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Abstract

This study investigates the internal information
flow of large language models (LLMs) while
performing chain-of-thought (CoT) style rea-
soning. Specifically, with a particular interest
in the faithfulness of the CoT explanation to
LLMs’ final answer, we explore (i) when the
LLMs’ answer is (pre)determined, especially
before the CoT begins or after, and (ii) how
strongly the information from CoT specifically
has a causal effect on the final answer. Our
experiments with controlled arithmetic tasks
reveal a systematic internal reasoning mecha-
nism of LLMs. They have not derived an an-
swer at the moment when input was fed into the
model. Instead, they compute (sub-)answers
while generating the reasoning chain on the
fly. Therefore, the generated reasoning chains
can be regarded as faithful reflections of the
model’s internal computation.

1 Introduction

Modern large language models (LLMs), given a
query from users, typically produce intermediate
reasoning steps as well as a final answer. Such
reasoning steps to achieve the answer, i.e., expla-
nation, are helpful to grasp the model’s underlying
reasoning process and the plausible justification for
the produced answer. One critical concern is how
faithful the explanation, typically with a chain-of-
thought (CoT) (Wei et al., 2022) style, is to their
final answer, i.e., the causal relationship between
the CoT process and the final answer. In particular,
how models internally associate the CoT part and
its following answer is an intriguing question in the
interpretability field. In this study, we analyze the
faithfulness between the CoT explanation and the
model’s final answer through the lens of (mecha-
nistic) interpretability. This question involves two
key subquestions—when, in the first place, mod-
els come up with (sub-)answers during CoT-style
reasoning, and how these are referred to internally.

One possible strategy, for example, would be to
reach the final answer even during reading problem
statements before CoT generation (the first pass),
and then the model produces a fluent explanation
just to follow an expected format, and ultimately,
the model simply refers to their predetermined an-
swers. In this case, the final answer is no longer
strictly faithful to the CoT explanation, and users
should be aware of this limitation in interpreting
the model’s outputs.

In our first experiments, we exploratorily ana-
lyze when (at each layer at each timestep) models
represent answers internally, using linear probes.
To prevent situations where CoT is not required for
deriving the answer, we set up controlled testbeds
of symbolic arithmetic reasoning and observed
when/where probes could accurately extract and
control the answer (Figure 1). By comparing ac-
curacies across each timestep, one can observe at
which point models internally start being informa-
tive (the values of the variables are encoded in the
hidden states as linearly separable representations)
to the probes, illustrating the model’s internal rea-
soning pattern. We found that models have not
derived an answer at the moment they first read
the problem; instead, they obtain (sub-)answers
while generating the reasoning chain, suggesting
the faithfulness of CoT to the final answer.

Based on the probing results, we further con-
ducted causal intervention analyses to clarify the
causal relationship between the model’s internal
representations and answers (§ 4). We found that,
after CoT generation, the model’s final answer can
be changed by causal intervention to internal repre-
sentations for the CoT explanation part, while not
for the first pass part. The discovered causal graph
follows recency bias, i.e., each reasoning step in
CoT causally depends on its previous step, and the
final answer heavily relies on the latter part of CoT.
Thus, we tentatively conclude that models derive
an answer during CoT on the fly, and the gener-
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Figure 1: Using linear probes, we investigated at which time during the LLM’s problem-solving process it is possible
to determine the values of each variable, illustrating the model’s problem-solving process. Our analysis indicates
that LLMs come up with (sub-)answers during CoT. This conclusion is also consistent with the findings from the

causal experiments in § 4.

ated reasoning chains can be regarded as faithful
reflections of the model’s final answer. !

2 General settings

2.1 Arithmetic problems

We prepared a synthetic dataset of multi-hop arith-
metic problems similarly to Kudo et al. (2023)
and Yu (2025). Each problem instance consists
of strings of assignments (e.g., A=1) and opera-
tions (e.g., B=1+3 or B=1+A) ending with a query
for a variable’s value (e.g., B=?). By using this
synthetic dataset, we can conduct controlled experi-
ments across different levels of problem complexity
and confirm the generality of the obtained results.
Moreover, by training and evaluating probes for
each common problem format (level), we can con-
duct fine-grained, token-level analyses. Such con-
trolled analyses are difficult with datasets written
in natural language.

We specifically defined five complexity levels
(Table 1), depending on (i) how many equations
need to be resolved to reach the answer (#Step in
Table 1), (ii)) how many variables’ values cannot be
immediately resolved (and thus pended to a stack)
in their first appearance when incrementally read-
ing the problem from left to right (#Stack), (iii)
and the number of unnecessary distractor equations
(#Dist.). For example, in the level 5 example in
Table 1, where #Step is three and #Stack is two, cal-
culating A requires at least three steps of reasoning:
C(=1+2)=3, B(=2+3)=5, and then A(=1+5)=6, and
two variables need to be resolved before reaching
A:BandC.

!Code and data are available at https://github.com/
keitokudo/faithful-cot-multistep-arithmetic

Notation. Formally, let v denote a variable name
sampled from the 26 letters of the English alpha-

bet ¥ = {a,b,c,...,z}, and d denote a num-
ber sampled from the set of decimal digits D =
{0,1,2,...,9}. Each instance consists of multi-

ple equations [e1, €9, - , e,] followed by a final
query q. Each equation follows the format v = d,
v =d=xd, orv = d=+v. We denote i-th variable in
an instance from the left as v;; e.g., in the Level 5
example in Table 1, v = A, v =B, and v3 = c.2
The value assigned to a variable v; is denoted as
${'Uz} e D.

Data constraints. We ensure that ${v;} for any
v; is also a single-digit number, and ${v;} is con-
stant within the same instance (i.e., we exclude
cases such as A=1+2,A=B+2,B=6). All samples of
the same complexity level follow the exact same
format except for the actual numbers, variable
names, and operators. In other words, an answer
${v; } in each level can be obtained with exactly the
same procedure. For example, first calculate ${v3},
and then calculate ${vy} with ${vs}, and then fi-
nally calculate ${v; } with ${v2}. Non-duplicated
instances are created for each level by varying the
variable names, numbers, and operators appearing
in the equations. We use 10,000 instances to train
probing classifiers and 2,000 to test their accuracy.
To prevent the probe from simply memorizing (sub-
)answers, the training and test sets were constructed
with no overlap in arithmetic expressions.’

%For brevity, all examples in this paper use the uppercased
variables A, B, C, and only the operator +, but the actual in-
stances have a variety in the variable names and operator
types.

3The overlap is computed at the equation-level. For ex-
ample, if 1+2 appears in the training set, then 1+2 does not
appear in any test instances.
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Level INPUT OUTPUT #Step #Stack #Dist.

1 A=1+4B ,,B=2 ,;A=? A=14B,;,B=2,,A=1+B,,A=1+2,, 1 | 0
=3,

2 A=2+43 ,,B=1+A ,;B=?_, B=1+A,,A=2+3,,A=5,B=1+A,, 2 0 0
B=1+5,,B=64

3 A=1+4B ,,B=2+43 ;A=? A=1+B,,B=2+3,,B=5,,A=1+B,, 2 | 0
A=1+45,A=64

4 A=1+B ,,B=2+3 ,,C=4+45_ ,1A=7_, A=1+B . B=2+3,,B=5,,A=1+B, 2 1 1
A=1+5,,A=64

5 A=1+B ,,B=24C ., C=1+2 ;A=? A=14B,,B=2+C ,C=1+2,,C=3,4 3 2 0
B=2+C,,B=2+3_,.,B=54A=1+B,
A=1+5.,A=6,

Table 1: Examples of arithmetic reasoning tasks used in our experiments at each complexity level. #Step indicates
the number of required operations to reach the final answer. #Stack indicates how many variables’ values are not
immediately determined in their first appearing equation. #Dist. is the number of unnecessary distractor equations.
The number (e.g., —3) indicated in the lower right corner of each equation represents the equation’s position. This
position is used as a reference point for calculating ¢, in § 3.2.

2.2 CoT-style inference

Given the input described in § 2.1, the model gen-
erates CoT z and a final answer y. Henceforth, we
refer to the part before CoT as the INPUT z and
the CoT-reasoning part (y, z) as the OUTPUT of
an instance, as shown in the right part of Table 1.
For example, for the Level 1 instance in Table 1
(topmost), z = “A=1+B, B=2) z = “A=1+B, B=2,
A=1+2, A=",and y = “3.” We demonstrate three
examples in the same problem level for the model
to inform the problem setting and expected CoT-
style reasoning style (Table 1). That is, the task
is, given a demonstration of three examples, and
an INPUT z, to generate intermediate steps z and
derive a final answer y. As a sanity check, we
confirmed that the target models could follow the
expected OUTPUT format and solve the tasks with
nearly 100% accuracy in this setting (§ B.1).

2.3 Research scope

We are particularly concerned about the faithful-
ness between the CoT part z and its following final
answer y, since these two parts are typically shown
to users, and thus are of primary concern regard-
ing the model’s reliability from the user’s perspec-
tive. In contrast, some recent studies (Afzal et al.,
2025; Cox, 2025; Ye et al., 2025) have investigated
whether the CoT z depends on the internal state of
the model x before CoT begins (whether the CoT z
is post hoc or not). This causal relationship r — z
is out of scope in this study, while we are still inter-
ested in whether the model x has a predetermined
answer y in order to distinguish the possibilities
of x — y and z — y, i.e., which part is causally
relied on to the final answer y.

3 Linear probing

To begin with the analysis, it will be good to know
where the final answer, or the necessary sub-answer
for it, can possibly come from. We first analyze
where final-/sub- answers can be extracted from
the model’s internal representations, using linear
probes.

Position {. We denote a token position within
the entire concatenated sequence x ¢ z ¢ y with
t € Z. The position ¢ is relative to CoT; that is, ¢ is
zero at the moment CoT begins, negative within the
INPUT, and positive within the OUTPUT. Similarly,
we assign an equation position toq € Z to each
equation in the INPUT and OUTPUT (subscripts on
the underlines in Table 1).

3.1 Training linear probes

Linear probes (Alain and Bengio, 2017a) are
trained to identify when the model derives the an-
swer internally. We separately train a probe for
each combination of token position ¢ € Z, layer
depth [ € N, and the variable of interest v; € X in
each level of the problem. That is, each probe is
solely responsible for the position (¢,1, v;) to iden-
tify the answer ${’AUZ} represented. Formally, given
a model’s d-dimensional hidden state h;; € R,
the probing classifier f;;,,(-) : R — D is trained
to predict the correct answer ${v;}. If a probe
ft,1,0; achieves high accuracy, this suggests that the
answer for a particular variable ${v;} is already
computed at the corresponding position (¢,[). The
probe f;; ., is a single linear transformation:

${vi}y = Frto (hey)

=argmax Wy, by + by,
D

ey
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where, W, .., € RIPIxd and bijv, € RIP! are the
trainable weight and bias parameters of the probe,
respectively. The symbol - refers to the model’s pre-
dicted answer. We train the probes using stochastic
gradient descent (Robbins, 1951) to minimize the
cross entropy loss. The hyperparameters are listed
in Table 8 in the appendix.

Each probe classifier is trained with 10,000 of
h;; from training instances and then computes
the accuracy with 2,000 hidden states from test
instances.

3.2 Evaluation metrics

The probing results from all the token positions ¢
and layers [ are aggregated as follows:

t*(v;) = min{¢ | mlaxacc(t,l,vi) >71h 0 (2)

where acc(t, [, v;) € [0, 1] denotes the probing ac-
curacy of f;;,,. The position t*(v;) € Z indicates
when the first time the probing classifier achieved
a reasonable accuracy above 7. We set 7 = 0.9
in our main experiment, and we show additional
results with different thresholds in Appendix B.3.
As a more coarse but comprehensive value, we also
report %, (v;), indicating which equation fq in the
input x the position ¢t*(v;) falls into. Given that the
t (and tq) is relative to the CoT-beginning position,
if 7. (v;) is negative, the value ${v; } is computed
before CoT begins. In Figure 2, for example, both
t*(A) and t*(B) are positive.

As complementary information of the position,
we also report two types of accuracy:

Acc<cor(v) = maxacc(t, 1, v;), 3)
£<0,1
Acceecor(v) = g%?l( acc(t,l,v;). 4)

If Acc<cor(v;) is sufficiently high, ${v;} is re-
solved internally before CoT begins. Conversely, if
Acc<cor(v;) is low and Aceycor(v;) is high, the
answer is derived while performing CoT reasoning.

3.3 Results

Across task levels. We first analyze Qwen?2.5-
7B (Qwen Team, 2024) across the five task lev-
els. Table 2 reports the position ¢, for each vari-
able and its lower bound tf;(‘lf where the answer can
be first identifiable. In most cases, (sub)answers
are represented in the model’s hidden states corre-
sponding to the OUTPUT part (t5, > 0) in a lin-
early separable form, even when deriving relatively

Variable When ({) Acc. (1)

tinf < CoT = CoT

Level variable #Step ¢34

1 un@) 1 4 —2 358 100
v (B) 0 -2 -2 100 100
2w (A) 1 2 -3 492 100
va (B) 2 5 -2 216 947
3w (A) 2 5 -2 179 974
v (B) 1 2 -2 505 100
4 v (A) 2 5 =3 172 100
va (B) 1 2 -3 477 100
v3 (C) 1 N/A —2 437 237
5 v (A) 3 9 -2 18.1 100
v (B) 2 6 -2 226 100
v3 (C) 1 3 -2 506 100

Table 2: The results of Qwen2.5-7B on the five levels.
The ¢, is the time when the model comes up with the
correct answer (see § 3.2). The ticgf column indicates
the lower bound of ¢7, score. The < CoT and > CoT
scores correspond to the accuracies introduced in § 3.2.
N/A indicates that the threshold 7 was not exceeded at
any position ¢.

simple sub-answers, e.g., ${B} in Level 2. The ex-
ceptions are: (i) ve in Level 1, and (ii) vs in Level
4. Here, vy in Level 1 requires no computation
(#Steps= 0), and v3 in Level 4 is a distractor that
is not needed to derive the final answer. To sum up,
all calculations (at least 1 step) required to obtain
the final answer are resolved during CoT, suggest-
ing that it’s unlikely to refer to a predetermined
answer as model’s final answer.

Across models. We analyzed nine models (Ta-
ble 3) on the Level 3 task. Similarly to Table 2,
we observed tg, > 0. This pattern holds for
other tasks and for different thresholds 7 (Ta-
bles 9-23 in § B.3). On the other hand, in the
INPUT part—particularly the latter half of equa-
tion —2 (B =2+ 3, 72)—the pre-CoT accuracy
Acc<cor(v;) increases modestly, peaking around
60%.

3.4 Analysis

In this section, we present the results of a prompt-
sensitivity analysis and an error analysis. We also
analyze the effects of factors such as reasoning-
chain format (including implicit reasoning). For
details, see § A.

Equation order. The difference between these
two tasks lies in the order of the equations. Level
3 tasks involve forward references, whereas Level
2 tasks do not. An autoregressive language model
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Figure 2: Probing results for Qwen2.5-7B at the Level 3 task. The heatmaps in the lower section represent the
accuracy of probes computed on the evaluation set. Each cell shows the probing accuracies in each token ¢, layer [.
The upper part indicates the maximum probing accuracy achieved at each token position ¢. The input sequence
below the line graphs is just an example; in the actual evaluation set, each variable name, number, and operator are

randomly sampled from (D, X, {+, —}).

can attend only to past inputs. Therefore, the model
may be able to reach the final answer more quickly
on Level 2 tasks than on Level 3 tasks. In prac-
tice, Table 2 indicates that the probe predicts the
answer during CoT at both levels. Therefore, the
impact of equation order (dependency structure) on
the model’s internal mechanism is thought to be
limited.

Distractors. In the Level 4 task (see Table 1),
the variable v3 (C) is a distractor, that is, ${vs}
is not necessary to derive the final answer. The
models can infer this fact from the few-shot exam-
ples. According to Table 2, the Acc(vs) in Level 4
was at most 44%, a relatively low accuracy. From
this result, we can see that, unlike the variables re-
quired to derive the final answer, v3 is not encoded
in a simple form that can be extracted by a linear
transformation alone. This suggests the possibility
that the model employs an efficient internal mech-
anism that does not derive variables unnecessary
for obtaining the final answer. It is also consistent
with the finding that the CoT is faithful to the final
answer.

Effect of depth of reasoning. The difference be-
tween Level 3 and Level 5 is whether two or three
calculation steps are required to reach the final an-
swer. Qualitatively, the probe’s prediction accuracy
for each variable increases a few tokens before the
answer appears in the output text, indicating align-
ment between the internal state and the output. This
finding supports the conclusion that the generated
explanations are faithful to the internal state and
that this conclusion generalizes across levels.

Prompt differences. We investigated whether
the format of few-shot prompting influences the
model’s internal reasoning patterns. We analyzed
the differences between two scenarios: /. Same
level prompting and 2. General prompting. In same
level prompting, we provide three equations that
match the level of the evaluation task, following
the general setting (§ 2). In contrast, under gen-
eral prompting the model receives 50 randomly
generated demonstrations (three equations each).*
Table 4 reports tg, for both strategies for Level 4

*We increased the number of demonstrations in the general
prompts because task performance was otherwise insufficient.
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Figure 3: Error analysis of cases where Llama3.2-3B generated incorrect answers. The vertical axis represents the
index of the transformer layer. The horizontal axis represents the tokens input to the model over time. The numbers
highlighted in green represent the gold labels for the predictions, while those highlighted in red denote the values

incorrectly generated by the model.

When ({) Acc (1)
Var. tg, t* < CoT > CoT
Qwen2.5 (7B) vi(A)5 36 179 100
(Qwen Team, 2024) ve(B) 2 16 505 100
Qwen2.5 (14B) vi(A)5 35 178 100
(Qwen Team, 2024) ve(B) 2 16 50.5 100
Qwen2.5 (32B) vi(A)5 36 178 100
(Qwen Team, 2024) ve(B) 2 15 674 100
Qwen2.5-Math (7B) vi(A) 5 35 18.6 100
(Yang et al., 2024a) ve (B) 2 15 56.1 100
Yil.5 (9B) vi(A) 5 41 178 100
(Young et al., 2024) v2(B) 2 18 36.9 100
Yil.5 (34B) vi(A) 5 41 224 100
(Young et al., 2024) v2(B) 2 18 374 100
Llama3.1 (8B) vi(A) 5 35 260 100
(Dubey et al., 2024) va(B) 2 16 29.6 100
Llama3.2 (3B) vi(A) 5 36 178 932
(Dubey et al., 2024) ve(B) 2 17 332 954
Mistral-Nemo (12B) vi(A) 5 36 178 100
(Mistral AI Team, 2024)v2 (B) 2 16  28.9 100

Table 3: Results for various models on the Level 3 task.
The t* column shows the token-wise time (described in
§ 3.2), and the other columns are the same as Table 2.
The ¢* and ¢, scores that are the same as their lower
bounds are bolded.

Variable ~ When ({) Acc (1)
Setting  Variable #Step t%, tl, < CoT = CoT
Same level v 2 5 =3 17.2 100
V2 1 2 =3 477 100
v3 1 N/A -2 437 237
General V1 2 5 =3 18.1 94.7
V2 1 2 =3 494 100
U3 1 NA -2 43.3 28.1

Table 4: Evaluation results of same level prompting and
general prompting. Each column is the same as Table 2.

task. We observe no difference in ¢, suggesting

that the few-shot prompt format has minimal effect

Clean run (X » Z,9) 7

B=6 A=1+B, A=1+6, A=
patching

A=1+B, B=2+4,A=?
Intervention (x = z,y) 6?77

4 layers

000000000 000 000 e . o
®®®The range of equation i/ ® *%®**®

A=2+B, B=1+3, A=? - B=4, A=2+B, A=2+4, A=

Figure 4: Overview of the causal intervention experi-
ment. First, we perform normal inference (Clean run)
and cache its hidden states. Subsequently, we evaluate
whether the output changes by replacing some of the
hidden states of a model solving a different problem
with the cached hidden states.

on the model’s internal reasoning patterns.

Behavior in incorrect instances. Figure 3 shows
the top-1 predictions of the probe for B in instances
where Llama3.2-3B produced incorrect answers
for level 3 (where B happened to be 4). When
the model produced an incorrect answer, we often
found that the correct answer had appeared at an
earlier decoding step (see § B.2 for the probe’s
predictions on additional samples). The under-
lying reason for these mistakes remains unclear,
but through our probing framework, one can track
how such an incorrect answer is propagated to the
subsequent generation, which might be practically
helpful in debugging the model internals.

4 Causal interventions

From our probing experiments in § 3, we tentatively
concluded that the final answer is determined af-
ter CoT-style generation begins. That is, CoT is
faithful to the final answer. In this section, we cor-
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Figure 5: Results of the causal intervention on Qwen?2.5-
7B. Each grid cell shows the success rate when the final
answer y (A =6 ) is the target token.

roborate this conclusion using causal intervention
analysis and further clarify how input information
flows internally while generating CoT reasoning
and the final answer.

4.1 Settings

Activation patching. We employ activation
patching (Vig et al., 2020; Meng et al., 2022; Zhang
and Nanda, 2024), which is a widely adopted tech-
nique for causal intervention analysis. To inspect
the causal relationship between specific hidden
states h;; and a final answer y, we compare two
generation scenarios: (i) the ordinary inference and
(i1) the intervened inference. In the latter scenario,
we replace the specific hidden states h; ; with other
variants fNLm obtained from the same model but with
a different input Z (Intervention in Figure 4).

The input z and Z have different correct
answer y and y as well as different chains
z and Z, respectively. For example, for
the triple (z = “A=1+B,B=2+4;A=?) z =
“A=1+B,B=2+4,B=6,A=1+B,A=1+6,A=7," 3y =7),
one may use (xr = “A=2+B,B=1+3;A=72" 2z =
“A=2+B,B=1+3,B=4,A=2+B,A=2+4 A=6," y =6).
If the model’s output turns from y into y or z; into
Zt due to the intervention to h;; with ﬁ“, we can
confirm the causal relationship between h; ; and the
original answer y. Henceforth, to precisely explain
the setting, we denote the model’s final output with
intervention as §P2*? and that without intervention
as ¢, respectively (y and y denote respective gold
answers). In the same way, we denote the gener-
ated reasoning chain with intervention as ;PP
and that without intervention as Z;, respectively.

Evaluation metrics. We report Success Rate as
a metric for this experiment. The Success rate in-
dicates how frequently (%) the intervened output

P2t aligns with the correct answer §j. For reason-
ing chains, we report the Success rate for #,patch
as well.

Patching targets. We specifically focus on Level
3 tasks and Qwen2.5-7B. The experimental results
for the other models are reported in § B.4. Inspired
by sliding window patching (Zhang and Nanda,
2024), we partition the hidden states into coarse
grids, corresponding to each equation and every
four layers, and perform activation patching on
each grid separately (illustrated in Figure 6).> For
every grid, we compute the Success rate by apply-
ing activation patching. We also examine multiple
target tokens, specifically, at (i) the end of the equa-
tion 2 (217 in B =5, in Figure 2), (ii) the end of
the equation 4 (232 in A — 145, in Figure 2), and
(iii) the final answer (y). When we apply activation
patching, we generate only the target token with
greedy decoding while forced-decoding the context.
Note that the above equations are examples. We
create a test set of 2,000 instances for evaluation.

4.2 Results.

CoT is faithful to the final answer. Figure 5
presents the success rate at each grid position when
the final answer y (A =6 ,) is the target token. The
results show a strong causal dependence of the
final answer on the OUTPUT part, whereas the IN-
PUT part has only a limited effect. We observe
the same pattern for other target tokens (e.g., z17
and z32). This trend is broadly consistent across
models (§ B.4). Furthermore, we focus on the
generation of B =5,, which is a necessary sub-
answer to reach the final answer (see Figure 6).
Intervention to the immediately preceding equation
B =2+ 3, affects the generation of B =5 ,, but
patching the equation B = 2 + 3 _, in the problem
statement x (the region where a slight improvement
in probing accuracy before the CoT was observed;
t = —11tot = —4) had almost no effect on the
output of B =5 ,. Similarly, when we focus on the
case where the target token is A = 145, patch-
ing the equation B = 2 + 3, again resulted in
almost no change in the output. Therefore, the in-
fluence of the information processed in the INPUT
part on the sub-answers (B =5) is limited. This
tendency is especially strong in the Qwen family
(except for Qwen2.5-Math-7B). By contrast, other
model families show a weak causal relationship
between B =5, and the INPUT part (§ B.4). This

SAll the hidden states in each grid are intervened at once.
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2

Success rate

g

4

“6”

Figure 6: The upper part is the accuracy of probes, as shown in Figure 2. The lower part is the result of max pooling

the Success rates from Figure 5 in the layer direction.

aligns with the results observed in probing experi-
ments § 3.3.

Recency bias. We further investigate which parts
of CoT output causally depend on which input.
The bottom part of Figure 6 suggests strong re-
cency bias in the causal relationship between hid-
den states and output tokens for Qwen2.5-7B. That
is, intervention succeeded only when the target hid-
den state is (i) in the same equation as the target
token, (ii) in the last equation where necessary in-
formation is stated (e.g., B=2+3—B=5), or (iii) in
the last equation where a value of a relevant vari-
able is explicitly stated (e.g., B=5—A=1+5). This
finding suggests strong recency bias in the internal
process of LLMs’ multi-hop reasoning. This aligns
with our finding that models derive an answer dur-
ing CoT on the fly, and the generated reasoning
chains can be regarded as faithful reflections of the
model’s final answer.

5 Related Work

Post hoc nature of CoT. Several prior studies
investigate similar questions (Afzal et al., 2025; Ye
et al., 2025; Cox, 2025; Lewis-Lim et al., 2025).
For instance, Cox (2025) examined whether CoT
explanations are post-hoc or not, specifically, con-
firmed that, in a binary classification task, the cor-
rect label can be predicted from the hidden state
at the end of the input (prompt). In their setting,
the CoT z is (freely) produced from the intervened
hidden state x, while we force-decode the CoT
chain. In this sense, their scope is rather on the
causality of © — z, and thus, as stated in § 2.3,
the scope is slightly different. They also showed
that, in some tasks (e.g., sports understanding), the

final answer can be predicted with the model’s final
state in the prompt, apparently contradicting our
probing experiments, but their tasks would be an-
swerable with factual or commonsense knowledge
without CoT, and in their specific logical deduc-
tion task—where on-the-fly reasoning is required,
similarly to our arithmetic tasks—the probe indeed
struggles to predict the final answer, similarly to
our results. Afzal et al. (2025) also suggests the
model reaches the answer internally before CoT
begins, but their experimental design is somewhat
different from ours. Specifically, they try to predict
whether the model will succeed/fail the task before
CoT begins as a binary problem, rather than tracing
how models reach the correct answer during CoT
or identifying where the concrete answer comes up
with during CoT reasoning. Ye et al. (2025) also
find that the model, in advance, anticipates which
components (variables) will be required to reach
the final answer by tracking whether a variable has
been computed, and how models retain computed
values during reasoning. Although the experiments
are similar, they do not investigate causal relation-
ships and therefore do not fully answer the question
of whether the reasoning chain is faithful.

Faithfulness of CoT. Paul et al. (2024); Bentham
et al. (2024) similarly evaluate the faithfulness of
CoT to the final answer. They test the consistency
between the final answer and the CoT by interven-
ing on the CoT text. Specifically, they replace it
with counterfactual content and then check whether
the final answer changes. They report that CoT
is not sufficiently faithful to the final answer. In
addition, Turpin et al. (2023); Chen et al. (2025)
define CoT as faithful when the following two con-
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ditions hold: (i) The CoT explicitly refers to the
hint provided in the prompt. (ii) The model relies
on the hint to reach the answer (that is, without
the hint, the model would not have produced the
hinted answer). Using these conditions, they eval-
uate faithfulness indirectly by testing whether the
model’s internal computation depends on the hinted
information.

By contrast, in our work, we trace the model’s
internal reasoning more directly by probing the
values of intermediate answers, and thus track the
faithfulness of CoT to the final answer using a
more direct method and a controlled testbed than
these prior studies. Through token-level probing,
we analyze when and at which token position the
reasoning is actually carried out. In this respect,
our work differs in that it also allows us to observe
the faithfulness of the internal states to the CoT
text along the temporal axis.

Interpreting multi-hop reasoning in language
models. Interpreting internal mechanisms of
LLMs has been actively investigated (Conneau
et al., 2018; Tenney et al., 2019; Niven and Kao,
2019; nostalgebraist, 2020; Geva et al., 2023;
Lieberum et al., 2024; Ghandeharioun et al., 2024,
Ferrando and Voita, 2024). They revealed, for
example, specialized attention heads responsible
for specific operations (Cabannes et al., 2024) or
decision-making, copying, and induction (Dutta
et al., 2024). With a more concrete example, Yang
et al. (2024c) showed that, even during the first pass
of the problem statements such as The mother of
the singer of Thriller is , language models first
resolve a bridge entity, Stevie Wonder in this case,
then identify the final answer. This study is more
focused on the difference between the first pass of
the problem statements (before CoT generation)
and their second pass involving explicit problem
solving (while CoT generation).

Arithmetic representations in LLMs. How
models handle numerical information has also been
closely studied. For instance, Heinzerling and Inui
(2024) used partial least squares regression (Wold
et al., 2001) to demonstrate that numeric attributes,
such as birth years and population numbers, are
encoded as monotonic representations in the acti-
vation space of LLMs and can be manipulated with
interventions. In turn, Stolfo et al. (2023) showed
that, in autoregressive LL.Ms, the operations and
numerical information necessary for solving quan-
titative reasoning are processed in the lower layers

of the model, and these results are used by the
attention layers to predict the final calculation out-
comes. Zhu et al. (2025) studied the representation
of numbers in language models’ hidden states dur-
ing single-hop arithmetic tasks (e.g., What is the
sum of 12 and 347?). Their analysis revealed that
numerical information is encoded linearly within
the hidden states and demonstrated that individual
digits could be manipulated independently. In this
study, we add to this literature by introducing in-
cremental arithmetic problem solving, i.e., what
numerical information is contained in the model’s
hidden states at each time step of multi-hop arith-
metic reasoning.

Model interpretability methods. Linear prob-
ing (Alain and Bengio, 2017b) is one of the repre-
sentative methods for analyzing the internal repre-
sentations of neural models—a small model pre-
dicts a specific feature from them, thereby deter-
mining whether the input contains information
about that feature. In this study, we use them
to derive the models’ intermediate answers. The
causality with the model’s output can be further ver-
ified by examining if a model’s predictions change
when the hidden states are intervened (Li et al.,
2023; Wu et al., 2023). One representative inter-
vention method is activation patching (Vig et al.,
2020; Meng et al., 2022; Zhang and Nanda, 2024),
where hidden states obtained from one model in-
stance are transplanted onto another during infer-
ence to change its predictions. Such techniques can
be applied as a way to control model behavior in
practical scenarios such as mitigating inherent bi-
ases (Zhao et al., 2019; Ganguli et al., 2023; Yang
et al., 2024b). Here, we employ activation patching
to validate the plausibility of the probing results.

6 Conclusions

We conducted probing experiments to determine
when (sub)answers are derived during the CoT-
style reasoning, using synthetic arithmetic prob-
lems as a controlled testbed. Across multiple mod-
els and task difficulties, we found that models tend
to resolve the necessary (sub)answer after the CoT
begins, i.e., computing the answer on the fly dur-
ing CoT generation. Moreover, causal experiments
support that the intervention to the CoT part specif-
ically and causally impacts the final answer; that
is, we conclude that the CoT is faithful to the fi-
nal answer at least in our controlled experimental
settings.
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Limitations

Variety of tasks We analyzed the internal rea-
soning patterns of language models using synthetic
arithmetic reasoning tasks. The use of synthetic
data allows for more detailed control compared
to experiments on natural language tasks. How-
ever, vocabulary and expression diversity, for ex-
ample, are limited compared to natural language
tasks. Therefore, conducting similar analyses on
more realistic reasoning tasks in natural language
will verify whether the results of this study apply to
other broader, realistic contexts as well. In addition,
we focused on the tasks that presumably require
step-by-step reasoning as the CoT process, but as
suggested in existing studies (§ 5), the situation
may be different if the task is, in the first place, so
simple that CoT is no longer needed.

Probing methods Interpreting internal mecha-
nisms of LLLMs using probing has been actively
conducted in our field (Conneau et al., 2018; Ten-
ney et al., 2019; Campbell et al., 2023; Li et al.,
2023); however, there are criticisms regarding the
validity of some probing approaches (Liu et al.,
2023; Burns et al., 2023). One way to overcome
such concerns will be to analyze the generality of
obtained results through more diverse methodolo-
gies (Gurnee et al., 2023; Bricken et al., 2023).

Causal intervention purity Hidden states carry
mixed information (e.g., features of the input text
itself). Thus, even though activation patching is
standard in prior work, we cannot fully rule out
noise introduced by this intervention.

Ethics statement
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INPUT OuTPUT
Simple A=1+B ,,B=2+3 ;A=7? ;, B=53,A=6,
Implicit A:1+B_3,B:2+3_2;A:?71 A=6,

Table 5: Examples of arithmetic reasoning tasks used
for reasoning chain format comparison. This position is
used as a reference point for calculating 7, in § 3.2.

Variable =~ When ({) Acc (1)
Setting Variable #Step %, ti, < CoT = CoT
Simple CoT  v1 2 1 5 348 997

V2 1 0 1 697 1.0
Implicit v1 2 N/ANA 408 807

V2 1 NANA 69.1 79.2

Table 6: Probing evaluation results with different rea-
soning chains. Each column is the same as Table 2.

A Alternative CoT formats.

For comparison, we also ran probing experiments
on Qwen2.5-7B under two reasoning chain for-
mats. Specifically, we defined two formats. The
first is the Simple CoT setting, in which the rea-
soning chain outputs only the intermediate sub-
results. The second is the Implicit (reasoning) set-
ting, which omits intermediate computation steps
in the output text. Table 5 lists example equations.

The experimental results are shown in Table 6
and Figures 57 and 58. Under the Simple CoT set-
ting, the model’s task accuracy was 99.5%, whereas
under the Implicit reasoning setting it was 77.8%>9.
As in the Simple CoT setting, intermediate re-
sults are linearly separable in the OUTPUT segment
(tfgq > (). This trend is consistent with the results
obtained using the default CoT format in § 3.3. In
the implicit reasoning setting, the accuracy did not
reach the threshold at any position (both Acc<cor
and Acc, cor are N/A). These results suggest that
when the model fails to solve a problem, the cor-
responding (sub-)answers are also unlikely to be
represented in its internal states. This, in turn, indi-
cates that the answers decoded from internal states
are faithful, in the sense that when the model can-
not solve the problem, there may be no linearly
decodable representation either.

Level
1 2 3 4 5

100.00 100.00 100.00 100.00 100.00
Qwen2.5 (14B) 100.00 100.00 100.00 100.00 98.25
Qwen2.5 (32B) 100.00 100.00 100.00 100.00 100.00
Qwen2.5-Math (7B) 100.00 100.00 100.00 100.00 100.00
Yil.5 (9B) 100.00 100.00 100.00 100.00 100.00
Yil.5 (34B) 100.00 100.00 100.00 100.00 100.00
Llama3.1 (8B) 100.00 100.00 100.00 100.00 99.40
Llama3.2 (3B) 99.95 99.75 93.15 90.90 38.45
Mistral-Nemo (12B) 100.00 100.00 99.95 100.00 99.85

Qwen2.5 (7B)

Table 7: The performance of language models on the
arithmetic reasoning tasks. The Task column shows the
accuracy for the evaluation set (exact match).
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Figure 7: Success and Unchanged rates for each grid
when the final answer y (A =6;) is the target token.
The Success rate heatmap at the top is the same as
Figure 5.

B Supplemental results

B.1 Model performance on arithmetic tasks

Table 7 shows the accuracy of language models on
arithmetic reasoning tasks for each experimental
setting. We computed the accuracy based on exact
matches between the output, including the chain
(29), and the gold labels (z®y). The accuracy for
all models is nearly 100%, indicating that they are
capable of solving the arithmetic reasoning tasks
used in this experiment.

®Please note that, unlike the other experimental configura-
tions, under the implicit reasoning setting the model is unable
to answer the problems with sufficiently high accuracy.
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when intervention was performed with z17 (A = 1+5 2)
as the target token.

Success rate

24

20

16

12

Layers

8

-15 -10 -5 0 5
A= 1+B,B= 2+ 3;A=?2A= 1+B,B=

10
2+ 3,B=

Unchanged rate

Layers
16 20 24

12

8

Figure 9: Success rate and Unchanged rate for each grid
when intervention was performed with z35 (B =55) as
the target token.

B.2 Additional probing predictions for
correct/incorrect instances.

Figure 10 shows the top-1 predictions of the probe
for B in instances where LLlama3.2-3B produced
incorrect answers for Task 3. In contrast, Figure
11 illustrates the probe predictions for instances
where Llama3.2-3B generates correct responses. In

Train instances 10,000

Optimizer SGD (Robbins, 1951)
Learning rate 1.0 x 10~ (constant)
Batch size 10,000
Epochs 10,000

Table 8: Hyperparameters for training the probe

Figure 3 the model should output (B=4) but instead
produces 0. We observe the same pattern in other
examples in Figure 10. One possible cause is that
digits for computed results (e.g., 4) and digits from
the input (e.g., @) are represented in neighboring
subspaces, which may cause confusion; we leave a
detailed analysis for future work.

B.3 All probing results

Figures 12 through 56 present the probing results
for all models and tasks discussed in this paper. For
each figure, the input sequence below the graphs is
one example (the results are averaged over the test
set). The upper part indicates the maximum prob-
ing accuracy achieved at each token position ¢. The
bottom part shows the probing accuracies in each
token ¢, layer [, and variable v;. Tables 9 through 23
summarize these results for thresholds (7) rang-
ing from 0.85 to 0.95. From these results, we ob-
serve trends similar to those described in § 3.3
across many settings. However, for the smaller
model Llama3.2 (3B), increasing the threshold 7
often leads to cases where the accuracy does not
reach the threshold (N/A). Nonetheless, a consis-
tent pattern remains: Acc<cor(v;) is low whereas
Accycor(v;) is high.

B.4 Additional causal intervention results

Figures 59- 111 show the causal intervention re-
sults for the target tokens 217 and 232, respectively.

Here, in addition to the Success rate, we also
present the Unchanged rate as a metric. The Un-
changed rate indicates how frequently (%) the inter-
vened output JP**M remains the same as y. If this
value is small, it indicates that the patched hidden
states do not affect the output.

Additional discussion: Memory vs. recomputa-
tion. Focusing on the case where the target token
is A = 1+8, in Figure 6, if the model were recom-
puting when generating this 5, it would be expected
to show a causal relationship with the segment
B =2 + 3, where the pre-computation equation
information is expected to be explicitly represented.
However, in practice, a strong causal relationship
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was observed only with the hidden state of the im-
mediately preceding segment B = 5 ,. This pattern
suggests that the model is not recomputing; instead,
it likely relies on the immediately preceding inter-
mediate result stored in the CoT text.

C Hyperparameters

Table 8 shows the hyperparameters used for train-
ing the probes.

D Computational resources

We used NVIDIA A100 GPUs (40GB and 80GB
memory) and NVIDIA H100 GPUs to conduct this
study.

E Usage of Al assistants

For writing this paper and the source code for the
experiments, we use Al assistants (e.g., ChatGPT,
GitHub Copilot). However, the use is limited to
purposes such as code completion, translation, text
editing, and table creation, and all content is solely
based on the authors’ ideas.
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When ({) Acc ()

Model Variable t5, t* < CoT = CoT
When (})  Acc(])

- . Qwen2.5 (7B) vi(A) 5 35 179 100

Model Variable to; " < CoT = CoT  (Qwen Team, 2024) v, (B) 2 16 505 100
Qwen2.5 (7B) vi(Ad) 427358 100 Quen2.5 (14B) vi(A) 5 35 178 100
(Qwen Team, 2024) v2(B) =2 =5 100 100 (Qwen Team, 2024) va(B) 2 15 505 100
Qwen2.5 (14B) vi(A) 4 27 369 100 Qwen2.5 (32B) v (A) 5 36 178 100
(Qwen Team, 2024) v2(B) =2 -5 100 100 (Qwen Team, 2024) vw@®B) 2 15 674 100
Qwen2.5 (32B) vi(A) 428 305 100 Quen2.5-Math (7B) w1 (A) 5 35 186 100
(Qwen Team, 2024) vz (B) =2 =5 100 100 (yang et al., 2024a) va(B) 2 15 561 100
Qwen2.5-Math (7B) vi(A) 4 27 418 100 Yil.5 (9B) vi(A) 5 41 17.8 100
(Yang et al., 2024a) v2(B) =2 =5 100 100 (youngetal., 2024) va(B) 2 18 369 100
Yil.5 (9B) vi(A) 432 281 100 yj|5(34B) vi(A) 5 41 224 100
(Youngetal,2024) vz (B) -2 -5 100 100 (youngetal,2024) w2 (B) 2 18 374 100
Yil.5 (34B) vi(A) 4 31 229 100 Llama3.1 (8B) v (A) 5 35 260 100
(Young et al., 2024) v2(B) -2 =5 100 100 (pypeyetal,2024) w2 (B) 2 16 296 100
Llama3.1 (8B) vi(A) 427 206 100 11ama32 (3B) vi(A) 5 36 178 932
(Dubey etal., 2024) w2 (B) -2 -5 100 100 (pypeyetal,2024) w2 (B) 2 16 332 954
Llama3.2 (3B) vi(A) 428 218 100.0  Mfggral-Nemo (12B) w1 (A) 5 36 17.8 100
(Dubey et al., 2024) v2(B) =2 -5 100 100 (Mistral Al Team, 2024) v2 (B) 2 16 289 100

Mistral-Nemo (12B) v (A) 4 27 18.0 100
(Mistral Al Team, 2024) v2 (B) =2 =5 100 100 Table 11: Results for various models on the Level 3 task

(1 = 0.85).
Table 9: Results for various models on the Level 1 task
(7 = 0.85).
When (]) Acc (1)
Model Variable t5, t* < CoT > CoT
Qwen2.5 (7B) v (A) 4 29 304 100
(Qwen Team, 2024) v2 (B) 2 15 272 100
vs (C) NANA 185 176
When (1)  Acc (1) Qwen2.5 (14B) vi(A) 5 35 189 100
. : . (Qwen Team, 2024) vz (B) 2 15 443 100
Model Variable t5, t* < CoT > CoT vs (C) NJA N/A 404 268
Qwen2.5 (7B) vi(A) 216492 100 wen 5 (32B) vi(A) 5 36 174 100
(QWGH Team, 2024) V2 (B) 5 35 21.2 100 (Qwen Team, 2024) Vo (B) 2 15 62.8 100
Qwen2.5 (14B) vi(A) 2 15 488 100 v3 (C) NNAN/A 644 326
(Qwen Team, 2024) w2 (B) 5 36 215 100 Gwend 5-Math (7B) w1 (A) 5 35 172 100
Qwen2.5 (32B) vi(A) 2 15 664 100 (Yang et al., 2024a) v2(B) 2 15 556 100
(Qwen Team, 2024) va(B) 5 36 213 100 v3 (C) NNAN/A  47.8 294
Qwen?2.5-Math (7B) vi(A) 2 15 537 100 Yil.5 (9B) vi(A) 5 41 178 100
(Yang et al., 2024a) vo(B) 5 35 221 100 (Young et al., 2024) ve(B) 2 18 435 100
. vs (C) NNAN/A 367 212
Yil.5 (9B) vi(A) 2 18 402 100 .
(Young et al., 2024) vp(B) 5 41 178 100 Yil.5 (34B) vi(A) 5 40 193 100
. (Young et al., 2024) v (B) 2 18 408 100
Yil.5 (34B) v (A) 2 18 35.6 100 vs (C) NJAN/A 279 262
(Young et al., 2024) va(B) 5 41 18.3 100
Llama3.1 (8B) vi(A) 4 29 304 100
Llama3.1 (8B) vn(A) 2 15 319 100 (Dubey et al., 2024) ve(B) 2 15 272 100
(Dubey et al., 2024) veo(B) 5 35 17.8 100 v3 (C) NJAN/A 185 176
Llama3.2 (3B) vi(A) 2 16 362 999 Llama3.2 (3B) v1 (A) 5 3 262 917
(Dubey et al., 2024) vz(B) 5 36 178 999 (Dubey et al., 2024) vw(B) 2 16 291 987
Mistral-Nemo (12B) w1 (A) 2 16 308 100 vs (O) NNAN/A 183 173
(Mistral AI Team, 2024) v2o (B) 5 36 17.8 100 Mistral-Nemo (12B) v1 (A) 5 36 172 100

(Mistral Al Team, 2024) v2 (B) 2 16 299 100
Table 10: Results for various models on the Level 2 task v3 (C) NNAN/A 220 198
(r = 0.85).

Table 12: Results for various models on the Level 4 task
(r = 0.85).
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When ({) Acc (1)

36 17.8 999

16  30.8 100
36 178 100

(Dubey et al., 2024) vz (B)

Mistral-Nemo (12B) v1 (A)
(Mistral Al Team, 2024) v2 (B)

Llama3.2 (3B) vi (A) NNAN/A 142 437
(Dubey et al., 2024) vy (B) NAN/A 263 474
v3 (C) NNAN/A 377 717

Mistral-Nemo (12B) vi(A) 9 63 181 999
(Mistral Al Team, 2024) v2 (B) 6 43 163 999

Model Variable ¢, t* < CoT > CoT When ()  Acc ()
Qwen2.5 (7B) v (A) 9 62 181 100 Model Variable ¢5, t* < CoT > CoT
(Qwen Team, 2024)  v2 (g) g g gg-g igg Qwen2.5 (7B) vi(A) 2 16 492 100
v3 (O : (Qwen Team, 2024) v (B) 5 35 212 100
Qwen2.5 (14B) v (A) 9 63 181 988 i i4p) w A 2 16 488 100
(Qwen Team, 2024)  v2 % g §§ }é; 91863 (Qwen Team, 2024) v (B) 5 36 215 100
U3 .
Owen2.S (328) & 9 o 157 10 Qen2sem) vi(A) 2 16 664 100
wenz. U1 ‘ Team, 2024 B) 5 36 213 100
(Qwen Team. 2024) w2 (B) 6 43 226 100  \QwenTeam 2024) — va (B)
vs(C) 3 23 624 100  Qwen2.5-Math(7B)  w (A) 2 15 537 100
Yang et al., 2024 B) 5 35 221 100
Owen2.5-Math (7B) w1 (A) 9 62 181 1oo  (langeta ) w®
(Yang etal,, 2024a) w2 (B) 6 42 226 100  Yil5(9B) vi(A) 2 18 402 100
vs(C) 3 22 545 100  (Youngetal,2024)  w(B) 5 41 178 100
Yil.5 (34B) v (A) 9 71 18.1 100 Yil.5 (34B) vi(A) 2 18 356 100
(Youngetal,2024) v (B) 6 49 226 100  (Youngetal,2024)  w(B) 5 41 183 100
vs(©) 3 26 412 100 1400030 (8B) w2 15 319 100
Llama3.1 (8B) vi(A) 9 62 160 995  (Dubeyetal,2024) v, (B) 5 35 178 100
(Dubey et al., 2024) v % g ‘Z‘g gg'g gg-g Llama3.2 (3B) w(A) 2 16 362 999
. . <
2
5

Table 15: Results for various models on the Level 2 task

(Dubey et al., 2024) ve(B) =2 -§ 100 100 Mistral-Nemo (12B) v1 (A)

Mistral-Nemo (12B) v (A) 4 28 180 100  (Mistral Al Team, 2024) v (B)
(Mistral Al Team, 2024) v2 (B) —2 —5 100 100

36 17.8 100
16 289 100

v (C) 3 23 320 999 (T=090)
Table 13: Results for various models on the Level 5 task
(t = 0.85).
When ({) Acc (1)

When ({) Acc () Variable t;,  t* < CoT > CoT
Model Variable t5,  t* < CoT > CoT Qwen2.5 (7B) v (A) 5 36 179 100
Qwen2.5 (7B) (A 4 27 358 100 (Qwen Team, 2024) va(B) 2 16 505 100
(Qwen Team, 2024) v2(B) =2 -5 100 100 Qwen2.5 (14B) vi(A) 5 35 17.8 100
Qwen2.5 (14B) wA) 4 27 369 100 (Qwen Team, 2024) va(B) 2 16 505 100
(Qwen Team, 2024) v2(B) =2 -5 100 100 Qwen2.5 (32B) vi(A) 5 36 17.8 100
Qwen2.5 (32B) vi(A) 4 28 305 100 (Qwen Team, 2024) v (B) 2 15 674 100
(Qwen Team, 2024) (B -2 -5 100 100 Qwen2.5-Math (7B) vi(A) 5 35 186 100
Qwen2.5-Math (7B) o (A) 4 27 418 100 (Yang et al., 2024a) va(B) 2 15 561 100
(Yang et al., 2024a) vp(B) =2 -5 100 100 Yil.5 (9B) vi(A) 5 41 178 100
Yil.5 (9B) vi(A) 4 32 281 100 (Young et al., 2024) va (B) 2 18 369 100
(Young et al., 2024) v2(B) -2 -5 100 100 Yil.5 (34B) vi(A) 5 41 224 100
Yil.5 (34B) wA) 4 32 229 100 (Young et al., 2024) va(B) 2 18 374 100
(Young et al., 2024) v2(B) =2 -5 100 100 Llama3.1 (8B) vi(A) 5 35 260 100
Llama3.1 (8B) wA) 4 27 206 100 (Dubey et al., 2024) va(B) 2 16 296 100
(Dubey et al., 2024) v2(B) -2 -5 100 100 Llama3.2 (3B) v (A) 5 36 178 932
Llama3.2 (3B) w(A) 4 28 218 1000 (Dubey et al., 2024) va(B) 2 17 332 954

5
2

Table 16: Results for various models on the Level 3 task
Table 14: Results for various models on the Level 1 task (7 = 0.90).
(r = 0.90).
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When ({) Acc (1)

Model Variable t, t* =< CoT > CoT

Qwen2.5 (7B) vi(A) 9 63 181 100

(Qwen Team, 2024) vwa(B) 6 42 226 100

vs(C) 3 23 506 100

Qwen2.5 (14B) vi(A) 9 63 181 9838

(Qwen Team, 2024) va (B) 6 42 187 989

vs(C) 3 23 422 100

Qwen2.5 (32B) v (A 9 63 187 100

(Qwen Team, 2024) vg (B) 6 43 226 100

vs(C) 3 23 624 100

Qwen?2.5-Math (7B) vi(A) 9 62 181 100

When (})  Acc (1) (Yang et al., 2024a) va(B) 6 42 226 100

Model Variable t7, " < CoT > CoT u© 3 22 545 10
Qwen2.5 (7B) w5 35 172 100  YilSG4B) vi(A) 9 72 181 100
(Qwen Team, 2024) w®) 2 16 477 100 (Young et al., 2024) vwa(B) 6 49 226 100
03 (C) NJANJA 437 237 vs(C) 3 26 412 100

Qusaan wih s % wme to BRI om0 e
(Qwen Team, 2024) w(B) 2 15 443 100 w3 23 306 998

v3 (C) NJAN/A 404 2638

Qwen2.5 (32B) v1 (A) 5 3 174 100
(Qwen Team, 2024) va (B) 2 15 628 100
vz (C) NJ/AN/A 644 32,6

Qwen2.5-Math (7B) w1 (A) 5 35 172 100
(Yang et al., 2024a) v (@) 2 15 556 100
v3 (C) NJAN/A 478 294

Yil.5 (9B) vi(A) 5 41 178 100
(Young et al., 2024) v2 (B) 2 18 435 100 — 0.90
vs (C) NANA 367 212  (7=7090).

Yil.5 (34B) vi(A) 5 40 193 100
(Young et al., 2024) v2(B) 2 18 408 100
v3 (C) NNAN/A 279 262

Llama3.2 (3B) vi (A) NNAN/A 142 437
(Dubey et al., 2024) vy (B) NAN/A 263 474
v3 (C) NNAN/A 377 717

Mistral-Nemo (12B) vi(A) 9 63 18.1 999
(Mistral AI Team, 2024) v2 (B) 6 43 16.3 999
vz (C) 3 23 320 999

Table 18: Results for various models on the Level 5 task

When ({) Acc (D)

Llama3.1 (8B) v1 (A) 5 35 304 100 ) " .

(Dubey etal., 2024) v, (B) 2 16 272 100  Model Variable teq  ¢" < CoT - CoT
vs (O) NAN/A 185 176 Quen2.5(7B) vi(A) 4 27 358 100

Llama3.2 (3B) vi(A) 5 37 262 917 (Qwen Team, 2024) vz (B) =2 -5 100 100
vs (C) NJAN/A 183 173 (Qwen Team, 2024) w2 (B) —2 -5 100 100

(Mistral Al Team, 2024) v2 (B) 2 16 299 100 (Qwen Team, 2024) ve (B) =2 —5 100 100
vs (C) NNJAN/A 220 19.8

Qwen2.5-Math (7B) vi (A) 4 27 418 100

Table 17: Results for various models on the Level 4 task (Yang et al., 20242) @B -2 -5 100 100

(7 = 0.90). Yil.5 (9B) vi (A) 4 32 281 100
(Young et al., 2024) ve(B) =2 -5 100 100
Yil.5 (34B) vi(A) 4 32 229 100
(Young et al., 2024) ve (B) =2 -5 100 100
Llama3.1 (8B) vi(A) 4 27 206 100
(Dubey et al., 2024) ve (B) =2 -5 100 100
Llama3.2 (3B) vi(A) 4 28 21.8 100.0

(Dubey et al., 2024) v (B) -2 -5 100 100

Mistral-Nemo (12B) vy (A) 4 28 179 100
(Mistral AI Team, 2024) v (B) —2 -5 100 100

Table 19: Results for various models on the Level 1 task
(r =0.95).

1132



When ({) Acc (1)

Model Variable t;,  t* < CoT > CoT

Qwen2.5 (7B) v (A) 2 16 492 100

(Qwen Team, 2024) B 5 36 212 100

Qwen2.5 (14B) vi(A) 2 16 488 100

(Qwen Team, 2024) B 5 36 215 100

Qwen2.5 (32B) vi(A) 2 16 664 100

(Qwen Team, 2024) v2(B) 5 36 213 100

Qwen2.5-Math (7B) vi(A) 2 15 537 100

(Yang et al., 2024a) va(B) 5 36 22.1 100

Yil.5 (9B) vi(A) 2 18 402 100 When () Acc (D)

(Young et al., 2024) v @B 5 41 178 100 o Variable 15, 1 < CoT > CoT

Yil. 4B A 2 1 . 1

(slfofn(;et a)l 2024) - EB; 5 421; ?gg 188 Qwen2.5 (7B) vi(d) 5 36 172 100
’ (Qwen Team, 2024) vg (B) 2 16 477 100

Llama3.1 (8B) vi(A) 2 15 319 100 v3 (C) NJAN/A 437 237

(Dubey et al., 2024) veo(B) 5 35 17.8 100 Qwen2.5 (14B) v (A) s 36 189 100

Llama3.2 (3B) vi(A) 2 16 362 999 (Qwen Team, 2024) v (B) 2 15 443 100

(Dubey et al., 2024) v2(B) 5 36 178 999 vs (C) NJAN/A 404 268

Mistral-Nemo (12B) vi(A) 2 16 30.8 100 Qwen2.5 (32B) v1 (A) 5 36 174 100

(Mistral AI Team, 2024) v2 (B) 5 36 17.8 100 (Qwen Team, 2024) vz (B) 2 16 628 100

vs (C) NJAN/A 644 326
Table 20: Results for various models on the Level 2 task Qwen2.5-Math (7B) v (A) 5 35 172 100

(r =0.95). (Yang et al., 2024a) v2 (B) 2 15 556 100
vz (C) NJAN/A 478 294
Yil.5 (9B) vi(A) 5 41 178 100

(Young et al., 2024) vz (B) 2 18 435 100
vz (C) NJAN/A 367 212

Yil.5 (34B) vi(A) 5 41 193 100
(Young et al., 2024) v2 (B) 2 18 408 100
v3 (C) NJAN/A 279 262

When ({) Acc (1)
Model Variable t, t* < CoT > CoT

Llama3.1 (8B) v1 (A) 5 35 304 100
Qwen2.5 (7B) v1 (A) 5 36 179 100 (Dubey et al., 2024) v2 (B) 2 16 272 100
(Qwen Team, 2024) va (B) 2 16 505 100 vs (C) N/A N/A 18.5 17.6
Qwen2.5 (14B) v1 (A) 5 36 178 100 Llama3.2 (3B) v1 (A) N/AN/A 262 917
(Qwen Team, 2024) w@ 2 16 505 100 (Dubey et al., 2024) vwp(B) 2 17 291 987
Qwen2.5 (32B) v (A) 5 36 178 100 vs (C) NNAN/A 183 173
(Qwen Team, 2024) va (B) 2 15 674 100 Mistral-Nemo (12B) v1 (A) 5 36 17.2 100
Qwen2.5-Math (7B) w1 (A) 5 35 186 1o  (Mistral AlTeam, 2024) v % N/j N}IS gg'g 11902
(Yang et al., 2024a) va (B) 2 15 56.1 100 3 . .
Yil.5 (9B) vi(A) 5 41 178 100 Table 22: Results for various models on the Level 4 task
(Young et al., 2024) va (B) 2 18 369 100 -

(r = 0.95).
Yil.5 (34B) v1 (A) 5 41 224 100
(Young et al., 2024) vg (B) 2 18 37.4 100
Llama3.1 (8B) v1 (A) 5 35 260 100
(Dubey et al., 2024) v2(B) 2 16 296 100
Llama3.2 (3B) v1 (A) N/A N/A 178 932

(Dubey et al., 2024) vu(B) 2 17 332 954

Mistral-Nemo (12B) v1 (A) 5 36 178 100
(Mistral Al Team, 2024) vz (B) 2 16 289 100

Table 21: Results for various models on the Level 3 task
(r = 0.95).
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Model

Qwen2.5 (7B)
(Qwen Team, 2024)

Qwen2.5 (14B)
(Qwen Team, 2024)

Qwen2.5 (32B)
(Qwen Team, 2024)

Qwen2.5-Math (7B)
(Yang et al., 2024a)

Yil.5 (34B)
(Young et al., 2024)

Llama3.1 (8B)
(Dubey et al., 2024)

Llama3.2 (3B)
(Dubey et al., 2024)

Mistral-Nemo (12B)

(Mistral AI Team, 2024)

When ({) Acc (1)
Variable t, t* < CoT > CoT
vi(A) 9 63 18.1 100
vg (B) 6 43 226 100
vs3 (C) 3 23 506 100
vi(A) 9 63 181 98.8
vo(B) 6 43 187 989
vs(C) 3 23 422 100
vi(A) 9 63 187 100
vo(B) 6 43 226 100
vs3 (C) 3 23 624 100
vi(A) 9 63 18.1 100
va (B) 6 42 226 100
vz (C) 3 22 545 100
v1 (A) 9 72 18.1 100
vo(B) 6 49 226 100
v3 (C) 3 26 412 100
vi(A) 9 62 16.0 995
v2(B) 6 43 200 995
vs (C) 3 23 30.6 99.8
vi (A) NJAN/A 141 437
va (B) N/AN/A 263 474
v3 (C) NJAN/A 377 717
vi(A) 9 63 181 99.9
vo(B) 6 43 163 999
v (C) 3 23 320 999

Table 23: Results for various models on the Level 5 task

(r = 0.95).
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Figure 12: Probing results when Qwen2.5-7B solves Level 1.
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Figure 13: Probing results when Qwen2.5-7B solves Level 2.
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Figure 14: Probing results when Qwen2.5-7B solves Level 3.

I Iy
n o

Probing accuracy

=4
>

Probing accuracy for A
Probing accuracy for B
Probing accuracy for C

, B

20
5,A= 1+B,A=

Figure 15: Probing results when Qwen2.5-7B solves Level 4.
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Figure 16: Probing results when Qwen2.5-7B solves Level 5.
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Figure 17: Probing results when Qwen2.5-14B solves Level 1.
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Figure 18: Probing results when Qwen2.5-14B solves Level 2.
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Figure 19: Probing results when Qwen?2.5-14B solves Level 3.
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Figure 20: Probing results when Qwen2.5-14B solves Level 4.
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Figure 21: Probing results when Qwen2.5-14B solves Level 5.
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Figure 22: Probing results when Qwen2.5-32B solves Level 1.
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Figure 23: Probing results when Qwen2.5-32B solves Level 2.
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Figure 24: Probing results when Qwen2.5-32B solves Level 3.
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Figure 25: Probing results when Qwen2.5-32B solves Level 4.
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Figure 26: Probing results when Qwen2.5-32B solves Level 5.
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Figure 27: Probing results when Qwen2.5-Math-7B solves Level 1.
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Figure 28: Probing results when Qwen2.5-Math-7B solves Level 2.
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Figure 29: Probing results when Qwen2.5-Math-7B solves Level 3.
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Figure 30: Probing results when Qwen2.5-Math-7B solves Level 4.
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Figure 31: Probing results when Qwen2.5-Math-7B solves Level 5.
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Figure 32: Probing results when Yi-1.5-9B solves Level 1.
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Figure 33: Probing results when Yi-1.5-9B solves Level 2.
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Figure 34: Probing results when Yi-1.5-9B solves Level 3.
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Figure 35: Probing results when Yi-1.5-9B solves Level 4.
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Figure 36: Probing results when Yi-1.5-9B solves Level 5.
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Figure 37: Probing results when Yi-1.5-34B solves Level 1.
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Figure 38: Probing results when Yi-1.5-34B solves Level 2.
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Figure 39: Probing results when Yi-1.5-34B solves Level 3.
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Figure 40: Probing results when Yi-1.5-34B solves Level 4.
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Figure 41: Probing results when Yi-1.5-34B solves Level 5.
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Figure 42: Probing results when Llama-3.1-8B solves Level 1.
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Figure 43: Probing results when Llama-3.1-8B solves Level 2.
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Figure 44: Probing results when Llama-3.1-8B solves Level 3.
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Figure 45: Probing results when Llama-3.1-8B solves Level 4.
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Figure 46: Probing results when Llama-3.1-8B solves Level 5.
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Figure 47: Probing results when Llama-3.2-3B solves Level 1.
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Figure 48: Probing results when Llama-3.2-3B solves Level 2.
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Figure 49: Probing results when Llama-3.2-3B solves Level 3.
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Figure 50: Probing results when Llama-3.2-3B solves Level 4.
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Figure 51: Probing results when Llama-3.2-3B solves Level 5.
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Figure 52: Probing results when Mistral-Nemo-Base-2407 solves Level 1.
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Figure 53: Probing results when Mistral-Nemo-Base-2407 solves Level 2.
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Figure 54: Probing results when Mistral-Nemo-Base-2407 solves Level 3.
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Figure 55: Probing results when Mistral-Nemo-Base-2407 solves Level 4.
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Figure 56: Probing results when Mistral-Nemo-Base-2407 solves Level 5.
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Figure 57: Probing results when Qwen2.5-7B solves Level 2 with Simple CoT.
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Figure 58: Probing results when Qwen2.5-7B solves Level 2 with Implicit reasoning.
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Figure 59: Results of the causal intervention on
Qwen2.5-7B. Each grid cell shows the success rate when
the intermediate token z17 (B =5 ,) is the target token.
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Figure 60: Results of the causal intervention on
Qwen2.5-7B. Each grid cell shows the success rate when
239 (A = 145 ,) is the target token.
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Figure 61: Results of the causal intervention on
Qwen2.5-14B. Each grid cell shows the success rate
when the intermediate token z17 (B =5,) is the target
token.
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Figure 62: Results of the causal intervention on
Qwen2.5-14B. Each grid cell shows the success rate
when 233 (A = 145 ,) is the target token.
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Figure 63: Results of the causal intervention on
Qwen2.5-14B. Each grid cell shows the success rate
when the final answer y (A =6 ) is the target token.
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Figure 64: Results of the causal intervention on
Qwen2.5-32B. Each grid cell shows the success rate
when the intermediate token z;7 (B =5,) is the target
token.
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Figure 65: Results of the causal intervention on
Qwen2.5-32B. Each grid cell shows the success rate
when 235 (A = 145 ,) is the target token.
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Figure 66: Results of the causal intervention on
Qwen2.5-32B. Each grid cell shows the success rate
when the final answer y (A =6 ) is the target token.
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Figure 67: Results of the: causal intervention on  Fjgyre 71: Results of the causal intervention on Yi-
Qwen2.5-Math-7B. Each grid cell shows the success | 5.9B. Each grid cell shows the success rate when 232
rate when the intermediate token z17 (B =55) isthe (A — |15 ) is the target token.
target token. 4
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Figure 68: Results of the causal intervention on  Figure 72: Results of the causal intervention on Yi-1.5-

Qwen2.5-Math-7B. Each grid cell shows the success ~ 9B- Each grid cell shows the success rate when the final
rate when 235 (A = 145 ,) is the target token. answer y (A =6) is the target token.
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Figure 69: Results of the: causal intervention on  Fjgure 73: Results of the causal intervention on Yi-1.5-
Qwen2.5-Math-7B. Each grid cell shows the success 348 Each grid cell shows the success rate when the

rate when the final answer y (A —65) is the target to-  jptermediate token 217 (3 —5,) is the target token.
ken.
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Figure 70: Results of the causal intervention on Yi- Figure 74: Results of the causal intervention on Yi-1.5-
1.5-9B. Each grid cell shows the success rate when the ~ 34B. Each gr'id cell shows the success rate when 23,
intermediate token 217 (B =5,) is the target token. (A =1+5,) is the target token.
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Figure 75: Results of the causal intervention on Yi-1.5- Figure 79: Results of the causal intervention on Llama-
34B. Each gnd cell shows the success rate when the 3.2-3B. Each gI'ld cell shows the success rate when the
final answer 4 (A =6 5) is the target token. intermediate token z17 (B =5,) is the target token.
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Figure 80: Results of the causal intervention on Llama-
3.2-3B. Each grid cell shows the success rate when 235
(A = 1+5,) is the target token.

Figure 76: Results of the causal intervention on Llama-
3.1-8B. Each grid cell shows the success rate when the
intermediate token z17 (B =5,) is the target token.
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Figure 81: Results of the causal intervention on Llama-
3.2-3B. Each grid cell shows the success rate when the
final answer y (A =6) is the target token.

Figure 77: Results of the causal intervention on Llama-
3.1-8B. Each grid cell shows the success rate when 232
(A = 1+5,) is the target token.
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Figure 82: Results of the causal intervention on Mistral-
Figure 78: Results of the causal intervention on Llama-  Nemo-Base-2407. Each grid cell shows the success rate
3.1-8B. Each grid cell shows the success rate when the  when the intermediate token 217 (3B =5 ,) is the target
final answer y (A =6 ) is the target token. token.
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Figure 83: Results of the causal intervention on Mistral- ~ Figure 87: Results of the causal intervention on
Nemo-Base-2407. Each grid cell shows the success rate ~ Qwen2.5-7B. Each grid cell shows the unchanged rate
when 233 (A = 145 ,) is the target token. when the final answer y (A =6 ) is the target token.
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Figure 84: Results of the causal intervention on Mistral- ~ Figure 88: Results of the causal intervention on

Nemo-Base-2407. Each grid cell shows the success rate ~ Qwen2.5-14B. Each grid cell shows the unchanged rate

when the final answer y (A =6 ) is the target token. when the intermediate token z;7 (B =5,) is the target
token.
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Figure 85: Results of the causal intervention on

Qwen2.5-7B. Each grid cell shows the unchanged rate ~ Figure 89: Results of the causal intervention on
when the intermediate token z17 (B =5,) is the target ~ Qwen2.5-14B. Each grid cell shows the unchanged rate
token. when 235 (A = 145 ,) is the target token.
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Figure 86: Results of the causal intervention on  Figure 90: Results of the causal intervention on
Qwen2.5-7B. Each grid cell shows the unchanged rate ~ Qwen2.5-14B. Each grid cell shows the unchanged rate
when 233 (A = 145 ,) is the target token. when the final answer y (A =6 ) is the target token.
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Figure 91: Results of the causal intervention on
Qwen2.5-32B. Each grid cell shows the unchanged rate
when the intermediate token z17 (B =5,) is the target
token.
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Figure 92: Results of the causal intervention on
Qwen2.5-32B. Each grid cell shows the unchanged rate
when 235 (A = 115 ,) is the target token.
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Figure 93: Results of the causal intervention on
Qwen2.5-32B. Each grid cell shows the unchanged rate
when the final answer y (A =6 ) is the target token.

Unchanged rate

Figure 94: Results of the causal intervention on
Qwen2.5-Math-7B. Each grid cell shows the unchanged
rate when the intermediate token z17 (B =5,) is the
target token.

Lol Ll L L S
5 25
B,B= 2+ 3,B= 5,A= 1+B,A= 1+

A5 -0 5 0
A= 1+B,B= 2+ 3;A=2A= I+

Figure 95: Results of the causal intervention on
Qwen?2.5-Math-7B. Each grid cell shows the unchanged
rate when 235 (A = 115 ,) is the target token.
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Figure 96: Results of the causal intervention on
Qwen?2.5-Math-7B. Each grid cell shows the unchanged
rate when the final answer y (A =6 ) is the target to-
ken.
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Figure 97: Results of the causal intervention on Yi-1.5-
9B. Each grid cell shows the unchanged rate when the
intermediate token z17 (B =5,) is the target token.
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Figure 98: Results of the causal intervention on Yi-1.5-
9B. Each grid cell shows the unchanged rate when 232
(A = 1+5,) is the target token.
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Figure 99: Results of the causal intervention on Yi-1.5-
9B. Each grid cell shows the unchanged rate when the
final answer y (A =6 ) is the target token.
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Figure 100: Results of the causal intervention on Yi-1.5-
34B. Each grid cell shows the unchanged rate when the
intermediate token z17 (B =5,) is the target token.
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Figure 101: Results of the causal intervention on Yi-1.5-
34B. Each grid cell shows the unchanged rate when 232
(A = 1+5,) is the target token.
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Figure 102: Results of the causal intervention on Yi-1.5-
34B. Each grid cell shows the unchanged rate when the
final answer y (A =6 ) is the target token.
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Figure 103: Results of the causal intervention on Llama-
3.1-8B. Each grid cell shows the unchanged rate when
the intermediate token z17 (B =5 5) is the target token.
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Figure 104: Results of the causal intervention on Llama-
3.1-8B. Each grid cell shows the unchanged rate when
232 (A = 115 ,) is the target token.
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Figure 105: Results of the causal intervention on Llama-

3.1-8B. Each grid cell shows the unchanged rate when

the final answer y (A =6 4) is the target token.

Figure 106: Results of the causal intervention on Llama-
3.2-3B. Each grid cell shows the unchanged rate when
the intermediate token z;7 (B =5,) is the target token.
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Figure 107: Results of the causal intervention on Llama-
3.2-3B. Each grid cell shows the unchanged rate when
232 (A = 145 ,) is the target token.
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Figure 108: Results of the causal intervention on Llama-
3.2-3B. Each grid cell shows the unchanged rate when
the final answer y (A =6 ) is the target token.
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Figure 109: Results of the causal intervention on
Mistral-Nemo-Base-2407. Each grid cell shows the un-
changed rate when the intermediate token z17 (B =5,)
is the target token.
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Figure 110: Results of the causal intervention on
Mistral-Nemo-Base-2407. Each grid cell shows the
unchanged rate when 232 (A = 15 ) is the target to-
ken.
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Figure 111: Results of the causal intervention on
Mistral-Nemo-Base-2407. Each grid cell shows the
unchanged rate when the final answer y (A =6 ) is the
target token.
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