixed number of nodes (1, 2,
and 3 nodes) and evaluate them on MATH-500
and GSM-Hard. As shown in Table 6, models
trained on single-node problems achieve the high-
est performance on MATH-500, a dataset empha-
sizing direct application of middle-school-level
concepts. In contrast, performance on the more
calculation-intensive GSM-Hard improves with in-
creasing node count, indicating that multi-node
graphs effectively model complex, multi-step rea-
soning. This demonstrates RV-Syn’s ability to de-
liberately calibrate difficulty for targeted training
needs.

Sampled Nodes MATH-500 GSM-Hard
1 Node 49.0 42.6
2 Nodes 48.6 43.8
3 Nodes 47.2 44.4

Table 6: Ablation on problem difficulty control by vary-
ing sampled node counts.

4.7 Analysis of Long-CoT Distillation

90

|

MATH-500 GSM8k

N ScaleQuest

1

GSM-Hard College Math  OlympiadBench

N RV-Syn

Accuracy(%)
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(=] (=]
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Figure 5: Performance comparison of distilling Long-
CoT on 20k data.

In addition to short-CoT, we also explore the abil-
ity of our data to distill Long-CoT abilities. We re-

place the answer generation model with DeepSeek-
R1-Distill-Qwen-7B (Guo et al., 2025) and train
Qwen?2.5-7B-Instruct on a 20k dataset, comparing
our method with ScaleQuest. During the evalua-
tion, we set the maximum sequence length to 16k
and exclude samples where both models exceed
the maximal length. We show the results in Fig-
ure 5. We can see that our synthesis method not
only performs well on short-CoT but also excels in
distilling Long-CoT compared to the baseline.

5 Conclusion

In this paper, we introduced RV-Syn, a novel ap-
proach to mathematical problem synthesis that en-
hances both rationale and verifiability. It first con-
structed a graph-format function library, which was
composed of a large number of mathematical func-
tions and was scalable to insert new ones. Then, it
generated the new solutions by combining func-
tions into computation graphs in a controllable
manner, which can be then executed to support
solution verification. Finally, it back-translated
these computation graphs to problems. Our experi-
ments demonstrate that RV-Syn outperforms exist-
ing methods, achieving higher performance with
less data. This efficiency highlights its potential
for improving the reasoning capabilities of LLMs
while minimizing resource consumption. RV-Syn
represents a significant advancement in reasoning
data generation, offering a scalable and reliable
framework. Future work can explore extending
it to other reasoning domains and further refining
control mechanisms for broader applicability.

Limitations

Despite the promising results demonstrated by the
RV-Syn method, several limitations remain. First,
the approach relies heavily on the quality and diver-
sity of the initial function library. While we have
curated a comprehensive set of functions from a
large scale of existing synthetic datasets, there may
still be gaps in representing certain mathematical
concepts, potentially limiting the scope of prob-
lems that can be synthesized. Second, although our
experiments show improved performance across
several benchmarks, the generalization of RV-Syn
to other domains beyond mathematics remains un-
explored, such as the code domain. Future work
should investigate the adaptability of this approach
to different types of reasoning tasks and datasets.
We aim to address these limitations in future re-
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search by expanding the function library, optimiz-
ing computational efficiency, and exploring cross-
domain applications.
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Problem: {PROBLEM }
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tions.
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W Xin Zh K 7h J L TS i T main function.
aype .111 a0, Kkun ou, U,I]y.l ]" lany.] ang, 7. Only print the answer without any text.
Xiaolei Wang, Yupeng Hou, Yingqgian Min, Be-
ichen Zhang, Junjie Zhang, Zican Dong, Yifan Du,
Chen Yang, Yushuo Chen, Zhipeng Chen, Jinhao
Jiang, Ruiyang Ren, Yifan Li, Xinyu Tang, Zikang
Liu, Peiyu Liu, Jian-Yun Nie, and Ji-Rong Wen.
2023. A survey of large language models. CoRR,
abs/2303.18223 Please analyze the following mathematical function operation, judge
: : its functional correctness and assign it a subject category.

{function}
. . . . - First analyze the function and evaluate its correctness.
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Intermediate Algebra, Algebra, Number Theory, Precalculus,

lems for mathematical reasoning in large language Geometry, Counting Probability, and Miscellaneous.
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Output example:

<analyse>analyze here</analyse>
<correctness>Yes</correctness>
<subject>Number Theory</subject>
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Nathan Scales, Xuezhi Wang, Dale Schuurmans,
Claire Cui, Olivier Bousquet, Quoc V. Le, and Ed H.
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Given a set of mathematical operation functions:

. . . {FUNCTIONS}
Kun Zhou, Beichen Zhang, Jiapeng Wang, Zhipeng “
Chen, Wayne Xin Zhao, J 1ng Sha, Zhichao Sheng, Write a ‘main‘ function that intelligently combines these operations
Shl_]ln Wang and Ji-ROl’lg Wen. 2024 Jiuzhang3 0: to solve a meaningful and non-trivial mathematical problem.
s . . O

Efficiently improving mathematical reasoning by
training small data synthesis models.  CoRR,
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Given a piece of code that solves a mathematical problem:

A Prompts for Data Generation Pipeline {CODE}

First, understand what the code snippet is doing within the ‘<analy-
sis></analysis>‘ tags. Then, identify the original problem the func-

In this part, we present the prompts used in the tions are solving and output it within the ‘<problem></problem>*
. tags. Finally, rewrite the problem concisely, in a manner similar to
three main components of our method: Problem questions found in textbooks or test papers, and output it within the

‘<final problem></final problem>* tags. The question should have
only one answer.

Decomposition, Computational Graph Regenera-
tion, and Problem Back-translation.
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Your goal is to determine if the given problem and its solution
contain mistakes.

If both the problem and the solution are correct, output
"Correct’.

If the problem contains error such as inconsistency, conflict or no
solution, output 'Problem Error’.

If the problem is correct but the solution contains error, output
’Solution Error’.

Problem: {problem}

Solution: {solution}

B Details for Correctness Evaluation

Considering the substantial cost associated with
human evaluations, we use one of the most power-
ful models currently available, GPT-4o, to conduct
correctness evaluation. To ensure its validity, we
conducted an experiment using GPT-4o to evalu-
ate the accuracy of Qwen2.5-Math-7B-Instruct on
the benchmark test set and compared the results
with ground-truth evaluations. As shown in Ta-
ble 7, the evaluation results—74.25% (GPT-40)
vs. 76.61% (Ground truth)—demonstrate a close
alignment. False positive samples account for only
1.89% of all cases, while the false negative rate
is even higher, indicating that GPT-4o0 tends to be
more stringent in its evaluation. This is likely be-
cause it not only verifies the final answer but also
checks intermediate steps. Considering that even
ground-truth-based evaluations may contain some
degree of error, we believe this discrepancy falls
within an acceptable range. The prompt we use is
shown in Appendix A.

Ground Truth
Correct (+) Incorrect (-)  Total
Correct (+) 0.7236 0.0189 0.7425
GPT-4o Incorrect (-) 0.0425 0.2150 0.2575
Total 0.7661 0.2339 1.0000

Table 7: Confusion matrix for GPT-40 evaluation.

C Example of Problem Decomposition
D Analysis of Data Diversity

A key limitation of data augmentation methods like
MetaMath (Yu et al., 2024) is their tendency to
produce problems that are structurally similar to
the original seeds. This often results from the in-
herent paraphrasing nature of in-context learning,
leading to limited diversity. For example, a seed
problem asking to “‘choose 3 captains from a team

Problem: What is the largest positive integer with only even
digits that is less than $10,000$ and is a multiple of $9$?

Generated text:

{CoT reasoning step by step here}

“python
def generate_numbers(max_num, even_digits):

Generate all possible numbers with even digits up to max_num.
Parameters:
max_num (int): The maximum number up to which we generate
numbers.
even_digits (list): A list of even digits.
Returns:
list: A list of generated numbers.

numbers = []
for i in range(max_num):
num_str = str(i)
if all(digit in even_digits for digit in num_str):
numbers. append (i)
return numbers

def check_multiples(numbers, multiple_of):
def find_largest(multiples):

def main():
max_num = 10000
even_digits = ['@', '2°, ‘4, ‘6", '8"]
multiple of = 9
numbers = generate_numbers(max_num, even_digits)

multiples = check_multiples(numbers, multiple_of)
largest_multiple = find_largest(multiples)

print(largest_multiple)
main()

of 11 people” might be augmented to “choose 2 cap-
tains from a team of 9 people”, a trivial variation.
RV-Syn also utilizes seed data, but in a fundamen-
tally different manner. Instead of rewriting whole
problems, RV-Syn decomposes them to extract a
library of atomic mathematical operations (func-
tions). Our synthesis process then generates new
problems not by modifying an existing problem,
but by creating entirely new computational graphs
by combining these atomic functions. This combi-
natorial approach allows for the creation of novel
reasoning paths and complex problem structures
that can be fundamentally different from any single
seed problem, thereby fostering genuine diversity.

To empirically validate this claim, we quantita-
tively compare the diversity of data generated by
RV-Syn against MetaMath, relative to the seed data.
We employed three metrics: A Mean of Embed-
ding Variance: The change in the average variance
of problem embeddings. A positive value indi-
cates increased diversity. Centroid Cosine Distance
and Maximum Mean Discrepancy (MMD?): Both
measure the dissimilarity between the generated
data distribution and the original seed distribution.
Larger values signify greater divergence.

The results, presented in Table 8, strongly sup-
port our hypothesis. MetaMath shows a nega-
tive change in embedding variance, suggesting it
slightly reduces diversity. In sharp contrast, RV-
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A Mean of Centroid

2
Method Emb. Variance Cosine Dist. MMD

MetaMath -0.0017 0.0170 0.000825
RV-Syn +0.0019 0.0398 0.002493

Table 8: Diversity and similarity analysis. RV-Syn in-
creases embedding variance and generates data that is
more distinct from the seed set compared to MetaMath.

Syn increases diversity. Furthermore, the signifi-
cantly larger Centroid Cosine Distance and MMD?
values for RV-Syn confirm that its output diverges
more substantially from the seed distribution. This
demonstrates that our function-centric, combinato-
rial synthesis is more effective at producing novel
and diverse problems than simple seed-based aug-
mentation.

E Statistics of the Synthesis Pipeline

Here, we present statistics for the function library
and the final dataset. Figure 6 (a) shows the topic
distribution in our function library, where each
function is labeled according to the categories de-
fined in the MATH dataset. Figure 6 (b) displays
the difficulty distribution of the synthesized dataset,
with the majority of samples concentrated in the
higher-difficulty range. This distribution helps ex-
plain why RV-Syn achieves more substantial per-
formance gains on more challenging benchmarks.
Figure 6 (c) details the filtering proportions during
the synthesis pipeline. We observed that 16% of
the generated computational graphs failed to ex-
ecute and were discarded. Among the remaining
valid graphs, an additional 37% of the generated
problem—solution pairs were filtered out because
no Chain-of-Thought solution matched the ground-
truth answer produced by graph execution. This
automated, graph-based quality control mechanism
is crucial for ensuring the high correctness of our
final dataset. Table 9 provides additional statistics
for the function library.

Metric Value
CB Connected Components Number 23419
CB Largest Connected Component Size 10847
CB Average Degree per Node 1.225

TB Connected Components Number 8
TB Largest Connected Component Size 13638
TB Average Degree per Node 8607

Table 9: Graph-based function library statistics. CB
denotes Co-occurrence Based, TB denotes Topic Based.

F Impact of the Answer Annotation
Model

Previous works often directly fine-tune models on
publicly available datasets released by baseline
methods and compare their performance. How-
ever, we find that the choice of the answer annota-
tion model is one of the most critical factors influ-
encing downstream performance, which introduce
substantial unfairness into such comparisons. To il-
lustrate this, we re-annotate existing datasets using
a unified model, Qwen2.5-Math-7B-Instruct, and
compare the performance of LLaMA-3-8B-Instruct
fine-tuned on 50k these newly annotated datasets
versus the original versions. The results in Table
10 show that many methods achieve significant
performance improvements, and the performance
gap between them narrows. In all our experiments,
we use the same annotation model to ensure a fair
comparison and to isolate the impact of problem
quality. We observe consistent performance im-
provements from our method. Although some of
the improvements may appear modest under the
uniform annotation setup, they in fact represent
substantial enhancements in data quality, which
are partially obscured by the controlled evaluation
conditions.

Dataset Original Re-annotation Performance Change
Jiuzhang3.0 30.5 42.1 +38.0%
MathScale 26.5 41.9 +58.1%
MMIQC 34.9 437 +25.2%
Numina-Math 38.7 43.9 +13.4%

Table 10: Performance of LLaMA-3-8B-Instruct Fine-
tuned on Re-annotated Datasets using Qwen2.5-Math-
7B-Instruct.

G Influence of Seed Dataset

Since RV-Syn utilizes the high-quality Numina-
Math dataset as seed data, we determine whether
the performance gains stem from our synthesis
framework or merely the superior seed data. We
conduct a controlled experiment using the Ji-
uzhang3.0 baseline. We replace its original web-
corpus seed data with Numina-Math and train it
on 50k synthesized samples. The results in Table
11 show that simply using better seed data with a
direct synthesis method (Jiuzhang3.0) does not im-
prove performance; in fact, the score slightly drops
compared to its original setting (39.5 vs. 42.1).
We attribute this to the fact that direct synthesis
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(a) Topic Distribution
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Figure 6: Statistical analysis of the RV-Syn pipeline. (a) Distribution of mathematical topics within the function
library. (b) Difficulty distribution of the final synthesized problems. (c) Proportions of data filtered out at different

stages of the synthesis process.

Method Seed Data Avg. Score
Jiuzhang3.0 Original (Web) 42.1
Jiuzhang3.0 Numina-Math 39.5
RV-Syn (Ours)  Numina-Math 44.9

Table 11: Impact of seed dataset on performance (50k
data, LLaMA-3-8B). Comparing our method against
Jiuzhang3.0 seeded with Numina-Math.

methods rely heavily on the diversity of broad pre-
training corpora, and constraining them to a struc-
tured QA dataset may limit their generative poten-

tial. In contrast, RV-Syn achieves a significantly
higher average score (44.92), confirming that our
improvements are driven by the rational synthesis
framework rather than the seed data alone.

H Examples of Function Similarity

We provide examples of semantic and structural
similarity in Table 12. Specifically, functions that
share these similarities or have the same docstring
are grouped into the same function set.
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Semantic Similarity

def find_gcd(a: int, b: int) -> int:

Find the greatest common divisor of two numbers.
Args:

a (int): The first number.

b (int): The second number.

Returns:

int: The GCD of a and b.

return math.gcd(a, b)

def gcd(a, b):
Find the greatest common divisor of two numbers.
Args:
a (int): The first number.
b (int): The second number.
Returns:
int: The GCD of a and b.

while b:
a, b=>b, a%b
return a

Structure Similarity

def calculate_matrix_product(matrixl, matrix2):

Calculate the product of two matrices.
Parameters:
matrix1 (numpy.array): The first matrix.
matrix2 (numpy.array): The second matrix.
Returns:
numpy.array: The product of matrixl and matrix2.

return np.dot(matrix1, matrix2)

def matrix_transformation(projection_matrix1, projection_matrix2):

Calculate transformation matrix by multiplying
projection matrices.
Args:
- projection_matrix1:
- projection_matrix
Returns:

numpy array: The transformation matrix.

The first projection matrix.
The second projection matrix.

return np.dot(projection_matrix2, projection_matrix1l)

Table 12: Examples of Semantic and Structure Similarity.
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