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Abstract

Large language models have shown strong rea-
soning capabilities through chain-structured
methods such as Chain-of-Thought. Recent
studies optimize thought structures by gener-
ating parallel or tree-like structures, switching
long and short reasoning modes, or aligning
reasoning steps with task performance. How-
ever, these approaches mainly rely on previ-
ously generated logical directions of the chains,
which ignore the unexplored regions of the so-
lution space. Such a phenomenon is denoted
as blind spots, which limit the diversity and
effectiveness of the reasoning process. To this
end, we propose the “Thought Space Explorer”
(TSE), a framework for navigating and expand-
ing thought structures to overcome blind spots
in LLM reasoning. Our TSE first identifies key
nodes with high impact, then generates new
nodes by integrating information from multi-
ple chains. Finally, it extends new branches
through connection strategies. We conduct a
series of experiments on math and QA bench-
marks. Compared to existing baseline methods,
TSE improves the accuracy of both the final
answer and intermediate reasoning steps, while
maintaining a better effectiveness-efficiency
trade-off for practical deployment.

1 Introduction

Recent advances in large language models (LLMs)
have shown great potential in solving complex
tasks with reasoning capabilities (Huang and
Chang, 2022; Patterson et al., 2022; Achiam et al.,
2023; Mao et al., 2023; Dutta et al., 2025) by
guiding the LLMs to logically solve the complex
task step-by-step. A common practice is to design
the Chain-of-Thought (CoT) (Kojima et al., 2022;
Yang et al., 2025) to boost reasoning capabilities
by evolving the thinking from single outputs to
intermediate steps reasoning.

*Corresponding author.

Existing studies (Wang et al., 2022; Yao et al.,
2024; Zhang et al., 2024d; Besta et al., 2024;
Pandita et al., 2025) attempt to develop various
thought structures with multiple chains or branches
of thought on top of CoT to arouse the reasoning
ability of LLMs. Compared with direct output and
CoT, the core advantage of thought structures en-
ables models to explore the solution space of a task
from local to global (Hao et al., 2023). For exam-
ple, as presented in Figure 1, thought structures
may initiate exploration from two distinct points

“specialty” and “industry”. Such exploration al-
lows LLMs to generate diverse paths to solutions
and thus enhances the model’s reasoning capac-
ity. Moreover, the diverse structures can enable
models to perform forward and backward evalua-
tions within the explored thought space toward the
optimal solution, i.e., a more effective reasoning
thought path.

A series of studies are conducted to optimize
thought structures with various aspects, including
generating parallel thought (Wang et al., 2022),
constructing tree-structured reasoning topologies
on top of CoT (Yao et al., 2024), and fine-tuning the
LLMs with direct preference optimization (DPO)
to align thought steps of CoT with task perfor-
mance (Zhang et al., 2024c), etc. The key idea
of these studies is to compare multiple responses
or extend existing chains (e.g., “Coffee over Drone”
or “Coffee industry→ Coffee bottle industry” as
shown in Figure 1) to obtain a better thought chain.

However, these approaches do not explore re-
gions of the solution space that the model itself has
never considered. We refer to such unexplored re-
gions as the blind spots of LLMs. These blind spots
are the areas in the reasoning space that are sys-
tematically overlooked, because the model’s gener-
ation is biased and always leads to the previously
explored paths (Zhang et al., 2024a; Sprague et al.,
2025; Liu et al., 2025). Merely generating more
chains does not enable LLMs to conceive of con-
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tent previously unthought of. As described in Fig-
ure 1, over-generated chains tend to repeat prior
thought patterns, leading to two main issues: (1)
the absence of feasible solutions—when such solu-
tions lie in blind spot regions, repeatedly filtering
or extending existing paths may converge to a local
optimum (e.g., exploring only from a coffee per-
spective); and (2) insufficient diversity—especially
for open-ended questions, where existing methods
have limited impact on exploring the thought space,
and excessive extension or filtering might even re-
duce the diversity of responses (e.g., discarding
feasible solutions or creating redundancy through
repetitive thinking).

To address these issues, we propose the Thought
Space Explorer (TSE), a novel framework designed
to expand and optimize thought structures. The
TSE starts from thought paths already explored and
guides the model to explore hidden solution spaces
because the existing thought structures often al-
ready contain feasible solutions or crucial informa-
tion pointing towards such solutions. To enhance
efficiency and precision, further exploration of the
model starts from thought nodes within explored
solutions, which ensures that the reasoning process
is not a blind exploration but a deeper inquiry based
on verified insights.

To identify key points of information from exist-
ing thoughts, as shown in Figure 1, we first quantify
each thought node’s contribution to the conclusion
during the model’s reasoning process to select key
nodes (e.g., in Chain 2, the details about “drones
and delivery” serve as key information leading
toward “logistics industry”). We adopt relative gra-
dients as relative importance to select key nodes.
Based on these key nodes, the model then generates
new thought nodes and proceeds with deeper rea-
soning in new directions from “original nodes” to
“new nodes”, facilitating exploration of the solution
space through the thought structure. Finally, we
perform collaborative reasoning across the entire
thought structure to generate the output. Consider-
ing the visibility of parameters in LLMs, we refor-
mulate the key steps of this method using LLMs’
semantic and evaluation capabilities for black-box
or gradient-invisible models.

We evaluate the effectiveness of TSE on four rea-
soning benchmarks on Qwen3 series models (Yang
et al., 2025) and the results show that TSE signifi-
cantly improves the performance of thought struc-
tures compared with existing methods. We further
discuss the impact of TSE on path accuracy beyond

final output accuracy, the diversity enhancement
and the token cost trade-off.

Our contributions include:

• We propose TSE reasoning framework to ex-
pand thought structures for exploring solution
spaces to alleviate the impact of blind spots
for LLM reasoning.

• We investigate various strategies to prioritize
and refine the thought structure by identify-
ing the importance of the node in the thought
structure.

• Experimental results on three specific reason-
ing tasks indicate the effectiveness of our TSE
compared with the existing reasoning methods
without exploring thought structure.

2 Related Work

2.1 LLM Reasoning Structures
The most straightforward method to address rea-
soning tasks is to generate a conclusion through
one-step thinking. However, the LLM might over-
look essential intermediate steps and generate in-
coherent logic or incorrect conclusions (Chu et al.,
2023). The advent of CoT (Wei et al., 2022;
Wang and Zhou, 2024) optimizes the reasoning
step by connecting distinct thoughts into a coher-
ent sequence (Li et al., 2024). Although CoT can
improve transparency and coherence, its singu-
lar structure limits its capability to handle more
complex logical relationships (Jin and Lu, 2024;
Sprague et al., 2025). To this end, some stud-
ies develop structured reasoning methods, such as
self-consistent CoT and Tree-of Thought. (Wang
et al., 2022; Zhang et al., 2024d; Yao et al., 2024;
Liu et al., 2024; Mo and Xin, 2024; Zhang et al.,
2024b,a). These sophisticated thought structures
enhance the consistency and systematic nature of
reasoning by expanding the ability of the model
to manage diverse logical relationships (Xia et al.,
2024; Stechly et al., 2024). Thought structures of-
fer distinct advantages by maintaining coherence
and depth while increasing the diversity and flexi-
bility of reasoning paths (Liang et al., 2024). How-
ever, the reasoning chains within these structures
are highly repetitive and thus reduce generation
and selection efficiency.

2.2 Thought Structure Optimizations
To further enhance the capabilities of thought struc-
tures, recent researches focus on two main op-
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Figure 1: Thought structure optimization through TSE. On the left side, we showcase traditional thought structures
and optimization methods, where the LLMs’ generation may limited by its thought pattern. On the right side, we
show how TSE expands thought structure through a three-step generation of branches. TSE guides LLMs to explore
the blind spots between previous thought paths.

timization strategies. The first is selecting opti-
mal paths within the structures (Feng et al., 2023;
Long, 2023; Hao et al., 2023; Shinn et al., 2023;
Jung et al., 2022). By choosing optimal paths,
the model filters the irrelevant and low-quality
branches and globally searches for correct or opti-
mal solutions, thus enhancing reasoning efficiency
and accuracy. The second is expanding reasoning
depth and breadth (Zhu et al., 2022; Besta et al.,
2024; Gao et al., 2024; Zhang et al., 2024b,c; Hou
et al., 2024; Zhang et al., 2025). By deepening
and widening the thought structure, the model can
explore a broader array of possibilities and perspec-
tives, thus improving its understanding and capabil-
ity to solve complex issues (Chen et al., 2025; Pan
et al., 2025; Wang et al., 2025). However, these
methods might be limited to previously explored
spaces and directions, thus failing to adequately
investigate the blind spots within the thought space
of the model. Different from them, we aim to ex-
pand the depth and breadth of thought structures
by actively exploring the cognitive blind spots of
the model in thought space.

3 Methodology

To expand and optimize thought structures for ef-
fective exploration of reasoning spaces, we in-
troduce TSE, a self-expansion and exploration

method that allows language models to proactively
address deficiencies in reasoning processes and ex-
plore new reasoning directions with limited steps
of generation. In a step-by-step reasoning scenario,
we implement the TSE through three steps: (1) Key
Node Selection and Generation, aim to select the
nodes that are most influential to exploration direc-
tions based on the crucial information contained
previously, then the model generates a new node
to integrate the insights of two key nodes for new
exploration directions; (2) Connection and Expan-
sion, to connect and expand the reasoning paths,
and the new paths explore potential new directions
of solutions from the new node; and (3) Collab-
orative Reasoning to address deficiencies in the
model’s ability to synthesize and integrate diverse
reasoning paths in different directions.

3.1 Problem Formulation

Given a specific reasoning taskQ, we apply a large
language model (LLM) L to a structured reasoning
process S.This structure consists of multiple rea-
soning sentences as thought nodes, which are con-
nected sequentially. The set of all thought nodes is
denoted as T , where each node Tij represents the
j-th reasoning step in the i-th thought chain. The
thought structure S can be viewed as a directed
graph consisting of vertices (thought nodes) V and
edges (connections between consecutive nodes) E.
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Figure 2: Illustration of solution space exploration via
our TSE method. By generating new branches of solu-
tions, the explored space of solutions expands.

Formally, we define them as:

V =

N⋃

i=1

Ki⋃

j=1

{Tij}, Ki = |Ci|,

E =
N⋃

i=1

Ki−1⋃

j=1

{(Tij , Ti,j+1)},
(1)

where N is the number of thought chains, and Ki is
the number of nodes contained in chain Ci. Then,
the structure S is defined as:

S = (V,E), Ci = ⟨Ti1, Ti2, . . . , TiKi⟩ (2)

For a specific task Q, the complete reasoning so-
lution space P encompasses all possible reasoning
paths Ci (thought chains) that can potentially solve
Q. As shown in Figure 2, the space that has been
explored by the generated thought structure S is de-
noted as PS , and the remaining unexplored space
is denoted as PU , with PS ∪ PU = P .

Our goal is to actively expand the thought struc-
ture S by generating new reasoning branches C ′

to explore previously untouched subspace PU . In
this way, we increase the likelihood of discovering
correct and novel solutions. Formally, we define
the optimization objective as:

max
S′

J(S ′,Q) (3)

where J is the reasoning performance metrice and
S ′ is the expanded thought structure.

3.2 Key Node Selection and Generation
We aim to select the most impactful nodes from the
existing thought structure S for expansion. Intu-
itively, these nodes should contain crucial informa-
tion for the task and satisfy two requirements: (i)
enabling effective exploration of promising regions
in the solution space by initiating expansion from
these key nodes, thus increasing the likelihood of

discovering viable solutions; and (ii) reducing error
propagation by conducting additional analysis and
verification on these critical nodes, which often
represent potential sources of mistakes.

3.2.1 Gradient-based Selection

Final
AnswerGi,2Gi,1 Gi,4

Max Gradient

Key Node

Gi,3

Figure 3: Gradient-based selection.

When the internal states and gradients of the model
L are available, we access the representation of
each thought node Tij from the hidden states of L:

L : Tij 7→ vij ∈ Rd. (4)

The representation of the conclusion node viKi is
mapped to the output space as the model’s predic-
tion ŷi as:

ŷi = f(viKi), (5)

where f(·) denotes the mapping from the represen-
tation space to the output space, and ŷi is typically
a textual answer or decision for task Q.

The self-information loss Li is a common prac-
tice to evaluate the model’s confidence in its pre-
dictions (Wang and Feng, 2021), where higher con-
fidence corresponds to lower loss values. Thus,
we calculate the partial derivative of the loss gij
with respect to each node’s representation vij and
the Euclidean norm of its gradient Gij to measure
the importance of the nodes, as shown in Figure 3.
Then, we apply a normalization to determine the
relative importance Iij of each node for a consis-
tent and comparative analysis of node importance
across different chains within the thought structure
S as:

Li = − logP (ŷi | viKi),

gij =
∂Li

∂vij
, Gij = ∥gij∥2.

(6)

To enable comparison across nodes and chains,
we normalize the gradient magnitudes within each
chain Ci as:

Iij =
Gij∑Ki
k=1Gik

. (7)

We regard nodes with larger Iij values as key nodes,
as perturbations at these nodes typically have the
greatest impact on the final prediction. Each T

key
i

corresponds to the most influential node selected
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from chain Ci. These key nodes serve as the start-
ing points for generating new reasoning branches
in the subsequent expansion phase.

3.2.2 Generating New Nodes
With the selected key nodes, the next step is to
use them as conditional information for generating
new thought nodes. We generate the new nodes
by combining two key nodes from the set T key,
denoted as T key

i and T
key
l . Given such a pair, the

model generates a new candidate node T 1
il as

T 1
il = L(T key

i , T
key
l ), i, l ∈ [1, N ], i ̸= l. (8)

3.3 Connection and Expansion

Key Node in Chain i

Key Node in Chain l

Gi,3

Gl,3

Gi,3 Gl,3>

Gi,3

Gl,3

New

Figure 4: Gradient-based key node connection.

To integrate the new node into the thought struc-
ture, we must decide which of the two key nodes
(T key

i or T key
l ) should serve as the connection point

for extending a new branch. Therefore, we select
the connection node as the key node that exhibits
stronger semantic relevance to the newly generated
node and contributes more significantly to reason-
ing. The relative gradient selection chooses the
connection node between T

key
i and T

key
l by compar-

ing their importance indices I(T key
i ) and I(T

key
l ).

Formally, we first select the connection node and
then initialize a new branch as:

Tc = arg max
Tkey∈Tkey

i ,Tkey
l

I(Tkey),

C ′ = ⟨Tc, T
1
il⟩.

(9)

where C ′ denotes the new branch initiated from
the key node with the higher importance index, as
shown in Figure 4. Starting from the newly gener-
ated node T 1

il , the model L continues to generate
subsequent steps conditioned on Tc. Since T 1

il inte-
grates information from two key nodes, the branch
tends to explore novel reasoning directions that
were not present in the original chains. The branch
is extended until the target depth K is reached. By
default, K is inherited from the chain containing Tc

(i.e., K = Ki if Tc = T
key
i , otherwise K = Kl).

3.4 Collaborative Reasoning
Given a task Q and its complete but unseen solu-
tion space P , the model L generates new thought
branches on top of the original thought structure S .
During this process, each new branch C ′ expands
the explored subspace PS ∈ P by mining potential
solutions based on the established structure as:

P ′
S ← PS ∪ {C ′}, P ′

U ← P −P ′
S . (10)

The refined structure S ′, compared to S, explores
a larger portion of the solution space with |P ′

S | ≥
|PS |. Based on S ′, we can integrate both original
and newly discovered reasoning paths to form a
unified conclusion. We consider all thought chains
in the refined structure S ′ and use gradient informa-
tion to recalculate and select the key nodes of each
chain. For a key node T

key
ik , we assign a weight

based on its relative contribution to the solution as:

w
key
ik =

exp
(
−Lkey

ik

)

∑
Tim∈T key

i
exp

(
−Lkey

im

) , (11)

where Likey represents the self-information loss at
node Tikey , which reflects the model’s confidence
and potential error at that node. The contribution
of each node is represented as v

key
ik , which is ob-

tained from its embedding through a linear projec-
tion. This score quantifies how strongly the node
supports the overall reasoning process, capturing
factors such as semantic relevance to the task or in-
ference correctness. Then, we compute the collabo-
rative reasoning score by aggregating the weighted
contributions of all key nodes across all chains for
the given reasoning task Q as:

C(Q) =
N∑

i=1

∑

Tik∈T key
i

w
key
ik · v

key
ik . (12)

Finally, the decision D for taskQ is selected as the
candidate with the highest collaborative reasoning
score as:

D = argmax
q∈Q

C(q). (13)

3.5 Semantic Blind Spot Navigation
In gradient-available models, TSE leverages inter-
nal gradients to identify and expand key reason-
ing nodes. However, in many practical scenarios,
the proprietary LLMs are only accessible through
APIs, where internal states and gradients cannot
be observed. To adopt TSE in such cases, we re-
formulate the key steps of exploration using the
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semantic and self-evaluation capabilities of LLMs.
This module consists of three components: (i) Self-
prompting Selection of key nodes, (ii) Semantic
Relevance–based Connection Selection, and (iii)
LM-as-a-judge for final reasoning evaluation.

3.5.1 Self-prompting Selection
For a black-box model, we leverage LLM’s capabil-
ities to rank nodes within each path by their seman-
tic and logical relevance to the task. Concretely,
for a thought chain Ci, the model L evaluates each
node Tij under the task context Q and assigns an
importance score. The most critical node with the
highest score is then selected as the key node T

key
i :

T
key
i = arg max

Tij∈Ci

RankL(Tij | Q), (14)

where RankL(·) denotes the ranking mechanism
induced by carefully designed prompts that ask the
model to compare nodes according to their seman-
tic contribution and logical necessity.

3.5.2 Semantic Relevance–based Connection
Selection

After obtaining the key nodes, we need to decide
which one should serve as the connection point
when generating new branches. To achieve so, we
rely on semantic relevance to enable the model L
to compare the newly generated node T 1

il with its
candidate parent nodes T key

i and T
key
l , and select

the node with stronger semantic alignment as the
connection point Tselected as:

C ′ = ⟨Tselected, T
1
il, T

2
il, . . . , T

K
il ⟩, (15)

where K denotes the maximum depth of expansion.
This ensures that the extended branch remains logi-
cally coherent while exploring novel directions.

3.5.3 LLM-as-a-Judge
Finally, for reasoning tasks that require inter-
pretability or involve multiple competing branches,
we employ the LLM itself as the judge to eval-
uate and aggregate the reasoning paths. In this
stage, model L assigns a score to each candidate
chain Cq based on specific factors, including sound-
ness, coherence, innovation, and clarity. Then, the
judgment scores are produced via an evaluation
template as:

Scoreq = L(Cq|Eval Template). (16)

The final decision D for task Q is chosen through
a voting or max-score mechanism:

D = argmax
q∈Q

Scoreq. (17)

In this way, these steps allow exploration and val-
idation without access to gradients, and guide the
model to more diverse and reliable reasoning paths.

4 Experiments

We conduct a series of experiments to evaluate the
reasoning performance of TSE. We first compare
it with state-of-the-art baseline methods on several
widely used benchmarks to test its overall accuracy.
Then we investigate how TSE enhances the qual-
ity of reasoning paths beyond the final answers to
the questions, which includes validating the path
accuracy (the effectiveness of the reasoning explo-
ration) and the path diversity (whether the explo-
ration leads the model search to broad paths for the
final answer). Finally, we discuss the cost-accuracy
trade-off of these methods. For more discuss and
comparison of black box model and non-gradient
exploration, please refer to 5.

4.1 Experimental Setup
Settings. We evaluate the pass@1 rate on the lat-
est Qwen3-4B/8B (Yang et al., 2025) models with
sampling temperature fixed at 0.7. Unless other-
wise specified, we generate five parallel thought
chains with a maximum depth of 5 for each ques-
tion and use this structure as the basis for TSE. All
experiments are conducted on 4 H200 GPUs.

Evaluation Datasets. For evaluation, we select
four widely used math and science benchmarks
with different level: GSM8K (Cobbe et al., 2021),
a large collection of grade-school math word
problems testing multi-step arithmetic reasoning.
AIME24 and AIME25 (Math-AI, 2024, 2025),
each containing 30 competition-style math prob-
lems covering arithmetic, algebra, and geometry
from the American Invitational Mathematics Exam-
ination; and GPQA-Diamond (Rein et al., 2024), a
curated subset of GPQA, which contain 198 PhD-
level science questions authored by domain experts
in physics, chemistry, and biology.

Baselines. We compare TSE method with
(1) Direct output without thinking mode, (2)
Think (Yang et al., 2025): output with Qwen3’s
long CoT thinking mode, (3) ToT) (Gomez, 2023):
a reasoning method with tree-structure for thoughts,
(4) RATT (Zhang et al., 2024b; Semnani et al.,
2023): a tree-structure reasoning method with RAG
with WikiPedia as external knowledge base, and
(5) Self-Route (He et al., 2025): an automated rea-
soning path mode switch method. For ToT and
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RATT, we set the number of nodes with one gen-
eration (N = 3). For Self-Route, the router uses
MATH-500 (Lightman et al., 2023) and GPQA
non-diamond subset for training.

4.2 Experiment Results
Overall Performance. Our main results for ac-
curacy on four benchmarks are shown in Table 1.
We find that our TSE method consistently demon-
strates superior effectiveness compared to other
reasoning approaches. For math tasks in GSM8K
and AIME25, TSE achieves the highest accuracy
for both Qwen3-4B and Qwen3-8B. In AIME24,
TSE remains the highest in the 4B model setting
and on par with Self-Route by underperforming
only one question in 8B model setting. For the
QA task, TSE remains the second-best competitive
performance, since the best approach RATT uses
retrieval and can access external scientific knowl-
edge to answer complex questions. On average,
TSE reaches 59.2% and 51.6% accuracy improve-
ment compared to the non-thinking outputs in terms
of Qwen3-4B and Qwen3-8B, respectively. These
results indicate that TSE is effective in solving
tasks of various difficulties and explores the correct
reasoning directions sophisticatedly.

Path Accuracy. We then investigate how TSE
improves the accuracy of reasoning paths. Be-
yond providing correct final outputs, the ideal
reasoning process should also provide logically
clear and accurate intermediate steps for users
to verify the trustworthiness. Thus, we output
the reasoning chains generated by the Qwen3-8B
model on GSM8K and evaluate their correctness
by GPT-4o (Hurst et al., 2024). The principle is
that the GSM8K contains relatively simple math
word problems with deterministic answers and re-
quires pure arithmetic reasoning, and GPT-4o can
effectively validate each step’s correctness.

As shown in Figure 5, we observe that in some
cases the final answer is correct while the reason-
ing path contains errors. This phenomenon fur-
ther highlights the importance of monitoring and
correcting the process rather than just the results.
The results indicate that TSE not only achieves the
highest final answer accuracy but also has the best
path accuracy, which demonstrates its superiority in
generating reasoning paths that are logically more
consistent and verifiable.

Diversity Measurement. We further validate
how TSE’s exploration contributes to the diversity

Direct Think ToT RATT Self TSE75

80

85

90

95

Ac
cu

ra
cy

 (%
)

8.1

2.3

5.3

3.4 5.6

2.1
Final Answer
Path

Figure 5: Path accuracy compared with final answer
accuracy on GSM8K with Qwen3-8B.

of reasoning. In our experiments, we use Jaccard
Similarity (Niwattanakul et al., 2013) to measure
the diversity of reasoning trajectories produced by
different methods. We segment each reasoning
chain into a set of steps by delimiters or step in-
dices. For a given question, we randomly select
three reasoning chains that are both correct in an-
swer and path as reference chains, and compute
the Jaccard Similarity with all other chains. The
Jaccard similarity is defined as

J(Ci, Cl) =
|Ci ∩ Cl|
|Ci ∪ Cl|

,

where the intersection ∩ represents the shared steps
and the union ∪ represents the total distinct steps.
A higher Jaccard Similarity indicates a larger over-
lap between generated chains and thus results in
lower diversity among generations. For multiple
reasoning chains, we compute the Jaccard Simi-
larity for all chain pairs and take the average. We
adopt the complement 1− J̄ as the overall diversity
metric for reasoning paths.

As shown in Figure 6, for both Qwen3-4B and
Qwen3-8B models on the GPQA-D dataset, TSE
has the highest diversity, surpassing ToT and RATT
that contain complex tree structures and naturally
have wider exploration fields. Meanwhile, the Self-
Route method, although it has competitive output
accuracy, its reasoning paths are less diverse and
have low path accuracy. Such observations indicate
that TSE explores genuinely new reasoning direc-
tions rather than simply expanding existing ones.
More importantly, TSE translates this exploration
into higher-quality reasoning trajectories, thus en-
hancing both diversity and correctness that other
methods might fail to realize.

Token Usage. As TSE requires additional explo-
ration during content generation, we further ana-
lyze its computational cost. As shown in Figure 7,
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Model Method GSM8K AIME24 AIME25 GPQA-D Avg.
Acc ↑% Acc ↑% Acc ↑% Acc ↑% Acc ↑%

Qwen3-4B

Direct 86.2 – 20.0 – 20.0 – 36.4 – 40.7 –
Think 92.0 6.7 60.0 200.0 48.9 144.5 45.0 23.6 61.5 51.1
ToT 92.7 7.5 63.3 216.5 40.0 100.0 46.0 26.4 60.5 48.8
RATT 92.7 7.5 56.7 183.5 46.7 133.5 54.5 33.2 61.2 50.4
Self-Route 93.1 8.0 56.7 183.5 46.7 133.5 43.0 18.1 59.9 47.2
TSE (Ours) 94.0 9.0 66.7 233.5 50.0 150.0 48.5 33.2 64.8 59.2

Qwen3-8B

Direct 88.5 – 16.7 – 23.3 – 44.4 – 43.2 –
Think 93.4 8.1 46.7 179.6 46.7 100.4 56.6 27.5 61.4 42.1
ToT 90.3 2.0 40.0 139.5 33.3 42.9 48.0 8.1 52.9 22.5
RATT 92.7 4.7 50.0 199.4 36.7 57.5 59.1 20.5 58.2 34.7
Self-Route 96.0 8.5 63.3 278.4 43.3 85.8 55.1 24.1 64.4 49.1
TSE (Ours) 95.7 5.5 60.0 239.5 53.3 128.8 58.6 32.0 65.5 51.6

Table 1: Accuracy (%) and relative improvement over the Direct baseline across four benchmarks. Best accuracy is
shaded, second-best is underlined.
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Figure 6: Reasoning diversity across different methods
on GPQA-D with Qwen3-4B/8B models.

the direct output baseline without generating rea-
soning tokens has the lowest cost but substantially
lower accuracy than all other methods. The Think
method, with more than twice the tokens, achieves
higher accuracy but still lower than the RATT and
Self-Route methods. For ToT, as the number of
generated nodes grows exponentially, it has an ex-
tremely high token consumption than others, which
is not comparable, so we omit it from the figure.
The RATT has the highest token usage as it con-
tains a retrieval process, which may not help in
arithmetic for math tasks, but can significantly im-
prove QA task performance. Self-Route achieves
better accuracy with fewer tokens compared to
Think. For TSE, it has competitive accuracy and
exhibits the best token-accuracy trade-off, which
demonstrates TSE’s better effectiveness-efficiency
trade-off and its practical value for deployment un-
der limited resources.
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Figure 7: Token usage against accuracy on AIME24
with Qwen3-8B.

5 Conclusion

In this study, we introduce TSE, a novel approach
to enhance the reasoning structures of LLMs. TSE
generates new thought branches based on existing
thought paths to explore previously overlooked so-
lutions. The generated new reasoning nodes and
chains are incorporated into thought structures to
explore diverse reasoning directions in terms of
a reasoning task. Our experiments across multi-
ple reasoning datasets demonstrate the effective-
ness of the TSE. The detailed analysis reveals the
utilization of each component in TSE during the
integration of diverse thought processes.
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Limitations

While TSE demonstrates consistent improvements
in reasoning accuracy, path quality, and diversity,
several limitations remain. First, the expansion
process introduces additional generation cost: al-
though TSE achieves a favorable token–accuracy
trade-off compared to baselines, it still requires
more tokens than direct decoding. Second, the
semantic-based variant depends on prompting qual-
ity and the model’s intrinsic evaluation ability,
which may yield unstable results across differ-
ent black-box APIs. Third, our experiments are
conducted on widely used benchmarks (GSM8K,
AIME24/25, GPQA-Diamond); further validation
on more diverse domains (e.g., legal or medical
reasoning) is needed to assess generality. Finally,
TSE focuses on static reasoning structures, whereas
real-world tasks often require adaptive depth con-
trol or interactive feedback, which remain open
directions.

These limitations suggest promising avenues for
future work, including developing lighter expan-
sion strategies, designing more robust semantic
evaluation protocols, and extending TSE to dy-
namic or domain-specific reasoning scenarios.
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Appendix

A Experiments Comparing Black-box
and White-box Models

A.1 Experimental Settings
Implementation Details and Baselines. We con-
duct experiments on three reasoning tasks that re-
quire mathematical, hierarchical, and comprehen-
sive reasoning abilities to evaluate the effectiveness
of our TSE method. We conduct these experiments
utilizing the GPT-4o-mini (OpenAI, 2024) and
Llama-3.1-8B-Instruct (Hugging Face, 2024).
Unless otherwise specified, we generate five paral-
lel thought chains with a depth of 5 for each ques-
tion and use this structure as the basis for new node
generation. The temperature for all models is set
to the default value of 0.7, with a maximum token
limit of 50. All tasks are performed on an NVIDIA
4090 GPU. We apply our method to the simplest
multi-chain thought structure and compare the re-
sults with several baseline methods, including CoT,
Vanilla CoT-SC, ToT, and RATT. This comparison
aims to illustrate how our method enhances the
thought structure compared to existing approaches.
Task Description. We evaluate TSE and the
baseline methods on three task-specific reasoning
datasets: (1) Game of 24 (Yao et al., 2023), a math-
ematical challenge to use the four basic arithmetic
operations to make four given numbers equal 24.
The task requires the language models to combine
multiple operations to achieve a target outcome,
which can evaluate arithmetic reasoning and logical
problem-solving capabilities. (2) Mini Crosswords
(Yao et al., 2023), a game of 5×5 mini crosswords
and each input includes the 5 horizontal and 5 ver-
tical clues. To solve this task, the model requires
deeper exploration and strategic integration of lin-
guistic clues, allowing us to understand how effec-
tively the evaluated model can expand traditional
solution paths and uncover new insights within a
complex search space; (3) Creative Writing (Yao
et al., 2023), a task to construct a coherent pas-
sage with four paragraphs, each ending with one of
four given sentences.This task compels LLMs to
generate imaginative text with logically sound and
contextually rich. Detailed information is provided
in Appendix.

A.2 Task Performance
The task performance is reported in Table 2 and
Figure 8. We can see our TSE consistently outper-

forms compared baseline methods across different
tasks on most of the metrics. The effectiveness of
TSE is attributed to expanding thought structures
and exploring solution space to contribute to differ-
ent aspects of reasoning. Then, we analyze each
task separately as follows.
Game of 24. As shown in Table 2, the TSE-refined
CoT-SC method significantly outperforms other
thought structures, including vanilla CoT-SC, with
an improvement of 58.56%, ToT by 40.50%, and
RATT by 79.04%. Additionally, our enhancement
of the basic CoT-SC structure achieves accuracy on
GPT-4o-mini that matches the performance of the
more complex ToT (b = 5) implemented on GPT-
4 (Yao et al., 2024). These results highlight the
substantial improvements in reasoning capabilities
brought about by our method.
Mini Crossword. In this task, we evaluate per-
formance based on two metrics: the proportion of
correct letters (out of 25 per game) and the pro-
portion of successfully solved games. As shown
in Figure 8b, the CoT-SC with TSE achieves an
impressive accuracy rate of 82.4%, significantly
outperforming vanilla CoT-SC (by 30.2%), surpass-
ing ToT by 6.9%. However, for the Game metric,
RATT performs slightly better than our method, as
it can leverage external knowledge through RAG.
Specifically, vanilla CoT-SC suffers from limited
exploration of thought paths, which reduces its
ability to consistently generate accurate answers.
These results show that TSE enhances the model’s
depth and diversity in exploring potential solutions
and generates more accurate and coherent outputs.
Creative Writing. As shown in Table 2, the evalu-
ation criteria included Soundness, Innovation, Con-
tent Coherence of Reasoning, and Clarity of Ex-
pression, applying consistently across all evalua-
tions. We rate each metric on a scale from 0 to 10
in 0.5-point increments, and calculate the overall
performance score as the average of these four di-
mensions. A detailed figure can be found in the
Appendix.

A.3 Ablation Study
Key Node Selection. To validate the importance
of key node selection, we compare (1) the original
CoT-SC, (2) the random selection of one node per
chain for generation, and (3) our key node selec-
tion method. As shown in Table 4, our method
significantly improves on Game of 24 compared
to original and random approaches. In Creative
Writing, particularly for innovation, our method
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Task Game of 24-GPT Creative Writing-GPT
Success Rate (%) Soundness Innovation Coherence Expression Overall

CoT 13.30 5.26 5.24 5.03 4.95 5.12
CoT-SC 46.70 5.41 5.17 5.17 5.16 5.23

ToT 52.70 5.90 5.36 5.40 5.43 5.52
RATT 41.30 6.02 6.22 5.69 5.67 5.90
TSE 74.00 6.19 6.55 5.74 5.64 6.03

Task Game of 24-Llama Creative Writing-Llama
Success Rate (%) Soundness Innovation Coherence Expression Overall

CoT 1.33 4.63 3.98 4.25 4.20 4.27
CoT-SC 5.33 4.84 4.35 4.51 4.46 4.54

ToT 8.00 4.86 4.95 4.78 4.65 4.81
RATT 8.67 5.10 4.97 4.89 4.97 4.98
TSE 18.75 5.03 5.11 5.05 5.15 5.09

Table 2: Overall performance on reasoning tasks based on GPT-4o-mini and Llama. Bold and underline indicate the
best and the second-best results.

also demonstrates notable enhancements, proving
its effectiveness in selecting nodes for generation.
The superior performance of our key node selec-
tion method is primarily due to its ability to identify
nodes containing crucial information for problem-
solving. The model only utilizes the most influen-
tial information and thus avoids redundancy, thus
enhancing the model’s efficiency and creativity.

Connection Node Selection. We then test the ne-
cessity of connection node selection by comparing
(1) randomly selecting key nodes to connect, (2)
selecting the key nodes based on lower inference
layers, and (3) our method. As shown in Table 4,
our method is significantly superior to random se-
lection and layer-based selection on overall reason-
ing performance, particularly in coherence. This
is because random selection lacks specificity and
cannot guarantee that the chosen nodes will effec-
tively support the content of new nodes. Although
layer-based selection considers the structural hier-
archy of information, it does not necessarily reflect
the actual importance or applicability of the infor-
mation. Our method analyzes relationships and
reasoning paths between nodes, thus maintaining
and strengthening the information flow’s coherence
and depth.

Collaborative Reasoning. In this experiment,
we test the importance of the collaboration method
in TSE. We compare four collaboration methods:
(1) aggregating answers through majority voting,
(2) randomly sampling partial thought chains, (3)

using only the outcomes from newly generated
chains, and (4) implementing the TSE collaborative
method. As shown in Table 4, TSE consistently out-
performs other methods in both tasks. Meanwhile,
using only new chains also achieves a high success
rate in Game of 24, demonstrating their potential
to offer innovative solutions. However, since these
new chains lack integration with original chain in-
formation, their performance is still weaker than
that of TSE’s comprehensive collaboration meth-
ods. In Creative Writing, using only new chains
proved better than majority voting. This suggests
that while new chains can offer innovative content,
they may lack coherence and depth without suffi-
cient integration with the original chains.

A.4 Strategy Analysis
Impact of Key Node Selection Methods. In this
experiment, we compare the impact of two key
node selection methods—gradient-based and self-
prompting—on Llama’s CoT-SC reasoning per-
formance. As shown in Figure 9, both methods
achieve comparable results in the Game of 24,
while self-prompting performs better in Creative
Writing. This indicates both approaches effectively
select critical nodes, but self-prompting addition-
ally helps the model revisit overlooked thought con-
nections and blind spots. Consequently, the model
generates more reliable information and produces
more creative content. Thus, for tasks demand-
ing higher creativity, self-prompting can encourage
the model to move beyond conventional thought
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Method GPT Llama
Success Rate (%) Overall Coherence Success Rate (%) Overall Coherence

Key Node Selection

Original 13.3 5.12 5.03 5.33 4.68 4.85
Random 51.5 5.20 4.97 3.95 4.54 4.51

TSE 74.0 6.03 5.74 18 75 5.09 5.05

Connection Node Selection

Random 62.8 5.91 5.66 9.52 4.82 4.85
Layer-based 67.3 5.95 5.69 6.12 4.84 4.88

TSE 74.0 6.03 5.74 18.75 5.09 5.05

Collaborative Reasoning

Majority-Vote 46.7 5.81 5.87 10.0 4.85 4.85
Random Sampling 27.3 5.90 5.89 12.5 4.92 4.90
New Chains Only 64.0 5.95 5.87 18.06 5.11 5.06

TSE 74.0 6.03 5.90 18.75 5.09 5.05

Table 3: Impact of node selection methods.

patterns and foster innovative solutions.
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Figure 8: Performance of GPT-4o-mini on Mini Cross-
Word.
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Figure 9: Performance of key node selection methods.

Comparison of Connection Node Selection
Methods. We then compare gradient compari-
son and semantic relevance for selecting connec-
tion nodes when generating new reasoning paths
on Llama. As shown in Table 4, semantic rel-
evance selection achieves better performance on
both Game of 24 and coherence in Creative Writ-
ing. The difference possibly arises from two main
reasons: (1) Nodes with larger relative gradients
do not necessarily have a stronger influence on the
content when generating new nodes. (2) Compared
to gradient-based selection, the semantic relevance
method more effectively captures the actual content

and meaning relationships between nodes, leading
to more suitable connection points for new nodes.
This demonstrates that considering semantic rele-
vance when selecting connection points provides
more effective support for reasoning performance.

Comparison of Collaborative Reasoning Meth-
ods. In this experiment, we compare the perfor-
mance of CWS and LM-as-a-Judge. As shown in
Table 4, in task Game of 24, which requires dense
logic and has well-defined objectives, the LM-as-
a-Judge method accurately and quickly identifies
the correct answers by directly evaluating each
thought chain and selecting the optimal solution.
This method relies on the model’s ability to assess
individual outputs, allowing for rapid selection of
the best solution—especially useful in tasks that
require precise calculations and quick responses.
In task Creative Writing, which requires innova-
tion and diversity, CWS evaluates and weights the
contributions of each thought chain. The final out-
put represents a blend of multiple perspectives and
enhances the richness and depth of the narrative
significantly. We further analyze the efficacy and
provide a case study to illustrate the effectiveness
of TSE generation and collaboration below.

B Experimental Settings

B.1 Baselines
We apply our method to the simplest multi-chain
thought structure and compare the results with sev-
eral baseline methods, including CoT, Vanilla CoT-
SC, ToT, and RATT. This comparison aims to illus-
trate how our method enhances the thought struc-
ture compared to existing approaches. For a con-
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Game of 24 Creative Writing
Method Success Rate (%) Overall Coherence

Connection Node Selection Methods
Gradient 13.61 4.88 4.86

Relevance 16.32 4.91 4.94
Collaborative Reasoning Methods

CWS 12.93 4.97 5.01
LM-as-a-Judge 18.05 5.09 5.05

Table 4: Comparison of connection node selection and
collaborative reasoning strategy.

sistent evaluation, we standardize the depth to five
across all methods. Specifically, we set the num-
ber of chains to k = 5 and generate b = 5 candi-
dates at each step for CoT-SC and ToT, respectively.
For RATT, the model generates and integrates five
candidate results at each decision point and uses
Wikipedia1 as the external resource.

B.2 Task Description
We evaluate TSE and the baseline methods on three
reasoning datasets with specific tasks: (1) Game
of 24, a mathematical challenge whose objective is
to use the four basic arithmetic operations to make
four given numbers equal 24. The task requires the
language models to combine multiple operations
to achieve a target outcome, which can evaluate
arithmetic reasoning and logical problem-solving
capabilities. (2) Mini Crosswords, a game of 5×5
mini crosswords and each input includes the 5 hor-
izontal and 5 vertical clues. The expected output is
a completed 55 crossword board containing 25 let-
ters. To solve this task, the model requires deeper
exploration and strategic integration of linguistic
clues, allowing us to understand how effectively
the evaluated model can expand traditional solu-
tion paths and uncover new insights within a com-
plex search space; (3) Creative Writing, a task to
construct a coherent passage with four paragraphs,
each ending with one of four given sentences.This
task compels LLMs to generate imaginative text
withlogically sound, and contextually rich. To en-
sure a rigorous and comprehensive assessment, we
conduct half of the evaluations using GPT-4 (Ope-
nAI, 2023), while the other half are performed by
a panel of expert human annotators. In this task,
we select 100 open-ended questions from several
prompts listed on Reedsy. com2 as our input.

1https://en.wikipedia.org
2https://blog.reedsy.com/

creative-writing-prompts/#:~:text=When%20the%
20idea%20to%20start%20a%20weekly%20newsletter

B.3 Thought Chain Efficacy
In this experiment, we conduct a detailed compari-
son between the success rates of original thought
chains and new chains generated by our method
in the Game of 24 task. Experimental results in-
dicate that for each problem, the success rate of
having at least one correct answer in the original
CoT-SC is approximately 50.7%, while the new
chains generated by our method achieve a success
rate of 64.0%. Moreover, despite improving accu-
racy, the overlap of problems successfully solved
by both the old and new chains is only 35.3%. This
low level of overlap suggests that our method effec-
tively explores new areas that the original thought
structures do not address and brings a significant
increase in the overall success rate.

B.4 Creative Writing
In Figure 10 we provide detailed results on task
Creative Writing. TSE method outperforms other
methods in three aspects and is only slightly weaker
than RATT with RAG.

3

4

5

6

7

CoT CoT−SC ToT RATT Ours

S
co

re

Soundness

3

4

5

6

7

CoT CoT−SC ToT RATT Ours

S
co

re

Innovation

3

4

5

6

7

CoT CoT−SC ToT RATT Ours

S
co

re

Content Coherence of Reasoning

3

4

5

6

7

CoT CoT−SC ToT RATT Ours

S
co

re

Clarity of Expression

Figure 10: Performance of different methods on GPT-
4o-mini for task Creative Writing.

C Detailed Information of Case Study

C.1 Case Analysis
As our approach significantly enhances the reason-
ing capabilities of thought structures while main-
taining minimal computational cost, it effectively
addresses gaps within existing structures. Fig-
ure 11 and Table 5 provides a specific example
of this enhancement by comparing the original
thought chains with the new chains generated by
our method. In the provided case study, we see
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the reasoning prompt “Explain why it is impor-
tant for children to learn mathematics”. The origi-
nal thought chains (Thought Chain 1 and Thought
Chain 2) are linear and somewhat limited in scope,
focusing and repeating on foundational aspects like

“Critical Thinking”, “Academic Success” and “Ca-
reer Opportunities”. However, the new chain gen-
erated by our method explores additional dimen-
sions, such as ‘‘Enhancement of Cognitive and
Memory Skills” and “Preparation for the Digital
Age”. These new perspectives enrich the argument
and provide a more comprehensive understanding
of the importance of mathematics.
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Foundation for
Critical Thinking: ...

Real-World
Applications: ...

Academic Success: A strong
foundation in mathematics is
essential for excelling across

subjects like science,
technology, engineering, and

social studies, enabling access
to advanced learning

opportunities.

Career
Opportunities: ...

Development of
Persistence and Resilience:

...

Foundational
Skills: ...

Cognitive
Development: ...

Academic
Success: ...

Career Opportunities:
Proficiency in mathematics is

crucial for careers in
engineering, finance, data
analysis, and technology,

preparing children for diverse
job prospects in a competitive

market.

Problem-Solving
Skills: ...

Career Opportunities: Proficiency in mathematics is crucial for careers in engineering,
finance, data analysis, and technology, preparing children for diverse job prospects in a

competitive market.
Academic Success: A strong logical foundation in mathematics is essential for excelling
across subjects like science, technology, and social studies, enabling access to advanced

learning opportunities.

Foundational Skills for Future Success: Mastering mathematics early equips
children with critical thinking skills and problem-solving skills essential for academic and
professional success in fields like science, technology, and engineering, preparing them

for a competitive global environment.

Enhancement of Cognitive and Memory Skills: Regular math practice boosts
cognitive skills like attention to detail, memory retention, and mental arithmetic, essential

for efficient learning and problem-solving in academic and everyday life.

Preparation for the Digital Age: Mathematics prepares children for the digital world
by teaching them to understand and manipulate numerical data, essential skills for coding

and navigating digital communications.

Thought Chain 1: Thought Chain 2:  New Chain:
1-1

1-2

1-3

1-4

1-5

2-1

2-2

2-4

2-4

1-3

n-4

n-5

n-3

2-3

2-5

Reasoning_prompt = "Explain why it is important for children to learn mathematics."

Figure 11: Case study of comparison of original and new chains.

Thought Chain 1 Thought Chain 2 New Chain
Foundation for Critical Thinking:
Mathematics fosters critical and log-
ical thinking, enhancing problem-
solving and analytical skills necessary
for daily life.

Foundational Skills: Mathematics
equips children with essential daily
skills like counting, measuring, and
problem-solving, crucial for tasks such
as budgeting, shopping, and time man-
agement.

Career Opportunities: Proficiency
in mathematics is crucial for careers
in engineering, finance, data analysis,
and technology, preparing children for
diverse job prospects in a competitive
market.

Real-World Applications: Mathemat-
ics is crucial for managing daily ac-
tivities like finances, cooking, and
scheduling, empowering children with
the confidence to handle them effec-
tively.

Cognitive Development: Math en-
hances logical reasoning, critical think-
ing, and problem-solving abilities, ben-
efiting other subjects and real-life situ-
ations.

Academic Success: A strong foun-
dation in mathematics is essential for
excelling across subjects like science,
technology, engineering, and social
studies, enabling access to advanced
learning opportunities.

Academic Success: A strong mathe-
matics foundation is essential for ex-
celling in subjects like science, tech-
nology, engineering, and social stud-
ies, paving the way for advanced edu-
cational opportunities.

Academic Success: Proficiency in
mathematics underpins success in
STEM fields, crucial for today’s job
market, and opens doors to advanced
educational opportunities.

Foundational Skills for Future Suc-
cess: Mastering mathematics early
equips children with critical thinking
and problem-solving skills essential
for academic and professional success
in fields like science, technology, and
engineering, preparing them for a com-
petitive global environment.

Career Opportunities: Proficiency in
mathematics is key for careers in engi-
neering, finance, technology, medicine,
and data science, equipping children
for diverse job prospects in a competi-
tive market.

Career Opportunities: Proficiency
in mathematics is crucial for careers
in engineering, finance, data analysis,
and technology, preparing children for
a broad range of opportunities in a
competitive job market.

Enhancement of Cognitive and
Memory Skills: Regular math prac-
tice boosts cognitive skills like atten-
tion to detail, memory retention, and
mental arithmetic, essential for effi-
cient learning and problem-solving in
academic and everyday life.

Development of Persistence and Re-
silience: Mathematics teaches chil-
dren systematic problem-solving, a
skill invaluable in academics and be-
yond.

Problem-Solving Skills: Mathematics
teaches children systematic problem-
solving, a skill invaluable in academics
and beyond.

Preparation for the Digital Age:
Mathematics prepares children for the
digital world by teaching them to
understand and manipulate numeri-
cal data, essential skills for coding
and navigating technological advance-
ments.

Table 5: Reasoning Prompt: Explain why it is important for children to learn mathematics.
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