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Abstract

Contemporary advancements in language
model reasoning typically require computa-
tionally intensive reinforcement learning (RL)
and massive datasets, creating barriers for
resource-constrained teams. In this work, we
demonstrate that high-quality, iterative train-
ing on minimal data can rival modern RL ap-
proaches. We introduce a resource-efficient
framework that combines Direct Preference Op-
timization (DPO) and Supervised Fine-Tuning
(SFT) with selective guidance from larger
models, iteratively refining solutions through
a "reflect, rewrite, repeat" cycle (R®). Us-
ing Qwen 2.5 7B and Qwen 2.5 Math 7B
as base models, our method shows meaning-
ful performance improvements across arith-
metic, symbolic and cognitive reasoning bench-
marks—including GSM8K (83.1% — 88.6%),
AIME’25@10 (20.0% — 30.0%) and LastLet-
terConcat (40.7% — 53.3%) problems. The
model-agnostic nature of our R? framework
is further demonstrated through substantial
improvements when applied to Mistral and
LLaMA-based models. Remarkably, these
gains are achieved using mere 700 basic arith-
metic training samples, in stark contrast to the
hundreds of thousands of examples typically
required by RL-based systems. Our results
suggest that reasoning improvements need not
strictly depend on large-scale data. By empha-
sizing strategically curated training grounded
in foundational principles, we achieve com-
petitive generalization with minimal resource
overhead. Our R? pipeline also generates high-
quality SFT data with high-fidelity reasoning
traces as byproduct, further enabling scalable
and annotation-free fine-tuning. Code is avail-
able.!

1 Introduction

Enhancing the reasoning capabilities of large lan-
guage models (LLMs) remains a central challenge

1https://github.com/aws—samples/
sample-for-reflect-rewrite-repeat

in natural language processing. Recent advances in
reasoning capabilities have largely relied on rein-
forcement learning (RL) based preference optimiza-
tion pipelines (DeepSeek-Al et al., 2025; Yu et al.,
2025; Pang et al., 2024), which require significant
computational resources, complex reward model-
ing, and massive curated datasets. While effective,
these methods raise concerns about accessibility,
reproducibility, and interpretability—especially for
teams with limited resources.

In this work, we explore an alternative hypothe-
sis: that reasoning can be substantially improved
not through scale, but through structured, feedback-
driven learning over foundational tasks. Drawing
inspiration from pedagogical theories of human
tutoring (Chi et al., 1989), we propose a simple
yet powerful framework: Reflect, Rewrite, Re-
peat (R3). R? replaces policy-gradient RL with an
interactive refinement loop that combines Direct
Preference Optimization (DPO) and Supervised
Fine-Tuning (SFT), eliminating the need for ex-
plicit reward modeling or policy rollouts. A model
iteratively generates answers, receives corrections
from a stronger teacher model, and learns to inter-
nalize these refinements.

Unlike existing iterative refinement approaches
that rely on student models to critique and correct
their own outputs (Madaan et al., 2023; Wang et al.,
2024)—which may suffer from superficial self-
reflection (Liu et al., 2025)—we employ a teacher
model to ensure high-fidelity corrections within a
structured Reflect-Rewrite loop. Importantly, this
design choice is not a permanent constraint but a
pragmatic response to current limitations in LLM
self-evaluation (Woo et al., 2025). Our framework
is explicitly forward-compatible: the modular ar-
chitecture allows the teacher dependency to be pro-
gressively removed as student models mature, en-
abling seamless transition from guided distillation
to fully autonomous self-improvement while pre-
serving the core DPO+SFT training dynamics.
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Contributions. This work challenges the assump-
tion that reasoning improvements require massive
datasets or complex reinforcement learning. We in-
troduce R3, demonstrating that structured iterative
refinement over foundational tasks achieves com-
petitive performance with 100-fold data efficiency
through deterministic teacher-guided corrections
and cross-domain transfer from arithmetic-only su-
pervision.

We make four principal contributions. First, 700
arithmetic examples suffice to improve mathemati-
cal, symbolic, and commonsense reasoning, chal-
lenging the prevailing assumption that complex
reasoning requires complex training data. Second,
we address superficial self-reflection (Liu et al.,
2025) by linking introspective language to explicit
error corrections, with manual analysis confirming
genuine logical improvements rather than stylis-
tic mimicry. Third, systematic ablations reveal
DPO and SFT’s synergistic roles in maintaining
performance under increasing complexity, demon-
strating that neither component alone suffices for
robust generalization. Fourth, we demonstrate
model-agnostic applicability across Qwen, Mis-
tral, and LLaMA with extreme computational ef-
ficiency—requiring only a single GPU and hours
of training—making advanced reasoning enhance-
ment accessible to resource-constrained teams.

2 Related Work

2.1 From RL-Based Preference Optimization
to Direct Preference Optimization

Reinforcement-learning  pipelines such as
DeepSeek-R1(DeepSeek-Al et al., 2025), Iterative
RPO(Pang et al., 2024), and SimpleRL-Zoo(Zeng
et al., 2025) improve reasoning by optimizing
Chain-of-Thought trajectories. Recent audits
reveal these gains can be brittle and reward-model
dependent(Yue et al., 2025; Hochlehnert et al.,
2025). To bypass explicit reward modeling, direct
preference optimization methods—DPO(Rafailov
et al., 2023), Step-DPO(Lai et al., 2024), and
Full-Step-DPO(Xu et al., 2025b)—replace policy-
gradient updates with supervised comparison
losses. Orthogonally, Lee et al.(Lee et al., 2024;
Woo, 2023) demonstrate that uncertainty-aware
reward modeling with Bayesian approximation
substantially improves preference learning by
enabling principled data curation, highlighting the
importance of preference data quality. Our work
combines DPO with lightweight SFT, eliminating

the need for explicit reward modeling or policy
rollouts.

2.2 Data Efficient Mathematical Reasoning

Most math-centric LLMs like JiuZhang 3.0(Zhou
et al., 2024) and RedStar(Xu et al., 2025a) rely
on millions of synthetic examples. Later studies
pursue efficiency by mining high-quality instances
(LIMO(Ye et al., 2025), s1(Muennighoff et al.,
2025)) or distilling compact datasets(Lightman
et al., 2023). R? achieves meaningful improve-
ments with just 700 elementary arithmetic tasks
and more importantly, it advances beyond data ef-
ficiency by showing that a principled, iterative re-
finement process can endow models with reasoning
abilities that generalize across domains. This unsu-
pervised cross-domain transfer represents a major
step beyond prior data efficient methods focused on
in-domain or stylistic alignment(Zhou et al., 2023)
(more discussion in Appendix F).

2.3 Self-Verification and Error Correction

Recent work explores how models can detect and
repair reasoning failures. Early approaches trained
separate verifiers(Cobbe et al., 2021), while later
methods integrated verification into generation: Re-
Act(Yao et al., 2023) interleaves CoT with tool
calls, and Program-of-Thoughts(Chen et al., 2022)
executes symbolic programs to check intermedi-
ate results. Self-Refine(Madaan et al., 2023) and
Shepherd(Wang et al., 2024) show LLMs can it-
eratively improve their answers without manual
labels. These works typically rely on the student
model to critique and correct its own output. How-
ever, recent research indicates that small models
often suffer from Superficial Self-Reflection (SSR)
(Liu et al., 2025), where introspective language
co-occurs with flawed reasoning. Recent theo-
retical analysis also highlights fundamental lim-
itations in self-evaluation: Woo et al.(Woo et al.,
2025) propose a probabilistic VC framework show-
ing that models exhibiting strong discriminative
self-assessment tend to demonstrate diminished
calibration fidelity, suggesting an inherent trade-
off that motivates external guidance in refinement
pipelines.

2.4 Student-Teacher Distillation Paradigms

Student—teacher transfer compresses reasoning
skills effectively.  Early works distilled hid-
den states (DistilBERT(Sanh et al., 2019),
MiniLM(Wang et al.,, 2020)); later research
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Figure 1: Our R? framework is inspired by effective one-to-one human tutoring pedagogy. Targeted feedback and
rewritten answers from the teacher model guide the target model toward improved reasoning and problem solving

through DPO and SFT training.

distilled CoT traces(Magister et al., 2022) or
preference signals(Rafailov et al., 2023). TS-
Align(Zhang et al., 2024) and AlpacaFarm(Madaan
et al., 2023) show iterative teacher feedback can
refine students with minimal manual labeling. We
extend this by having a teacher model both grade
and rewrite student answers, creating an automated
tutor at negligible human cost.

These threads motivate our approach: unify-
ing direct preference optimization, sample-efficient
reasoning, superficial self-reflection, and stu-
dent—teacher feedback into a streamlined frame-
work that achieves meaningful reasoning improve-
ments in small models through iterative refinement.

3 Method Overview

In this section, we outline our approach to optimiz-
ing the reasoning capabilities of small LLMs under
computational constraints. As illustrated in Fig-
ure 1, our methodology comprises three primary
components: (i) initializing the target model to
generate original answers accompanied by chain-
of-thought reasoning, (ii) leveraging an advanced
teacher model and a DPO-based iterative improve-
ment cycle to refine the target model’s reason-
ing process, and (iii) verifying the target model’s
acquired competency over training samples and
adopting optional SFT to consolidate the learned
capabilities.

3.1 Initialization & Base Answer Generation

Initialization. We assume we are given an initial
model My, and a training set D = {(z;,y})}Y,
containing questions x; and their correct answers
y; . The model will be trained and updated at each
iteration, resulting in models My, M1, ..., M.

Chain-of-thought & base answer generation.
Given the current model M;, we generate one re-

sponse for an input question, where the single re-

sponse consists of CoT reasoning c followed by a
final answer y:

(ci,yi) ~ My(x;) for all x; € D €))

We compute the reward r; for the initial response
based on both answer correctness (Tanswer;
I(y; = y;)) and format correctness (7format,
I(valid tags)), where valid tags require proper
<reasoning> and <answer> structure. The total
reward iS 7; = Tanswer; * Tforma;- If 73 = 1, we
consider the example already mastered and require
no further training. Otherwise, we enter an im-
provement cycle. This multiplicative design elimi-
nates partial-credit noise, restricting DPO training
to samples that are both mathematically correct and
structurally valid.

3.2 Preference Optimization Improvement
Cycle

Reflect and rewrite base response. This improve-
ment cycle employs a teacher model much more
advanced than the target model to reflect on the
target model’s response and highlight format and
mathematical errors in reasoning and final answer.
The teacher model then rewrites the target model
response focusing on identified issues. If the im-
proved answer is correct both in format and final
answer, we construct a dataset of response pairs
DP™"™ using the base generation GY*¢ from the cur-
rent model M; and improved generations G"?"**
from the teacher model. Given the preference pairs,
we can now train a new model M that will become
our next model My through DPO.

However, if the improved response still suffers
either format or answer incorrectness, we skip DPO
training and continue to gather feedback and im-
prove upon the last generated response G,
By enforcing format correctness in addition to an-
swer correctness, we ensure that we do not train on
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Figure 2: An example of the R? process showing how the target model progressively refines its reasoning under the
guidance of the teacher model. The figure traces the evolution from an initial incorrect solution with sign handling
errors (left) through guided rewriting (middle) to a correct solution with proper verification (right). This concrete
example demonstrates how our framework identifies and corrects mathematical errors through structured feedback

and multiple refinement iterations.

examples with incorrect formatting. Given the criti-
cal role of the teacher model, it must not only solve
tasks with near-perfect accuracy but also produce
well-structured Chain-of-Thought (CoT) reasoning.
This ensures that the Rewrite step provides valid
ground truth for the student to internalize. Figure 2
provides a concrete example of this process, show-
ing how a target model progressively improves its
reasoning on a mathematical problem through mul-
tiple reflection and rewriting iterations.

3.3 Learning Verification & Reinforcement

Learning verification. We evaluate the trained
model Mt by presenting it with the original ques-
tion and consider the learning verified if the model
demonstrates complete mastery through correct res-

olution on its first attempt (réVIT = ) In cases

where the model’s response exhibits partial correct-
ness, we iteratively apply the improvement cycle
until either achieving full correctness or reaching
a predetermined maximum iteration threshold. As
shown in Figure 2, this iterative refinement can
transform initially flawed reasoning with sign han-
dling errors into a correct solution with proper ver-
ification steps.

Supervised fine-tuning to reinforce learning. To
consolidate the learned capabilities, we introduce a
novel two-stage SFT procedure. The first stage uti-
lizes the winning responses from the final DPO iter-
ation, while the second stage incorporates the veri-
fied correct responses from the verification stage.

This hierarchical fine-tuning approach enables the
model to internalize both the reasoning process
(from DPO) and the optimal solution strategies
(from verification), creating a more robust learning
framework. While the additional two-stage SFT
is not mandatory, our ablation studies demonstrate
meaningful improvements in model performance
when incorporating this in addition to the iterative
DPO training. Another unexpected but significant
advantage of our methodology is its ability to gener-
ate high-quality SFT data. Our ablation studies im-
ply that target models trained on these SFT dataset
alone can often achieve comparable performance
to full training.

The DPO and SFT process
the following objectives

maximizes
respectively:

o]

1 71-9(()<"—|an_‘—')
Jppo(0) = E[q70+707] log o <ﬁ|{)+| Z log ! ~
=1

Wref(0;|Q7 0J<rj)

o~ |

1 WQ(OT‘Q,OE-)
— log — 1 = R
o1 2

Tref 0; “L 02]‘)
lo|

JsF(0) = Efg0nPa(Q.0)] ol Z log mg(0j]q, 0<j) | ,
j=1

where ¢ represents input questions, o™ and o~ are
preferred and non-preferred responses respectively,
my is the current model policy being optimized,
Tt is the previous iteration’s policy in R, and 3
controls the preference signal strength.
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4 Experiments

4.1 Experimental Setup

Unlike many previous works that use challenging
mathematical problems from established bench-
mark datasets for training, our approach distin-
guishes itself by exclusively utilizing a carefully
curated set of basic arithmetic problems explained
in the section below. For target models, we focus
on Qwen 2.5 7B (Qwen et al., 2025) and Qwen
2.5 Math 7B (Yang et al., 2024), while experi-
menting with both Amazon Nova Premier (Intel-
ligence, 2024) and DeepSeek-R1 (DeepSeek-Al
et al., 2025) as teacher models. Training was con-
ducted on a single NVIDIA L40S Tensor Core
GPU featuring 48 GB of GPU memory and 4 vC-
PUs. During training, we applied LoRA adaptors
to the models with a rank of 16. We adopt LoRA
not merely for computational efficiency, but as an
implicit regularizer to mitigate overfitting in our
low-data regime (700 samples). Detailed experi-
mental settings are reported in Appendices B.

4.2 Training Sample Construction

Our training samples are derived from the pub-
licly available Tiny-GRPO dataset 2, which con-
tains 100,000 arithmetic problems. To construct
our training set, we filtered this dataset to include
only problems with 1- to 4-digit answers, yield-
ing approximately 45,000 candidates. A subset of
4-digit problems was reserved as a held-out test
set; the remainder formed the training pool. Sam-
ples were drawn randomly, and we monitored first-
attempt accuracy on a disjoint evaluation set to
assess generalization (Figure 3a). Training was ter-
minated when performance gains plateaued at 700
examples (Figure 3b).

The complete R? pipeline—including reflection,
teacher correction, and optimization—was applied
exclusively to these samples. Notably, curation
effort focused on generating high-quality teacher
reflections rather than hand-selecting specific prob-
lems, enabling us to study how structured feedback
impacts learning under strict data constraints. The
700-sample threshold reflects an empirical stopping
point based on performance saturation, consistent
with our emphasis on data efficiency under min-
imal supervision. Example training samples are
provided in Appendix M (Listing 2).

2https ://github.com/open-thought/tiny-grpo/
blob/main/data/math_tasks. jsonl
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(a) First time accuracy during R® improvement cycle: This
metric measures whether the model correctly solves a problem
on its first attempt when encountering a new question. It
serves as a meaningful proxy for test accuracy, demonstrating
significant improvement over training cycles.

Training Samples
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Raw Data
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(b) SFT loss during R® improvement cycle showing three
distinct phases: Initial Phase (high variance), Improvement
(steady decline), and Convergence (stable performance). The
loss reaches minimum around 700 samples, demonstrating
that our training set size is sufficient for effective learning
without requiring additional data.

Figure 3: Training metrics during the R® improvement
cycle showing the progression of model performance
and learning efficiency.

4.3 Benchmark Datasets and Metrics

To evaluate the reasoning capabilities of our small
LLMs, we selected six mathematics-focused pop-
ular benchmarks: GSMS8K (Cobbe et al., 2021),
SVAMP (Patel et al., 2021), AIME’24 (Hugging-
FaceH4, 2024), AIME’25 (TIGER-Lab, 2024),
AMC 2023 (He, 2023) and MATH 500 (Hendrycks
et al., 2021) and two broader cognitive tasks:
LastLetterConcat (LLC) (Zhou et al., 2022), and
CommonsenseQA (CSQA) (Talmor et al., 2018).

We used Pass@1 metrics for larger datasets
and Pass @10 for smaller benchmarks (AIME’24,
AIME’25, AMC’23). Pass@1 measures the propor-
tion of problems correctly solved on first attempt
without examples, emphasizing small LLMs’ inde-
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pendent reasoning ability. However, this metric in-
troduces high volatility for small benchmarks—in
AIME’24 and AMC’23 (30-40 examples each), a
single question affects Pass@1 by over 3 percent-
age points. Following best practices (Hochlehn-
ert et al., 2025), we report Pass@ 10 for smaller
datasets to reduce variance and ensure robust eval-
uation. Our evaluations used the Evalchemy frame-
work with vLLM backend (Guha et al., 2024)
across ten random seeds. We configured model-
appropriate parameters, including system prompt
chat templates, temperature of 0.7, and adjusted
maximum token lengths (4096 for QwenMath-
based models; 8192 for other models).

4.4 Experiment Results

To contextualize our results, we compare our
trained models against baselines from three cat-
egories: (i) the two target models: Qwen 2.5 7B
and Qwen 2.5 Math 7B; (ii) their instruction fine-
tuned versions: Qwen 2.5 7B Instruct and Qwen
2.5 Math 7B Instruct; (iii) comparable state-of-the-
art models from prior work: JiuZhang3.0 7B and
JiuZhang3.0 8B (Zhou et al., 2024). This com-
prehensive comparison across model sizes, train-
ing methodologies, and reasoning strategies high-
lights the efficacy of our R? pipeline. To validate
that our framework’s effectiveness stems from the
methodology rather than a specific teacher model,
we conducted experiments with two distinct high-
performing models: Amazon Nova Premier and
DeepSeek-R1. Both demonstrate near-perfect task
accuracy, robust CoT generation, and reliable in-
struction following (detailed metrics and prompts
in Appendices H and L).

Table 1 presents comprehensive results with best
and second-best performances highlighted. Our R?
pipeline improves the general-purpose Qwen 2.5
7B across six of eight benchmarks, with gains of
5.5, 2.6, 10, 2.4, 12.6 and 1 percentage points on
GSMSK, SVAMP, AIME’25, MATH 500, LLC and
CSQA respectively. These improvements demon-
strate that even simple arithmetic training can en-
hance performance on diverse reasoning tasks. The
instruction-tuned versions of the target models un-
derwent extensive optimization with over 1 million
SFT samples and sophisticated multi-stage rein-
forcement learning (offline DPO, online GRPO),
representing a reasonable upper bound for their
model families. Notably, our R3-trained mod-
els achieve comparable or better performance on
four of eight tasks (GSMSK, SVAMP, AIME’25,

AMC’23) despite substantially less training data.

To demonstrate the model-agnostic nature of the
R3 pipeline, we evaluated JiuZhang3.0 7B (Mistral-
based) and JiuZhang3.0 8B (LLaMA-based) be-
fore and after applying our pipeline. While these
models show strong out-of-the-box performance on
standard mathematical tasks such as GSM8K and
SVAMP, they significantly underperform on more
complex reasoning tasks (AIME’25 and AMC’23)
and broader symbolic and cognitive tasks (LLC and
CSQA). After applying our R? pipeline, we observe
substantial improvements across all benchmarks:
1-21.9 percentage points on GSM8K, 3.3-6.7 per-
centage points on AIME’24, 6.7-13.3 percentage
points on AIME’25, 17.5-27.5 percentage points
on AMC’23, 9.2-14.6 percentage points on MATH
500, 16.0-20 percentage points on LLC, and 6.5-
27.2 percentage points on CSQA. These consistent
improvements across diverse model architectures
and benchmarks demonstrate that our R3’s effec-
tiveness in enhancing reasoning capabilities regard-
less of underlying model architecture.

4.5 Ablation Study

To gain deeper insight into three key components of
the R? pipeline - structured reflection, the joint syn-
ergy of DPO+SFT, and multi-cycle refinement, we
conduct ablation experiments across two settings:
(i) generalization to arithmetic problems exceed-
ing training complexity , and (ii) zero-shot perfor-
mance on established reasoning benchmarks. In
addition, we also conducted qualitative analysis on
reasoning hacking phenomenon before and after
the refinement cycle. These evaluations help disen-
tangle the effects of each training component and
show their respective strengths and limitations.

4.5.1 Structured Reflection

Recent analyses have raised questions about super-
ficial self-reflection in RL pipelines, where models
generate introspective phrases like rethink without
actual logical improvement (Liu et al., 2025). This
phenomenon, termed Superficial Self-Reflection
(SSR), describes cases where reflective language
co-occurs with flawed reasoning, and response
length does not reliably indicate cognitive depth.
To address these limitations, we introduce struc-
tured reflection with teacher guidance in our R?
framework. A stronger teacher model (Amazon
Nova Premier) provides targeted corrections for
erroneous reasoning paths, which are then used for
DPO and SFT. This process enforces consistent
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Model GSMSK SVAMP AIME’24@10 AIME’25@10 AMC’23@10 MATH 500 LLC CSQA
Based on: Qwen 2.5 7B
Qwen 2.5 7B (Qwen et al., 2025) 83.1 85.7 30.0 20.0 71.5 62.4 40.7 70.8
Qwen 2.5 7B - Nova Premier R? (Ours) 88.3 88.3 233 16.7 75.0 63.6 533 718
Qwen 2.5 7B - DeepSeek R1 R? (Ours) 88.6 84.7 26.7 30.0 75.0 64.8 40.7 70.8
Qwen 2.5 7B Instruct (Qwen et al., 2025) 84.9 90.0 30.0 20.0 75.0 73.4 67.3 79.1
Based on: Qwen 2.5 Math 7B
Qwen 2.5 Math 7B (Yang et al., 2024) 48.6 52.3 333 13.3 65.0 6.0 0.0 0.0
Qwen 2.5 Math 7B - Nova Premier R? (Ours) 90.1 92.0 36.7 30.0 80.0 71.6 327 546
Qwen 2.5 Math 7B - DeepSeek R1 R? (Ours) 90.7 92.0 233 20.0 85.0 72.0 300 564
Qwen 2.5 Math 7B Instruct (Yang et al., 2024) 91.5 88.7 233 36.7 80.0 78.8 49.3 443
Based on: Mistral and LIaMA models
JiuZhang3.0 7B - Original (Zhou et al., 2024) (Mistral-7B) 80.7 82.3 6.7 0.0 37.5 25.6 0.7 15.2
JiuZhang3.0 7B - Nova Premier R? (Ours) 81.7 80.3 10.0 6.7 55.0 34.8 207 424
JiuZhang3.0 8B - Original (Zhou et al., 2024) (LlaMA-3-8B) 63.5 79.0 0.0 0.0 30.0 19.4 0.7 45.6
JiuZhang3.0 8B - Nova Premier R? (Ours) 854 83.3 6.7 13.3 57.5 34.0 16.7 521

Table 1: Accuracy across six mathematics-focused benchmark datasets and two cognitive reasoning datasets.
For smaller datasets (AIME’24, AIME’25, AMC’23), we report Pass@ 10 metrics, while larger datasets use
Pass@1. Bold numbers indicate the best performance within each model group. Note on Qwen 2.5 Math 7B: This
model demonstrated inconsistent adherence to our evaluation protocol, specifically failing to consistently produce
responses within the required <reasoning>...</reasoning> and <answer>. . .</answer> tag structure (format
non-compliance), leading to artificially deflated accuracy across benchmarks. This formatting issue—rather than
reasoning capability—accounts for its unexpectedly low baseline performance. In contrast, Qwen 2.5 7B reliably
followed the protocol, enabling fair performance measurement.

reasoning improvement through transparent and
verifiable training signals, free from reward-based
ambiguity.

Structured out-of-distribution generalization:
arithmetic by digit length. We assess general-
ization to problems exceeding training complexity.
While training includes only up to 4-digit answers,
we evaluate on 4-8 digit problems, representing
controlled OOD generalization where numerical
complexity increases beyond the training regime.
As shown in Table 3, structured reflection con-
sistently outperforms no-reflection variants: 8.5
percentage points improvement on 4-digit prob-
lems, 2.5 on 5-digit, and 0.5-1 on 6+ digit prob-
lems. These results confirm that simple arithmetic
supervision with structured reflection enables gen-
eralization beyond the training distribution.
Out-of-distribution generalization: mathemati-
cal and cognitive benchmarks. We extend evalua-
tion to three mathematical benchmarks (GSMS8K,
SVAMP, MATHS500) plus two cognitive bench-
marks (LLC and CSQA). Table 2 shows consis-
tent gains with reflection: 18 percentage points
on LLC and 6 on MATHS500. Our current frame-
work uses teacher guidance to generate improved
response as a pragmatic choice given current small
LLMs’ limited self-evaluation capabilities. How-
ever, the modular nature of the framework remains
forward-compatible for future autonomous self-
improvement. For reproducibility, Appendix L in-
cludes reflection prompts and Appendices I and J
shows learning progressions.

] SFT-only
80 2% DPO+SFT (Ours)

Accuracy (%)
8

Number of Digits

Figure 4: Qwen 2.5 7B accuracy across digits 4-8.
DPO+SFT show most performance gains over the target
model followed by SFT-only on the last winning answer.

4.5.2 DPO + SFT Synergy

In our framework, the integration of DPO and SFT
emerges naturally from the reflection-rewrite pro-
cess. The teacher-guided rewritten outputs generate
structured preference pairs that function as high-
fidelity training signals for DPO, while SFT consol-
idates these patterns into the model’s policy. The
novelty of our approach lies not in using DPO or
SFT individually, but in their emergent synergy: the
reflection loop transforms unstructured feedback
into precise alignment signals with clear causal at-
tribution. This differentiates our methodology from
prior work such as LIMA (Zhou et al., 2023), In-
structGPT (Ouyang et al., 2022), and RLHF-based
approaches (Bai et al., 2022), which rely on exter-
nally curated preference data (further analysis in
Appendix F).

DPO+SFT consistently outperforms DPO-only
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Model GSMSK SVAMP MATHS500 LLC CSQA
Effect of Structured Reflection
Qwen 2.5 7B - Nova Premier R® - No Reflection 87.2 88 57.6 353 716
Qwen 2.5 7B - Nova Premier R® - Reflection 88.3 88.3 63.6 533 718
Effect of No. of Refinement Cycle
Qwen 2.5 7B - Nova Premier R® - Max Attempt 1 88 87.7 57.8 527 718
Qwen 2.5 7B - Nova Premier R® - Max Attempt 5 88.3 88.3 63.6 53.3 718

Table 2: Accuracy across mathematical reasoning benchmarks - structured reflection and multi-cycle refinement
ablation study (Amazon Nova Premier as the teacher model). The best ones are marked in bold.

Model 4 digits 5 digits 6 digits 7 digits 8 digits Target Model Qwen 2.57B
_ Based on: Qwen 2.5 7B Reasoning hacking in 1st Win. Answers 23
Nova Premier R;l - NoReflection  78.0 69.5 43.5 40.5 25 Reasoning hacking diminished from 1st to last 18
Nova Premier R 86.5 72.0 44.5 41.0 35 . . . .
Reasoning hacking in last Win. Answers 8

Table 3: Structured reflection ablation study across 4-
8 math digits dataset - (Amazon Nova Premier as the
teacher model). The best scored are marked in bold.

and SFT-only baselines across both arithmetic
tasks exceeding training complexity and estab-
lished reasoning benchmarks. As illustrated in Fig-
ure 4, while all approaches show declining gains
as problem complexity increases, DPO+SFT main-
tains substantially higher performance across digit
lengths when applied to Qwen 2.5 7B. This pat-
tern holds across diverse benchmarks and model
architectures, as detailed in our comprehensive ab-
lation studies (See Appendix C). In summary, DPO
and SFT play complementary roles: DPO drives
preference-based reasoning refinement, while SFT
stabilizes and generalizes the learned behaviors.
Together, they form a synergistic training loop that
yields stronger generalization and more coherent
reasoning than either component alone.

4.5.3 Multi-Cycle Refinement

To evaluate the impact of our multi-cycle refine-
ment, we manually reviewed 164 examples across
training iterations. As shown in Table 4, 23 initial
responses exhibited reasoning hacking—correct an-
swers derived via flawed or inconsistent logical pro-
cesses. After refinement, this number decreased to
8, with 18 cases displaying clearer and more struc-
tured reasoning chains. Quantitative results from
ablation studies (Table 2) further support this trend:
models trained with multi-cycle refinement con-
sistently outperform those trained on their initial
correct outputs across benchmarks such as GSMS8K,
SVAMP, MATH 500 and LLC.

These results provide direct evidence that reason-
ing quality can be significantly improved through
explicit correction, even when the training data

Table 4: Number of reasoning hacking phenomenon
observed at different stages of the improvement cycle
(manually reviewed 164 cases). The teacher model is
Amazon Nova Premier in both cases.

is limited to elementary arithmetic tasks. Unlike
prior approaches that rely on complex datasets or
stochastic reward signals, our method operates un-
der fully deterministic supervision, allowing clear
attribution of performance gains to the refinement
process itself. This clarity makes the approach par-
ticularly well-suited for studying reasoning align-
ment under constrained conditions. It also chal-
lenges the prevailing assumption that complex rea-
soning abilities require complex data—showing
instead that structured correction over simple tasks
can meaningfully improve model logic and consis-
tency at scale. Appendices I and J provides con-
crete examples of how our multi-cycle refinement
transforms initially flawed reasoning into coherent
logical processes.

4.6 Further Extension to Symbolic Logic
Supervision

The arithmetic-based improvements observed thus
far raise a fundamental question: do these gains
stem from numerical pattern recognition, or do they
reflect deeper structural reasoning capabilities? To
test the numeric grounding hypothesis—whether
arithmetic supervision is necessary for reasoning
transfer—we extend our evaluation to a domain
devoid of numerical computation: symbolic logic.
We present this controlled experiment, where we
replace arithmetic tasks with first-order logic prob-
lems to isolate the role of symbolic structure from
numeric grounding.

To examine the generality of our R? framework
outside the mathematical domain, we replaced
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arithmetic tasks with 350 symbolic logic problems
(Han et al., 2022) formulated in first-order logic
(FOL). These tasks require step-wise logical de-
duction involving quantifiers, boolean operators,
and implication structures, but do not include any
numerical computation. This setup allows us to test
whether improvements in mathematical reasoning
can also emerge from structurally-aligned but non-
numeric supervision. We followed the same R? pro-
cedure, applying iterative DPO and optional SFT,
using Qwen 2.5 7B as the base model and Amazon
Nova Premier as the teacher. Since exact match-
ing against FOL targets is non-trivial due to the
structural variability of equivalent expressions, we
adopted an approximate evaluation strategy based
on the Normalized Compression Distance (NCD)
(Li et al., 2004). NCD measures the similarity be-
tween two strings by comparing their compressed
lengths, with lower values indicating greater sim-
ilarity. During training, outputs were treated as
correct when their NCD to the reference solution
fell below a threshold of 0.4, determined through
preliminary validation.

Table 5 compares the zero-shot performance
of the symbolic logic-trained model with its
arithmetic-trained counterpart across six mathemat-
ical benchmarks. While the symbolic logic model
performs competitively, it consistently lags be-
hind the arithmetic-trained variant across all bench-
marks, with performance gaps ranging from 1.4 to
17.5 percentage points.

Training Source GSMSK SVAMP AIME24@10 AIME’25@10 AMC’23@10 MATHS500
R® - Arithmetic (Ours) 88.3 88.3 233 16.7 75.0 63.6
R? - Symbolic Logic (Ours) 85.6 85.7 16.7 13.3 57.5 62.2

Table 5: Zero-shot accuracy comparison using arith-
metic vs. symbolic logic supervision. Note that
for small datasets (AIME’24, AIME’25, AMC’23),
Pass@10 is used here for comparison to reduce vari-
ance.

Takeaway. The results indicate that symbolic logic
supervision can induce reasoning capabilities that
partially transfer to mathematical benchmarks. Per-
formance on GSM8K, SVAMP, AIME’24, and
MATHS00 remain competitive (e.g., 2.7 percentage
points lower for GSM8K and 1.4 for MATHS500),
suggesting that the R3 cycle captures transferable
reasoning patterns even without numeric grounding.
However, reduced performance on competition-
level tasks such as AIME’25 (-3.4) and AMC’23
(-17.5) suggests a limitation in symbolic logic’s in-
ductive reach, likely due to task-specific symbolic

manipulations. These results emphasize the impor-
tance of structural alignment between supervision
and target tasks: symbolic logic can scaffold gen-
eral reasoning, but arithmetic grounding is essential
for advanced mathematical performance. Future
work may explore hybrid curricula combining sym-
bolic, arithmetic, and commonsense reasoning to
achieve broader and more robust cross-domain gen-
eralization.

5 Conclusion

We present R3, a lightweight and interpretable train-
ing framework that enhances the reasoning capabil-
ities of small language models through structured,
feedback-driven supervision—without any reliance
on reinforcement learning or large-scale datasets.
By combining Direct Preference Optimization
(DPO) with Supervised Fine-Tuning (SFT), R? of-
fers a transparent and resource-efficient alternative
to conventional alignment pipelines that typically
require massive computational resources and com-
plex reward modeling.

Our results demonstrate that meaningful gains
across mathematical, symbolic and cognitive rea-
soning benchmarks can be achieved using only 700
foundational arithmetic tasks, guided by targeted
corrections from stronger models—challenge the
prevailing assumption that advanced reasoning re-
quires either complex data or expensive reinforce-
ment learning pipelines. The model-agnostic na-
ture of R? is further demonstrated by consistent
gains when applied to Mistral and LLaMA-based
models, underscoring its broad applicability.

Beyond performance improvements, the R3
framework produces high-quality, step-by-step rea-
soning traces (Appendix M, Listing 1) that serve
as reusable supervision data, supporting both fine-
tuning and evaluation in future work. The modular
design makes it particularly adaptable to evolving
capabilities—as self-reflection technology matures,
the same framework can transition toward more au-
tonomous improvement while maintaining its core
efficiency advantages..

Our findings suggest that the path to advanced
reasoning may lie not in scale alone, but in the
strategic application of structured supervision over
foundational principles. Extending this approach to
broader task categories may provide a path toward
more accessible and scalable reasoning alignment
for the wider community.
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Limitations

Our approach has several limitations that suggest
directions for future work. First, structured feed-
back currently relies on teacher models due to ex-
isting LLMs’ limited self-evaluation capabilities;
our modular design supports future transition to
autonomous self-improvement as these capabilities
mature. Second, while our method demonstrates
consistent improvements across diverse architec-
tures (Qwen, JiuZhang, LLaMA), further investi-
gation into how base model characteristics affect
improvement potential would provide valuable in-
sights. Third, our evaluation focuses primarily on
mathematical and symbolic reasoning; validation
on broader domains such as commonsense infer-
ence and multi-step planning would more com-
prehensively establish the framework’s general-
ity. Despite these limitations, our core contribu-
tion remains robust: a data efficient approach that
achieves significant improvements with orders of
magnitude less data than traditional RL methods.
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RS A R

Require: Initial target model Mpy; teacher model Rreacher;

training set D = {(zi,y;)} o,

: Initialize model M < My, iteration counter ¢ <— 0
: for all questions x; € D do

# Initial Evaluation Phase
Generate response (¢, y;) ~ Mi(x;)
Compute answer reward Tanswer, = L(y; = ;)
Compute format reward 7oma; = I(valid tags)
Total reward 7; <= Tanswer; * Tformat;
if r; # 1 then
Generate improved response G
Rreacher (377, ) )
Construct  preference  pair DY =
( G?ase, Giimpmved)
Initialize < Params(M;) > Extract parameters
from M, )
Update 6 using DPO loss on DE*™
Update model M1 < My
(Optional) Perform SFT using G'impmved, M1
My with 0 < Params(M¢y1)

improved
[

t—t+1
end if
# Max K -step Verification Phase
for iteration k = 1,..., K do

Generate response (¢, yi) ~ Mi(x;)
Compute total reward again 7; <— Tanswer; * Tformat;
if r; = 1 then
Mark the problem as solved
(Optional) Perform SFT using y;, M¢41 <
My with 0 < Params(M;)
t—t+1
break
end if
if r; # 1 then
Repeat to generate improved response and ap-
ply DPO (and optional SFT)
end if
end for

: end for

Kun Zhou, Beichen Zhang, Jiapeng Wang, Zhipeng
Chen, Xin Zhao, Jing Sha, Zhichao Sheng, Shijin B
Wang, and Ji-Rong Wen. 2024. Jiuzhang3.0: Effi-
ciently improving mathematical reasoning by training

Experiments Setting

small data synthesis models. In The Thirty-eighth An- Training Phase Learning Rate

nual Conference on Neural Information Processing

Systems. DPO (all iterations) 1x10°6
SFT (after last winning response) 1x107*
SFT (all other iterations) 1x10°6

Table 6: Learning rate configuration for DPO and SFT
phases.

We report the learning rate settings used for Di-

rect Preference Optimization (DPO) and Super-
vised Fine-Tuning (SFT) in Table 6. All other hy-
perparameters (e.g., batch size, sequence length)
followed the default values provided by the Hug-
gingFace TRL framework unless otherwise speci-
fied.
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C Ablation Study on DPO /SFT /
DPO+SFT

Our proposed method combining DPO and SFT
with multi-cycle R? approach outperformed base-
line, DPO-only, and SFT-only configurations
across various benchmarks. Table 7 summarizes
results on 4-8 digit problems for both Qwen 2.5 7B
and Qwen 2.5 Math 7B models. Since our train-
ing data only included problems with fewer than 4
digits, these results demonstrate generalization ca-
pabilities to more complex unseen problems. The
DPO+SFT combination consistently showed supe-
rior performance on 4-7 digit problems compared
to individual approaches, aligning with previous
findings on RL+SFT benefits (Chu et al., 2025).

Notably, performance gains for 8-digit problems
were minimal and inconsistent across approaches.
We speculate this might be due to the original
model’s inherent limitations when handling highly
complex calculations. Future research should ex-
plore the boundaries of generalization by including
training data with higher digit counts (>4 digits),
which would help determine the upper limits of
model improvement across different fine-tuning
approaches.

We further evaluated these variants on six math-
ematical reasoning benchmarks: GSM8K, SVAMP,
AIME’24, AIME’25, AMC’23 and MATH 500.
Similar to the main section, we report pass@10 on
small-scale benchmarks in Table 7 for stable com-
parisons. DPO+SFT achieved the highest overall
accuracy, consistently ranking the best on five of
the six benchmarks. SFT-only showed surprisingly
strong results when trained on refined responses,
while DPO-only performance varied more across
benchmarks, excelling on GSM8K and MATH 500
but underperforming on AIME and AMC datasets.
Takeaway. DPO and SFT play complementary
roles—DPO emphasizes preference learning and
logical ranking, while SFT ensures format and an-
swer consistency. Together, they create a synergis-
tic training loop that produces stronger generaliza-
tion than either component alone.

D Teacher Distillation vs. Structured
Refinement

To isolate the contribution of structured refinement
from teacher knowledge transfer, we compare R?
against direct teacher distillation via supervised
fine-tuning.

Experimental Setup. We instructed the teacher
model (Amazon Nova Premier) to generate solu-
tions for the same 700 training samples using iden-
tical system prompts. We then fine-tuned Qwen 2.5
Math 7B using SFT-only on this teacher-generated
data, creating a “Teacher-Distilled” baseline with-
out the iterative DPO loop. This isolates the con-
tribution of the structured Reflect-Rewrite process
from teacher knowledge transfer alone.

Results. Table 8 presents the comparison. Both ap-
proaches dramatically improve over the base model,
confirming the value of teacher guidance. However,
the two methods exhibit distinct strength profiles.

On standard benchmarks (GSM8K, SVAMP),
both methods achieve comparable performance,
with differences within 1 percentage point. How-
ever, R? shows clear advantages on more chal-
lenging tasks: 10.0 percentage points higher
on AIME’24, 6.7 percentage points higher on
AIME’25, and 13.0 percentage points higher on
MATH 500. The gains extend to symbolic and cog-
nitive reasoning, with R? outperforming SFT-only
distillation by 2.4 percentage points on LLC and
2.5 percentage points on CSQA.

Analysis. The divergent performance profiles sug-
gest that R3 and direct distillation develop dif-
ferent capabilities. SFT-only distillation excels
at pattern matching for well-represented problem
types (e.g., GSM8K-style word problems), while
R? shows stronger generalization to complex, out-
of-distribution tasks. We attribute this to the con-
trastive learning signal in DPO: by learning from
preference pairs that contrast the student’s errors
against teacher corrections, R? develops more ro-
bust reasoning patterns that transfer beyond the
training distribution.

E Performance Analysis by Model
Strength

Our results show differential improvement magni-
tudes across baseline model capabilities. While
absolute gains on stronger baselines are smaller
than on weaker ones, we argue this pattern reflects
fundamental properties of model optimization near
performance ceilings rather than framework limita-
tions.

Gains at the reasoning frontier. Improving
models already approaching state-of-the-art per-
formance in their parameter class presents inher-
ently greater challenges than enhancing weaker
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Model Arithmetic4/5/6/7/8 digits GSMS8K SVAMP AIME’24@10 AIME’25@10 AMC’23@10 MATH 500
Based on: Qwen 2.5 7B
Qwen 2.5 7B DPO only 75.5/56.5/37/355/5 87.5 86.7 10 33 425 66.2
Qwen 2.5 7B SFT only 80/65.5/41/40/3 87.6 87 6.7 6.7 45 65
Qwen 2.5 7B DPO + SFT 86.5/72/44.5/41/3.5 88.3 88.3 233 16.7 75 63.6
Based on: Qwen 2.5 Math 7B

Qwen 2.5 Math 7B DPO only 76/67.5/36.5/33.5/3 814 80.3 33 6.7 425 65.2
Qwen 2.5 Math 7B SFT only 81.5/75/50.5/43/5.5 80.4 87.3 30 20 71.5 70.4
Qwen 2.5 Math 7B DPO + SFT 91.5/85/55/44.5/3 90.1 92 36.7 30 80 71.6

Table 7: Accuracy across mathematical reasoning benchmarks - ablation study (Amazon Nova Premier as the
teacher model). The best and second-best ones are marked in bold and underlined respectively.

Model
Qwen 2.5 Math 7B (Base)
SFT-Only (Teacher Distillation)
R? (Ours)

GSMSK SVAMP AIME'24@10 AIME’25@10 AMC'23@10 MATHS500 LLC CSQA

48.6
90.5
90.1

523
913
920

333
26.7
367

133
233
30.0

65.0 6.0 00 00
825 58.6 303 52l
80.0 716 327 546

Table 8: Comparison between SFT-only teacher distil-
lation and R3. Both use identical training data (700
samples) and the same teacher model (Amazon Nova
Premier).

baselines. On AIME’25, a benchmark represent-
ing the upper bound of mathematical reasoning for
models of this scale, our method improved Qwen
2.5 7B from 20.0% to 30.0%. This 10 percent-
age point absolute gain represents a 50% relative
improvement—a substantial advance considering
that surpassing 30% accuracy on AIME typically
requires either significantly larger model scales
or extensive reinforcement learning with human
feedback. The 12.6 percentage point improvement
on the symbolic LastLetterConcat task (40.7% —
53.3%) further demonstrates that gains extend be-
yond mathematical pattern matching to fundamen-
tal reasoning enhancement, confirming effective-
ness even on stronger baselines.

Consistency with diminishing returns. The ob-
served pattern—larger gains on weaker models
and smaller gains on stronger ones—aligns with
the principle of diminishing returns widely docu-
mented in machine learning optimization. Stronger
base models such as Qwen 2.5 7B have already
internalized many elementary reasoning patterns
through pre-training and instruction tuning, leaving
primarily complex edge cases and subtle reasoning
failures to address. Consequently, each percent-
age point improvement requires progressively more
refined interventions. Importantly, our method
maintains double-digit percentage point gains even
on highly capable models (e.g., +10.0%p on
AIME’25), demonstrating genuine scalability to
high-performance regimes rather than mere cor-
rection of elementary errors in weaker systems.
This consistency across capability levels—from

JiuZhang’s substantial gains (+21.9%p GSMSK,
+13.3%p AIME’25) to meaningful improvements
on near-optimal Qwen models—confirms the ro-
bustness of our structured refinement approach
across the model capability spectrum.

F Comparing R? to Other Data Efficient
Mathematical Reasoning Approaches

Recent literature has explored various data efficient
approaches for enhancing mathematical reasoning
in language models (Zhou et al., 2023; Ouyang
etal.,2022; Bai et al., 2022). In this section, we pro-
vide a comparative analysis between our R? frame-
work and these existing methods, highlighting the
fundamental differences in objectives, mechanisms,
and outcomes.

While R? shares the goal of data efficiency with
methods like LIMA (Zhou et al., 2023), its con-
ceptual foundations and operational principles are
distinctly different. LIMA focuses on alignment
through stylistic imitation, demonstrating that a
small number of curated examples can guide mod-
els toward user preferences. In contrast, R? is de-
signed to induce reasoning generalization through
a structured, failure-driven reflection loop. Our
goal is not stylistic alignment but robust improve-
ment in step-by-step problem solving, particularly
in low-resource settings.

Aspect LIMA (Zhou et al., 2023) R3 (Ours)

Primary goal
Training mechanism
Cross-domain transfer
Training examples
Domains improved

Stylistic alignment
Direct imitation
Limited
1,000 curated
Within training domains

Reasoning generalization
Reflection-rewrite loop
Substantial
700 arithmetic only
Arithmetic, symbolic, commonsense

Table 9: Comparison between LIMA and our R? ap-
proach

The mechanism underlying cross-domain trans-
fer in R? appears to stem from the acquisition of
general reasoning patterns rather than task-specific
knowledge. Through structured reflection on foun-
dational arithmetic tasks, the model learns to:
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1. Decompose complex problems into manage-
able steps

2. Verify intermediate results

3. Detect and correct errors in reasoning chains

These meta-cognitive skills transfer beyond
the training domain. While LIMA demonstrates
that small data can align models superficially,
R? shows that a small set of foundational tasks
can trigger broader reasoning capabilities, trans-
ferring across arithmetic, symbolic manipulation
(LastLetterConcat), and commonsense reasoning
(CSQA)—domains far beyond the training scope.

In conclusion, the primary contribution of this
work extends beyond mere data efficiency. Rather,
we demonstrate that through a principled, iterative
refinement process, models can develop general-
izable reasoning capabilities that transfer across
diverse domains. This cross-domain generalization
advances beyond existing data efficient approaches
confined to in-domain or stylistic alignment.

G Cost Analysis

#API Calling (Token) #Server Time (Hour)
Input Output DataNum. Synthesizing Training
JiuZhang3.0 7B 300 871 10K 14 10
Our method* 2132 701 1230 - 7

Models

Total Expenses

8,480 USD
21.15USD

Table 10: The baseline methods cost estimation details
can be found here (Zhou et al., 2024)

To highlight the cost-efficiency of R3, we pro-
vide an estimate of the end-to-end cost of training.
Our method uses teacher model responses (Ama-
zon Nova Premier or DeepSeek-R1 via Amazon
Bedrock) to refine failed outputs. We measured the
average token usage per iteration:

* Input tokens: 2000 (includes system prompt,
input, feedback, and improvement prompt)

* Qutput tokens: 700

At each training session, the number of improve-
ment steps was ranged from 500 to 700. Assum-
ing 600 iterations, the total API invocation cost
with Amazon Nova Premier is $8.12 (on-demand
pricing). For training, we used a gbe.xlarge EC2
instance, with total runtime of 6 hours, costing
$13.03. Thus, the total training cost is estimated at
$21.15, including both API and compute.

The substantially low training cost of our pro-
posed method highlights the efficiency of our pro-
posed method that how much the method can im-
prove the performance on a given task with very

small cost. However, we would like to note that the
cost comparison for our proposed method is not
apple-to-apple to the training cost of the other mod-
els shown in Table 10 since we trained our model
with a small subset of training data on top of the
pre-trained and/or fine-tuned model.

While our approach includes iterative loops, the
overall cost remains orders of magnitude lower
than full-scale training pipelines, due to the small
number of examples and targeted refinement strat-
egy. We acknowledge this is not a direct apples-to-
apples comparison, as the baselines are often pre-
trained from scratch or fine-tuned on large datasets,
whereas our method operates on a small subset on
top of an already-pretrained model. Overall, cost-
efficiency is a key strength of R3, demonstrating
strong performance gains with minimal resource
investment.

H Teacher Model Performance on Math
Digit Dataset

Table 11 presents a comprehensive performance
comparison among baseline models, our proposed
method variants and teacher models on the digit
generalization benchmark, allowing direct assess-
ment of all evaluated models.

Model 4-digit 5-digit G-digit 7-digit 8-digit

Qwen 2.5 7B 73.0 61.5 34.0 275 1.5
Qwen 2.5 7B DPO + SFT (Ours)  86.5 72.0 44.5 41.0 35
Nova Premier (Teacher) 98.5 97.5 88.0 80.5 47.0
Deepseek-R1 (Teacher) 98.5 96.5 93.5 89.5 88.0

Table 11: Performance comparison across different digit
lengths

Both teacher models significantly outperform
the base model, justifying their role in our teacher-
guided refinement pipeline. Additionally, our R?
method substantially improves the base model’s
performance—closing a meaningful portion of the
gap to the teacher models with only 700 training
examples. The gains (10-15% absolute on average
except for 8-digit) demonstrate the effectiveness of
R3 in transferring reasoning capabilities from larger
models into smaller ones—without reinforcement
learning or large-scale data.

1355



I Examples of Mathematical Reasoning
Training Progression

Systematic improvement in handling
negative number operations

Early Training (Problem 7): Inability to
Handle Nested Negation
Working on problem: (9 -86 + 82 - - ( ( (27
+85))))-54
Expected answer: 63.0 Original answer:
1. First, we will simplify the
innermost parentheses: ( ( (27 +85))) =
112 2. Next, we will substitute the simplified
value back into the expression: (9 - 86 + 82
--(112)) - 54 3. We will then simplify the
subtraction of the negative number: -( 112 )
=-112 4. Now, we will substitute this value
back into the expression: (9 - 86 + 82 -112)
- 54 [...continues with incorrect calculation...]

-161

Later Training (Problem 1201): So-
phisticated Handling of Double Negatives
Working on problem: Solve (-(4--4)+0*
0)-7

Expected answer: -15.0 First,
let’s simplify the expression inside the
parentheses. Actually, I just realized that
I need to be more careful with the inner
expression: 4 - (-4). This should be simpli-
fied as: 4 - (-4) =4 + 4 = 8 [...continues
with correct calculations...]

-15.0

Key Improvement

The model progressed from misinterpreting
subtraction of negative numbers (treating
"--112" as "- 112") to correctly identifying
and handling this pattern (recognizing that
"- -4" equals "+4"). This demonstrates the
training approach successfully teaching a
fundamental mathematical concept.

. J

self-

Increasingly

sophisticated
monitoring of calculation steps

Early Training: Limited Error Detection
(Problem 10)

.

Working on problem:
Solve -( -71 * -16 ) - 27 Expected answer:
-1163.0 Original answer:

To solve the expression —(—71
—16) — 27, we will follow the order of op-
erations, often remembered by the acronym
PEMDAS (Parentheses, Exponents, Multipli-
cation and Division (from left to right), Addi-
tion and Subtraction (from left to right)).
First, we will calculate the multiplication in-
side the parentheses: -71 * -16 = 1136
Now, we will substitute this value back into
the expression: -(1136) - 27
Next, we will remove the parentheses by dis-
tributing the negative sign: -1136 - 27
Finally, we will perform the subtraction:
-1136-27 =-1163

Later Training: Detailed Verification
Processes (Problem 903)
Working on problem: 92 * 79 Expected
answer: 7268.0 Original answer:

First, let’s multiply 92 by
79. To do this, we can use the standard
multiplication method. 92 * 79 —— 728 (This
is 92 * 9) 6440 (This is 92 * 70, remember to
shift one place to the left)
Now, add these two results together:
728 +6440 — 7168
Well, I think I've checked through all the
potential mistakes now. This approach seems
correct.

7168.0

Key Improvement

The model developed an explicit self-
monitoring  strategy -  systematically
reviewing calculations, potential carry-over
errors, and explicitly rechecking arithmetic
- showing the training process taught it to
evaluate its own work, not just perform
calculations.
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Original question: Solve 131 + -633

\.

Examples of Reasoning Hacking
Diminished within the Improvement
Cycle

Expected answer: 502
1st winning answer reasoning process

To solve this problem, we need
to add the two numbers 131 and -633. Let’s
break it down step by step:
1. First, we’ll write down the numbers verti-
cally, aligning the digits by place value:

131
- 633

2. Next, we’ll subtract the digits in the ones
place. Since we have 1 - 3, we realize that we
need to borrow from the tens place. Borrow-
ing, we now have 11 - 3 = 8. So, we write
down 8 in the ones place:

131
- 633

Wait, I need to reconsider this calculation.
Since we are actually subtracting a larger num-
ber from a smaller one, we need to think about
the sign carefully. Let me try a different ap-
proach:

To correctly solve 131 + (-633), we’re essen-
tially subtracting 633 from 131, which means
we need to subtract each corresponding digit.
We’ll start by subtracting the digits in the ones
place:

3. We have 1 - 3, but since 1 is less than 3,
we’ll need to borrow from the tens place:

131
- 633

4. After borrowing, the 3 in the tens place be-
comes 2, and the 1 in the ones place becomes
11. So, 11 - 3 gives us 8 in the ones place. We
now have:

1
121
- 633

5. Now, let’s subtract the digits in the tens
place. We have 2 - 3, which again means we

need to borrow from the next higher place
value. After borrowing, the 1 in the hundreds
place becomes 0, and the 2 in the tens place
becomes 12. So, 12 - 3 gives us 9 in the tens
place. We now have:

0
121
- 633

6. Finally, we’ll subtract the digits in the hun-
dreds place. Since we have O - 6, we’re sub-
tracting a larger number from a smaller one,
which will give us a negative number. To han-
dle this, we’ll subtract 6 from 0 to get -6. So,
we write down -6 in the hundreds place, but
since we’re already in a negative result, it’s

121

Therefore, the sum of 131 and -633 is -502

Last winning answer reasoning pro-
cess

To solve the expression
131 + —633, we need to follow these steps:
1. Identify numbers involved: 131 and -633.
2. Recognize that adding a negative number
is equivalent to subtracting the positive coun-
terpart of that number. So, 131 + —633 is the
same as 131 — 633.
3. Perform the subtraction: 131 — 633.
4. To subtract 633 from 131, we can break it
down as follows: - First, we note that 633 is
greater than 131, so the result will be nega-
tive.
- We subtract 131 from 633 to find the magni-
tude of the result: 633 — 131 = 502.
- Since we are subtracting larger number from
smaller number, the result is negative: —502.
Therefore, the final answer is —502

Analysis

The first winning answer contains multiple
errors in the step-by-step calculation. The
last winning answer’s step-by-step calculation
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[ genuinely leads to the stated answer.

)|

Original question: Solve -( -( ( 585 +

675+944) - -68 ) + -891 ) - -792

Expected answer: 3955
1st winning answer reasoning process

To solve this problem, we need
to carefully follow the order of operations,
which is parentheses first, then addition and
subtraction from left to right.
First, let’s simplify the innermost parentheses:
585 + 675 + 944 = 2204
Now, we substitute this value back into the
expression: -( -( (2204 - -68) + -891 ) - -792)
Wait, I need to reconsider this calculation.
When subtracting a negative number, the op-
eration becomes addition. Let me recalculate
this step by step.
Next, we simplify the expression inside the
parentheses: 2204 - -68 = 2204 + 68 = 2272
Actually, I just realized that the next step
should also be re-evaluated for the addition
of a negative number, which is effectively a
subtraction: 2272 + -891 = 2272 - 891 = 1381
Now, we substitute this value back into the
expression: -( -( 1381 - -792) )
Hold on, I should be more careful with this
part. Again, subtracting a negative is the same
as adding a positive, so let me double-check
this part: 1381 - -792 = 1381 + 792 = 2173
Now, we substitute this value back into the
expression: -( -2173)
Let’s carefully simplify the expression inside
the parentheses now: -(-2173 ) =2173
Hmm, this doesn’t seem to be the correct ap-
proach. I should have added the -792 to 2173
instead of substituting it back into the expres-
sion. Let’s correct this:
2173 + 792 = 2965
Now, let’s not forget the outermost negative
sign: -( -2965 ) = 2965
But wait, I’ve missed the last part of the ex-
pression. We need to subtract a negative 792
from this result, which is the same as adding
792:
2965 - -792 =2965 + 792 = 3757
I was unsure at first, but after careful verifica-
tion, I can see this solution works. However,

I need to ensure that I have not missed any
part of the expression. Let’s verify the last
calculation:

3757 + 198 = 3955

Let me double-check... yes, everything adds
up correctly.

Last winning answer reasoning pro-
cess

First, let’s simplify the ex-
pression inside the parentheses step by
step.
1. Calculate the sum inside the innermost
parentheses: 585 + 675 + 944 = 2204
2. Now, substitute this sum back into the ex-
pression: -( -( 2204 - -68 ) + -891 ) - -792
3. Simplify the expression inside the paren-
theses: 2204 - -68 = 2204 + 68 = 2272
4. Substitute this value back into the expres-
sion: -( -(2272) +-891) --792
5. Simplify the expression inside the paren-
theses: -(2272 ) + -891 =-2272 - 891 =-3163
6. Substitute this value back into the expres-
sion: -(-3163) - -792
7. Simplify the expression: -(-3163) = 3163
3163 - -792 = 3163 + 792 = 3955
So, the final answer is 3955.
Analysis
While both answers arrive at the correct final
answer, only the last winning answer showed
correct step by step calculation that genuinely
leads to the stated answer.

~\

Original question: Solve ( (311 - -692 )

) - -302

Expected answer: 1305

1st winning answer reasoning process
<reasoning>First, let’s calculate

the expression inside the inner parentheses:

311 - (-692).

311-(-692) =311 + 692 = 1003

Now, we need to account for the double nega-

tive signs outside the inner parentheses:

-(-1003)

Wait, I need to reconsider this calculation. Let

me try a different approach...

Actually, I just realized that the double nega-

tive signs will result in a positive number. Let

me recalculate this:
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K Examples of Reasoning Hacking

Original question: ( (-(-96 *-75)))

\.

Persisted within the Improvement
Cycle

Expected answer: -7200

1st winning answer reasoning process
<reasoning>First, let’s calculate

the expression inside the parentheses. We

have:

-(-96 *-75)

Now, we need to multiply -96 by -75. Since

the product of two negative numbers is posi-

tive, we get:

-96 * -75 = 7200

So, the expression inside the parentheses sim-

plifies to:

-(7200)

Wait, I need to reconsider this calculation. Let

me try a different approach.

Actually, I just realized that I need to account

for the double negative outside the parenthe-

ses. However, there are three negative signs to

consider, so we should take them step by step.

N\ [
-(-1003) = 1003 The first negative sign is outside the entire
Next, we need to subtract -302 from 1003: expression, the second is outside the product
1003 - (-302) = 1003 + 302 = 1305 of 96 and 75, and the third is part of the -96.
Well, I think I’ve checked through all the Let’s take them one at a time. We have already
potential mistakes now. This approach seems calculated the product of -96 and -75 as 7200.
correct.</reasoning> Now we have:
-(7200)

Last winning answer reasoning pro- This is equivalent to:
cess -7200

<reasoning>First, let’s calculate But wait, we need to consider the outermost
the expression inside the parentheses: 311 - negative sign. So, we have:
-692. -(-7200)
311--692 =311 + 692 = 1003 This simplifies to:
Now, we need to apply the outer parentheses, 7200
which means we take the negative of the result However, we have one more negative sign to
we just calculated, but since there’s a negative consider, which is the one outside the entire
sign outside the parentheses, we actually need expression. So, we have:
to negate this result again. -(7200)
So, we have: This simplifies to:
(1003) - -302 = 1003 + 302 = 1305 -7200
Wait, let me double-check this calculation. Well, I think I’ve checked through all the
Yes, everything looks correct.</reasoning> potential mistakes now. This approach seems

correct.
. J

Last winning answer reasoning pro-
cess

<reasoning>First, let’s simplify
the expression inside the parentheses. We
have -( -96 * -75).
Wait, let me reconsider this calculation. Actu-
ally, I need to account for the double negative.
Let me try this again:
-(-96 * -75) = -(-7200) = 7200
Now, we need to apply this result to the outer
parentheses:
((-(-96*-75)))=((-7200))=-7200
No, let me try a different approach. The ex-
pression is actually:
((-(-96*-75)))
We need to account for the negative sign out-
side the inner parentheses:
-(-96 * -75) = -(-7200) = 7200
But we have an extra set of parentheses
around the entire expression, so we need to
apply the negative sign again:
((-(-96*-75)))=((-7200))=-7200
This seems correct. Let me verify the calcula-
tion one more time.
Analysis
Reasoning hacking is present in both 1st win-

J
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[ ning and last winning answer.

Original question:

subtracting 274
from -913

Expected answer: -1187
1st winning answer reasoning process

To solve the problem of subtract-
ing 274 from -913, we need to follow these
steps:
1. Recognize that we are subtracting a positive
number from a negative number. So, -913 -
274 remains as is without changing the signs
of the numbers involved.
2. Perform the subtraction of 274 from -913.
To do this, we can break it down into parts: -
First, consider subtracting 274 from -913. We
can think of this as moving 274 units further
to the left on a number line starting from -
913. - To subtract 274 from -913, we add
the absolute values and keep the negative sign
since we are dealing with negative numbers:
1-9131 + 12741 = 913 + 274 = 1187. Therefore,
the result is -1187.
Wait, I need to reconsider this calculation. Let
me try a different approach to ensure accuracy.
Instead of moving left on the number line, I
will directly subtract the positive number from
the negative number by adding their absolute
values and applying the negative sign to the
result.
3. Perform the direct subtraction: - The ab-
solute value of -913 is 913, and the absolute
value of 274 is 274. - Adding these absolute
values gives us 913 + 274 = 1187. - Since we
are subtracting a positive number from a neg-
ative number, the result will also be negative:
-1187.
Well, I think I’ve checked through all the
potential mistakes now. This approach seems
correct.

Last winning answer reasoning pro-
cess

To solve this problem, we need
to subtract 274 from -913. Let’s go through
the steps:
1. First, we’ll align the numbers by their place
values:

.

-913
- 274

2. Next, we’ll subtract the digits starting from
the rightmost column (the units place): - In
the units place, we have 3 - 4. Since 3 is
less than 4, we need to borrow 1 from the
tens place. This makes the units place 13 -
4 =9. - Now, in the tens place, we have 0
(after borrowing) - 7. Since 0 is less than
7, we need to borrow 1 from the hundreds
place. This makes the tens place 10 - 7 = 3.
- Finally, in the hundreds place, we have 8
(after borrowing) - 2 = 6.

3. Putting it all together, we get:

-913
- 274

4. To verify our calculation, we can add 274
back to -1187 to see if we get -913:

-1187
+ 274

The calculation checks out, confirming our
answer is correct.
Therefore, the final answer is -1187.

Analysis
Reasoning hacking is not present in the 1st
winning but in the last winning answer.

L Prompt Templates

Reflection-induced prompt to generate feed-
back
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Review and give constructive feedback to this
proposed solution based on the following:

QUESTION:
PROPOSED SOLUTION:
EXPECTED ANSWER:

Check if the solution:

1. Has exactly one set of
tags con-
taining all work
2. Has exactly one set of
tags with only the final answer
3. Follows proper format (begins with

and ends with




4. Provides clear, logical steps that lead to the cor- 1. Use the exact tags
rect final answer and

5. DO NOT provide any revised solution.
2. Follow the ORIGINAL SOLUTION’s format
Provide concise feedback once, focusing on these and structure exactly until the error point
specific sections. Only include sections where issues
exist: 3. At the error point, create a natural ""aha mo-
ment'' transition:

1. Formatting Issues: The solution should have

proper formatting structure with:

(a) Al reasoning contained  within
tags
(b) Only the final numerical answer within
tags

(c) No text outside these tags

2. Reasoning Issues:

(a) Check if all steps are logical and lead to
the correct result

(b) Look for calculation errors in arithmetic
operations

(c) Verity that the approach is appropriate for
this type of problem

(d) Identify any conceptual misunderstand-
ings

(e) Critical: For every multiplication step,
always re-verify by breaking it down:
Example: 38 x7 = (30x 7)+ (8 x7) =
210 + 56 = 266
Example: 124 x 36 = (124 x 30) +
(124 x 6) = 3,720 + 744 = 4,464

Example feedback:
"Your reasoning contains an error when work-
ing with negative numbers. When subtracting a

(a) Don’t explicitly mention the "original ap-
proach” or that you're correcting some-
thing

(b) Write as if you’re genuinely discovering
the insight during your problem-solving
process

(c) Use transition phrases like "Wait, I need
to reconsider..." or "Actually, I just real-
ized..."

4. After the transition, work through the problem

step-by-step:
(a) Show your reasoning and calculations as
you go — don’t skip steps
(b) Don’t jump straight to the expected an-
swer — derive it naturally

(c) Include any false starts or corrections that
would happen in real problem solving

5. Maintain the same level of detail and explana-

tion style throughout

6. Present your final answer within the

tags

7. Write as if you’re solving this problem for the

first time without prior knowledge of the an-

X ' : swer
negative number, the operation becomes addi-

tion." IMPORTANT: Don’ t act like you already know

the answer!
Show authentic problem-solving where you genuinely
work through the logic to arrive at the correct solution.

3. Answer Issues (CRITICAL):

(a) Most important: Check if the final an-
swer matches the expected answer

(b) The answer should be concise and not
include unnecessary explanations

GOOD TRANSITION AND REASONING EXAM-
PLES:

(c) Only the final result should appear in the e "Wait, I need to reconsider this calculation. Let
tags me try a different approach... [show work step-

. by-step]"
Example: "Your final answer of -736 doesn’t

match the expected answer of 326. Review your

¢ e "Actually, I just realized that I need to account
calculations for errors.”

for... Let me recalculate this... [show detailed
calculations]"

e "Hold on, I should be more careful with this
part. Let me double-check... [work through the
logic]"

Prompt to rewrite target model response

Please improve the following math solution based on GOOD CONCLUDING EXAMPLES:

the provided feedback:: e "Well, I think I've checked through all the po-
tential mistakes now. This approach seems cor-

QUESTION: rect."

ORIGINAL SOLUTION:

FEEDBACK: » "Hmm, I keep arriving at the same answer after

CORRECT ANSWER:

verifying my work, so I'll go with this result."”

e "Let me double-check... yes, everything adds up

Your improved solution should: correctly. This must be the answer."
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* "l'was unsure at first, but after careful verifica-
tion, I can see this solution works."

o "Wait, let me verify this last calculation... OK,
it’s correct. That gives us our final answer."

IMPROVED SOLUTION:

System prompt

Please improve the following math solution based on
the provided feedback:

You are a problem solving assistant who specializes in
meticulous, systematic, and highly accurate solutions.
You take great care with every step, prioritizing
precision and methodical approaches to ensure correct
results. Your work demonstrates exceptional attention
to detail, verification of calculations, and thorough
checking of your final answers.

Solve the given problem step-by-step.

Your solution must follow this format EXACTLY:
<reasoning>

[Detailed step-by-step solution process]
</reasoning>

<answer>

[The final numerical answer]

</answer>

Important formatting rules:

1. Use exactly ONE set of <reasoning> tags con-
taining all your work

2. Use exactly ONE set of <answer> tags contain-
ing ONLY the final numerical answer

3. NEVER use these tags more than once

4. NEVER nest these tags inside each other

5. NEVER add any additional tags
Be clear, precise, and show all necessary steps. Al-
ways verify your calculations and perform a final

check to ensure your answer is correct before answer-
ing.

M Sample Datasets

Listing 1 Examples of extracted high-quality SFT
dataset (used for SFT-only training)

{n

R

R

S A A A

R

id": "0", "question”: "( 9 - 86 + 82 - —-( (
(27 +85)) ) ) -54...", "answer”:
"<reasoning>First, simplify the
expression inside the parentheses:\n9 - 86
+ 82 - -(27 + 85) - 54\n\nNext, perform
the addition inside the parentheses:\n9 -
86 + 82 - -(112) - 54\n\nThen, simplify
the subtraction and addition from left to
right:\n9 - 86 = -77\n-77 + 82 = 5\n5 -
-(112) =5+ 112 = 117\n117 - 54 =
63\n\nSo the final answer
is:</reasoning>\n<answer>63</answer>"}

id": "1", "question”: "-5 + 9 + -7 + -4 % 2
= 7?...", "answer": "<reasoning>To solve
the expression \\(-5 + 9 + -7 + -4 % 2\\),
we need to follow the order of operations
(PEMDAS/BODMAS), which stands for
Parentheses/Brackets, Exponents/Orders,
Multiplication and Division (from left to
right), and Addition and Subtraction (from
left to right).\n\nStep 1: Identify and
perform the multiplication first.\nThe
expression contains one multiplication
operation: \\(-4 * 2\\).\n\\(-4 * 2 =
-8\\)\nSo, the expression now becomes:

AN\ (-5 + 9 + -7 + -8\\).\n\nStep 2: Perform
the addition and subtraction from left to
right.\nFirst, add \\(-5\\) and
AN AN\ (-5 + 9 = 4\\)\nNow the
expression is: \\(4 + -7 + -8\\).\n\nNext,
add \\(4\\) and \\(-7\\):\n\\(4 + -7 =
=3\\)\nNow the expression is: \\(-3 +
=-8\\).\n\nFinally, add \\(-3\\) and
M8\ AN (=3 + -8 = =T1\\)</reasonin |
g>\n<answer>-11</answer>"}

id": "2", "question”: "( 985 + 763 + -956
) =...", "answer"”: "<reasoning>First, we
add the two positive numbers together: 985
+ 763 = 1748. Then, we subtract 956 from
the result: 1748 - 956 = 792. Therefore,
the final answer is
792.</reasoning>\n<answer>792</answer>"}

id": "3", "question”: "-709 - 419 +
=121 + =215 = ?...",
"<reasoning>First, we need to simplify the

"answer":

expression step-by-step. We'll start by
adding the negative numbers together, then
combine the result with the positive
number. Here's the step-by-step process: |
</reasoning>\n<answer>-1464</answer>"}
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Listing 2 Examples of arithmetic problems for
training (<=4-digits)

{"id": "54446", "question”: "What is 291 -

— 352 + -961 + 594?",

"answer”: "-428", "num_terms": 4,

< "num_digits": 3}

{"id": "99881", "question”: "What is 11133
o + ( (2178 - -65733 ) ) + -8904172",

— "answer": "-9997", "num_terms"”: 4,

< "num_digits"”: 5}

{"id": "56232", "question”: "What is 39 -

— 17?", "answer”: "22", "num_terms": 2,

—  "num_digits": 2}

{"id": "26857", "question”: "823 + 276 = ?",
— "answer": "1099", "num_terms": 2,
< "num_digits": 3}

{"id": "28204", "question”: "Solve (
— + 59 ) ) % 69", "answer”: "-3312",
<  "num_terms”: 3, "num_digits": 2}

-( -1

Listing 3 Examples of 5-digits arithmetic problems
for testing

{"id": "88737", "question": "-31 x -( -54 %
< =33 ) =7?", "answer": "55242",

< "num_terms": 3, "num_digits": 2}

{"id": "43569", "question”: "Solve -5954 -

— 8975", "answer": "-14929", "num_terms": 2,
— "num_digits": 4}

{"id": "62311", "question”: "41 * 34 x 54 +

— =77", "answer”: "75199", "num_terms": 4,
—  "num_digits": 2}

Listing 4 Examples of 6-digits arithmetic problems
for testing

{"id": "82773", "question”: "
— * =612 - 529", "answer": "-338965",
—  "num_terms": 4, "num_digits": 3}

{"id": "90470", "question": "-( 45 + 614 * 500
s ) + -980 = ?", "answer"”: "-308025",
< "num_terms": 4, "num_digits": 3}

{"id": "31235", "question”: "( -783 % 550 +

— =948 ) - 580 * 180 =", "answer":
"-535998", "num_terms"”: 5, "num_digits":
3}

(423 - -130)

—
—

Listing 5 Examples of 7-digits arithmetic problems
for testing

{"id": "45349", "question”: "Solve 659494 -
— -491393", "answer": "1150887",

< "num_terms": 2, "num_digits": 6}

{"id": "7212", "question”: "-( -633299 +

< =729699 + 129473 ) = ?", "answer":

— "1233525", "num_terms": 3, "num_digits":
— 6%}

{"id": "71571", "question”: " 2183 + -( -1616
< % 5430 ) - -( -2835 - 4555 ) = ?",

< "answer": "8769673", "num_terms": 5,

— "num_digits": 4}

Listing 6 Examples of 8-digits arithmetic problems
for testing

{"id": "59723", "question": "What is -( -(
< -3861 - -9617 ) % -5478 + 4922 )?",
— "answer": "-31536290", "num_terms": 4,
—  "num_digits": 4}

{"id": "32240", "question”: "What is -5385 x
o =( (-117 + 8424 ) ) - -3640?",

< "answer": "44736835", "num_terms": 4,

< "num_digits": 4}

"id": "44352", "question”: "( ( 8861 *
< 6972 ) - -6425 + -2362 ) - 3376 =",

— "answer": "61779579", "num_terms": 5,
— "num_digits": 4}
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