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Abstract

Transformers have become the foundational ar-
chitecture for a broad spectrum of sequence
modeling applications, underpinning state-of-
the-art systems in natural language processing,
vision, and beyond. However, their theoretical
limitations in discrete reasoning tasks, such as
arithmetic, logical inference, and algorithmic
composition, remain a critical open problem.
In this survey, we synthesize recent studies
from three theoretical perspectives: circuit com-
plexity, approximation theory, and communi-
cation complexity, to clarify the structural and
computational barriers that transformers face
when performing symbolic computations. By
connecting these established theoretical frame-
works, we provide an accessible and unified
account of why current transformer architec-
tures struggle to implement exact discrete algo-
rithms, even as they excel at pattern matching
and interpolation. We review key definitions,
seminal results, and illustrative examples, high-
lighting challenges such as depth constraints,
difficulty approximating discontinuities, and
bottlenecks in inter-token communication. Fi-
nally, we discuss implications for model design
and suggest promising directions for overcom-
ing these foundational limitations.

1 Introduction

Transformer architectures (Vaswani et al., 2017)
have driven remarkable progress across lan-
guage understanding (Raffel et al., 2020), genera-
tion (Achiam et al., 2023; Guo et al., 2025), and
perception tasks (Dosovitskiy et al., 2020; Kirillov
et al., 2023), setting new performance benchmarks
and enabling a wide range of applications (Tun-
stall et al., 2022; Singh, 2023). These large models
have been coined as “foundation models” because
of their consequential impact for society (Bom-
masani et al., 2022). Despite these advances, a
persistent gap remains in their ability to perform re-
liable discrete reasoning, such as precisely solving

arithmetic expressions (Lee et al., 2023), evaluat-
ing logical formulas (Dziri et al., 2023), or gen-
eralizing systematic rules to longer or unfamiliar
examples (Wu et al., 2024; Gao et al., 2024b; Yang
et al., 2024; Hong and Park, 2025; Allamanis and
Yin, 2025; Singh et al., 2025).

This survey examines the fundamental factors
that constrain transformer-based models in discrete
reasoning domains. Rather than focusing on empir-
ical evaluation or incremental improvements, we
systematically review and synthesize results from
three major theoretical disciplines:

1. Circuit Complexity frames model capacity
in terms of computational depth and paral-
lelism, emphasizing why certain algorithmic
processes fundamentally require sequential
computation

2. Approximation Theory exposes the inherent
difficulties in representing discontinuous, rule-
based functions as transformers are trained for
continuous mappings

3. Communication Complexity formalizes the
limits of information exchange within self-
attention and elucidates how architectural
choices restrict multi-hop reasoning and coor-
dination across tokens.

Through this synthesis, we provide readers with
a cohesive understanding of why transformers suc-
ceed in interpolation tasks (e.g. summarization) but
fall short in reliably executing symbolic algorithms.
Through outlining key definitions, representative
tasks, and landmark theoretical results, we contex-
tualize both the current abilities and intrinsic limita-
tions of transformer architectures. We also identify
promising avenues for future research, including
hybrid models that combine neural and symbolic
components or extend transformer architectures be-
yond their current design points.

This survey is structured as follows: we first
provide necessary background on transformers and
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discrete reasoning tasks, then dedicate individual
sections to each of the three theoretical frame-
works. Figure 1 shows an outline of the issues
and subtopics for each framework. We conclude by
drawing connections between these perspectives,
surveying related work, and outlining open prob-
lems and opportunities for the next generation of
reasoning-capable machine learning systems.

2 Background

This section provides essential context on the ar-
chitectural design of transformers and clarifies why
discrete reasoning tasks pose unique challenges for
modern neural models. We begin by outlining the
key components and mechanisms of transformer ar-
chitectures, followed by an overview of the types of
discrete reasoning problems that motivate our anal-
ysis. Finally, we introduce three foundational theo-
retical frameworks, circuit complexity, approxima-
tion theory, and communication complexity, that
will anchor the discussion in subsequent sections.

2.1 Transformer Architectures

Transformers (Vaswani et al., 2017) have revolu-
tionized sequence modeling by replacing recur-
rent layers with a purely attention-based design.
The fundamental architecture comprises multiple
stacked layers, each containing a multi-head self-
attention mechanism and a position-wise feedfor-
ward sublayer, typically augmented with residual
connections and layer normalization. This paral-
lelized design better captures long-range dependen-
cies compared to previous NLP architectures (De-
vlin et al., 2019). Later on, researchers have looked
towards scaling model size (Hoffmann et al., 2022).
This involved increasing both the depth (the num-
ber of stacked layers) and the width (hidden size
and attention heads), leading directly to the devel-
opment of modern LLMs (Achiam et al., 2023).
However, this scaling strategy quickly exposed two
critical limitations (Duman et al., 2023). First,
self-attention scales quadratically with the input
sequence length. Second, at inference time, the
fixed number of stacked layers dictates a fixed se-
quential depth, which imposes theoretical bounds
on the number of computational steps the model
can perform in a single forward pass.

To overcome these limitations, LLMs have
adopted various architectural and algorithmic in-
novations. To efficiently scale parameter count
while managing inference cost, the Mixture-of-

Experts layer (Zhou et al., 2022) allows the cre-
ation of models with trillions of parameters while
only activating a small fraction for any given in-
put. Memory-efficient techniques like Sparse At-
tention (Tay et al., 2020) and Flash Attention (Dao
et al., 2022) are developed to address the quadratic
complexity of long inputs. Furthermore, modifica-
tions to positional encoding, such as RoPE, where
positional information is encoded by rotating the
query and key vectors, enhance the models’ abil-
ity to maintain and model dependencies effectively
over increasingly longer sequences (Su et al., 2024).
While these innovations improve efficiency, they
do not inherently increase the fixed computation
depth (Section 3), guarantee symbolic precision
(Section 4), nor fully address memory bandwidth
(Section 5).

2.2 Discrete Reasoning Tasks

Discrete reasoning involves operations that require
precise, rule-based manipulation of symbolic en-
tities, often with exact correctness required for
each computational step. Examples include arith-
metic problems, Boolean logic evaluation, and pars-
ing. Unlike tasks involving perceptual or semantic
similarity, discrete reasoning is characterized by
sharp decision boundaries, combinatorial complex-
ity, and non-smooth target mappings. Transform-
ers often rely on similarity-based heuristics learned
from data, rather than internalizing algorithmic pro-
cedures or conditional logic (Mirzadeh et al., 2024).
This distinction lies at the heart of their observed
failure modes on problems that require composi-
tionality, systematic generalization, or step-wise
execution of rules (Dziri et al., 2023).

Recent studies continue to report notable short-
comings of foundation models on discrete rea-
soning tasks. The MathArena Apex leader-
board (Balunovic et al., 2025) contains challenging
combinatorics problems like:

The Zigzagging Chessboard. Let P be
a polygon formed by the edges of an infi-
nite chessboard, which does not intersect
itself. Let a1, ao, and ag denote the num-
ber of unit squares that have exactly 1,
2, or 3 edges on the boundary of P, re-
spectively. Find the largest real number
k such that the inequality a; + as > kas
holds for each polygon constructed with
these conditions.

This problem requires discrete reasoning because
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Figure 1: Taxonomy of barriers to discrete reasoning in transformers, organized by theoretical lens: circuit
complexity, approximation theory, and communication complexity.

it involves deducing relationships based on the
exact combinatorial arrangement and counting of
unit squares with specific properties on an infinite
chessboard. On the MathArena Apex leaderboard,
Gemini 3 Pro currently has the highest accuracy of
23.44%. On other related benchmarks like Fron-
tierMath Tier-4 (Glazer et al., 2024), GPT 5.2 Pro
has the highest accuracy of 29.2%. The low per-
formance from these frontier models reflects the
intrinsic difficulty posed by combinatorial struc-
tures and discrete reasoning in the benchmarks.

2.3 Theoretical Frameworks

Circuit Complexity Circuit complexity is a
branch of computational complexity theory con-
cerned with the resources required to compute func-
tions using Boolean circuits. A Boolean circuit can
be formally described as a directed acyclic graph
in which each internal node represents a logic gate
(such as AND, OR, NOT), and the leaves corre-
spond to input variables x1,xo,...,%,. The pri-
mary measures of a circuit are its size (the total
number of gates, denoted S(f) for a function f)
and its depth (the length of the longest path from
an input node to the output, denoted D(f)). Cir-
cuit classes such as AC?, TCY, and NC! catego-
rize families of functions based on allowable depth,

gate types, and fan-in.

The class AC consists of all Boolean circuits
with constant depth, unbounded fan-in for AND
and NOT gates, and polynomial size. Building
on this, the class TC? extends AC® by including
majority gates, which are capable of processing
unbounded inputs and outputting 1 if and only if
the majority of those inputs are 1. Another im-
portant class, NC1, is similar to AC? but restricts
circuits to logarithmic depth (specifically O(logn))
and bounded fan-in. The known relationships are
AC’® ¢ TC® C NC! in DLOGTIME-uniform, L-
uniform, and non-uniform settings. Key questions
in circuit complexity include establishing lower and
upper bounds for the resources needed to compute
specific Boolean functions (Vollmer, 1999).

Approximation Theory Approximation theory
studies how well classes of functions (such as poly-
nomials or neural networks) can approximate target
functions, usually with respect to some norm or dis-
tance metric. Given a target function f : X — Y
and a family of approximating functions F, the
goal is to find an f* € F that minimizes the ap-
proximation error || f — f*|| according to a specified
norm, such as the L™ (uniform) or L? norm. Clas-
sical results, such as the Universal Approximation
Theorem (Hornik et al., 1989), assert that for cer-
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tain families of functions (e.g., sufficiently wide
neural networks with non-polynomial activation
functions), it is possible to approximate all con-
tinuous functions on compact domains arbitrarily
well. However, approximation theory also char-
acterizes the inherent difficulty of approximating
discontinuous functions, where the error depends
on factors like the smoothness and complexity of
the target, and the expressive power or depth of the
approximating family (DeVore, 1998).

Communication Complexity Communication
complexity analyzes the amount of communication
required between two or more parties to collab-
oratively compute a function whose input is dis-
tributed among them. Instead of focusing on com-
putational resources, this framework quantifies the
minimal number of bits that must be exchanged
for the correct computation of a function f(z,y),
where z is known to Alice and y to Bob, and both
aim to compute f(z,y) with the least amount of
communication. The deterministic communication
complexity D(f) of a function f is defined as the
minimum number of bits exchanged between the
parties in the worst case, using an optimal proto-
col. Extensions consider randomized protocols,
multiple rounds of communication, or multiparty
variants. Canonical problems studied in commu-
nication complexity include the Equality function,
Disjointness, and Greater-Than, each exhibiting
different lower and upper bounds for bit and round
complexity (Kushilevitz, 1997).

3 Circuit Complexity: Why Depth
Becomes a Bottleneck

Recent theoretical work has sought to understand
Transformer’s expressivity using tools from circuit
complexity and formal languages. This line of
work provides a principled account of which dis-
crete reasoning tasks transformers can or cannot
perform, and clarifies how different transformer
variants change the network’s representation power.
In this section, we focus on how finite precision,
constant depth, and constant output constraints
each create distinct barriers to discrete reasoning,
but we also highlight how relaxing these assump-
tions can expand transformer capability. We build
on unifying frameworks such as Strobl et al. (2024).

3.1 Finite Numerical Precision

In practice, transformer models operate under
finite-precision arithmetic, mapping to threshold

circuits with limited numerical granularity (Mer-
rill and Sabharwal, 2023b,c; Merrill et al., 2022).
These models are fundamentally limited in their
ability to represent functions requiring precise bit-
wise logic, such as parity or majority. For exam-
ple, encoder-only transformers with hard attention
correspond to AC? circuits and are unable to recog-
nize parity, majority, or DYCK-k languages (Hao
et al., 2022). While softening attention mecha-
nisms (e.g. average-hard or softmax) extends ex-
pressivity slightly beyond AC® (Merrill et al., 2022;
Bhattamishra et al., 2020; Yao et al., 2021; Chiang
and Cholak, 2022), and the implementation of em-
bedding schemes such as RoPE do not surpass the
upper bound of DLOGTIME-uniform TC® (Merrill
and Sabharwal, 2023c; Chen et al., 2025). How-
ever, if infinite precision were possible, one could
in theory go well beyond these bounds, though this
is unrealistic in current architectures.

3.2 Constant Depth

Transformers are commonly deployed with a con-
stant number of layers, reflecting a fixed compu-
tational depth that sharply limits their ability to
perform deeply compositional or sequential tasks.
Classic and recent results show that finite-depth,
finite-precision transformers without intermediate
decoding have small-circuit upper bounds, con-
fining their expressivity to uniform TC® or be-
low (Merrill and Sabharwal, 2023c,b; Peng et al.,
2024; Merrill et al., 2022; Zubic et al., 2025). They
cannot, for instance, compute multi-digit addition,
recognize nested formal languages, or resolve long-
range dependencies. However, if one allows the
number of layers to scale with the input, or aug-
ments the model with additional programmatic
mechanisms (such as auxiliary memory or scratch-
pads), then in principle these barriers can be over-
come (Pérez et al., 2021; Qiu et al., 2025).

3.3 Constant OQutput Length (No Sequential
Augmentation)

A further constraint arises when transformers are
limited to producing outputs of constant length,
precluding stepwise, intermediate reasoning. With-
out chain-of-thought (CoT) or scratchpad mecha-
nisms, all computation must occur in a single for-
ward pass, restricting models to shallow circuits
and causing systematic underperformance on multi-
step or compositional tasks (Feng et al., 2023). Re-
cent theory shows this is an inherent barrier, but
if transformers are permitted to emit longer out-
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puts, effectively augmenting depth with CoT to-
kens, their expressivity hierarchy expands dramat-
ically. Merrill and Sabharwal (2023a) show that
logarithmic-length CoT yields modest gains, linear
chain-of-thought suffices for all regular languages,
and with polynomial CoT or certain architectural
variants, transformers Li et al. (2024) demonstrate
that with T" CoT steps, a constant-depth, constant-
precision transformer can simulate any Boolean cir-
cuit of size T'. Qiu et al. (2025) further prove that,
by providing suitable program-prompts, a fixed-
size decoder-only transformer can attain Turing-
complete expressive capacity by emitting O(¢(n))
chain-of-thought, making output length a true com-
putational resource.

Circuit complexity theory clarifies that
transformers are provably unable to repre-
sent many essential symbolic functions un-
der realistic settings, such as finite precision,
constant architectural depth, and no access
to chain-of-thought. Nonetheless, relaxing
any of these constraints, by increasing pre-
cision, depth, or enabling intermediate out-
puts, yields substantial gains in represen-
tational power. This suggests concrete di-
rections for future architecture and prompt
design to enhance discrete reasoning.

4 Approximation Theory: Why Exactness
is Hard

The Universal Approximation Theorem (UAT)
states that sufficiently large neural networks can
approximate any continuous function on a com-
pact domain (Hornik et al., 1989). However, this
property does not extend to discontinuous func-
tions, which are the very functions that dominate
discrete reasoning tasks. Symbolic tasks frequently
have outputs that change abruptly at precise in-
put thresholds. Approximating such sharp bound-
aries with smooth neural networks introduces tran-
sition regions, resulting either in systematic er-
rors (if smoothed) or excessive sensitivity (if made
steep) (Arora et al., 2022; Chen et al., 2023). Dis-
crete reasoning tasks naturally extend over un-
bounded spaces, i.e., f : N — N for n-digit addi-
tion, violating the UAT’s compactness assumption.
Thus, transformers trained as smooth interpolators
cannot guarantee uniform error control as sequence

or input length grows (Hahn and Rofin, 2024).

Note that the limitations mentioned in this sec-
tion are not unique to transformer architectures.
In fact, the constraints described here are repre-
sentative of broader classes of inductively-trained
neural networks, whose ability to learn target func-
tions is fundamentally limited by principles estab-
lished in classical learning theory. For instance,
learnability theory formally characterizes which
function classes can be efficiently learned and high-
lights the inherent difficulty of precisely modeling
discontinuous or highly complex rules from finite
data (Valiant, 1984).

4.1 Difficulty Approximating
Piecewise-Constant Functions

Symbolic functions are often piecewise-constant.
Take n-digit addition as an example. The function
mapping (a,b) — s (where s is the sum sequence)
is constant on most of the input space but jumps
sharply at digit-wise carry thresholds. Formally, let
¢; = lifa; + b; + ¢;—1 > 10 (carry at position 7),
where a = (ay,...,a,) and b = (by,...,b,). The
set of discontinuity surfaces is

D = {(a,b) | a; + b; + ¢;—1 = 10 for some i},

which grows linearly with n. For vectors near D,
small perturbations in a single digit flip the carry
and, recursively, all subsequent digits.

Empirical analyses show that transformer dis-
play sharp accuracy drops on discontinuities. For
example, Hu et al. (2024) observe regression in
carry-over operations on multi-digit addition and
multiplication, and conclude that transformers rely
on case-based reasoning to match unseen exam-
ples to previously seen problems. Visualizing the
model failures will represent these discontinuities
as “holes”. Zhao et al. (2024) specifically design
discontinuities as “traps” in math word problems
and demonstrate that state-of-the-art LLMs cannot
solve these augmented problems.

4.2 Compounding Errors for Multi-step
Problems

The complexity intensifies with the number and
composition of discontinuities. Let f(*) denote
k-fold function composition (e.g., k sequential car-
ries in addition or k nested logical operations). For
each composition step, the Lipschitz constant or
associated parameter norm must grow to retain pre-
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cision at boundaries, i.e.,
|10 @) = fP@)| < 1¥e

for some L > 1, so error compounds exponentially
in the number of steps unless the per-step error is
super-polynomially small. In practice, fixed-depth
neural networks cannot achieve this for increasing
k (Bubeck and Sellke, 2021).

Lee et al. (2023) run extensive experiments
on length generalization for multi-digit arithmetic
problems. Despite various training ablations,
which includes data sampling, data formatting, and
optimization strategies, transformers are unable to
generalize to problems with more computational
steps. (Dziri et al., 2023) also observe the same
regression as they increase the number of steps in
multi-step reasoning problems.

4.3 Unbounded Worst-case Error for
Discontinuities

Training strategies such as label smoothing (Miiller
etal., 2019) or calibration (Desai and Durrett, 2020;
Chen and Li, 2023) can improve mean squared er-
ror locally but do not address the exponential num-
ber of discontinuity boundaries for deeper compo-
sitions. Let F,ys and Ey.x denote average and
worst-case error, respectively:

Eavg = Eon P | 1f(2) = f(2)]

Emax = sup |f($) - f($)|
zeX

While E,,, may be small, Fy,,, remains large, es-
pecially for out-of-distribution examples. Wu et al.
(2024) introduce a framework to evaluate “coun-
terfactual” reasoning where the logical rules are
transferred to a counterfactual world and show that
large transformers fail to generalize to alternative
domains. There is a whole line of work that shows
transformers susceptible to simple, adversarial at-
tacks (Guo et al., 2021; Shayegani et al., 2023; Gao
et al., 2024a). In the end, transformers will show a
“bimodal” error — many exact outputs, with rare but
catastrophic failures on decision boundaries.

Approximation theory shows that the intrin-
sic smoothness bias of transformers con-
flicts with the highly discontinuous, rule-
based structure of algorithmic reasoning. In-
creasing model width or dataset size cannot
overcome the compounding effect of bound-
aries and error growth in deep compositions.
New architectures or training methods tar-
geting discontinuity and composition may
be necessary for robust symbolic reasoning.

\ J

S Communication Complexity: Why
Bandwidth and Rounds Matter

Communication complexity offers a distinct per-
spective on the foundational limitations of trans-
formers in discrete reasoning. While previous sec-
tions explored the role of depth and approximation
theory, here we focus on how the limits of message-
passing and bandwidth within the self-attention
architecture sharply constrain multi-step and sym-
bolic computation.

5.1 Sequential Relay Limits

Transformers implement a highly parallel message-
passing scheme: in every self-attention layer
(“round”), each token can broadcast information
to every other token by updating its representa-
tion based on a mixture of all sequence elements.
The model’s depth directly determines the number
of these broadcast rounds it can perform, while
the hidden dimension of each token controls the
“bandwidth” of each individual message. This struc-
tural design is efficient for pattern recognition over
moderately-sized contexts but creates bottlenecks
for problems requiring several sequential steps of
reasoning or information relay along chains of to-
kens. Practically, increasing hidden size improves
the fidelity of exchanged messages but cannot sub-
stitute for more architectural rounds. For many se-
quential tasks there are provable depth-width trade-
offs, namely constant (or small) depth transformers
must increase model dimension polynomially in
input length to perform k-step sequential composi-
tion exactly (Chen et al., 2024; Keles et al., 2023).

Example: Long-carry Propagation as Pointer
Chasing. Consider the task of summing two n-
bit binary numbers, a and b, where the output most
significant bit (MSB) depends on the correct propa-
gation of carries from the least significant bit (LSB)
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through all intermediate positions. Each digit po-
sition can be mapped to a “party” holding its local
inputs (a;, b;), with the value of the carry bit at
position ¢ + 1, ¢;+1, depending on both the carry
¢; and the local inputs (Sanford et al., 2023, 2024;
Peng et al., 2024). To compute the MSB exactly,
information about the final carry must propagate
sequentially from the LSB, traversing all n—1 posi-
tions, a classic “pointer chasing” problem (Ponzio
et al., 1999). Within a transformer, each layer cor-
responds to just one round or “hop” of message
passing. Thus, a transformer with M layers can
only reliably propagate information M positions;
if the required dependency chain (n) exceeds M,
exact computation is impossible within a single
forward pass, regardless of width. This bottleneck
is not mitigated by increasing hidden size. A wider
model can increase per-message bandwidth but
cannot reduce the minimum number of sequential
rounds required for long-range dependency propa-
gation (Sanford et al., 2024; Peng et al., 2024).

5.2 Long-Range Comparison Constraints

Communication complexity theory establishes a
range of lower bounds for tasks that require signifi-
cant information relay across input positions. More
generally, classic problems like substring equal-
ity, membership in complex formal languages, or
enforcing cross-sequence consistency all become
exponentially harder as the required number of
rounds exceeds model depth. With limited lay-
ers, evidence from distant tokens is compressed
into lossy summary representations, which leads
to brittle, approximate answers and catastrophic
errors at decision boundaries (Chen et al., 2024).

Example: Equality Testing Across Distant Sub-
strings. An archetypal communication bottle-
neck problem is checking whether two distant sub-
strings in a long sequence are equal. Suppose we
construct an input S = w || filler || v, where u and
v are identical binary strings of length n/2, sepa-
rated by substantial “filler” content. The task is to
determine whether v = v (Zhao et al., 2025; Wang
et al., 2025). In communication complexity, de-
terministic protocols for checking equality require
transmitting ((n) bits between the parties holding
w and v. For transformers, self-attention should al-
low all-to-all interaction. In practice, computation
is bottlenecked by the hidden dimension (band-
width per token) and the number of available layers
(communication rounds). For very long sequences,

the information about u must travel through hun-
dreds or thousands of intervening filler tokens to
reach v. This is analogous to a channel with severe
bandwidth and round constraints. As separation
grows, information about u becomes diluted or
corrupted. The model needs lossy summarization
or hash-like approximations. While randomized
protocols (e.g., hashing) can reduce communica-
tion, they introduce further error. Thus, transform-
ers risk brittle failures and incorrect equality deci-
sions as sequence length increases. Such effects
are observed in long-context tasks, string matching,
and symbolic reasoning benchmarks (Bhattamishra
et al., 2024).

5.3 Limitations of Sequential Augmentation

CoT prompting and scratchpads extend the effec-
tive computation of fixed-depth transformers by
spreading reasoning across additional generated to-
kens. Each token provides an intermediate step,
partially compensating for the limited number of
architectural rounds. Empirically, this improves
performance on discrete reasoning tasks. Formally,
such augmentation increases expressivity: scratch-
pads allow transformers to recognize richer lan-
guages than direct input—output mapping, but the
benefit is bounded as the required compositional
steps increase (Merrill and Sabharwal, 2023a).

Example: Multi-hop Relational Queries in Text.
Answering complex questions, like “Is an entity
mentioned in section A referenced again under a
different alias in section C, and negated in sec-
tion E?”, requires integrating information across
multiple distant spans. Each step is a “hop” along a
chain of entities and mentions. Each self-attention
layer enables one synchronous round of global
communication, so resolving a k-hop relational
query usually requires at least £ rounds. However,
what if there are additional resources provided, like
scratchpads, increased width, or specialized archi-
tectures? Empirical studies still show that trans-
formers often fail at multi-hop reasoning. For ex-
ample, Peng et al. (2024) demonstrates that increas-
ing hidden size (bandwidth) does not compensate
for insufficient depth (rounds) when logical struc-
tures are needed. Recent theoretical results (Amiri
et al., 2025) show that the length of the scratchpad
must scale with task complexity.
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Communication complexity highlights that
the limitations are fundamentally tied to
the amount of information that can be ex-
changed across the model’s parallel struc-
ture. Above examples illustrate that trans-
former architectures are fundamentally lim-
ited not just by width but by lower bounds
on sequential information relay. These
constraints cannot be overcome by self-
attention alone. Tasks requiring information
to be propagated, compared, or composed
across multiple long-distance dependencies
most clearly expose these limitations.

\. J

6 Open Questions and Future Directions

The convergence of circuit complexity, approxima-
tion theory, and communication complexity illumi-
nates the boundaries of what current transformer
architectures can achieve in discrete reasoning. The
core findings reveal persistent barriers regarding
exact symbolic computation, systematic general-
ization, and the reliable composition of step-wise
logic. Here, we discuss the broader implications for
the field, outline open questions, and suggest future
directions toward more capable neuro-symbolic
and state-aware reasoning systems.

6.1 Implications of Theoretical Barriers

To clarify how these frameworks reinforce each
other, we summarize the implications and connec-
tions between each section:

1. Depth—Communication Link: Circuit com-
plexity and communication complexity both
show that transformer depth corresponds di-
rectly to the number of sequential computa-
tion or information relay steps: limited depth
means both fewer computational layers (cir-
cuit) and fewer rounds for propagating infor-
mation (communication) across input posi-
tions. Both views support that fixed-depth
transformers have difficulty with long reason-
ing problems.

2. Depth—Approximation Link: The inability
to dynamically add more layers to match prob-
lem complexity is related to approximation
failures. As shown in approximation theory,
functions with many discontinuities require
either greater depth or exponentially sharper
approximators. With fixed transformer depth,

both frameworks conclude that errors will
compound with each reasoning step.

3. Approximation—-Communication Link: Ap-
proximation theory shows that transformers
inherently smooth out their learned functions.
Communication complexity demonstrates the
difficulty in aggregating the distant pieces of
evidence often needed for an exact answer.
Thus, failures in exactness can be viewed as
both a bottleneck in approximating disconti-
nuities and in collecting all the information
required for a reasoning problem.

The above connections illustrate that the three
frameworks are not independent. Transformer fail-
ures in discrete reasoning are best understood as
the intersection and mutual reinforcement of all
three frameworks.

6.2 Open Research Questions

While considerable progress has been made in un-
derstanding the limitations of transformers for dis-
crete reasoning, a range of important questions
remain open. Future research must address both ar-
chitectural and training-level challenges to extend
symbolic and systematic reasoning capabilities. Be-
low, we highlight several central questions guiding
exploration in this area:

How can we design architectures that enable
symbolic reasoning beyond current transformer
limitations? Many symbolic reasoning tasks fun-
damentally require precise, step-by-step compu-
tation and exact logical operations rather than
the pattern-matching and smooth interpolations at
which transformers excel. An open question is
how to develop alternative model architectures, that
can match or surpass the interpolation strengths of
transformers while robustly supporting symbolic
manipulation and exact algorithmic reasoning.

How can models develop an explicit aware-
ness of decision boundaries and discontinuities?
Current neural architectures treat most functions
as continuous and tend to interpolate over deci-
sion thresholds, leading to errors in discrete or rule-
based tasks. A major question remains: how can we
train models to detect, represent, and reason about
sharp boundaries and discontinuous changes, rather
than smoothing over them (Feng et al., 2025)?

Which training paradigms most effectively fos-
ter compositional generalization and multi-step
reasoning? Even with expressive architectures,
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generalizing algorithmic behavior to new or longer
compositions remains challenging. It is an ac-
tive area of inquiry to determine what curriculum
designs, intermediate supervision, data augmenta-
tions, or learning signals best encourage models
to internalize the structure of multi-step, composi-
tional rules and to robustly generalize this reason-
ing to novel or out-of-distribution inputs (Lee et al.,
2025; Cai et al., 2025).

6.3 Recommendations for Future
Architectures

To address the above research questions, future
work may look toward:

* Neuro-symbolic models: Combining the pat-
tern recognition strengths of neural networks
with explicit, programmable symbolic com-
ponents (e.g., logic circuits, formal parsers,
or differentiable interpreters) may help pre-
serve both algorithmic precision and flexibil-
ity (Zhou et al., 2021; Ma et al., 2024; Calan-
zone et al., 2025).

* State-aware and memory-augmented archi-
tectures: Mechanisms such as external mem-
ory (Hatalis et al., 2023; Hu et al., 2025), struc-
tured state-passing (Wu et al., 2023), or state
space models (Gu and Dao, 2024) could sup-
port unbounded sequential computation and
long-range dependency management.

* Boundary-aware learning and representa-
tions: Developing models with inductive bi-
ases or objectives (Ma et al., 2023; Baheri and
Alm, 2025) that encourage awareness of sharp
decision boundaries, symbolic transitions, or
rule changes. The topic is related to manifold
learning which has recently gained more at-
tention in the LLM research community (Xie
et al., 2025).

Continued integration of machine learning, theo-
retical computer science, and symbolic Al research
will be essential to overcome the intrinsic con-
straints of the current transformer paradigm.

7 Conclusion

The limitations of transformer-based models on dis-
crete reasoning tasks arise from fundamental archi-
tectural properties, not merely from training or data
deficiencies. Theoretical insights from circuit com-
plexity, approximation theory, and communication
complexity together illuminate why transformers

fail to reliably compose logical operations, propa-
gate long-range dependencies, or approximate dis-
continuous decision boundaries.

Our survey shows that these perspectives are not
isolated and instead reinforce one another to reveal
a consistent picture of discrete reasoning failures.
While techniques such as chain-of-thought prompt-
ing or scratchpads offer partial relief, they do not
fully overcome the inherent bounds imposed by
the transformer’s design. Addressing these barriers
calls for principled innovations at the intersection
of neural, symbolic, and sequential computation,
moving beyond scaling alone toward more struc-
turally expressive architectures. By charting these
theoretical boundaries and open questions, we hope
to provide a clearer foundation for designing mod-
els that are not only more capable in discrete rea-
soning, but also more robust, interpretable, and
generalizable across tasks that demand systematic,
exact computation.

Limitations

The survey’s scope is limited to discussion on trans-
formers in the perspective of three frameworks:
circuit complexity, approximation theory, and com-
munication complexity. It is very possible there
may be alternative framings of transformer limita-
tions that are not covered in this survey. Moreover,
the survey’s focus is on discrete reasoning tasks.
We understand that there are many interesting tasks
beyond discrete reasoning that also require more
careful analysis. Finally, the survey may not cover
all the variants of transformers in the existing lit-
erature. Due to space constraints, we highlight the
most important and relevant work for the survey’s
theme.
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