Enhancing Auto-regressive Chain-of-Thought
through Loop-Aligned Reasoning

Qifan Yu!, Zhenyu He!, Sijie Li', Xun Zhou?, Jun Zhang?, Jingjing Xu?, Di He'

!State Key Laboratory of General Artificial Intelligence, Peking University, Beijing, China
?ByteDance Seed

Correspondence: di_he@pku.edu.cn

Abstract

Chain-of-Thought (CoT) prompting has
emerged as a powerful technique for enhancing
language model’s reasoning capabilities.
However, generating long and correct CoT
trajectories is challenging. Recent studies
have demonstrated that Looped Transformers,
a standard Transformer with cross-block
parameter-sharing  architecture,  possess
remarkable length generalization capabilities,
but their limited generality and adaptability
prevent them from serving as an alternative to
auto-regressive solutions. To better leverage
the strengths of Looped Transformers, we
propose RELAY (REasoning through Loop
Alignment iterativelY).  Specifically, we
align the steps of Chain-of-Thought (CoT)
reasoning with loop iterations and apply
intermediate supervision during the training
of Looped Transformers. This additional
iteration-wise supervision not only preserves
the Looped Transformer’s ability for length
generalization but also enables it to predict
CoT reasoning steps for unseen data. There-
fore, we leverage this Looped Transformer
to generate accurate reasoning chains for
complex problems that exceed the training
length, which will then be used to fine-tune an
auto-regressive model. We conduct extensive
experiments, and the results demonstrate the
effectiveness of our approach, with significant
improvements in the performance of the
auto-regressive model. Code will be released
at https://github.com/qifanyu/RELAY.

1 Introduction

Reasoning plays a central role in shaping effective
decision-making processes and guiding problem-
solving strategies in artificial intelligence systems.
For large language models (LLMs), the most ef-
fective way to achieve reasoning is through Chain-
of-Thought (Wei et al., 2022; Khot et al., 2022),
which generates all intermediate steps token by

token until the final answer is reached. How-
ever, generating the correct reasoning process using
LLMs is challenging. On one hand, the Chain-
of-Thought process can be very long, sometimes
growing polynomially with respect to the prompt
length (Feng et al., 2024; Merrill and Sabharwal,
2024). When the reasoning length exceeds the
training data length, it encounters the length gener-
alization problem, where accuracy can drop signif-
icantly (Xiao and Liu, 2023; Jin et al., 2024). On
the other hand, web data is often noisy, and learn-
ing from incorrect trajectories can lead to incorrect
answers. While synthetic data could mitigate this
issue (Lightman et al., 2024), it requires signifi-
cant human effort and knowledge to generate and
curate.

Recently, an alternative framework has gained
attention, known as the looped Transformer (Gi-
annou et al., 2023). In general, the looped Trans-
former is a standard Transformer model with cross-
block parameter sharing, like AIBERT (Lan et al.,
2020). In this framework, the input prompt (i.e., the
problem) is processed through repeated iterations
of the same block, with the number of iterations
adaptively determined by the problem complexity.
See Figure 1 for an illustration. Several prelimi-
nary results (Fan et al., 2024) show that the looped
Transformer model has better length generaliza-
tion capabilities, partially because the increase in
problem complexity (e.g., problem length) is not
as significant as in the Chain-of-Thought steps.

However, the success of this approach comes
with some practical limitations. While determining
appropriate loop iterations is feasible for reason-
ing tasks, it becomes problematic in general tasks,
such as translation and summarization. Further-
more, although the looped Transformer can handle
specific reasoning tasks, it remains unclear whether
it possesses the capability to manage multiple rea-
soning tasks within a single model. Given these
concerns, a natural question arises: if the looped
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Figure 1: Visualization of Chain-of-Thought (CoT)
and looping process. As the complexity of problem
increases, in the auto-regressive CoT model, the number
of reasoning tokens escalates. In contrast, in the looped
model, the number of iterations of the loop block in-
creases.

Transformer is a general reasoner, can we explore
ways to integrate its capabilities into the Chain-
of-Thought framework of standard auto-regressive
models? This integration would allow us to lever-
age the looped Transformer’s strong performance
on complex reasoning problems while preserving
the versatility that allows auto-regressive models
to excel in diverse language tasks.

In this paper, we introduce RELAY (REasoning
through Loop Alignment iterativelY), a novel
framework that leverages looped Transformer’s su-
perior capabilities to help auto-regressive models
handle longer reasoning chains. At its core, our
approach centers on two key innovations. First, we
demonstrate empirically that a single looped Trans-
former model can serve as a general reasoner across
multiple tasks while maintaining strong length
generalization abilities. Second, we propose an
iteration-wise alignment between the looped Trans-
former and Chain-of-Thought reasoning steps, en-
abling the looped model to generate accurate rea-
soning chains for problems beyond training length.
These generated reasoning chains can then serve
as training data for auto-regressive models, es-
tablishing a bridge between the two architectural
paradigms.

We conduct extensive experiments demonstrat-
ing that our approach significantly improves the
reasoning abilities of auto-regressive Transformers
through high-quality generated reasoning chains.

2 Related Work

2.1 Auto-regressive LLM with
Chain-of-Thought

Chain-of-Thought (CoT) has emerged as a pow-
erful technique for enhancing language models’

reasoning capabilities both empirically (Wei et al.,
2022; Khot et al., 2022) and theoretically (Feng
et al., 2024; Merrill and Sabharwal, 2024), es-
pecially in latest models such as OpenAl O1!,
DeepSeek r1 (DeepSeek-Al et al., 2025) and Qwen
QwQ?Z. By generating intermediate reasoning steps
token by token, these models effectively decom-
pose complex problems into sequential subpro-
cesses. However, two critical challenges persist.
First, obtaining high-quality CoT training data re-
mains time-consuming and labor-intensive (Light-
man et al., 2024), especially for problems requiring
sophisticated reasoning chains. Second, the gen-
eration and understanding of extended reasoning
sequences can be problematic (Xiao and Liu, 2023;
Jin et al., 2024; Mao et al., 2024).

2.2 Looped Transformer

Research on looped Transformers has evolved sig-
nificantly over recent years. The initial studies
by Dehghani et al. (2019) and Lan et al. (2020)
demonstrated the effectiveness of parameter shar-
ing across layers in supervised learning and BERT
pretraining. This line of research has since ex-
panded in both theoretical and practical directions.
On the theoretical front, Giannou et al. (2023) and
Xu and Sato (2024) established fundamental prop-
erties of looped Transformers, proving their Tur-
ing completeness and characterizing their approxi-
mation capabilities. Gatmiry et al. (2024) further
advanced this understanding by showing how to
incorporate inductive biases for learning iterative
algorithms, particularly in the context of multi-step
gradient descent for in-context learning. Empir-
ically, looped Transformers have shown promis-
ing results across various applications. Yang et al.
(2024) demonstrated their parameter efficiency in
data-fitting tasks, while de Luca and Fountoulakis
(2024) and Chen et al. (2024) revealed their poten-
tial in graph algorithm simulation and in-context
learning enhancement. Notably, Fan et al. (2024)
established their superior length generalization ca-
pabilities in RASP-L tasks, and Saunshi et al.
(2025) further highlighted the power of looped
Transformers in complex reasoning tasks by in-
troducing latent thoughts as intermediate represen-
tations. In the domain of algorithm learning, Gao
et al. (2024) and Yang et al. (2023) explored the ef-
fectiveness of leveraging looped Transformers for
algorithm representation and learning. While these

"https://openai.com/o1
Zhttps://qwenlm.github.io/blog/qwq-32b-preview
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works have extensively explored various aspects
of looped Transformers, our work takes a distinct
direction. We specifically focus on leveraging the
better length generalization of looped Transformers
for helping standard auto-regressive Transformers.

2.3 Approaches for Length Generalization

The capability of Transformers to generalize to
longer sequence is influenced by their positional
encodings (Press et al., 2022). Recent research has
pursued two primary directions to enhance length
generalization capabilities of LLMs. The first fo-
cuses on developing advanced relative positional
encoding schemes (Raffel et al., 2020; Press et al.,
2022; Chi et al., 2022; Sun et al., 2023; Chi et al.,
2023; Li et al., 2024), while the second explores
modifications to positional representations through
index granularity adjustments (Chen et al., 2023;
Peng et al., 2024) and strategic index shifting (Ru-
oss et al., 2023; Zhu et al., 2024). These works are
orthogonal to the central contributions of this pa-
per. A parallel line of work focuses on improving
the reasoning capabilities of LLMs through better
training data. These methods typically leverage
accessible labels or rewards to generate and filter
reasoning steps, selecting those that yield correct
solutions or high rewards (Zelikman et al., 2022;
Yuan et al., 2024; Singh et al., 2024; Hosseini et al.,
2024). However, a critical limitation emerges from
LLMs’ tendency to generate incorrect or super-
fluous intermediate reasoning steps while still ar-
riving at correct solutions through chance (Paul
et al., 2024). This phenomenon significantly con-
strains the effectiveness of LLM fine-tuning for
complex reasoning tasks (Xia et al., 2024; Zhou
et al., 2023).

3 Methodology

3.1 Notation

Any reasoning task can be decomposed into three
components: the problem tokens, the reasoning
tokens (i.e., chain-of-thought steps), and the an-
swer tokens. Let the problem token sequence be
represented as « = [x1, T2, . . ., x,]. The Chain-of-
Thought (CoT) process generates a sequence of in-
termediate reasoning tokens z = [21, 22, . . ., Zm),
where n and m denote the number of problem to-
kens and reasoning tokens respectively. In this
work, we focus on a simple setting where the prob-
lem’s answer is represented by a single token, de-
noted as y.

CoT Auto-regressive Generation. For auto-
regressive generation, the mapping from the prob-
lem sequence x to the answer y is performed
through generating the intermediate tokens z to-
ken by token. Formally, this can be expressed as:

zi ~ P(zi|z<i, x;6), fori=1,2,....,m, (1)
where z; = [z1,22,...,2i_1] represents prece-
dent reasoning tokens. and the final answer is ob-
tained at the final step:

Yy~ P(y|z7w; 9) )

Looped Model. Different from the auto-
regressive model that generates explicit tokens to
obtain the answer, the looped model implicitly
maps the input sequence x to the final answer y
by executing the same function (e.g., a multi-layer
Transformer block) for 7" times in the representa-
tion space. The number of iterations 71" depends
on the problem comlexity. The forward process
consists of three steps: First, the token sequence x
is mapped to embeddings through an embedding
function h:

€p) = h($, eemb)a 3)

where eg € R and d is the hidden dimen-
sion. Second, the embeddings are iteratively re-
fined through transformation f:

€ = f(et—1§9model)a fort = 1727 cee 7Ta (4)

where f is usually a Transformer model and the
number of iterations 7' is adaptively determined
based on the problem length. Finally, the answer
is predicted through a final-answer prediction head
based on the representations in the last layer:

Yy~ P(y|eT; epred)- (5)

This design enables the model to perform implicit
reasoning through iterative refinement in the rep-
resentation space, where each iteration can auto-
matically capture different aspects of the reasoning
process.

As a comparison, the CoT auto-regressive gen-
eration derives the final output y by first generat-
ing a sequence of intermediate reasoning tokens
z = [z1, 22, ..., zy] in an auto-regressive manner,
where the length m can grow polynomially with in-
put length n (i.e., m ~ poly(n)). This variable and
potentially large m poses challenges for positional
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Figure 2: Length generalization performance of looped Transformer versus auto-regressive CoT model on Arithmetic
(train: < 15, test: [15, 25]), Edit Distance (train: < 30, test: [30, 40]), and Longest Increasing Subsequence (train:
< 100, test: [100,120]). While both perform well within the training range, the auto-regressive CoT model
drops rapidly as problem length increases, whereas the looped model sustains substantially higher accuracy on
out-of-distribution long inputs, indicating stronger extrapolation.

encoding to correctly reflect attention relationships,
leading to low accuracy for long sequence reason-
ing. In contrast, the looped model takes a funda-
mentally different approach. It directly processes
the input sequence  and produces output y. The
network only needs to handle x without z, miti-
gating the long-length problem in the reasoning
chain.

3.2 Length Generalization on Single
Reasoning Tasks

Before introducing our RELAY framework, we
first empirically demonstrate the superior length
generalization capability of looped Transformers
compared to standard auto-regressive models. This
analysis serves as the foundation and motivation
for our proposed framework.

Experimental Setup. To validate the capabili-
ties of different methods, we use three representa-
tive reasoning tasks adapted from Feng et al. (2024)
and define problem complexity specific to each
task, with full details in Appendix A.

For the auto-regressive CoT model, we em-
ploy a standard decoder-only Transformer language
model. For the looped model, we use an encoder-
only Transformer with bi-directional attention. To
address varying problem complexities, we imple-
ment dynamic iteration control in the looped model,
setting the number of loop iterations equal to the
problem complexity. The architectural configura-
tion remains consistent across all models, compris-
ing 3 layers, 256-dimensional hidden states, and 4
attention heads. For positional encoding, we adopt
RoPE (Su et al., 2024) across all model variants to
enhance sequence encoding for both training and
test cases. Performance is evaluated based on the
accuracy of the final answer for both models.

Results. Figure 2 illustrates the comparative
performance of both models. Within the train-
ing distribution (e.g. Arithmetic: < 15 opera-
tors), both the looped Transformer and the auto-
regressive CoT Transformer achieve perfect accu-
racy. However, the models exhibit markedly dif-
ferent behaviors when tested on problems exceed-
ing the training length: While the auto-regressive
CoT Transformer’s performance deteriorates signif-
icantly, the looped Transformer maintains superior
performance across all length regimes. This demon-
strates the length generalization capabilities of the
looped Transformer.

3.3 Loop-Enhanced Chain-of-Thought
Reasoning

While looped Transformers exhibit superior per-
formance in final answer prediction, they lack in-
terpretability in their intermediate computational
processes. Moreover, their design philosophy may
struggle with general language tasks, as determin-
ing the number of loop iterations becomes chal-
lenging beyond reasoning problems. This work
seeks to harness the accurate reasoning predictions
of the looped model to guide the training of auto-
regressive Chain-of-Thought (CoT) models to bet-
ter handle long-sequence reasoning.

A straightforward way to leverage a well-trained
looped model to enhance the auto-regressive CoT
model is to use it as a verifier. When a problem
is presented, both models generate a final answer,
and if the answers match, the CoT output is trusted.
However, this approach often fails in practice, as
CoT models can produce incorrect reasoning trajec-
tories even when reaching the correct final answer
(see Section 4.3), making it unreliable to rely solely
on the final answer’s accuracy as the guiding signal.
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Stage I: Training Looped Model with Explicit CoT Alignment

Stage II: Enhancing Auto-regressive CoT Models

embedding
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Figure 3: Overview of the RELAY framework. Stage I (left): Training looped model with explicit CoT alignment,
where each iteration of the looped model learns to predict corresponding Chain-of-Thought (CoT) steps. Stage IT
(right): Using the trained looped model to generate CoT chains for enhancing auto-regressive CoT models. The
looped model generates high-quality CoT chains for complex problems (beyond training length), which are then
used to fine-tune the auto-regressive model to improve its reasoning capabilities.

Our key insight is that an alignment can be estab-
lished between the iterative structure of the looped
Transformer and the stepwise nature of CoT reason-
ing. As shown in Figure 3, unlike the step-by-step
token generation in CoT, looped models update
their representations simultaneously in each itera-
tion, and the number of such iterations naturally
corresponds to the number of reasoning rounds.
This structural similarity opens up the possibility
of training the looped model to generate the cor-
responding CoT tokens for each round in parallel,
while maintaining its ability to predict the final
answer. With this insight, we propose RELAY
(REasoning through Loop Alignment iterativelY),
a two-stage framework that bridges looped and
auto-regressive models.

Stage I: Training Looped Model with Explicit
CoT Alignment. In the first stage, we train the
looped model to generate intermediate reasoning
processes aligned with CoT steps. To formalize this
alignment, assume a reasoning chain with 7" rounds.
Given reasoning tokens z = [z1, 22, ..., Z], de-
note k; as the start token position of ¢-th reasoning
round, where each round contains valid reason-
ing tokens (., —1] = [Zke» Zhgrs - - Phypgr—1)-
Taking arithmetic reasoning as an example, con-
sider a sequence of tokens representing the com-
plete reasoning chain, “3 Xx24+6+3 =6+6+3 =
6 + 2 = 8”. This sequence can be naturally divided
into T" = 3 rounds using the equal signs as delim-
iters: Given the input problem “3 x 246 + 3 =
the first round corresponds to “6 4+ 6 ~ 3 =", the
second round corresponds to “6 4+ 2 =", and the
third (last) round presents the final answer “8”.

Although the number of rounds aligns with the
iteration count of the looped model, a key challenge
arises from the mismatch in token lengths across
different reasoning steps. For instance, earlier steps
involving complex expressions (e.g., “64+6+3 ="
typically require more tokens than later steps (e.g.,
“6 + 2 ="). This variable length nature poses a
challenge for the looped model, which requires
fixed-length representations of size n across itera-
tions.

To address this length mismatch while preserv-
ing the parallel processing capability of the looped
model, we employ a right-aligned padding strategy.
For the ¢-th iteration, we construct a fixed-length se-
quence z; of length n by right-aligning the ground
truth reasoning tokens 2, ., ,, 1) and filling the
remaining left positions with <pad> tokens. The
fixed-length is determined based on the maximum
length among all reasoning rounds and the original
input problem (note that the length of a reasoning
round usually does not exceed the length of the in-
put problem; otherwise, each round can be further
divided into shorter rounds). To track both valid
reasoning tokens and the boundary of padding, we
introduce a binary mask:

Myfi] = {[1)7

where M, indicates the positions of valid reasoning
tokens and the position of the last <pad> token p;.

Using this alignment strategy, we train the
looped model to predict the corresponding CoT
tokens at each iteration, enabling it to generate
CoT-aligned intermediate outputs. In detail, at each

if i = Al <pad>
if i = p; or Z[i] # <pad>, ©)

otherwise,
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iteration ¢, we train the model to predict both the
valid reasoning tokens and the last <pad> token
through an intermediate prediction head:

P<2t ‘ €t; gpred—cot) ) @)

For the intermediate reasoning steps, we ignore all
preceding <pad> tokens except the last one, as they
have no impact on the reasoning process. The loss
of this part can be formulated as :

T
1 -
Liter = T ; CrossEntropy (P (Z; | e; Opred-cot)

Z) © M.
®)
where the element-wise multiplication ® ensures
that the loss is computed only on valid reasoning
tokens and the last <pad> token.
For the final answer, we have the answer predic-
tion loss to ensure correct final predictions:

Lans = CrossEntropy (P(yler; Opred), y), (9)

where y is the ground truth answer. The total train-
ing loss is then:

L= ﬁans + /\Eiten (10)

where A is a hyperparameter balancing the two
objectives.

In our experiments, we find that setting A = 1 is
already suitable and does not require further tun-
ing. This choice assigns comparable importance to
iteration-wise supervision and the final-answer ob-
jective, which is also consistent with standard CoT
training where each token in the reasoning trace
(including the final answer token) is optimized with
equal cross-entropy weight.

This design enables the looped model to accu-
rately predict the answer and provide interpretable
intermediate reasoning steps that can be effectively
utilized to guide the auto-regressive model in Stage
1L

Stage I1: Enhancing Auto-regressive CoT Mod-
els. In the second stage, we leverage the trained
looped model to enhance auto-regressive CoT mod-
els through a systematic process:

First, we use the trained looped model in Stage I
to generate reasoning demonstrations for problems
of increasing complexity. For each problem x, we
obtain:

(z,y) ~ p(-|z;6L), (11

where 6, denotes the trained looped model from
Stage I, z = [z1, 22, . . ., 2] represents the gener-
ated reasoning tokens across iterations, and y is the
predicted answer.

We then utilize these demonstrations to fine-tune
an auto-regressive model. For problem lengths
beyond the original training range, we generate a
comprehensive dataset of reasoning demonstrations
using the looped model. This newly generated data
is then merged with the original training dataset,
which contains problems within the initial training
length. The combined dataset, spanning both the
original and extended problem lengths, is then used
to fine-tune the auto-regressive model in a single
step. This approach allows the model to retain its
original reasoning capabilities while acquiring the
ability to effectively tackle more complex, longer
problems, utilizing the structured insights provided
by the demonstrations.

Comparison with Synthetic Data Generation
Approaches. To effectively guide the LLMs to
handle complex problems, prior works (Hendrycks
et al., 2021; Lightman et al., 2024) have explored
the synthetic data generation approach, where hu-
man labelers construct data generation pipelines
based on their understanding of both the task and
its solution process. This approach requires label-
ers to possess comprehensive knowledge in three
aspects: (1) problem construction, (2) problem-
solving strategies, and (3) pipeline development
skills. While effective, this creates a high barrier
for deployment across diverse domains, as finding
experts who excel in all three areas can be challeng-
ing.

In contrast, RELAY reduces these requirements.
Our approach follows a more automated pipeline:
training data — looped model with strong gener-
alization capability — longer problem construc-
tion — automated reasoning generation — auto-
regressive CoT model training. The human in-
volvement is primarily limited to longer problem
construction, eliminating the need for expertise in
solution strategies and pipeline development. This
reduction in human expertise requirements makes
our method more practical and scalable across dif-
ferent domains. Additionally, by leveraging the
looped models’ inherent generalization capabilities
rather than manually designed rules, our approach
can potentially capture more nuanced reasoning
patterns that might be overlooked in hand-crafted
pipelines.
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4 Experiments

This section presents a comprehensive empirical
evaluation of our RELAY framework through a
series of experiments designed to address four key
research questions:

* Q1: How effectively does the looped model
with explicit CoT alignment serve as a general-
purpose reasoner across diverse tasks? (Sec-
tion 4.1)

* Q2: What advantages does the looped model
with explicit CoT alignment demonstrate
in length generalization compared to auto-
regressive CoT models? (Section 4.1)

* Q3: How can the length generalization ca-
pabilities of the looped model with explicit
CoT alignment be leveraged to enhance auto-
regressive CoT models? (Section 4.2)

¢ Q4: How reliable are the intermediate reason-
ing steps generated by the looped model with
explicit CoT alignment? (Section 4.3)

We address each question through carefully de-
signed experiments, as detailed below.

4.1 Multitask Training

Following the single-task evaluation in Section 3.2,
we extend our analysis to a multitask learning
setting to examine the general reasoning capa-
bilities of three models: the looped model with
explicit CoT alignment, the auto-regressive CoT
model, and the vanilla looped model. We jointly
train them on three representative reasoning tasks—
Arithmetic, Edit Distance (ED), and Longest In-
creasing Subsequence (LIS)—each requiring multi-
step reasoning to reach the correct answer. This
setup enables a thorough comparison of the mod-
els’ ability to generalize effectively across diverse
tasks.

For task details, including examples and CoT
reasoning steps, please refer to Appendix A.

Experimental Setup. Training datasets follow
the same length constraints as in Section 3.2: opera-
tor counts < 15 for Arithmetic, input lengths < 30
for ED, and sequence lengths < 100 for LIS. Test
datasets extend these ranges to [15,25], [30,40],
and [100, 120], respectively, to assess length gener-
alization.

Each model is trained jointly on all three tasks
using a task-specific token ([ARI], [ED], [LIS])

prepended to the input to indicate task type. Eval-
uation is based on final-answer accuracy under a
unified metric.

Results. Figure 4 compares the three models
across the three tasks. All models achieve nearly
100 % accuracy within the training distribution,
confirming that the looped model with explicit CoT
alignment functions as a general reasoning engine
capable of handling diverse multi-step tasks. (Q1)

For out-of-distribution cases with longer inputs,
both loop-based models markedly outperform the
auto-regressive CoT model, highlighting the advan-
tage of iterative architectures for length generaliza-
tion. Moreover, the looped model with explicit CoT
alignment not only retains the strong length gen-
eralization capability of the vanilla looped model
but further improves upon it, benefiting from the
structural correspondence between CoT steps and
loop iterations. This alignment strengthens rea-
soning consistency and interpretability, enabling
accurate and explainable reasoning over extended
sequences. Overall, the looped model with explicit
CoT alignment proves to be a strong and general-
izable reasoning framework, surpassing standard
auto-regressive CoT models across all tasks. (Q2)

4.2 Enhancing Auto-regressive Model with
RELAY-Generated CoT Data

In this section, we use the looped model with ex-
plicit CoT alignment trained in Section 4.1 to en-
hance the auto-regressive CoT model through data
augmentation. Leveraging its ability to generate
accurate reasoning chains for problems beyond the
training lengths, we employ these outputs as high-
quality data to fine-tune the auto-regressive model.

Experimental Setup. The looped model is em-
ployed to generate reasoning chains for extended-
length problems—(15, 25], [30, 40], and [100, 120]
for Arithmetic, ED, and LIS, respectively. These
data are combined with the original training set
containing in-range samples. Details of the merged
dataset composition are given in Appendix D.2.

We then fine-tune the auto-regressive CoT model
on this augmented dataset, starting from the well-
trained multitask checkpoint in Section 4.1. The
architecture remains unchanged, while weights are
updated with the new data to enable longer and
more coherent CoT reasoning.

Results. Figure 4 presents the accuracy curves
of the RELAY-enhanced auto-regressive CoT
model across problem lengths for all three tasks.
Compared to the baseline, the model fine-tuned
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Figure 4: Performance comparison of different models on long reasoning problems across three tasks: Arithmetic,
Edit Distance (ED), and Longest Increasing Subsequence (LIS). Accuracy is plotted versus problem length, evaluated
beyond the training range. Auto-regressive CoT (AR-CoT) model degrades sharply on longer inputs, while looped
models generalize substantially better; explicit CoT alignment yields the strongest extrapolation. Our framework
RELAY transfers this advantage to an auto-regressive model, whereas AR-CoT self-training (even with answer

filtering) yields only marginal gains.

with RELAY-generated data (from the looped
model with explicit CoT alignment) achieves sub-
stantial gains on problems beyond the training
range. In some cases, its performance even slightly
exceeds that of the looped model, while consis-
tently outperforming the baseline auto-regressive
model.

These results demonstrate that RELAY effec-
tively transfers the length generalization ability
of the looped model to the auto-regressive model
through high-quality CoT data generation, enhanc-
ing out-of-distribution reasoning without architec-
tural changes. (Q3)

4.3 Evaluating the Reliability of
RELAY-Generated Intermediate
Reasoning Steps

This section examines the reliability of CoT chains
generated by the looped model with explicit CoT
alignment versus those produced by the auto-
regressive CoT model. Specifically, we highlight
that the generated data from the auto-regressive
CoT model, even when the final result is correct,
often contains incorrect intermediate steps, limiting
the effectiveness of self-generated data for improv-
ing long-sequence performance. In contrast, the
looped model produces coherent reasoning chains
with both accurate intermediate steps and final out-
puts, enabling effective fine-tuning and substantial
performance gains for the auto-regressive model.

Experimental Setup. We compare data gener-
ated by the two models using two metrics: (1) hit
matrix and (2) bit accuracy, both designed to assess
reasoning reliability.

For the hit matrix, we select the LIS task due
to its structured reasoning format. Each reason-

RELAY-Generated CoT Self-Generated 10

1o 10 10 10 10 109 100 2 2w am Am ] - 10 10 19 100 100 2 A Am w0 ’
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Figure 5: Hit accuracy matrices (step x token) for LIS
with problem length 105 (T'=11 reasoning steps). RE-
LAY-generated traces from the looped model with ex-
plicit CoT alignment maintain near-perfect token ac-
curacy across all steps, whereas self-generated AR-
CoT traces quickly drift, with token accuracy dropping
markedly in later steps—indicating substantially higher
reasoning-trace quality from the looped generator.

ing trace forms a 7" X 11 matrix, where 7" denotes
the number of CoT steps (and loop iterations) and
11 represents the number of tokens per step (10
numbers plus one delimiter <sep>). This structure
allows a clear visualization of token-level agree-
ment between generated and ground-truth reason-
ing steps.

Bit accuracy is computed across all three tasks to
quantify token-level correctness within each reason-
ing step. We compare auto-regressive CoT models
fine-tuned with data from each generator type to
evaluate the impact of data quality on reasoning
consistency.

For the auto-regressive CoT model’s self-
generated data, we conduct two parallel fine-tuning
settings, using either a vanilla looped model or
ground-truth answers as verifiers. The proce-
dure is as follows: (1) generate CoT chains for
extended-length problems using the auto-regressive
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model; (2) filter the data with the verifier, retaining
only samples whose final answers are correct; and
(3) fine-tune the auto-regressive model on the fil-
tered data to enhance its reasoning performance on
longer problems.

For comparison, we also fine-tune the same
auto-regressive CoT model checkpoint using data
generated by the looped model with explicit CoT
alignment, under identical fine-tuning parameters
and matched sample ratios across different lengths.
Both approaches are evaluated across three tasks
to assess improvements in reasoning and length
generalization.

Results. We evaluate the hit accuracy matrix for
the LIS task with a problem length of 105, which
corresponds to 7" = [105/10| = 11 steps, result-
ing in an 11 x 11 matrix (We also provide results for
problem length of 101 in Appendix B). As shown
in Figure 5, data generated by the looped model
with explicit CoT alignment achieves consistently
high token accuracy across all positions, with most
values approaching 100 %, demonstrating its ability
to produce high-quality and reliable data. (Q4) In
contrast, the data generated by the auto-regressive
CoT model exhibits high token accuracy only in the
first few positions, while the accuracy steadily de-
creases in later steps. Although the delimiter tokens
<sep> at the end of each step achieve high accu-
racy, this simply implies that the auto-regressive
CoT model has only captured the basic format of
the reasoning process but fails to predict accurate
tokens, which indicates its limited capability to
maintain accurate prediction throughout the reason-
ing process for longer problems.

The bit accuracy results for the models fine-
tuned with different datasets across the three tasks
(Arithmetic, ED, LIS) and varying problem lengths
are provided in Appendix C.

We additionally provide the accuracy of the
final answer for the auto-regressive CoT model
fine-tuned with self-generated data in Figure 4,
noted as “AR-CoT + Self Chains & Loop/GT An-
swers”, corresponding to data filtered by the looped
model or ground-truth answers, respectively, which
only shows a slight improvement over the baseline
model.

5 Conclusion

This paper introduces RELAY (REasoning
through Loop Alignment iterativelY), a framework
enhancing Chain-of-Thought reasoning by combin-

ing looped and auto-regressive Transformers. Our
contributions show that (1) a looped Transformer
can serve as a general-purpose reasoner with strong
length generalization, (2) iteration-wise alignment
enables accurate reasoning chain generation be-
yond training length, and (3) RELAY improves
auto-regressive models through high-quality gener-
ated reasoning chains. Future work could explore
the theoretical foundations of looped Transform-
ers’ length generalization and extend RELAY to
broader language tasks.

Limitations

Our study focuses on the effectiveness of looped
Transformers in structured reasoning tasks, yet
their general applicability to broader domains re-
mains uncertain. Determining the optimal number
of iterations is also non-trivial, as over- or under-
looping may respectively cause redundancy or in-
complete reasoning. In addition, step-wise align-
ment poses challenges due to variable Chain-of-
Thought (CoT) lengths, which hinder consistent su-
pervision. Future work will explore how iteration
dynamics and CoT variability affect generalization
beyond reasoning tasks.
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A Task Descriptions

We evaluate on three tasks from Feng et al. (2024),
including Arithmetic, a mathematical task, and two
dynamic programming (DP) problems: Edit Dis-
tance (ED) and Longest Increasing Subsequence
(LIS). These tasks are chosen for their diverse
problem-solving patterns, varying levels of com-
plexity, and their suitability for being solved via a
Chain-of-Thought (CoT) reasoning process. Below,
we provide detailed descriptions of each task, in-
cluding input examples, expected answers, and the
corresponding Chain-of-Thought (CoT) reasoning
steps used to derive the final answers.

1. Arithmetic. This task involves computing the
answer of arithmetic expressions containing
numbers, basic operations (+, —, X, +, =),
and brackets. Problem complexity is defined
as the number of operators. For example:

e Input: (6+9)+ (7T+2x5—-4x3) =
e CoT Steps:

15+ (7T+2x5—-4x3)=
15+ (7410 —4x3) =
15+ (17 -4 x 3) =

15+ (17 —12) =
15+5=

e Answer: 3
* Problem Complexity: 6

2. Edit Distance (ED). This task requires com-
puting the minimum number of operations
(insert, delete, or replace) needed to transform
one sequence into another. The problem com-
plexity corresponds to the length of the shorter
string in each pair. The input consists of two
sequences separated by a delimiter |:

eInput:o t m1l | ot tml <sep>

e CoT Steps:
02467,
20246,
42324,
64542

* Answer: 2
* Problem Complexity: 4

Each row corresponds to the edit distance ma-
trix, and the final answer is the edit distance.

3. Longest Increasing Subsequence (LIS).
This task identifies the length of longest
strictly increasing subsequence in a numerical
sequence. We define the problem complexity
as [n/10], where n is the length of the input
sequence, as our dataset is structured with 10
numbers per reasoning step. The input is a
sequence of integers followed by a delimiter
<sep>:

e Input: 103 110 145 217 233 18 30
82 141 150 159 161 167 239 <sep>
* CoT Steps:

1234
6789

3 4 5 <sep>

512
99999 9 <sep>

* Answer: 9
* Problem Complexity: [14/10] = 2

Here, each CoT step represents an interme-
diate computation in the dynamic program-
ming process, folded into fixed-size groups
(10 numbers per step in our setting) to align
with the model structure. If the last group
has fewer than 10 numbers, the last number is
repeated until the group size reaches 10.

For each task, we construct a dataset consisting
of 1 million training samples and 100k test sam-
ples, respectively.

The training datasets are constructed with the
length of the problem token sequence = < 15, 30,
and 100 for Arithmetic, ED, and LIS, respectively.
To evaluate the model’s generalization capabilities,
test datasets are created with problem lengths in
the ranges [15, 25] for Arithmetic, [30, 40] for ED,
and [100, 120] for LIS.

B Hit Matrix for LIS Task with Length
101

We also analyze the hit accuracy matrix for the LIS
task with a problem length of 101, corresponding to
T = [101/10] = 11 reasoning steps, as shown in
Figure 6. The results exhibit a similar trend to those
observed for length 105, with a notable decline in
accuracy in the later reasoning steps for data gen-
erated by the auto-regressive CoT model, while
RELAY-generated data consistently maintains high
accuracy. Specifically, while the initial steps main-
tain relatively high token accuracy, the accuracy
deteriorates significantly in later steps, failing to
achieve accurate final answers. This highlights a
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Figure 6: Hit accuracy matrices for the LIS task with a problem length of 101 (T" = 11 steps). RELAY-generated
traces from the looped model stay accurate across steps, whereas self-generated AR-CoT traces accumulate errors
over later steps, demonstrating better long-horizon trace quality under RELAY.

key limitation of using CoT self-generated data for
supervision: even when the problem length is only
slightly beyond the training length, the CoT model
struggles to generate accurate reasoning steps to-
wards the end, making it infeasible to fine-tune
the model using only the final answer as supervi-
sion, as the lack of intermediate reasoning accuracy
prevents meaningful improvements in model’s per-
formance of handling longer problems.

C Bit Accuracy

The bit accuracy results for the models fine-tuned
with different datasets across the three tasks (Arith-
metic, ED, LIS) and varying problem lengths are
shown in Figure 7. Each subfigure corresponds to
one task and includes curves showing the bit accu-
racy of five models over varying problem lengths:
(1) RELAY-enhanced CoT: the auto-regressive
CoT model fine-tuned with data generated by RE-
LAY, (2) Looped with Explicit CoT Alignment,
(3) AR-CoT + Self Chains & Loop Answers:
the auto-regressive CoT model fine-tuned with its
self-generated data using looped model answers
as labels, (4) AR-CoT + Self Chains & GT An-
swers: the auto-regressive CoT model fine-tuned
with its self-generated data using ground-truth an-
swers as labels, and (5) AR-CoT Baseline: the
baseline auto-regressive CoT model as a reference,
also as the initial auto-regressive CoT model before
fine-tuned.

As illustrated in Figure 7, both the looped model
with CoT alignment and the auto-regressive CoT
model fine-tuned with data generated by it consis-
tently achieve high bit accuracy across all tasks

and problem lengths. Notably, they maintain over
90 % bit accuracy even at lengths extending beyond
the training data (up to +10 for Arithmetic and ED
tasks, and +20 for the LIS task in our setting). This
highlights not only the robustness and reliability
of the looped model with CoT alignment in length
extrapolation scenarios but also the effectiveness
of its generated data in significantly enhancing the
performance of the auto-regressive CoT model.

In contrast, the auto-regressive CoT model fine-
tuned with its own self-generated data shows lim-
ited improvement over the baseline model. This is
consistent across all tasks and highlights a critical
limitation: the self-generated data often contain
incorrect intermediate steps, even when the final
results are correct. These inaccuracies hinder the
model’s ability to generalize and perform well on
longer problem lengths, reinforcing the importance
of reliable intermediate reasoning steps for effec-
tive fine-tuning.

D Details for training and fine-tuning

D.1 Implementation Details

In our experiments, we trained three different mod-
els: (1) the looped model with CoT alignment,
(2) the auto-regressive CoT model, and (3) the
vanilla looped model. All models were trained
from scratch on the same dataset, which consists of
1 million samples for each of the three tasks. All
experiments were conducted on 8 x NVIDIA RTX
4090 GPUs.

The task-specific training weights and training
hyper-parameters are provided in Table 1.
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Figure 7: Bit accuracy over varying problem lengths for three tasks: Arithmetic, ED, and LIS. Consistent with
the longer setting, REL AY-generated traces remain nearly perfect across problem lengths, while self-generated
AR-CoT traces degrade noticeably in longer problems, indicating higher trace fidelity from the looped generator.

Table 1: Training Hyper-parameters of Different Models

Training Hyper-parameters Looped Model with CoT Alignment CoT Model Vanilla Looped Model
Epoch 500 500 500
Batch Size 512 512 512
Learning Rate Se-4 Se-4 le-3
Learning Rate Schedule linear linear linear
Warmup Ratio 0.01 0.01 0.01
Optimizer AdamW AdamW AdamW
Weight Decay 0.01 0.01 0.01
Drop out 0.1 0.1 0.1
Weight of ARI 1 1 1
Weight of ED 1 10 10
Weight of LIS 1 5 5

Table 2: Fine-tuning Hyper-parameters

Fine-tuning Hyper-parameters RELAY-Generated Data  Self-Generated Data
Epoch 500 100 (per phase)

Batch Size 512 512

Learning Rate le-4 Se-5
Learning Rate Schedule linear linear

Warmup Ratio 0.01 0.01

Optimizer AdamW AdamW
Weight Decay 0.01 0.01

Drop out 0.1 0.1

Weight of ARI 1 1
Weight of ED 10 1
Weight of LIS 5 1
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For fine-tuning, we used data generated by RE-
LAY and CoT model self-generated data to fine-
tune the auto-regressive CoT model. The fine-
tuning process followed a similar setup, as detailed
in Table 2.

D.2 Sample Length Distribution of Datasets

The original training dataset for training the three
models consists of 1 million samples for each task,
following a distribution where the number of sam-
ples is proportional to problem length.

The merged dataset used for fine-tuning consists
of 100k samples for each of the three tasks, incor-
porating both the original training data and newly
generated samples from extended problem lengths.

For the looped model with explicit CoT align-
ment, we introduce additional data covering prob-
lem lengths of [16, 25] for Arithmetic, [31, 40] for
ED, and [101, 120] for LIS. These newly generated
samples are merged with the original dataset while
maintaining a balanced proportion across differ-
ent length ranges to ensure effective training. The
specific numbers of samples for different problem
lengths in the final merged dataset are provided in
Table 3.

For the self-generated dataset, we adopt an in-
cremental approach, since the accuracy of origi-
nal CoT model diminishes rapidly as the problem
length increases. Specifically, we maintain a total
dataset size of 100k samples for each task. The
initial dataset consists of problems with lengths
< 15,30, and 100 for Arithmetic, ED, and LIS,
respectively. The CoT model is progressively
fine-tuned over five phases, each including self-
generation on slightly longer problems and fol-
lowed by 100 epochs of fine-tuning. After each
phase, a subset of the current dataset is randomly
combined with the newly generated reasoning steps
to form an updated synthetic dataset. The maxi-
mum number of samples selected for each problem
length is detailed in Table 4.
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Table 3: Number of Samples for Different Problem Lengths in Merged Dataset Number of training samples per
problem length after merging the original in-range data with additional RELAY-generated long-length samples
(from the looped model with explicit CoT alignment). This merged dataset is used to fine-tune the auto-regressive
CoT model for length generalization.

Task Arithmetic ~ ED LIS
Length <15 <30 <100
Number of Samples 42515 60844 73235
Length 16 31 101
Number of Samples 6477 4195 1479
Length 17 32 102
Number of Samples 6882 4195 1464
Length 18 33 103
Number of Samples 7287 4055 1449
Length 19 34 104
Number of Samples 6477 4055 1434
Length 20 35 105
Number of Samples 6072 3916 1420
Length 21 36 106
Number of Samples 5668 3916 1405
Length 22 37 107
Number of Samples 5263 3776 1390
Length 23 38 108
Number of Samples 4858 3776 1375
Length 24 39 109
Number of Samples 4453 3636 1360
Length 25 40 110
Number of Samples 4048 3636 1346
Length 111
Number of Samples 1331
Length 112
Number of Samples 1316
Length 113
Number of Samples 1301
Length 114
Number of Samples 1286
Length 115
Number of Samples 1272
Length 116
Number of Samples 1257
Length 117
Number of Samples 1242
Length 118
Number of Samples 1227
Length 119
Number of Samples 1213
Length 120
Number of Samples 1198
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Table 4: Number of Samples Generated for Different Lengths For each of the five phases, we list the newly extended
length and the maximum number of self-generated samples added for each task. These per-length caps define the
incremental synthetic dataset used for AR-CoT self-training while keeping the total dataset size fixed.

Properties ARI ED LIS
Phase I DataLCe}r;?lLt;ated 1510600 1530100 1;8(1)0
Phase IT DataL(e}I;ig;ated 1010700 1030200 1(1)830
Phase III DataL(e}lz:ig;ated 7;30 7?(3)0 7150(?0
Phase IV DataLCe}r;?lLt;ated 6(1)(9)0 3(3)30 3100040
Phase V Length 2 " oo

Data Generated 5000 3000 3000

2222



