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Abstract

We model Semantic Self-Verification (SSV) as
the problem of determining whether a statement
accurately characterizes its own semantic prop-
erties within a given interpretive framework that
formalizes a challenge in AI safety and fairness:
can an AI system verify that it has correctly in-
terpreted rules intended to govern its behavior?
We prove that SSV, in this specification, is NP-
complete by constructing a polynomial-time
reduction from 3-Satisfiability (3-SAT). Our re-
duction maps a 3-SAT formula to an instance
of SSV involving ambiguous terms with binary
interpretations and semantic constraints derived
from logical clauses. This establishes that even
simplified forms of semantic self-verification
should face computational barriers. The NP-
complete lower bound has implications for AI
safety and fairness approaches that rely on se-
mantic interpretation of instructions, including
but not limited to constitutional AI, alignment
via natural language, and instruction-following
systems. Approaches where an AI system ver-
ify its understanding of directives may face this
computational barrier. We argue that more re-
alistic verification scenarios likely face even
greater complexity.

1 Introduction

As artificial intelligence systems become increas-
ingly sophisticated, ensuring they understand and
correctly interpret their directives becomes a criti-
cal challenge. How can it verify that it has correctly
interpreted these directives? This question of se-
mantic self-verification lies at the heart of many AI
safety and fairness problems.

In this paper, we propose and formalize Semantic
Self-Verification (SSV) as the computational prob-
lem of determining whether a statement accurately
characterizes its own semantic properties within a
given interpretive framework. This formalization
captures a challenge: can a system verify the cor-
rectness of its own understanding?

AI safety faces related self-reference challenges
(Ji et al., 2025). Constitutional AI approaches guide
system behavior through principles the system in-
terprets and applies. However, the system itself
determines whether its interpretations of these prin-
ciples are correct, which is a self-referential task.
Prior work on mechanistic interpretability and au-
tomated verification in AI systems has attempted to
address aspects of this challenge (Katz et al., 2017),
but the computational complexity of semantic self-
verification has remained undercharacterized.

We demonstrate that Semantic Self-Verification
is at least NP-hard by constructing a polynomial-
time reduction from 3-Satisfiability (3-SAT).
This establishes that even simplified versions of
semantic self-verification face significant compu-
tational barriers. Specifically, we show that deter-
mining whether there exists a consistent interpre-
tation of ambiguous terms that satisfies a set of
semantic constraints is at least as hard as solving
NP-complete problems.

The lower bound we establish provides a corol-
lary heuristic for evaluating safety or fairness sys-
tem claims. If a system responds too quickly when
facing complex semantic verification challenges, it
cannot possibly be performing complete verifica-
tion: the computational lower bound establishes
minimum time requirements for the worst case.

This suggests that practical semantic instruction
implementations necessarily employ approxima-
tions rather than complete verification, raising ques-
tions about the reliability and upper bound of guar-
antees and highlighting the need for transparency
about verification limitations. The contribution
here is a formal proof whose utility is in establish-
ing a computational lower bound, thereby providing
a lens for the design and evaluation of systems that
rely on semantic self-verification.
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2 Related Work

2.1 Computational Complexity in AI
The application of computational complexity the-
ory to AI alignment problems has been a valuable
framework for understanding limitations. Compu-
tational complexity characterizes problems by the
resources required to solve them, providing an in-
dependent measure of intrinsic difficulty.

Previous work (Wojtowicz, 2024) has demon-
strated that informational persuasion is NP-
complete, establishing that discovering persuasive
arguments is computationally hard while verify-
ing them remains tractable. This asymmetry helps
explain why humans are susceptible to persua-
sion even when all relevant information is publicly
available. Our work on Semantic Self-Verification
focuses instead on the computational difficulties
systems face when verifying their own seman-
tic interpretations. Complexity theory has also
demonstrated the computational complexity of log-
ical induction in alignment contexts (Demski and
Garrabrant, 2020). These results suggest that many
alignment challenges face not just engineering dif-
ficulties but computational barriers.

2.2 Constitutional AI and Self-Verification
Constitutional AI approaches aim to align AI sys-
tems by providing them with principles they should
follow (Bai et al., 2022b). These approaches typi-
cally rely on the system’s ability to interpret these
principles. However, the computational complexity
of this verification process has not been previously
characterized. Practical methods cleverly sidestep a
direct formal approach; instead of verifying outputs
against a constitution, they distill its principles into
a heuristic reward signal for reinforcement learning.
This raises a question. What computational barrier
makes this indirect, heuristic approach a necessity?

The constitutional approach relates to earlier
work on value alignment through principles (Rus-
sell, 2019; Hadfield-Menell et al., 2016) and rule-
based ethical frameworks (Anderson and Anderson,
2011). Similar challenges arise in other instruction-
following paradigms (Ouyang et al., 2022), includ-
ing reinforcement learning from human feedback
(RLHF) (Christiano et al., 2017).

Our work provides a complexity-theoretic per-
spective on these approaches, suggesting there exist
fundamental barriers to systems fully verifying their
alignment with constitutional principles or other se-
mantic directives.

2.3 Formal Verification
Formal verification aims to provide guarantees
about system behavior. Existing work has applied
these techniques to neural networks and other sys-
tems (Katz et al., 2017; Seshia et al., 2022; Cimatti
et al., 2018; Sidrane et al., 2022). These approaches
typically focus on verifying specific properties
rather than semantic understanding.

The computational complexity of verification
has been explored in specific contexts of neu-
ral networks. For example, previous work (Katz
et al., 2017) showed that verifying ReLU-activated
neural networks alone is NP-complete and estab-
lished complexity results for robustness verification
(Wang et al., 2022; Liu et al., 2019).

Our work examines instead the complexity of
semantic verification specifically, addressing the
challenge of verifying that a system has correctly
interpreted meaning rather than exhibiting correct
input-output behavior.

2.4 Semantic Understanding in AI Systems
Recent advances in large language models have
focused attention on semantic understanding capa-
bilities and limitations (Bender and Koller, 2020;
Ji et al., 2025). Work on mechanistic interpretabil-
ity (Olah et al., 2018, 2020; Elhage et al., 2021)
attempts to understand how these models represent
and process meaning.

The challenge of verifying semantic understand-
ing relates to debates about symbol grounding (Har-
nad, 1990) and the capabilities and limitations
of statistical pattern matching vs. understanding
(Mitchell, 2021). Many are well familiar with the
language models are stochastic parrots argument
(Bender et al., 2021), while others contend that suf-
ficiently advanced models may develop forms of
understanding (Bubeck et al., 2023). Our complex-
ity result provides a computational perspective on
these debates, suggesting that regardless of whether
systems can understand meaning, verifying this un-
derstanding faces computational barriers.

3 The 3-Satisfiability Problem
(3-SAT)

To understand the difficulty of our Semantic Self-
Verification problem, we compare it to the canon-
ical problem of 3-Satisfiability (Cook, 1971;
Garey and Johnson, 1990). If we can show that
solving 3-SAT is a special case of solving SSV,
then SSV must be at least as hard as 3-SAT.
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Problem 1 (3-SAT).
• Input: A Boolean formula φ in 3-conjunctive

normal form (3-CNF). A 3-CNF formula is a
conjunction (AND) of clauses C1∧C2∧ · · · ∧
Cm, where each clause Cj is a disjunction
(OR) of exactly three literals lj1 ∨ lj2 ∨ lj3. A
literal is a Boolean variable xi or its negation
¬xi.

• Output: TRUE if there exists a truth assign-
ment (a way of setting variables to TRUE
or FALSE) for the variables x1, . . . , xn that
makes the entire formula φ true; FALSE oth-
erwise.

4 Formal Definition of Semantic
Self-Verification (SSV)

We now formally define the core problem of Seman-
tic Self-Verification (SSV). Intuitively, SSV asks
whether a given statement is telling the truth about
its own meaning, according to a specific set of rules
for interpreting it. This formalization aims to cap-
ture situations where an AI might need to check if
its understanding of a rule or principle is internally
consistent and valid according to how terms are
defined and constrained. For the purposes of for-
mal analysis, we will model semantic interpretation
using a simplified framework of discrete choices
and logical constraints, aiming to capture a core
combinatorial challenge inherent in even restricted
forms of self-verification.

4.1 Problem Statement (Decision Problem)
Problem 2 (Semantic Self-Verification
(SSV)).

• Input:

1. A statement S.
2. A semantic framework F .

• Output: TRUE if statement S accurately de-
scribes its own semantic properties under
framework F ; FALSE otherwise.

4.2 Components of the Semantic Framework
F

To make SSV precise, we define what a “semantic
framework” consists of. This framework provides
the necessary components for interpreting the state-
ment S and verifying its claims about itself.

For the purpose of our reduction, we define
the semantic framework F = (T,Σ,Cons,M, V )
where:

• T = {t1, t2, . . . , tn}: A finite set of ambigu-
ous terms present in or implicitly referred to
by statement S.

These are words or phrases in statement S that
could have multiple meanings.

• Σ = {σ0
1, σ

1
1, σ

0
2, σ

1
2, . . . , σ

0
n, σ

1
n}: A finite

set of possible elemental meanings or senses.
In our simple model, each ambiguous term
ti ∈ T is associated with exactly two possible
elemental meanings: σ0

i and σ1
i .

For each ambiguous term ti, we give it exactly
two possible interpretations, σ0

i or σ1
i . This

binary choice will directly correspond to the
TRUE/FALSE assignments in 3-SAT.

• Cons = {SC1, SC2, . . . , SCm}: A finite set
of semantic constraints. Each constraint SCj

is a condition on the meanings assigned to a
subset of terms in T .

These are rules that dictate which combina-
tions of meanings are allowed. For example, a
constraint might say “If term t1 has meaning
σ0
1 , then term t2 cannot have meaning σ1

2 .”

• M : The Meaning Function.

– An interpretation I of statement S (with
respect to its ambiguous terms in T ) is
a function I : T → ⋃n

i=1{σ0
i , σ

1
i } such

that for each ti ∈ T , I(ti) ∈ {σ0
i , σ

1
i }.

An interpretation is simply a choice of
one specific meaning (out of its two pos-
sibilities) for every ambiguous term in
the statement.

– M(S, F ) (or simply M(S) when F is
clear) is the set of all 2n possible inter-
pretations of S.
If there are n ambiguous terms, each with
2 meanings, there are 2n ways to interpret
the statement as a whole.

• V : The Verification Function.

– V (S, I, F ) (or V (S, I)) = TRUE if in-
terpretation I of S satisfies all semantic
constraints in Cons; FALSE otherwise.
This function checks if a particular inter-
pretation I is “valid” by seeing if it obeys
all the rules (semantic constraints).

– The overall SSV problem then asks
whether S’s specific self-referential
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claim about the existence of such a satis-
fying interpretation is true.
Statement S itself will make a claim (e.g.
“There exists an interpretation of my
terms that satisfies all my constraints”).
The SSV problem is about checking if
that very claim made by S is correct ac-
cording to the framework F .

5 Intuitive Example of SSV

Consider an AI system with constitutional prin-
ciples: “be helpful,” “be honest,” and “protect
privacy.” Each term has binary interpretations:
“helpful” means either “provide what users request”
(σ0

1) or “serve users’ best interests” (σ1
1); “honest”

means “don’t state falsehoods” (σ0
2) or “actively cor-

rect misconceptions” (σ1
2); “privacy” means “don’t

share data externally” (σ0
3) or “don’t record conver-

sations” (σ1
3).

These interpretations face logical constraints. If
helpful = “provide requests” (σ0

1), then privacy 6=
“don’t record” (σ1

3), since effective responses re-
quire conversation history. If honest = “correct mis-
conceptions” (σ1

2), then helpful must = “serve best
interests” (σ1

1), since corrections may contradict
explicit requests.

The semantic self-verification question becomes:
“Does there exist a consistent interpretation satisfy-
ing all constraints?” With 3 terms and 2 interpreta-
tions each, there are 23 = 8 possible combinations
to check. For n terms, this grows to 2n combina-
tions, each requiring constraint verification, thus
creating the combinatorial explosion that makes
SSV computationally hard.

This captures a core challenge: verifying that
safety directives have coherent, mutually consistent
interpretations. Our NP-hardness result formalizes
why this verification problem is fundamentally in-
tractable, even in simplified form.

6 Proof Sketch of NP-Completeness

We establish our main result by proving that Seman-
tic Self-Verification (SSV) is both NP-hard and a
member of the class NP. A full proof is provided in
Appendix A.

6.1 NP-Hardness Reduction from 3-SAT

Wedemonstrate NP-hardness via a polynomial-time
reduction from 3-SAT. We construct an SSV in-
stance (Sφ, Fφ) from an arbitrary 3-SAT formula

φ such that the SSV instance is TRUE if and only
if φ is satisfiable.

The mapping is as follows:

• Variables to Terms: Each Boolean variable
xi in φ is mapped to a unique ambiguous term
ti in the SSV framework.

• Truth Values to Meanings: The
TRUE/FALSE assignment of a variable
xi is mapped to a binary choice of inter-
pretation for its corresponding term ti.
For example, I(ti) = σ1

i can represent
xi = TRUE and I(ti) = σ0

i can represent
xi = FALSE.

• Clauses to Constraints: Each logical clause
Cj in φ (e.g. x1 ∨¬x2 ∨ x3) is converted into
a semantic constraint SCj . This constraint is
satisfied by an interpretation I if and only if
the chosen meanings for its terms would make
the original clause Cj true.

The core of the reduction lies in the specific self-
referential statement, Sφ. This statement is con-
structed to make the claim: “There exists at least
one interpretation of my terms that simultaneously
satisfies all of my semantic constraints.” The SSV
problem then asks whether this statement is true. By
our construction, this question is logically equiva-
lent to asking whether there exists a satisfying truth
assignment for the original 3-SAT formula φ. The
transformation from φ to (Sφ, Fφ) is efficient, re-
quiring only linear time in the size of the formula.

6.2 Membership in NP Verification
To prove that SSV is in NP, we show that a “yes”
answer has a certificate that can be verified in poly-
nomial time. For an SSV instance that is TRUE,
the certificate is simply a specific interpretation I∗

that satisfies all semantic constraints.
A verification algorithm can check this certificate

efficiently:

1. Given the certificate I∗, iterate through each of
the m semantic constraints in the framework
Fφ.

2. For each constraint, check if the meanings as-
signed by I∗ to its terms satisfy the constraint.
This is a constant-time operation for each con-
straint.

The total verification time is therefore polyno-
mial in the size of the input instance (O(m+ n)),
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confirming that SSV is in NP. Since SSV is both
NP-hard and in NP, it is NP-complete.

7 Discussions

The NP-completeness of SSV demonstrates a com-
putational barrier inherent in systems attempting
to verify their own semantic understanding. While
our formalization abstracts from the full complex-
ities of natural language that have richer ambigui-
ties, nuanced semantic constraints beyond logical
clauses, and pervasive context-dependency, the NP-
hardness result for this core problem is suggestive
that the difficulty is not merely an artifact of highly
expressive semantics but is present even when the
interpretive space is highly constrained.

The difficulty stems from two primary sources:
first, the exponential growth in possible interpre-
tations (2n in our binary case); and second, the
combinatorial challenge of finding globally con-
sistent interpretations when the choice of meaning
for one term constrains valid choices for others.
This provides a computational complexity lens that
posits that achieving provably correct semantic self-
understanding is constrained not only by what can
be known or specified, but by what can be feasibly
computed.

Recognizing computational limitations, re-
searchers have proposed various pragmatic ap-
proaches. These include corrigibility measures that
allow systems to be corrected (Soares and Fallen-
stein, 2017; Carey and Everitt, 2023), impact mea-
sures that limit potential harm (Krakovna et al.,
2018), uncertainty measurements (Hendrycks et al.,
2021, 2019), and approaches that use human feed-
back (Stiennon et al., 2020).

Out of that, RLHF has emerged as the dominant
alignment paradigm, with seminal work (Christiano
et al., 2017) establishing the approach and subse-
quent refinements by OpenAI (Ouyang et al., 2022)
andAnthropic (Bai et al., 2022a). Constitutional AI,
proposed by Anthropic (Bai et al., 2022b), extends
RLHF by having systems critique their own outputs
according to constitutional principles, with recent
work exploring red-teaming (Perez et al., 2022) and
recursive evaluation approaches (Lee et al., 2024).

Other practical approaches include AI safety
via debate (Irving et al., 2018; Brown-Cohen
et al., 2024), where systems justify their reason-
ing through structured argumentation, and process-
based supervision (Bowman et al., 2022) that fo-
cuses on how systems reach conclusions rather than

just the conclusions themselves. Chain-of-thought
prompting (Wei et al., 2022) and self-consistency
techniques (Wang et al., 2023) represent lighter-
weight mechanisms to improve reasoning without
full verification.

Our complexity result complements the impor-
tance of these pragmatic approaches by establish-
ing that perfect self-verification may be fundamen-
tally intractable, necessitating approximations and
external verification mechanisms. This computa-
tional barrier suggests that approaches relying on
approximate alignment through iterative refinement
may be not just practically useful but theoretically
necessary given the intractability of perfect self-
verification. Yet, it also reminds that this reliance
on approximation creates an inherent gap between
intended behavior and achievable guarantees, a gap
whose significance may grow with increasing sys-
tem capability and autonomy.

Our result has several implications for AI safety
approaches that rely implicitly or explicitly on self-
verification. AI systems tasked with adhering to
safety protocols, ethical guidelines, or constitu-
tional principles that interpret these directives and
verify their compliance. Our result indicates that
performing such verification comprehensively is
computationally intractable in general.

This impacts the strong interpretation of consti-
tutional AI or formal verification approaches. The
idea that an AI can reliably and exhaustively verify
its compliance with a complex constitution faces
this barrier. The act of ensuring interpretation of
constitutional articles is internally consistent and
satisfies all inter-article dependencies mirrors an
SSV problem. The result demonstrates that these
methods are not, and cannot be, exercises in veri-
fied guarantees. Instead, they should be understood
as heuristic methods for navigating an intractable
search space.

The result supports a response-time heuristic
for evaluating alignment claims. Given that NP-
hard problems typically require exponential time in
the worst case, if an AI system provides responses
involving complex semantic interpretation within
human-acceptable latencies, it cannot be perform-
ing complete SSV. This implies verification pro-
cesses are necessarily approximations rather than
verification. While such approximations are prac-
tically effective, the potential for unverified edge
cases remains a concern when guarantees of com-
plete adherence are sought.

While the response-time heuristic serves as a use-
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ful, high-level critique against claims of verification
at inference, a more interesting application of our
SSV result applies to the training process of mod-
ern alignment techniques like Constitutional AI. In
the RLAIF pipeline, an AI model is tasked with
critiquing and rewriting responses. We posit that
this critique-and-rewrite cycle is a practical, high-
dimensional instance of the SSV problem we have
formalized. The AI reviewer interprets the mean-
ings of multiple constitutional articles, check for
violations, and generate an output that constitutes a
satisfying interpretation. Given that this task is at
least NP-complete, this suggests the AI generating
this preference data is not performing a complete,
logically exhaustive verification. It may be, by com-
putational necessity, using learned heuristics to find
a plausible solution, not a correct one.

The preference data used to align the final model
is itself the product of a computationally bounded,
approximate process. We hypothesize the RLAIF
method can be seen as an approximation of an ap-
proximation: the final model learns a statistical rep-
resentation of preference data which was a heuristic
guess at what compliance with the constitution ac-
tually means. The guarantee of alignment is thus
no stronger than the heuristic capabilities of the
model that created the training data, and our result
demonstrates this is a foundation built on poten-
tially exploitable, computationally necessary com-
promise. This process distills the web of semantic
constraints into a scalar reward signal, which a pol-
icy then learns to maximize.

This maneuver, while pragmatic, trades the
known difficulty of formal intractability for the ar-
guably more perilous problem of statistical fidelity
in a high-dimensional, (mostly) non-interpretable
latent space. Instead of satisfying explicit logical
constraints, the model learns to align with the sta-
tistical shape of a preference model. The persistent
phenomenon of jailbreaking in such systems could
therefore be seen as an analogous empirical manifes-
tation of our complexity result. These jailbreaks are
the adversarial, worst-case instances that an approx-
imate, heuristic method is least equipped to handle.
They represent the system finding a path through
latent space that maximizes its reward signal while
simultaneously violating the core semantic intent
of its constitution. This suggests a fundamental
ceiling on the worst-case reliability of a strategy
that relies on such an approximation, a ceiling that
becomes more concerning as a model’s capabilities
grow.

Our findings also highlight scaling challenges.
As rule sets become more extensive or semantically
richer, corresponding SSV instances grow in com-
plexity, exacerbating computational burden. This
suggests that merely adding more rules to an AI’s
constitution might not straightforwardly improve
alignment if the system cannot feasibly verify ad-
herence to the augmented set.

This computational limit, in our view, could be
an informative design constraint. It pushes prac-
titioners from the Sisyphean task of perfect, real-
time verification toward the more subtle engineer-
ing challenge of intelligent approximation. This
suggests several avenues for future work and im-
mediate practice. The core challenge is not just to
be approximate, but to be approximate in ways that
fail gracefully and predictably.

One such avenue could be related to rule design.
Instead of adding more rules to a constitution, de-
signers should consider their structure. The hard-
ness of this problem stems from the dense web of
interdependencies between interpretations. There-
fore, a more robust constitution might be one com-
posed of modular principles with minimal semantic
overlap, effectively aiming to (as far as that is pos-
sible) decouple the constraint graph and containing
the combinatorial explosion. Structuring directives
to resemble computationally tractable logical forms
(like, as an analogy, Horn clauses) rather than tan-
gled, arbitrary clauses could turn an intractable gen-
eral problem into a series of solvable special cases.
The goal is to build a constitution that is both ethi-
cally sound and also computationally tractable.

Conceptually, the difference is one of global
search versus logical propagation. A constitution
with broad disjunctive clauses (k-SAT) presents a
verifier with a knot. (“Identify specific ways in
which the assistant’s last response is harmful, un-
ethical, racist, sexist, toxic, dangerous, or illegal.”
(Bai et al., 2022b) is something analogous to 7-
SAT.) To check compliance, a hypothetical system
holds all constraints in its head at once, searching
the entire combinatorial space for a single, consis-
tent interpretation. It is a holistic puzzle where the
validity of one choice cannot be known without
knowing all the others. A tractable constitution, by
contrast, may behave more like a chain of falling
dominoes (as in Horn clauses). Verification begins
with the given context and unit propagates forward:
if this premise is true, then that rule is in effect,
setting a specific interpretation which, in turn, may
trigger the next. The process is a linear cascade,
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not an exponential search. To be clear, this analogy
to Horn clauses and a tractable constitution is struc-
tural, not implementational. The proposal is not a
literal call to build systems from vast, brittle trees
of if/else statements, a paradigm whose limitations
are well-known.

We do not suggest that an LLM behaves like a
HORNSAT solver or we should make it behave
like one. Rather, this distinction clarifies the na-
ture of the value learning task itself. Forcing a
model to learn from preferences governed by a tan-
gled constitution is asking it to approximate a so-
lution to an intractable problem; we should expect
its learned heuristics to be brittle and fail on ad-
versarial edge cases. The goal, perhaps, could be
to design systems whose reasoning pathways are,
by their nature, tractable cascades rather than in-
tractable holistic searches. The “clauses” of such
a constitution might be implemented by dedicated,
specialized models; the “propagation” might be a
structured chain of prompts or a modular compo-
sition of functions. The takeaway is to impose a
tractable, hierarchical logic on top of the powerful
but unstructured capabilities of the underlying mod-
els, thereby making the system’s reasoning more
predictable and verifiable, especially in worst-case
scenarios. Training it on preferences governed by
a tractable constitution is asking it to learn a sim-
pler underlying logical structure of the policy and
thus making predictable reasoning the path of least
statistical resistance.

8 Future Work

The work in this paper has focused on establish-
ing the computational complexity of what can be
termed the Existence Problem for SSV: determining
if at least one internally consistent interpretation of
a set of directives exists. We proved this problem
is NP-complete, establishing a lower bound on the
difficulty of verifying a semantic framework.

From an AI safety perspective, however, a more
stringent and often more useful question arises. A
system might find a valid interpretation of its rules,
but if other, equally valid interpretations exist that
lead to contrary behaviors, the system faces a con-
cerning ambiguity. This motivates a subsequent,
harder problem.

We can define the Semantic Uniqueness (SU)
problem as follows:

• Input: Similar to SSV, a statement S, a se-
mantic framework F = (T,Σ,Cons,M, V ),

and a subset of safety-critical terms τ ⊆ T .

• Output: TRUE if all valid interpretations of
S under F agree on the meaning assigned to
every term in τ ; FALSE otherwise.

Formally, let Ivalid = {I ∈ M(S, F ) |
V (S, I, F ) = TRUE} be the set of all valid in-
terpretations. The SU problem asks if it is true
that:

∀I1, I2 ∈ Ivalid, ∀t ∈ τ, I1(t) = I2(t)

Here we can see a natural extension of our model,
which mirrors the distinction between SAT and
UNIQUE-SAT (Valiant and Vazirani, 1985).

At a glance, the logical structure of verifying a
property that holds for all valid interpretations sug-
gests it belongs to the class co-NP. Its complement,
which we can call Ambiguity (i.e. “do there ex-
ist two valid interpretations that disagree on τ?”),
is readily seen to be in NP by intuition. A certifi-
cate for Ambiguity is just the pair of interpretations
(I1, I2) that conflict; we can verify in polynomial
time that both are valid but assign different mean-
ings to a term in τ .

However, further analysis reveals a logical predi-
cate hidden within the question of uniqueness: the
set of valid interpretations has to be non-empty. A
unique solution must both exist and be the only
one. Therefore, the SU problem is more accurately
characterized as the conjunction of two distinct con-
ditions:

• Existence: There exists at least one valid inter-
pretation I satisfying all semantic constraints.
This is the Semantic Self-Verification (SSV)
problem, which we have proven to be NP-
complete.

• Uniqueness: There does not exist a pair of
valid interpretations (I1, I2) that disagree on
themeaning of any term in the set τ . As argued
above, this is a co-NP property.

A problem defined by the intersection of a lan-
guage in NP and a language in co-NP belongs to
DP complexity (Difference Polynomial-Time) (Pa-
padimitriou and Yannakakis, 1982). The canonical
DP-complete problem, UNIQUE-SAT, asks if a
given Boolean formula has exactly one satisfying
assignment, mirroring the structure of SU.

Conjecture. The Semantic Uniqueness (SU)
problem is DP-complete.
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This distinction is important to robust AI safety.
If this conjecture holds, it implies that ensuring a
directive has a single, unambiguous interpretation
is likely strictly harder than merely ensuring it has
at least one. A FALSE output for the SU problem
is a formal warning of a semantic loophole: the
AI has identified multiple, mutually incompatible
but equally valid ways to interpret its rules. This is
the point at which an aligned system should halt or
query a human operator for clarification, rather than
proceeding by arbitrarily selecting an interpretation
that, while valid, may not be the one intended. Char-
acterizing the hardness of this problem is a natural
next step in mapping the computational complexity
properties of AI safety.

9 Conclusion

We established that Semantic Self-Verification
(SSV) is NP-complete, even under a simplified for-
mulation with binary interpretations and clause-
based constraints. This result reveals a computa-
tional barrier where the combinatorial explosion of
possible meanings and their interdependencies cre-
ates a verification problem that cannot be efficiently
solved in the worst case.

The NP-hardness lower bound has implications
for AI alignment approaches that rely, implicitly or
explicitly, on semantic self-verification. A corol-
lary of the results suggests that systems responding
quickly to complex constitutional constraints can-
not be performing complete verification, providing
a practical response-time heuristic for evaluating
alignment claims.

While the ultimate goal of a safety systemmay be
to ensure a unique, intended interpretation, we first
address the logically prior problem. By proving that
even this simpler task is NP-complete, we establish
a lower bound on the computational complexity of
any more stringent verification.

Rather than cause for pessimism, this result
points toward productive research directions. It
highlights the necessity of approximation strategies,
the importance of designing constitutional frame-
works with computational complexity in mind, and
the value of hybrid approaches combining limited
verification with external oversight. Understanding
which approximations preserve safety properties
becomes a useful research frontier.

We hope our complexity results help distinguish
tractable approaches from those that face fundamen-
tal computational barriers. Just as cryptography has

advanced by embracing computational hardness re-
sults, AI safety research can benefit from acknowl-
edging these theoretical constraints while develop-
ing practical methods that work within them.

10 Limitations

Our NP-completeness proof involves simplifying
ambiguous terms to binary interpretations. One
might argue this oversimplifies real-world seman-
tics where terms often possess multiple discrete
meanings or continuous semantic spaces. However,
this simplification does not undermine the lower
bound. Any set of k discrete choices can be repre-
sented using dlog2 ke binary variables. If semantic
constraints over k-ary choices can be translated into
equivalent constraints over binary encodings while
preserving the core structure of finding a satisfy-
ing assignment, the problem remains in NP and
the lower bound holds. Thus, intractability is not
merely an artifact of binary choice but is inherent in
the combinatorial search for consistent assignments
across interdependent, constrained choices.

Any attempt to formalize a continuous space
would either quantize the space into a finite set of
discrete bins, or employ a formalism that can reason
over real numbers. In the first case, achieving mean-
ingful precision would require a large number of
bins, making the resulting discrete problem larger,
while still being subject to the NP-complete lower
bound. In the second case, the problem shifts from
the realm of propositional satisfiability to more
demanding frameworks like Satisfiability Modulo
Theories (SMT).

Therefore, whether semantics are modeled as
constrained k-ary discrete choices or as continu-
ous scales, the conclusion remains the same. Our
NP-completeness result for the simplest discrete
case establishes a computational floor. We conjec-
ture that more realistic SSV models, accounting for
richer semantic structures, likely face even greater
computational complexity, potentially residing in
PSPACE or higher. Consider scenarios involving:

Recursive Semantics and Context-Dependency
The interpretation of one rule might depend on an-
other’s interpretation within a nested context (e.g.
“interpret rule A, then interpret rule B which refers
back to how A was handled”). This recursive struc-
ture, where recursion depth could be polynomial in
input size, is characteristic of PSPACE.
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Quantified Constraints If terms have n-ary
choices and semantic constraints involve quanti-
fied conditions (“for any interpretation of term t1,
there must exist an interpretation of term t2 such
that...”), this mirrors Quantified Boolean Formulas
(QBF), a canonical PSPACE-complete problem.

One might object by appealing to average-case
complexity, hoping that practical SSV instances are
tractable. This hope is misplaced in a safety context.
Safety is determined by worst-case resilience, not
average-case performance. An adversary, whether
a human red team or the system’s own motivated
reasoning, does not generate typical problems; it
searches for the worst-case instances that cause ver-
ification to fail. The practice of jailbreaking lan-
guage models with convoluted prompts (Perez et al.,
2022) is a real-world search for these computation-
ally hard semantic edge cases.

Then, we might also question whether the ex-
plicit, logic-based formalization of semantic con-
straints reflects how meaning operates in real sys-
tems, where constraints emerge implicitly from
learning patterns. However, this criticism over-
looks how semantic constraints genuinely operate
in natural language. Consider, as a famous exam-
ple (Chomsky, 1957), “colorless green ideas sleep
furiously.” While grammatically correct, it violates
multiple semantic constraints that any competent
language user intuitively recognizes: contradictory
properties (“colorless” yet “green”), category er-
rors (abstract “ideas” with physical properties), and
action incompatibilities (“sleep furiously”).

These violations demonstrate that meaningful in-
terpretation in natural language is already governed
by constraints, even if not explicitly represented as
logical rules. Our SSV formalization doesn’t intro-
duce something foreign to semantics; it makes ex-
plicit what exists implicitly for necessary analytical
purposes. While real semantic systems may repre-
sent these constraints in distributed, probabilistic
patterns, the essential combinatorial structure of se-
mantic constraint satisfaction remains. If even our
simplified formalization leads to NP-completeness,
the more complex constraint satisfaction problem
in real systems is unlikely to be computationally
simpler.

While formal proof of PSPACE-hardness for en-
riched SSV models is beyond our scope here, the
NP-complete lower bound for our simplified model
serves as a foundation. It establishes that even be-
fore adding richer semantic complexity which in-
tuitively should only make the problem harder, we

already encounter computational intractability. Our
result therefore provides a robust floor for under-
standing limits in more expressive semantic models.

References
Michael Anderson and Susan Leigh Anderson, editors.

2011. Machine Ethics. Cambridge Univ. Press.

Yuntao Bai, Andy Jones, Kamal Ndousse, Amanda
Askell, Anna Chen, Nova Dassarma, Dawn Drain,
Stanislav Fort, Deep Ganguli, Tom Henighan,
Nicholas Joseph, Saurav Kadavath, John Kernion,
Tom Conerly, Sheer El-Showk, Nelson Elhage, Zac
Hatfield-Dodds, Danny Hernandez, Tristan Hume,
and 12 others. 2022a. Training a helpful and harm-
less assistant with reinforcement learning from human
feedback. ArXiv, abs/2204.05862.

Yuntao Bai, Saurav Kadavath, Sandipan Kundu,
Amanda Askell, John Kernion, Andy Jones, Anna
Chen, Anna Goldie, Azalia Mirhoseini, Cameron
McKinnon, Carol Chen, Catherine Olsson, Chris
Olah, Danny Hernandez, Dawn Drain, Deep Gan-
guli, Dustin Li, Eli Tran-Johnson, E Perez, and 32
others. 2022b. Constitutional ai: Harmlessness from
ai feedback. ArXiv, abs/2212.08073.

Emily M. Bender, Timnit Gebru, Angelina McMillan-
Major, and Shmargaret Shmitchell. 2021. On the
dangers of stochastic parrots: Can language models
be too big? In Proceedings of the 2021 ACM Confer-
ence on Fairness, Accountability, and Transparency,
FAccT ’21, page 610–623, New York, NY, USA. As-
sociation for Computing Machinery.

Emily M. Bender and Alexander Koller. 2020. Climbing
towards nlu: On meaning, form, and understanding in
the age of data. In Annual Meeting of the Association
for Computational Linguistics.

Sam Bowman, Jeeyoon Hyun, Ethan Perez, Edwin Chen,
Craig Pettit, Scott Heiner, Kamile Lukosiute, Amanda
Askell, Andy Jones, Anna Chen, Anna Goldie, Aza-
lia Mirhoseini, Cameron McKinnon, Chris Olah,
Daniela Amodei, Dario Amodei, Dawn Drain, Dustin
Li, Eli Tran-Johnson, and 27 others. 2022. Measur-
ing progress on scalable oversight for large language
models. ArXiv, abs/2211.03540.

Jonah Brown-Cohen, Geoffrey Irving, and Georgios Pil-
iouras. 2024. Scalable AI safety via doubly-efficient
debate. In Forty-first International Conference on
Machine Learning.

Sébastien Bubeck, Varun Chandrasekaran, Ronen El-
dan, Johannes Gehrke, Eric Horvitz, Ece Kamar, Pe-
ter Lee, Yin Tat Lee, Yuanzhi Li, Scott Lundberg,
Harsha Nori, Hamid Palangi, Marco Tulio Ribeiro,
and Yi Zhang. 2023. Sparks of artificial general in-
telligence: Early experiments with gpt-4. Preprint,
arXiv:2303.12712.

1312

https://api.semanticscholar.org/CorpusID:248118878
https://api.semanticscholar.org/CorpusID:248118878
https://api.semanticscholar.org/CorpusID:248118878
https://api.semanticscholar.org/CorpusID:254823489
https://api.semanticscholar.org/CorpusID:254823489
https://doi.org/10.1145/3442188.3445922
https://doi.org/10.1145/3442188.3445922
https://doi.org/10.1145/3442188.3445922
https://api.semanticscholar.org/CorpusID:211029226
https://api.semanticscholar.org/CorpusID:211029226
https://api.semanticscholar.org/CorpusID:211029226
https://api.semanticscholar.org/CorpusID:253384413
https://api.semanticscholar.org/CorpusID:253384413
https://api.semanticscholar.org/CorpusID:253384413
https://openreview.net/forum?id=6jmdOTRMIO
https://openreview.net/forum?id=6jmdOTRMIO
https://arxiv.org/abs/2303.12712
https://arxiv.org/abs/2303.12712


Ryan Carey and Tom Everitt. 2023. Human control:
definitions and algorithms. In Proceedings of the
Thirty-Ninth Conference on Uncertainty in Artificial
Intelligence, UAI ’23. JMLR.org.

Noam Chomsky. 1957. Syntactic Structures. Mouton
and Co., The Hague.

Paul F. Christiano, Jan Leike, Tom B. Brown, Miljan
Martic, Shane Legg, and Dario Amodei. 2017. Deep
reinforcement learning from human preferences. In
Proceedings of the 31st International Conference on
Neural Information Processing Systems, NIPS’17,
page 4302–4310, Red Hook, NY, USA. Curran Asso-
ciates Inc.

Alessandro Cimatti, Alberto Griggio, Ahmed Irfan,
Marco Roveri, and Roberto Sebastiani. 2018. Incre-
mental linearization for satisfiability and verification
modulo nonlinear arithmetic and transcendental func-
tions. ACM Transactions on Computational Logic
(TOCL), 19:1 – 52.

Stephen A. Cook. 1971. The complexity of theorem-
proving procedures. In Proceedings of the Third
Annual ACM Symposium on Theory of Computing,
STOC ’71, page 151–158, New York, NY, USA. As-
sociation for Computing Machinery.

Abram Demski and Scott Garrabrant. 2020. Embedded
agency. Preprint, arXiv:1902.09469.

Nelson Elhage, Neel Nanda, Catherine Olsson, Tom
Henighan, Nicholas Joseph, Ben Mann, Amanda
Askell, Yuntao Bai, Anna Chen, Tom Conerly,
Nova DasSarma, Dawn Drain, Deep Ganguli, Zac
Hatfield-Dodds, Danny Hernandez, Andy Jones,
Jackson Kernion, Liane Lovitt, Kamal Ndousse,
and 6 others. 2021. A mathematical framework
for transformer circuits. Transformer Circuits
Thread. https://transformer-circuits.pub/
2021/framework/index.html.

Michael R. Garey and David S. Johnson. 1990. Com-
puters and Intractability; A Guide to the Theory of
NP-Completeness. W. H. Freeman & Co., USA.

Dylan Hadfield-Menell, Anca Dragan, Pieter Abbeel,
and Stuart Russell. 2016. Cooperative inverse rein-
forcement learning. In Proceedings of the 30th Inter-
national Conference on Neural Information Process-
ing Systems, NIPS’16, page 3916–3924, Red Hook,
NY, USA. Curran Associates Inc.

Stevan Harnad. 1990. The symbol grounding problem.
Physica D: Nonlinear Phenomena, 42(1-3):335–346.

Dan Hendrycks, Collin Burns, Steven Basart, Andrew
Critch, Jerry Li, Dawn Song, and Jacob Steinhardt.
2021. Aligning {ai} with shared human values. In In-
ternational Conference on Learning Representations.

Dan Hendrycks, Kimin Lee, and Mantas Mazeika. 2019.
Using pre-training can improve model robustness
and uncertainty. In Proceedings of the 36th Interna-
tional Conference on Machine Learning, volume 97

of Proceedings of Machine Learning Research, pages
2712–2721. PMLR.

Geoffrey Irving, Paul Francis Christiano, and Dario
Amodei. 2018. Ai safety via debate. ArXiv,
abs/1805.00899.

Jiaming Ji, Tianyi Qiu, Boyuan Chen, Borong Zhang,
Hantao Lou, Kaile Wang, Yawen Duan, Zhonghao
He, Lukas Vierling, Donghai Hong, Jiayi Zhou,
Zhaowei Zhang, Fanzhi Zeng, Juntao Dai, Xuehai
Pan, Kwan Yee Ng, Aidan O’Gara, Hua Xu, Brian
Tse, and 7 others. 2025. Ai alignment: A comprehen-
sive survey. Preprint, arXiv:2310.19852.

Guy Katz, Clark W. Barrett, David L. Dill, Kyle D. Ju-
lian, and Mykel J. Kochenderfer. 2017. Reluplex: An
efficient smt solver for verifying deep neural networks.
ArXiv, abs/1702.01135.

Victoria Krakovna, Laurent Orseau, Miljan Martic, and
Shane Legg. 2018. Penalizing side effects using step-
wise relative reachability. arXiv: Learning.

Harrison Lee, Samrat Phatale, HassanMansoor, Thomas
Mesnard, Johan Ferret, Kellie Lu, Colton Bishop,
Ethan Hall, Victor Carbune, Abhinav Rastogi, and
Sushant Prakash. 2024. Rlaif vs. rlhf: scaling rein-
forcement learning from human feedback with ai feed-
back. In Proceedings of the 41st International Con-
ference on Machine Learning, ICML’24. JMLR.org.

Changliu Liu, Tomer Arnon, Christopher Lazarus,
Clark W. Barrett, and Mykel J. Kochenderfer. 2019.
Algorithms for verifying deep neural networks.
Found. Trends Optim., 4:244–404.

Melanie Mitchell. 2021. Why ai is harder than we think.
In Proceedings of the Genetic and Evolutionary Com-
putation Conference, GECCO ’21, page 3, New York,
NY, USA. Association for Computing Machinery.

Chris Olah, Nick Cammarata, Ludwig Schubert, Gabriel
Goh, Michael Petrov, and Shan Carter. 2020. Zoom
in: An introduction to circuits. Distill. Https://dis-
till.pub/2020/circuits/zoom-in.

Chris Olah, Arvind Satyanarayan, Ian Johnson, Shan
Carter, Ludwig Schubert, Katherine Ye, and Alexan-
der Mordvintsev. 2018. The building blocks of inter-
pretability. Distill. Https://distill.pub/2018/building-
blocks.

Long Ouyang, Jeff Wu, Xu Jiang, Diogo Almeida, Car-
roll L. Wainwright, Pamela Mishkin, Chong Zhang,
Sandhini Agarwal, Katarina Slama, Alex Ray, John
Schulman, Jacob Hilton, Fraser Kelton, Luke Miller,
Maddie Simens, AmandaAskell, PeterWelinder, Paul
Christiano, Jan Leike, and Ryan Lowe. 2022. Train-
ing language models to follow instructions with hu-
man feedback. In Proceedings of the 36th Interna-
tional Conference on Neural Information Processing
Systems, NIPS ’22, Red Hook, NY, USA. Curran As-
sociates Inc.

1313

https://api.semanticscholar.org/CorpusID:52150059
https://api.semanticscholar.org/CorpusID:52150059
https://api.semanticscholar.org/CorpusID:52150059
https://api.semanticscholar.org/CorpusID:52150059
https://doi.org/10.1145/800157.805047
https://doi.org/10.1145/800157.805047
https://arxiv.org/abs/1902.09469
https://arxiv.org/abs/1902.09469
https://transformer-circuits.pub/2021/framework/index.html
https://transformer-circuits.pub/2021/framework/index.html
https://doi.org/10.1016/0167-2789(90)90087-6
https://openreview.net/forum?id=dNy_RKzJacY
https://proceedings.mlr.press/v97/hendrycks19a.html
https://proceedings.mlr.press/v97/hendrycks19a.html
https://api.semanticscholar.org/CorpusID:22050710
https://arxiv.org/abs/2310.19852
https://arxiv.org/abs/2310.19852
https://api.semanticscholar.org/CorpusID:516928
https://api.semanticscholar.org/CorpusID:516928
https://api.semanticscholar.org/CorpusID:72940743
https://api.semanticscholar.org/CorpusID:72940743
https://api.semanticscholar.org/CorpusID:81981489
https://doi.org/10.1145/3449639.3465421
https://doi.org/10.23915/distill.00024.001
https://doi.org/10.23915/distill.00024.001
https://doi.org/10.23915/distill.00010
https://doi.org/10.23915/distill.00010


Christos H. Papadimitriou and Mihalis Yannakakis.
1982. The complexity of facets (and some facets
of complexity). In Symposium on the Theory of Com-
puting.

Ethan Perez, Saffron Huang, Francis Song, Trevor Cai,
Roman Ring, John Aslanides, Amelia Glaese, Nat
McAleese, and Geoffrey Irving. 2022. Red team-
ing language models with language models. In Con-
ference on Empirical Methods in Natural Language
Processing.

Stuart J. Russell. 2019. Human Compatible: Artificial
Intelligence and the Problem of Control. Viking,
United States.

Sanjit A. Seshia, Dorsa Sadigh, and S. Shankar Sastry.
2022. Toward verified artificial intelligence. Com-
mun. ACM, 65(7):46–55.

Chelsea Sidrane, Amir Maleki, Ahmed Irfan, and
Mykel J. Kochenderfer. 2022. Overt: an algorithm for
safety verification of neural network control policies
for nonlinear systems. J. Mach. Learn. Res., 23(1).

Nate Soares and Benya Fallenstein. 2017. Agent foun-
dations for aligning machine intelligence with human
interests: A technical research agenda. Technical
report, Machine Intelligence Research Institute.

Nisan Stiennon, Long Ouyang, Jeff Wu, Daniel M.
Ziegler, Ryan Lowe, Chelsea Voss, Alec Radford,
Dario Amodei, and Paul Christiano. 2020. Learning
to summarize from human feedback. In Proceedings
of the 34th International Conference on Neural In-
formation Processing Systems, NIPS ’20, Red Hook,
NY, USA. Curran Associates Inc.

Leslie G. Valiant and Vijay V. Vazirani. 1985. Np is as
easy as detecting unique solutions. Theor. Comput.
Sci., 47:85–93.

Xuezhi Wang, Jason Wei, Dale Schuurmans, Quoc V Le,
Ed H. Chi, Sharan Narang, Aakanksha Chowdhery,
and Denny Zhou. 2023. Self-consistency improves
chain of thought reasoning in language models. In
The Eleventh International Conference on Learning
Representations.

Zhilu Wang, Chao Huang, and Qi Zhu. 2022. Efficient
global robustness certification of neural networks
via interleaving twin-network encoding. Preprint,
arXiv:2203.14141.

Jason Wei, Xuezhi Wang, Dale Schuurmans, Maarten
Bosma, brian ichter, Fei Xia, Ed H. Chi, Quoc V Le,
and Denny Zhou. 2022. Chain of thought prompt-
ing elicits reasoning in large language models. In
Advances in Neural Information Processing Systems.

Zachary Wojtowicz. 2024. When and why is persua-
sion hard? a computational complexity result. In
Proceedings of the 2024 AAAI/ACM Conference on
AI, Ethics, and Society, AIES ’24, page 1591–1594.
AAAI Press.

A Appendix: NP-Hardness of SSV via
3-SAT Reduction

First, we restate the SSV problem formulation. This
is the same as the formalization in the main body
of the paper, available here again for reference.
Problem 3 (Semantic Self-Verification
(SSV)).

• Input:

1. A statement S.
2. A semantic framework F .

• Output: TRUE if statement S accurately de-
scribes its own semantic properties under
framework F ; FALSE otherwise.

A.1 Components of the Semantic Framework
F

To make SSV precise, we define what a “semantic
framework” consists of. This framework provides
all the necessary components for interpreting the
statement S and verifying its claims about itself.

For the purpose of our reduction, we define
the semantic framework F = (T,Σ,Cons,M, V )
where:

• T = {t1, t2, . . . , tn}: A finite set of ambigu-
ous terms present in or implicitly referred to
by statement S.

These are words or phrases in statement S that
could have multiple meanings.

• Σ = {σ0
1, σ

1
1, σ

0
2, σ

1
2, . . . , σ

0
n, σ

1
n}: A finite

set of possible elemental meanings or senses.
In our simplified model for the proof, each
ambiguous term ti ∈ T is associated with
exactly two possible elemental meanings: σ0

i

and σ1
i .

For each ambiguous term ti, we give it exactly
two possible interpretations, σ0

i or σ1
i . This

binary choice will directly correspond to the
TRUE/FALSE assignments in 3-SAT.

• Cons = {SC1, SC2, . . . , SCm}: A finite set
of semantic constraints. Each constraint SCj

is a condition on the meanings assigned to a
subset of terms in T .

These are rules that dictate which combina-
tions of meanings are allowed. For example, a
constraint might say “If term t1 has meaning
σ0
1 , then term t2 cannot have meaning σ1

2 .”
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• M : The Meaning Function.

– An interpretation I of statement S (with
respect to its ambiguous terms in T ) is
a function I : T → ⋃n

i=1{σ0
i , σ

1
i } such

that for each ti ∈ T , I(ti) ∈ {σ0
i , σ

1
i }.

An interpretation is simply a choice of
one specific meaning (out of its two pos-
sibilities) for every ambiguous term in
the statement.

– M(S, F ) (or simply M(S) when F is
clear) is the set of all 2n possible inter-
pretations of S.
If there are n ambiguous terms, each with
2 meanings, there are 2n ways to interpret
the statement as a whole.

• V : The Verification Function.

– V (S, I, F ) (or V (S, I)) = TRUE if in-
terpretation I of S satisfies all semantic
constraints in Cons; FALSE otherwise.
This function checks if a particular inter-
pretation I is “valid” by seeing if it obeys
all the rules (semantic constraints).

– The overall SSV problem then asks
whether S’s specific self-referential
claim about the existence of such a satis-
fying interpretation is true.
Statement S itself will make a claim (e.g.
“There exists an interpretation of my
terms that satisfies all my constraints”).
The SSV problem is about checking if
that very claim made by S is correct ac-
cording to the framework F .

We prove that SSV is NP-hard by showing that
any instance of the 3-SAT problem can be trans-
formed, in polynomial time, into an instance of our
SSV problem. If we can do this transformation such
that the original 3-SAT problem is solvable if and
only if our new SSV problem is solvable, then SSV
must be at least as hard as 3-SAT. This is denoted
by 3-SAT ≤p SSV.

A.2 Construction of the SSV Instance from a
3-SAT Formula φ

Given a 3-SAT formula φ with n variables
x1, . . . , xn and m clauses C1, . . . , Cm. We con-
struct an SSV instance (Sφ, Fφ) as follows:

We build a specific statement Sφ and a specific
semantic framework Fφ from the given 3-SAT for-
mula φ. The goal is to mirror the structure of φ
within our SSV components.

1. Construct the Set of Ambiguous Terms Tφ:
For each Boolean variable xi in φ, create a
corresponding ambiguous term ti ∈ Tφ. So,
Tφ = {t1, . . . , tn}.

2. Construct the Set of Elemental Meanings
Σφ:
For each ambiguous term ti, define two ele-
mental meanings:

• σ0
i : representing the assignment xi =

FALSE.
• σ1

i : representing the assignment xi =
TRUE.

The two possible truth values for a 3-SAT vari-
able xi become the two possible “meanings”
for our term ti. σ0

i means xi is false, σ1
i means

xi is true.

3. Construct the Set of Semantic Constraints
Consφ:
For each clause Cj = (lj1 ∨ lj2 ∨ lj3) in
φ, create a corresponding semantic constraint
SCj ∈ Consφ. The constraint SCj is satisfied
by an interpretation I if and only if at least one
of the following conditions holds:

• If the first literal in Cj is lj1 = xk (vari-
able xk is not negated), then interpreta-
tion I must assign meaning σ1

k to term tk
(i.e., I(tk) = σ1

k).
• If the first literal inCj is lj1 = ¬xk (vari-
able xk is negated), then interpretation I
must assign meaning σ0

k to term tk (i.e.,
I(tk) = σ0

k).
• (Similarly for the second literal lj2 in Cj ,
which corresponds to some term tp).

• (Similarly for the third literal lj3 in Cj ,
which corresponds to some term tq).

Essentially, SCj is satisfied if interpretation
I assigns meanings to tk, tp, tq (the terms cor-
responding to the variables in clause Cj) that
would make the original logical clauseCj true.
Each clause in the 3-SAT formula becomes a
“semantic rule” in our SSV setup. A seman-
tic constraint SCj is satisfied if the chosen
meanings for its terms make the original 3-
SAT clause Cj true. For instance, if a clause
is (x1∨¬x2∨x3), the corresponding semantic
constraint would require that (meaning for t1
is σ1

1) OR (meaning for t2 is σ0
2) OR (meaning

for t3 is σ1
3).
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4. Construct the Statement Sφ:
Sφ is the following specific self-referential
statement:

“This statement, Sφ, implicitly
refers to a set of ambiguous terms
Tφ = {t1, . . . , tn} and is sub-
ject to a set of semantic constraints
Consφ = {SC1, . . . , SCm} (de-
rived from a 3-SAT formula φ).
There exists at least one interpreta-
tion I ∈ M(Sφ, Fφ) of these terms
that simultaneously satisfies all se-
mantic constraints in Consφ.”

This statement Sφ is carefully crafted. It ex-
plicitly says that it’s about its own terms Tφ

and constraints Consφ. Critically, it makes
an existential claim: it claims that there is a
way to interpret its terms such that all its con-
straints are met. This claim directly mirrors
the question 3-SAT asks: “Does there exist a
truth assignment that satisfies all clauses?”

5. Define the Semantic Framework Fφ:
Fφ = (Tφ,Σφ,Consφ,Mφ, Vφ), where:

• Tφ,Σφ,Consφ are as constructed in steps
1-3 above.

• Mφ(Sφ, Fφ) yields the set of all 2n inter-
pretations by assigning either σ0

i or σ1
i to

each term ti.
• Vφ(Sφ, I, Fφ) = TRUE if interpretation I
satisfies all semantic constraints SCj ∈
Consφ; FALSE otherwise.

• The SSV problem instance (Sφ, Fφ) out-
puts TRUE if the claim made by state-
ment Sφ (from step 4) is true. That is,
the SSV instance is TRUE if there indeed
exists an interpretation I ∈ Mφ(Sφ, Fφ)
such that Vφ(Sφ, I, Fφ) = TRUE. Oth-
erwise, it outputs FALSE.

The framework Fφ packages up all the pieces
we just constructed. The core of the SSV prob-
lem here is: is the claim made inside Sφ actu-
ally true given these rules?

A.3 Polynomial-Time Transformation

For a reduction to be valid in establishing NP-
hardness, the transformation process itself must
be efficient; it shouldn’t be harder than the problem
we’re trying to solve.

The construction of the SSV instance (Sφ, Fφ)
from the 3-SAT formula φ can be performed in
polynomial time with respect to the size of φ (which
is determined by n, the number of variables, and
m, the number of clauses).

• Constructing Tφ (terms from variables) takes
time proportional to n, denoted O(n).

• Constructing Σφ (meanings for terms) also
takes O(n) time.

• Constructing Consφ: For each ofm clauses in
φ, creating the corresponding semantic con-
straint SCj involves looking at 3 literals. This
description can be generated in constant time
per clause. So, total time is O(m).

• Constructing statement Sφ: The textual rep-
resentation of Sφ can be written down such
that it lists or symbolically refers to these n
terms and m constraints. Its length will be
polynomial in n+m.

• The framework Fφ is simply defined by these
polynomially-sized components.

Thus, the overall transformation from φ to (Sφ, Fφ)
is achieved in polynomial time.

A.4 Proof of Equivalence (Correctness)

Here, we show that our constructed SSV instance
(Sφ, Fφ) gives a TRUE output if and only if the
original 3-SAT formula φ is satisfiable. We prove
this in two parts.

Forward Direction: If φ is satisfiable, then
SSV instance (Sφ, Fφ) is TRUE.

First, we assume we have a solution to the 3-
SAT problem (φ is satisfiable) and show that this
implies our SSV problem also has a “yes” answer
(i.e., statement Sφ is true).

Proof. 1. Assume φ is satisfiable. This means
there exists a truth assignment A∗ =
{a∗1, . . . , a∗n} (where each a∗i is either TRUE
or FALSE) that makes the entire formula φ
true.

2. We construct an interpretation I∗ for the terms
in Tφ based on this satisfying assignment A∗:
For each term ti ∈ Tφ, if a∗i = TRUE, we set
the meaning I∗(ti) = σ1

i . If a∗i = FALSE,
we set I∗(ti) = σ0

i .
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3. Consider an arbitrary clause Cj = (lj1∨ lj2∨
lj3) in φ. Since the assignment A∗ satisfies φ,
it must satisfy every clause Cj . This means
at least one of its three literals is made true
by A∗. Let this true literal be ljk for some
k ∈ {1, 2, 3}.

4. We show that becauseA∗ satisfiesCj , our con-
structed interpretation I∗ must satisfy the cor-
responding semantic constraint SCj . We ana-
lyze the two possible forms of the literal ljk:

• Case 1: The literal is positive. Let
ljk = xi for some variable xi. For A∗ to
make xi true, we must have a∗i = TRUE.
By our construction of I∗ in step 2, a∗i =
TRUE implies that I∗(ti) = σ1

i . By our
construction of the semantic constraint
SCj , an interpretation satisfies SCj if
the meaning assigned to the term corre-
sponding to xi (which is ti) is σ1

i . Since
I∗(ti) = σ1

i , I∗ satisfies SCj .
• Case 2: The literal is negative. Let
ljk = ¬xi for some variable xi. For A∗

to make ¬xi true, we must have a∗i =
FALSE. By our construction of I∗ in step
2, a∗i = FALSE implies that I∗(ti) = σ0

i .
By our construction of SCj , an interpre-
tation satisfies SCj if the meaning as-
signed to the term corresponding to ¬xi
(which is ti) is σ0

i . Since I∗(ti) = σ0
i , I∗

satisfies SCj .

In both cases, if a literal inCj is true underA∗,
the corresponding condition in SCj is met by
I∗. Since at least one such literal must be true,
I∗ is guaranteed to satisfy SCj .

5. The logic in step 4 holds for any arbitrary
clause Cj . Since our chosen interpretation
I∗ satisfies all semantic constraints SCj ∈
Consφ (because A∗ satisfied all clauses Cj),
the verification function Vφ(Sφ, I

∗, Fφ) will
output TRUE.

6. Statement Sφ (from step 4 in Section A.2)
makes the claim: “There exists at least one in-
terpretation ... that simultaneously satisfies all
semantic constraints.” Because we have just
found such an interpretation (I∗), the claim
made by Sφ is true.

7. Therefore, by the definition of our SSV
problem, the SSV instance (Sφ, Fφ) outputs
TRUE.

Backward Direction: If SSV instance (Sφ, Fφ)
is TRUE, then φ is satisfiable.

Now, we prove the other direction. We assume
our SSV problem has a “yes” answer (statement
Sφ is true) and show that this implies the original
3-SAT problem also has a solution (φ is satisfiable).

Proof. 1. Assume the SSV instance (Sφ, Fφ) is
TRUE. According to the definition of SSV
(Problem 4.1), this means the statement Sφ

is evaluated as accurately describing its own
semantic properties under the framework Fφ.

2. The statement Sφ makes the specific claim:
“There exists at least one interpretation I ∈
M(Sφ, Fφ) ... that simultaneously satisfies
all semantic constraints in Consφ.” Since
Sφ is true, this claim must be true. There-
fore, there must exist at least one such inter-
pretation, which we will call I∗∗, for which
Vφ(Sφ, I

∗∗, Fφ) = TRUE.

3. This means that the interpretation I∗∗ satisfies
all semantic constraints SCj ∈ Consφ.

4. We construct a truth assignment A∗∗ =
{a∗∗1 , . . . , a∗∗n } for the variables of φ based
on I∗∗: For each variable xi, if I∗∗(ti) = σ1

i ,
we set a∗∗i = TRUE. If I∗∗(ti) = σ0

i , we set
a∗∗i = FALSE.

5. Consider an arbitrary semantic constraint SCj

corresponding to clause Cj = (lj1∨ lj2∨ lj3).
Since I∗∗ satisfies SCj , at least one of its three
disjunctive conditions must be met. Let this
condition correspond to the literal ljk.

6. We now show that because I∗∗ satisfies SCj ,
our constructed assignment A∗∗ must satisfy
the corresponding clause Cj . We analyze the
two possible forms of the condition met by
I∗∗:

• Case 1: The condition corresponds to
a positive literal xi. For this condition
to be met, we must have I∗∗(ti) = σ1

i .
By our construction of A∗∗ in step 4, this
implies that a∗∗i = TRUE. This assign-
ment makes the literal xi true. Since xi
is one of the literals in the disjunctionCj ,
the clause Cj is satisfied by A∗∗.
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• Case 2: The condition corresponds to a
negative literal ¬xi. For this condition
to be met, we must have I∗∗(ti) = σ0

i .
By our construction of A∗∗ in step 4, this
implies that a∗∗i = FALSE. This assign-
ment makes the literal ¬xi true. Since
¬xi is one of the literals in the disjunction
Cj , the clause Cj is satisfied by A∗∗.

In both cases, a condition in SCj being met by
I∗∗ guarantees that the corresponding literal
in Cj is made true by A∗∗.

7. The logic in step 6 holds for any arbitrary con-
straint SCj . Because I∗∗ satisfies all semantic
constraints, the constructed truth assignment
A∗∗ must therefore satisfy all corresponding
clauses Cj in the formula φ.

8. Therefore, the 3-SAT formula φ is satisfiable
(using the assignment A∗∗).

Since we have shown that φ is satisfiable if and
only if (Sφ, Fφ) is TRUE, and the transformation is
polynomial-time, we establish that 3-SAT ≤p SSV.
Given that 3-SAT is NP-complete, this proves that
SSV is at least NP-hard.

B SSV is in NP

To show that SSV is NP-complete, we also need to
show that this specification of the problem belongs
to the class NP. A problem is in NP if a proposed
solution (a “certificate” for a “yes” instance) can be
checked for correctness efficiently (in polynomial
time).

A decision problem is in the class NP if for any
“yes” instance, there exists a certificate (or proof)
that can be verified in polynomial time by a deter-
ministic algorithm.

Certificate for SSV: For an SSV instance (S, F )
where the answer is TRUE (meaning statement
S’s self-referential claim about satisfying its con-
straints is true), a certificate is an actual interpreta-
tion I ∈ M(S, F ) that indeed satisfies all semantic
constraints in Cons (as claimed by S).

If S claims “there exists a good interpretation,”
a “good interpretation” itself is the proof.

Verification Algorithm: Given the SSV instance
(Sφ, Fφ) (whose description size is polynomial in
the original 3-SAT formula φ) and a proposed cer-
tificate interpretation I:

1. Check if I is a valid interpretation: For each
of the n ambiguous terms ti ∈ Tφ, ensure
that I(ti) is one of its two allowed elemental
meanings (σ0

i or σ1
i ). This check takes O(n)

time.

2. Verify constraints: For each of them semantic
constraints SCj ∈ Consφ, check if the given
interpretation I satisfies SCj . Since each SCj

is derived from a 3-literal clause in 3-SAT,
it refers to the meanings of at most 3 terms.
Checking one such constraint SCj against the
interpretation I takes constant time (or time
related to looking up 3 term meanings). Veri-
fying all m constraints thus takes O(m) time.

The total time for this verification process is O(n+
m), which is polynomial in the size of the input
SSV instance (which itself is polynomial in the size
of the original φ).

Therefore, since a “yes” answer to SSV can be
verified in polynomial time given a suitable certifi-
cate, SSV is in NP.

C Conclusion of Complexity Argument

Since SSV is NP-hard and SSV is in NP, SSV is
NP-complete.

NP-complete problems are the “hardest” prob-
lems in NP. They are all equivalent in difficulty (up
to polynomial-time transformations). For practical
purposes, NP-completeness signals that we should
not expect efficient and exact algorithms for all in-
stances of SSV as we’ve defined it.
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