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Abstract

Large language models achieve state-of-the-
art performance but are increasingly costly
to fine-tune. Prompt tuning is a parameter-
efficient fine-tuning method that addresses
parameter-efficiency by learning prompt em-
beddings, but these embeddings are typically
tied to the model’s hidden dimensionality, lim-
iting parameter saving. In this paper, we pro-
pose Ultra-Low-dimensional Prompt Tuning
(ULPT), a simple yet effective method that op-
timizes prompts in a low-dimensional space
(e.g., 2D) and uses a frozen random matrix
for up-projection. ULPT can achieve 98% re-
duction in the training parameters compared to
vanilla prompt tuning while preserving perfor-
mance. Our extensive experiments across over
20 NLP tasks demonstrate that ULPT consis-
tently outperforms recent parameter-efficient
tuning methods using significantly fewer pa-
rameters, making it well-suited as a storage-
efficient framework for massive LLM cus-
tomization.!

1 Introduction

Fine-tuning large language models (LLMs) is es-
sential for adapting them to specific tasks and con-
trolling their outputs (Raffel et al., 2020; Wei et al.,
2022a). However, the enormous size of LLMs
makes full fine-tuning prohibitively resource in-
tensive, as it involves updating millions or even
billions of parameters. To address this chal-
lenge, parameter-efficient fine-tuning methods have
emerged as practical solutions, such as low-rank
adaptation (LoRA; Hu et al., 2022) and prompt
tuning (Lester et al., 2021; Li and Liang, 2021).
These methods drastically reduce the number of
tunable parameters, offering an efficient alternative
while achieving performance comparable to full
fine-tuning.

'Our code is
MANGA-UOFA/ULPT

available at https://github.com/

Prompt tuning introduces learnable prompt em-
beddings exclusively in the input layer of the
model (Lester et al., 2021; Liu et al., 2024a), au-
tomating prompt engineering by gradient descent
to guide the frozen LLM in producing task-specific
outputs (Petrov et al., 2024b,a). By contrast, LoORA
modifies the model by injecting low-rank weight
matrices into its layers, causing the number of train-
able parameters to scale with model’s depth (Hu
et al., 2022). Given that LLMs have encoded sub-
stantial knowledge during pretraining (Brown et al.,
2020; Kojima et al., 2022) and that both in-context
learning and expertly crafted prompts can achieve
remarkable results (Wei et al., 2022b; Dong et al.,
2024), prompt tuning offers a more efficient and ef-
fective alternative to LoRA in many scenarios (Shi
and Lipani, 2024).

Despite these advantages, a key limitation re-
mains: prompt embeddings are typically con-
strained to match the model’s hidden dimension-
ality (Lester et al., 2021; Li and Liang, 2021; Liu
et al., 2022b; Choi et al., 2023; Razdaibiedina et al.,
2023). As the size of the model increases, the di-
mensionality of the prompt embedding space also
increases (Raffel et al., 2020; Meta, 2023). This
scaling leads to unnecessary complexity, as full
dimensionality is often not required for task adap-
tation (Aghajanyan et al., 2021; Qin et al., 2021).
Consequently, optimizing in this expanded space
becomes inefficient in parameter’s usage and may
also increase the risk of overfitting, especially for
less complex tasks or with limited training data.

In this paper, we propose Ultra-Low-
Dimensional Prompt Tuning (ULPT), a novel
approach that decouples the prompt and model
dimensions, which enables to learn prompt
embeddings in an ultra-low-dimensional space. A
naive attempt is to jointly optimize the ultra-low-
dimensional embeddings with an up-projection
matrix (Xiao et al., 2023; Guo et al., 2024), but the
learnable up-projection matrix may result in more
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Figure 1: Overview of our approach. (a) ULPT up-
projects ultra-low-dimensional embeddings with a ran-
dom but fixed matrix. (b) ULPT can significantly reduce
parameters storage for LLMs customization.

trainable parameters than vanilla prompt tuning.
We avoid this overhead by employing a random
but frozen matrix for the up-projection, as shown
in Figure 1a. We further introduce lightweight,
learnable shift and scale embedding vectors to
better align the randomly projected embeddings
with the model’s prompt space (Wu et al., 2024c).

We provide a convergence analysis for ULPT,
and further show that a low-dimensional space
with random projection can effectively approxi-
mate high-rank information that preserve the rela-
tional structure of embeddings, which is crucial for
attention mechanisms in LLMs that depend on pair-
wise dot products between embeddings (Vaswani
etal., 2017).

In addition, the random projection into ultra-
low dimensions introduces a controllable tradeoff
between prompt dimension and length under a fixed
parameter budget. We empirically demonstrate
that allocating more tokens with lower-dimensional
embeddings yields greater expressivity than using
fewer high-dimensional tokens. This makes ULPT
well-suited for massive LLM customization, such
as per-user tuning while keeping storage footprints
minimal, as shown in Figure 1b.

We evaluated ULPT across over 20 NLP tasks,
including GLUE (Wang et al., 2018) and Super-
GLUE (Wang et al., 2019) for language under-
standing, MRQA (Fisch et al., 2019) for ques-
tion answering, GSM8K (Cobbe et al., 2021) and
MBPP (Austin et al., 2021) for complex reason-
ing, as well as four additional tasks covering com-
monsense reasoning. The results demonstrate that
prompt tuning via ultra-low-dimensional optimiza-
tion matches or surpasses the performance of fully
parameterized prompt tuning while saving up to
98% of trainable parameters. With an appropriate
dimension, ULPT outperforms recent parameter-

efficient fine-tuning methods, while requiring much
fewer trainable parameters.
In summary, our main contributions include:

* We introduce ULPT, which optimizes prompts
in a low-dimensional space with a random
up-projection, drastically reducing trainable
parameters while maintaining performance.

* Theoretically, we show that ULPT effectively
approximates high-rank structures, which pre-
serves embedding relational structures that are
essential for attention mechanisms in LLMs.

* Empirically, we demonstrate that ULPT
matches or surpasses vanilla prompt tuning
across over 20 NLP tasks while saving train-
able parameters by up to 98%. Scaling to
higher dimensions for optimization, it outper-
forms recent efficient tuning methods with
much fewer trainable parameters.

2 Related Work

Parameter-efficient fine-tuning. With the rapid
growth of pretrained neural networks, researchers
have investigated parameter-efficient fine-tuning
methods that update only a small set of param-
eters while maintaining high performance. One
straightforward way is to tune specific components
of the model. For example, BitFit updates only
the bias terms (Ben Zaken et al., 2022), and Lay-
erNorm tuning only trains the layer-norm parame-
ters (Zhao et al., 2024). Another line of work in-
volves introducing and training small, task-specific
non-linear modules, such as Adapters (Houlsby
et al., 2019) and AdapterDrop (Riicklé et al., 2021).
Other methods steer the activation representations
either globally (Wu et al., 2024b; Pan et al., 2024)
or locally (Yin et al., 2024).

Two prominent paradigms are low-rank adapta-
tion (LoRA; Hu et al., 2022) and prompt tuning
methods (Lester et al., 2021), which are more re-
lated to our work. They will be further elaborated
below.

Low-rank adaptation. Hu et al. (2022) assume
that weight updates can be approximated by low-
rank matrices and propose a low-rank adaptation
(LoRA) method for fine-tuning a model. Build-
ing upon this foundational work, many extensions
have been developed to enhance LoRA’s perfor-
mance. For example, ReLoRA (Lialin et al., 2024)
iteratively trains and merges low-rank adapters to
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achieve high-rank updates. Hayou et al. (2024)
propose learning low-rank matrices with different
learning rates. Wu et al. (2024a) explore training a
mixture of LORA modules and leverage dynamic
routing mechanisms for different task distributions
or domains.

However, for large models, LoRA still requires
a considerable number of trainable parameters, hin-
dering efficient storage of task adaptations. To ad-
dress this limitation, several studies have explored
ways to further improve parameter efficiency. For
example, VeRA (Kopiczko et al., 2024) approxi-
mates LoRA weight update by using random ma-
trices combined with two trainable scaling vectors.
FourierFT (Gao et al., 2024) learns a sparse set of
spectral coefficients in the frequency domain and
reconstructing weight updates via inverse Fourier
transform. While these methods fine-tune in the
weight space, our ULPT operates in the input em-
bedding space and achieves better performance
with lower training memory.

Prompt tuning. Shin et al. (2020) introduce
the concept of learning prompt tokens to elicit
knowledge from LLMs. Subsequently, Lester
et al. (2021) extend this idea to continuous prompt
tuning, where prompt embeddings are optimized
through gradient descent. Building on this, Shi and
Lipani (2024) observe that redistributing parame-
ters to learn offsets for input token embeddings can
enhance performance. Lan et al. (2025) decompose
prompt embeddings using SVD for more meaning-
ful initialization. In parallel, multi-task prompt tun-
ing has been explored, where the learned prompt
parameters are reused across different tasks (Wang
etal., 2023). Closely related to our work, Xiao et al.
(2023) decompose the prompt embedding matrix
into two low-rank components: a low-dimensional
prompt matrix and a learnable up-projection matrix.
By contrast, our ULPT pushes parameter reduction
further by using frozen and random up-projection
matrix, which drastically lowers the number of
trainable parameters while preserving performance.
Our method is supported by random-projection the-
ory (Bingham and Mannila, 2001) and its recent
applications in gradient compression (Hao et al.,
2024).

3 Methodology

3.1 Problem Formulation

Prompt tuning introduces learnable token embed-
dings in the input layer of a language model (Lester
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Figure 2: Distribution of prompt embedding values over
100 prompt tokens. We randomly selected 20 dimen-
sions from the original prompt embeddings, which have
768 dimensions as in the TS5-base model.

et al., 2021). These embeddings are optimized via
gradient descent based on the task-specific loss
signals. During optimization, the model weights
remain frozen, while the gradient is backpropa-
gated to the input layer to update the learnable
embeddings. Typically, learnable prompt embed-
dings ey, --- ,e, € R serve as a prefix (Li and
Liang, 2021), followed by the text prompt, which
is tokenized and represented by token embeddings
x1, - ,x; € R Overall, the LLM has an input
in the form of

(617627”' y €n, L1, L2, 7xl) (1)

where n is a predefined prompt length and / repre-
sents the length of the tokenized text. The objec-
tive is to optimize the prompt embedding matrix
E ¢ R™9 over a given dataset D based on the
conditional log-likelihood:

arg max Z logP(y | E,z) )
(z,y)eD

where (z,y) € D represents input—output pairs in
a dataset.

3.2 Ultra-Low-Dimensional Prompt Tuning

The learnable prompt embeddings do not inher-
ently need to match the model dimension R¢ due
to the low intrinsic dimensionality of downstream
tasks (Aghajanyan et al., 2021; Qin et al., 2021). In-
spired by low-rank adaptation (Hu et al., 2022), the
prompt embedding matrix E can be decomposed
into the product of two matrices: £ = Z P, where
Z € R™ " represents the prompt embeddings in an
ultra-low r-dimensional space, and P € R4 s
a projection matrix that maps the low-dimensional
embeddings back to the model’s embedding space.

A naive implementation of this decomposition,
as in DPT (Xiao et al., 2023), treats both Z and P
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as learnable parameters. This reduces the number
of trainable parameters to nr + rd. However, the
rd term quickly becomes dominant as the model
dimension d grows or when separate r X d matrices
must be maintained for multiple tasks, making DPT
scale poorly in both parameter count and storage
cost.

To address this limitation, we propose an ultra-
low-dimensional prompt tuning (ULPT) method
that only learns r-dimensional prompt embeddings
Z, while keeping the projection P randomly ini-
tialized and frozen during training, denoted by
P € R™4_ In implementation, we only need to
store one single number—the random seed of a
random number generator—to reconstruct P when
an LLM is loaded.

In this way, we eliminate the need for storing the
up-project matrix entirely, reducing the learnable
parameters from nr + rd to nr (plus one extra
random seed). Empirically, we find that freezing P
mitigates overfitting, particularly when fine-tuning
on small datasets.

In our pilot study, we observe that typical prompt
embeddings E, even without low-rank treatment,
exhibit significant variation across different dimen-
sions, as shown in Figure 2. For comparison, we
report the distribution of pretrained embeddings
in Appendix B.1, showing that they exhibit much
smaller variation than the learned task-specific
prompt embeddings. These variations may hinder
effective training, therefore, we further introduce a
learnable shift embedding s € R and a learnable
scale embedding b € R? to adjust the projected em-
beddings to ensure better alignment with the vary-
ing distributions across dimensions. Notice that
the shift and scale embeddings are shared across
different prompt token positions, but may vary for
different tasks.

Specifically, an entry €;; in the up-projected em-
bedding matrix E has the following form:

€ij = (Z Zikﬁkj) sj + by, 3)

k=1

where z;;, and py; are an entry in Z and P matrices,
respectively; s; and b; are an entry in s and b
vectors, respectively.

Such a treatment introduces two d-dimensional
vectors, resulting in the total number of train-
able parameters being nr + 2d. This is
significantly more parameter-efficient than full-
dimension prompt tuning with nd-many param-

eters (Lester et al., 2021) and vanilla low-rank
prompt tuning with (nr + rd)-many parame-
ters (Xiao et al., 2023).

3.3 Theoretical Analyses

We first show that an ultra low-dimensional space
can capture the structure of the original embed-
dings (i.e., expressiveness). We then show the
convergence of gradient descent with our random
projection (i.e., optimization).

Expressiveness. Our low-dimensional parameter-
ization approximately captures high-dimensional
structure with high confidence. To show this, we
first state the following lemma.

Lemma 1. Sample a random matrix A € R"™*™
such that each element follows the standard Gaus-
sian distribution. Let ¢ € (0,1/2] and r € Nj.
There exists a constant c such that

. (\ (/) Az] - 2]

[Ed|

2
& > = o0 (@]9
“4)

for any x € R%.

This result is adapted from Indyk and Motwani
(1998). Essentially, the lemma characterizes the
high-probability bound of the well known John-
son—Lindenstrauss lemma (Dasgupta and Gupta,
2003; Matousek, 2008). Based on this, we for-
mally show the expressiveness of our ultra low-
dimensional embeddings in the following theorem.

Theorem 2. Let ey, ..., e, € R? be the embed-
ding vectors in a high-dimensional space. Let P €
R™*? be a random projection matrix where each
element p; j ~ N(0,1/r), and let z; = Pe; € R"
be the projected low-dimensional vectors.

Then, with confidence at least 1 — 6, we have

(1 =e)llei —ejll < [z — zjll < (1 +e)]lei — el
&)

foralli,j € [n], given that v > Ce2log(2n/d)
for a sufficiently large constant C.

Proof. See Appendix C.1. O

In essence, our theorem asserts that by project-
ing data using a random matrix P, the pairwise L?
distances of the original high-dimensional vectors
are preserved for all (¢, j) pairs with high proba-
bility. Crucially, the projected dimension 7 scales
logarithmically with the number of embeddings n,
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rather than the original dimension d, demonstrating
a favorable property of scaling.

It should be noted that, although our theorem
uses L? as the metric, it can be extended to the
dot-product metric by ||z — y||> = ||z||* + ||ly||* —
2x - y. Practically, since LLMs compute atten-
tion using pairwise dot products between embed-
dings (Vaswani et al., 2017), Theorem 2 implies
that our up-projected low-dimensional prompts pre-
serve the relational structure of full-dimensional
embeddings.

Optimization. The above theorem shows the ex-
pressiveness of the low-dimensional space. We as-
sert in the following theorem that, given a random
up-projection matrix, the optimal low-dimensional
embeddings can be learned by gradient descent
under mild assumptions.

Theorem 3. Assume the original loss function L
is Polyak—Lojasiewic and element-wise Lipschitz
on the original d-dimensional embeddings. Let
P c R pe a given full-rank random Gaus-
sian matrix (i.e., rank r), and our parametriza-
tion be &; = diag(s)P'z; + b. With a proper
learning rate schedule 11,732, . . ., our parameters
x=1b,s,21,...,2,] converge to the global opti-
mum with gradient descent if s is always non zero.

Proof. See Appendix C.2. O

Theorem 3 shows that, even with the naive gra-
dient descent, the fixed random matrix P does not
hinder the optimization procedure. By combin-
ing Theorem 2, we theoretically justify our overall
practice of ULPT.

4 Experiments

4.1 Experiments on Language Understanding
Tasks

Datasets. We evaluate ULPT across 21 NLP
tasks in our main experiment, following prior
work (Asai et al., 2022; Wang et al., 2023; Shi
and Lipani, 2024). Those tasks are grouped into
4 categories: (1) GLUE is a benchmark suite con-
sisting of various language understanding tasks,
such as MNLI (Williams et al., 2018), QQP (Wang
et al., 2018), QNLI (Demszky et al., 2018), SST-
2 (Socher et al., 2013), STS-B (Cer et al., 2017),
MRPC (Dolan and Brockett, 2005), RTE (Giampic-
colo et al., 2007) and CoLA (Warstadt et al., 2019).
(2) SuperGLUE extends GLUE by considering
more challenging tasks with limited training data,

consisting of MultiRC (Khashabi et al., 2018),
BoolQ (Clark et al., 2019), WiC (Pilehvar and
Camacho-Collados, 2019), WSC (Levesque et al.,
2012), and CB (De Marneffe et al., 2019). (3) The
MRQA 2019 Shared Tasks are a set of QA tasks
to test LLM generation capabilities, consisting
of Natural Questions (Kwiatkowski et al., 2019),
HotpotQA (Yang et al., 2018), SearchQA (Dunn
et al., 2017), and NewsQA (Trischler et al., 2017).
(4) Other classification tasks beyond the above
test suites are also considered, including Wino-
Grande (Sakaguchi et al., 2021), Yelp-2 (Zhang
etal., 2015), SciTail (Khot et al., 2018), and PAWS-
Wiki (Zhang et al., 2019). Further details on these
datasets are provided in Table 4 in Appendix A.1.

Baselines. We evaluate ULPT against full-
model fine-tuning, serving as a strong but
parameter-intensive baseline. Second, we in-
clude state-of-the-art parameter-efficient methods
such as Adapter (Houlsby et al., 2019), Adapter-
Drop (Riicklé et al., 2021), BitFit (Ben Zaken
et al., 2022), HyperFormer (Karimi Mahabadi et al.,
2021), HyperDecoder (Ivison and Peters, 2022),
LoRA (Hu et al., 2022), and Ladder Side-Tuning
(LST; Sung et al., 2022). Third, we compare ULPT
with vanilla prompt tuning (PT) and its variants:
DePT learns offsets to the input token embeddings
while using a separate learning rate for the prompt
embeddings (Shi and Lipani, 2024), and DPT is
closely related to ULPT as it decomposes prompt
embeddings into low-rank matrices (Xiao et al.,
2023), but it differs from ours by learning the
up-projection. Finally, we compare ULPT with
transfer or multi-task learning methods, including
SPoT (Vu et al., 2022), ATTEMPT (Asai et al.,
2022), and MPT (Wang et al., 2023).

Implementation details. We use the T5-base
model with d = 768. Consistent with prior
work (Shi and Lipani, 2024; Xiao et al., 2023),
we set the number of prompt tokens n = 100 for
the prompt embeddings Z € R"™*". For the rank 7,
we evaluate three ultra-low configurations r = 2,
16, 64 that achieve over 90% dimensionality com-
pression, and a more expressive configuration of
r = 256. We initialize the frozen up-projection
matrix P with a standard normal distribution and
find that ULPT is robust to alternative random ini-
tializations such as uniform. In our analysis (Sec-
tion 4.3), T5-small (d = 512) and T5-large model
(d = 1024) are considered to evaluate the gen-
erality of ULPT across different model sizes and

1288



GLUE

SuperGLUE

Method Task  MNLI QQP

QNLI SST-2 STS-B MRPC RTE

CoLA Avg. MultiRC Bool WiC WSC CB Avg.

Single-Task Learning

Fine-tuning 220M 868 916 930 946  89.7
Adapter 19M 865 902 932 938 907
AdapterDrop LIM 863 902 932 936 914
BitFit 280K 853 90.1 930 942 909
LoRA 38M 863 890 932 943 900
LST 38M 856 888 933 940 907
ettt 768K 846 902 933 944 905 |
DePT 768K 850 904 932 942 908
DPTf(r=10) 90K 844 902 933 946 912
DPT(r=64) 556K 852 903 929 936 904
"ULPT 1=2) 17K 819 903 923 929 898
ULPT (r=16) 31K 829 900 931 938 905
ULPT (r=64) 79K 849 903 931 935 907

ULPT (r=256)

90.2 719 61.8 849 72.8 81.1 702 59.6 857 739
85.3 719 640 845 75.9 825 671 673 857 757
86.3 712 627 844 729 823 683 673 857 753
86.8 67.6 582 833 74.5 79.6 700 596 78.6 725
90.1 755 633 853 72.6 813 683 673 929 76.5

90.7 763 637 855 74.3 799 633 673 893 7438

Multi-Task Learning & Transfer Learning

Fine-tuning™ 28M 857 91.1 920 92.5 88.8
Adapter™ I.8M 863 905 932 93.0 89.9
HyperFormer™ 638K  85.7 90.0  93.0 93.0 89.7
HyperDecoder™ 1.8M  86.0 90.5 934 94.0 90.5
SPoT* 768K 854  90.1  93.0 93.4 90.0

ATTEMPT! 232K 843 90.3  93.0 93.0 89.7
MPT! 77.6K 859 90.3  93.1 93.8 90.4
ATTEMPT"*™ 96K  83.8 90.0  93.1 93.7 90.8
MPT®#™ 10.5K  84.3 90.0 93.0 93.0 90.4

90.2 754 549 838 74.4 81.1 700 712 857 76.1
90.2 703 615 844 72.6 823 665 673 893 75.6
87.2 754 637 848 72.9 825 69.0 673 857 754
87.7 71.7 559 837 70.4 788 67.1 615 821 720
79.7 698 57.1 823 74.0 772 67.0 500 464 629
85.7 743 574 834 74.4 78.8 66.8 538 78.6 70.5
89.1 794 624 856 74.8 79.6 69.0 673 79.8 741
86.1 799 643 852 74.4 785 665 692 821 741
89.2 827 635 858 74.8 796 702 673 893 76.1

Table 1: Performance on GLUE and SuperGLUE benchmarks based on the T5-base model. We report standard
evaluation metrics, namely, Pearson correlation for STS-B, F1 for MultiRC, and accuracy for other classification
tasks. TWe replicate prompt tuning (PT; Lester et al., 2021) and DPT (Xiao et al., 2023) using their default
configurations. Our replicated PT results slightly exceed those reported in previous studies. All other baseline results
are directly sourced from Shi and Lipani (2024). *The suggested rank for DPT is r=10 based on Xiao et al. (2023);
we replicate DPT with r=64 for controlled comparison with our ULPT. ‘Transfer learning methods. ™Multi-task
learning methods, whose “#param/task” scores are calculated based on the GLUE benchmark.

input space dimensions. Further training details are
provided in Appendix A.2.

Performance on GLUE and SuperGLUE. As
shown in Table 1, ULPT achieves similar or higher
performance on GLUE and SuperGLUE bench-
mark datasets compared with previous methods,
while maintaining remarkable parameter efficiency.

Profoundly, the extreme configuration of r = 2
retains at least 97% performance of vanilla prompt
tuning (PT) while saving 98% of the parameters.
This highlights the capability of ULPT and its ad-
vantage in large-scale LLLM customization. To the
best of our knowledge, we are the first to demon-
strate effective prompt tuning in a two-dimensional
parameter space.

When increasing the rank to » = 64, ULPT out-
performs that with » = 256 and other state-of-the-
art models. This suggests that ULPT effectively
mitigates overfitting while remaining highly ex-
pressive. Specifically, the DPT model (Xiao et al.,
2023) learns an up-projection matrix, underper-
forms ULPT despite using 7x more parameters at
the same rank; even with the best setting » = 10

suggested by the original paper (Xiao et al., 2023),
DPT is inferior to ULPT with » = 64 in both per-
formance and efficiency.

ULPT also exhibits clear advantages in multi-
task setups. A transfer learning method initializes
a model by task mixtures and then adapts it to
a specific task; therefore, it cannot save parame-
ters. Previous studies of transfer learning include
SPoT (Vu et al., 2022) and ATTEMPT (Asai et al.,
2022). Our ULPT approach outperforms them in
terms of accuracy and parameter efficiency, while
offering a simpler training pipeline. Multi-task
learning, on the other hand, shares certain parame-
ters across different tasks (Karimi Mahabadi et al.,
2021; Ivison and Peters, 2022; Wang et al., 2023),
and the parameter efficiency is measured on a per-
task basis. Despite this, our ULPT still outperforms
multi-task prompt tuning methods in both accuracy
and per-task parameter efficiency.

Performance on MRQA and other classifica-
tion tasks. Following prior work on prompt tun-
ing (Lester et al., 2021; Wang et al., 2023; Shi
and Lipani, 2024), we evaluate ULPT on MRQA
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Llama 1B Llama 3B
Method #Param VRAM Runtime GSM8K MBPP Avg. #Param VRAM Runtime GSM8K MBPP Avg.
ICL (4-shot) - - 343 21.1 27.7 - - - 62.5 239 432
"LoRA (r=1)  1065K 1022 2151 385 267 326 2867K 1844 6158 629 321 475
LoRA (r=4) 426.0K  10.22 215.7 40.1 272 337 1.15 M 1845 618.5 63.4 343 489
LoRA (r=8) 852.0K 10.23 216.5 40.2 24.7 32.5 2.29M 18.46 621.1 62.2 37.8 50.0
CVeRA (=) 410K 1002 2160 393 244 319 1147K 1797 6209 655 355 505
VeRA (r=4) 41.1K  10.02 216.6 39.6 27.8 337 1149K 1797 621.5 65.0 344 497
VeRA (r=8) 41.2K 10.02 217.0 40.9 29.5 35.2 115.1K 17.97 621.6 65.7 33.9 49.8
" FourierFT (n=128) ~ 4.1K 1053 2781 358 215 287 72K 1980 8809  63.1 219 425
FourierFT (n=512) 164K  10.53 278.5 34.9 27.3  31.1 28.7K  19.80 881.5 66.6 353  51.0
FourierFT (n=1024) 328K  10.54 278.5 36.6 259 313 573K  19.80 882.6 65.5 354  50.5
"1IA3 1475K 1083 2292 397 264 331 2867K 1915 6361 = 637 367 502
PT 20.5K  9.79 203.6 40.2 247 325 307K 17.18 589.5 65.3 33.1 492
"ULPT (=2) ¢ 41K 978 2038 397 26.1 329 62K 17.17 5892 656 359 508
ULPT (r=64) 47K 9.8 204.2 424 287  35.6 68K  17.17 589.6 65.4 36.5 51.0
ULPT (r=256) 67K 9.78 204.6 414 26.3 339 87K 17.17 589.6 66.4 346 50.5

Table 2: Efficiency and performance of the Llama 3.2 models on GSM8K and MBPP. We report training parameters,
VRAM usages (GB), runtime (seconds/1K steps), GSM8K accuracy, and MBPP pass@ 1; In-context learning (ICL)

serves as the lower-bound baseline.

2019 shared tasks as well as other language under-
standing tasks. Detailed results are provided in Ap-
pendix B.2. Consistent with our findings on GLUE
and SuperGLUE, these results confirm that ULPT
maintains competitive performance across diverse
tasks while utilizing significantly fewer training
parameters.

4.2 Experiments on Reasoning Tasks

Datasets and Baselines. Our previous experi-
ments (Section 4.1) evaluate ULPT on four diverse
task suites using the encoder—decoder T5 model,
following prior prompt-tuning work (Lester et al.,
2021; Wang et al., 2023; Shi and Lipani, 2024).

We further extend our experiments to two rea-
soning tasks, GSM8K (Cobbe et al., 2021) and
MBPP (Austin et al., 2021), using decoder-only
Llama 3.2 models (Meta, 2024) at 1B and 3B
scales, which have dimensionalities of 2048, 3072.

We compare ULPT against in-context learn-
ing (Brown et al., 2020), vanilla prompt tuning,
IA3 (Liu et al., 2022a), LoRA and its recent ul-
tra parameter-efficient variants: VeRA (Kopiczko
et al., 2024), which approximates the LoRA up-
date matrices via random projections, and Fouri-
erFT (Gao et al., 2024), which compresses weight
updates by leveraging random spectral entries in
the frequency domain. Implementation and train-
ing details are provided in Appendix A.3.

Performance on GSM8K and MBPP. As shown
in Table 2, ULPT achieves the best trade-off be-
tween efficiency and performance. With only a few
thousand trainable parameters, ULPT uses the least
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Figure 3: Results with controlled numbers of trainable
parameters, suggesting that ULPT’s longer prompt with
lower dimensions offers more expressivity.

VRAM, achieves faster training runtime, and con-
sistently delivers higher accuracy across both tasks
and model scales. At r = 64, ULPT outperforms
all baselines, including LoRA, VeRA, FourierFT,
and vanilla prompt tuning.

By contrast, IA3, LoRA and its variants require
orders of magnitude more parameters to match or
even underperform ULPT. Although FourierFT can
match ULPT’s parameter scale at n = 128, it suf-
fers from significantly lower accuracy, slower train-
ing speed, and higher memory usage.

Finally, ULPT incurs no additional inference
overhead. Since the learned prompt tokens are
prepended once and cached during autoregressive
generation, the decoding throughput remains virtu-
ally unchanged, detailed analysis can be found in
Appendix B.4.

4.3 In-Depth Analyses

Dimension-length trade-off drives expressivity.
ULPT enables a trade-off between prompt length
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Figure 4: Performance when the number of prompt
tokens for both ULPT and naive PT varies from 10 to
100.

and dimension under a fixed parameter budget. To
investigate this, we compare ULPT with vanilla
prompt tuning when the learnable parameters are
controlled. For ULPT, we fix the prompt token
number at 100 and vary the rank from 2 to 256;
for vanilla full-dimensional prompt tuning, we vary
the token number from 2 to 50. This analysis is
conducted with two large datasets MNLI and Natu-
ral Questions across three model sizes: T5-small,
T5-base, and T5-large.

Figure 3 illustrates the results, showing that our
low-dimensional ULPT with more tokens (solid
lines) always outperforms vanilla full-dimensional
prompt tuning with fewer tokens (dashed lines).
The analysis suggests that, when the number of
learnable parameters is controlled, a longer prompt
with a lower dimension offers more expressivity
due to the additional Transformer steps. We pro-
vide additional results in Appendix B.3, which con-
firms that this also holds for decoder-only models.

Longer prompts improve performance. Recall
that Table 1 has analyzed our ULPT performance
with different ranks. We now vary the number of
prompt tokens from 10 to 100 and plot the trend in
Figure 4. We see that our ULPT exhibits a similar
trend as vanilla prompting: performance increases
with a longer prompt. With an appropriate rank
configuration, our ULPT consistently outperforms
vanilla prompt tuning under different lengths.

Ablation on shift and scale embeddings. We
conduct an ablation study on the learnable shift
embedding b € R? and scale embedding s € R?,
using the SST-2 dataset with the T5-base model
as the testbed, where we set the token number to
be n = 100. The results are shown in Figure 5.
As seen, the dotted lines correspond to removing
both shift and scale embeddings; their training loss
remains high, suggesting that naively freezing the

Step ) R
Figure 5: Left: Training loss curves comparing ULPT
with no alignment (dotted), with learnable shift only
(dashed), and with both shift and scale (solid). Right:
Evaluation accuracy curves for ULPT at r = 2. Adding
shift significantly improves optimization and accuracy,
while adding scale yields further gains. Trends are con-
sistent across ranks.

10 10

Shift Embedding Similarity

Scale Embedding Similarity

r=2 08 =2

=16 06 =16 JUEL]

r=64 {1 YRR -0.008 0.008

[BYLTE 0.553 [BPLIR 0.007 0.048 0.160

02

0.0 <

Figure 6: Left: Shift embeddings learned with different
ranks are highly similar, suggesting a general alignment
role. Right: Scale embeddings vary significantly, indi-
cating their dependence on frozen random projections.

projection matrix P hinders the optimization pro-
cess and consequently lowers the model perfor-
mance. Introducing a learnable shift embedding b
provides a substantial improvement (dashed lines),
particularly in the low-dimensional configuration
of r = 2. A learnable scale embedding scale s
further improves the training process and perfor-
mance (solid lines). The ablation study shows that,
although shift and scale embeddings are additional
2d-many parameters, they play an important role
in ultra-low-dimensional prompt tuning.

To further investigate the behavior of these em-
beddings, we analyze the pairwise cosine similari-
ties of the shift s and scale b vectors under different
rank configurations, visualized in Figure 6. Inter-
estingly, the learned shift embeddings show consis-
tently high similarity scores with different rank con-
figurations, indicating their primary role as a sta-
ble alignment mechanism after up-projection. By
contrast, the scale embeddings show near-zero sim-
ilarity, as they depend on the sampled (and frozen)
random projection matrix p.
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Train? #Parameters
Dataset Z P 17K 3.1K 79K 27.1K
MNLI v NF 82.9(2) 84.5(8) 85.3(33)

v 81.901 (2) 83.002(16) 84901 (64) 85.4¢; (256)
NQ v NF 66.9 (2) 70.0 (8) 72.0 (33)

v 67.202(2) 68.004 (16) 70.7¢3 (64) 72.602 (256)

Table 3: Training either low-dimensional embeddings
Z (ours) or the up-projection P with T5-base. Numbers
in the brackets refer to the rank r given the controlled
number of parameters. “NF” refers to non-feasible.

Comparison with an alternative method of tun-
ing projection matrix. We follow the setup in
Section 4.3 to ablate which component to tune in
the low-rank decomposition. The low-rank decom-
position E = Z P allows an alternative approach
that freezes Z and tunes P, which contrasts with
our approach that freezes P and tunes Z. The
comparison is shown in Table 3. The alternative
setup (tuning P) can be viewed as learning an up-
projection from a set of random but frozen low-
dimensional vectors. However, a key drawback of
making P trainable is the rapid growth in the num-
ber of parameters when the rank r increases, since
d > n in most practical scenarios. To ensure a fair
comparison, we control the number of parameters
by varying the rank 7 for both methods.

As seen, tuning P fails to be feasible in the 1.7K-
parameter setup. Even if we set r = 2, tuning P
results in 3.1K parameters, equivalent to our r =
16 setup. With a larger budget, tuning P achieves
slightly worse performance than our ULPT which
tunes Z. This analysis verifies the expressiveness
of random projections; it also shows that our ULPT
is superior to the alternative approach.

5 Conclusion

We introduce ULPT, a novel parameter-efficient
method that learns task-specific prompts in a low-
dimensional space and projects them into the model
space using a frozen random matrix with learned
shift and scale vectors. ULPT achieves competi-
tive or superior performance compared with state-
of-the-art parameter-efficient fine-tuning methods
while using dramatically fewer trainable parame-
ters.

6 Limitations

We have comprehensively evaluated ULPT on
both encoder—decoder TS models and decoder-only
Bloomz and Llama models on various NLP and

reasoning datasets, demonstrating its parameter ef-
ficiency and competitive performance. However,
due to the limitation in computational resource, we
have not explored its effectiveness on very large
language models (ranging from tens to hundreds
of billions of parameters). We anticipate that, for
such large LLMs, parameter-efficient methods like
ULPT are particularly suitable for lightweight cus-
tomization, such as adapting generation style or
output formatting (Liu et al., 2024b), rather than un-
locking new capabilities which are better addressed
in pre-training. This highlights the advantage of
ULPT in scenarios that require ultra-low parameter
usage without compromising effectiveness.
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A Experimental Details

A.1 Datasets Statistics for Language
Understanding Tasks

We present detailed information for the 21 natural
language understanding tasks in Table 4. Following
previous work (Wang et al., 2023; Shi and Lipani,
2024), we preprocess the labels for classification
and multiple-choice tasks into a single-token la-
bel (e.g., 0, 1, 2, ...) to simplify evaluation. For
MRQA, the model generates an answer containing
a sequence of tokens.

Based on the training set size, the tasks can be
roughly categorized into three scales: small (<10K
samples), medium (10-100K samples), and large
(>100K samples). Notably, SuperGLUE contains
small training sets, and is generally considered
more challenging than GLUE, making it more sus-
ceptible to overfitting due to its limited samples.
By contrast, MRQA and the tasks in the “Others”
category consist of more complex tasks, likely re-
quiring more parameters to capture their difficulty.

A.2 Training Details for Language
Understanding Tasks

In our experiment for 21 language understanding
tasks (Section 4.1), we use a batch size of 16 and
a default learning rate of 6e—1 with AdamW. The
learning rate follows a linear schedule, warming up
for 500 steps and then decaying linearly to 0. We
set a maximum sequence length of 256 for most
tasks, except for SuperGLUE-MultiRC being 348
and MRQA being 512. ULPT is trained on all
tasks for up to 100, 000 steps. Performance is eval-
uated every 1, 000 steps, with the best checkpoint
selected based on the validation set.

A.3 Implementation and Training Details for
Reasoning Tasks

In Section 4.2, we evaluate ULPT on Llama
3.2 (Meta, 2024), a decoder-only model in 1B
(d = 2048) and 3B (d = 3072) scales. We con-
sider two reasoning tasks, GSM8K (Cobbe et al.,
2021) for math reasoning and MBPP (Austin et al.,
2021) for code generation.

As baselines, we include in-context learning
(4-shot demostrations sampled from each train-
ing set), LoRA and VeRA adapters with ranks
r € {1, 4,8}, FourierFT with three frequency con-
figurations n € {128,512,1024}. Vanilla prompt
tuning and ULPT both run with 10 learnable tokens,
since extending the length yields no additional ben-
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Figure 7: Distribution of randomly selected dimensions
from the pretrained token embeddings of T5-base.

efit on Llama. We evaluate ULPT on three rank
configurations of 2, 64 and 256. All methods share
a batch size of 4, with training for 3 epochs on
GSMSK and 10 epochs on MBPP. We set learn-
ing rates to le-3 for LoRA and VeRA, and le-2
for ULPT, prompt tuning and FourierFT. At infer-
ence, we apply greedy decoding with the maximum
generation length of 1024 tokens.

B Additional Results

B.1 Distribution of Pretrained Embeddings

Following our pilot study in Section 3.2, we present
the distribution of the same randomly selected di-
mensions from the pretrained token embeddings of
the T5-base model. We observe that the variation in
these pretrained embeddings is smaller compared
with the learned soft embeddings from the CoLA
and SST-2 tasks.

B.2 Additional Results on T5 Model

We evaluate ULPT on the MRQA dataset and
four additional tasks in the “Others” category.
Following the standard practice on these bench-
marks (Wang et al., 2023; Shi and Lipani, 2024),
we run ULPT three times with different seeds and
report the mean and standard deviation. This setup
also allows us to assess ULPT’s sensitivity to the
random initialization of the up-projection matrix.
The results are shown in Table 5. Unlike GLUE
and SuperGLUE performance, ULPT exhibits con-
sistent improvement when the rank is higher. This
is probably because these tasks are more challeng-
ing for the T5-base model, which aligns with the
observation that full-model fine-tuning outperforms
parameter-efficient methods on these tasks. Never-
theless, ULPT achieves competitive performance
(slightly worse than the best-performing DePT ap-
proach), while saving parameters by multiple folds.
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Dataset Source Length Target Length  #Train #Valid #Test Type Size
GLUE Benchmark
MNLI 31.8 1.0 392,702 9,832 9,815 Natural language inference Large
QQP 24.1 1.0 362,846 1,000 40,431 Paraphrasing Large
QNLI 38.4 1.0 103,743 1,000 5,463 Natural language inference Large
SST-2 10.4 1.0 66,349 1,000 872  Sentiment analysis Medium
STS-B 21.9 1.0 5,749 750 750  Sentence similarity Small
MRPC 45.9 1.0 3,668 204 204 Paraphrasing Small
RTE 54.4 1.0 2,490 138 139 Natural language inference ~ Small
CoLA 8.7 1.0 8,551 521 522 Acceptability Small
SuperGLUE Benchmark
MultiRC 286.1 1.0 27,243 2,424 2,424 Question answering Medium
BoolQ 108.3 1.0 9,427 1,635 1,635 Question answering Small
WiC 18.4 1.0 5,428 319 319 Word sense disambiguation Small
WSC 28.1 1.0 554 52 52 Commonsense reasoning Small
CB 64.6 1.0 250 28 28 Natural language inference ~ Small
MRQA 2019 Shared Task
NaturalQuestions 242.7 4.5 103,071 1,000 12,836 Question answering Large
HotpotQA 225.7 26 71,928 1,000 5,901 Question answering Medium
SearchQA 942.8 2.0 116,384 1,000 16,980 Question answering Large
NewsQA 615.5 5.1 73,160 1,000 4,212 Question answering Medium
Other Datasets
WinoGrande 23.8 1.0 39,398 1,000 1,267 Commonsense reasoning Medium
YelpPolarity 134.0 1.0 100,000 1,000 38,000 Sentiment analysis Large
SciTail 30.8 1.0 23,596 652 652 Natural language inference  Medium
PAWS 44.7 1.0 49,401 8,000 8,000 Sentence Similarity Medium
Table 4: Dataset information and statistics for the main experiments in Section 4.1.
MRQA Others

Method #Param NQ HQA SQA NewsQA Avg. WG Yelp SciTail PAWS Avg.

Fine-tuning 220M 75.1 77.5 81.1 65.2 747 619 96.7 95.8 94.1 871

Adapter 1.9M 74.2 77.6 81.4 65.6 747  59.2 96.9 94.5 943  86.2

BitFit 280K 70.7 75.5 77.7 64.1 72.0 57.2 94.7 94.7 92.0 84.7

LoRA 38M 724 €3 725 569 660 582 91 947 940 860

SPoT 76.8K 68.2 74.8 75.3 58.2 69.1 50.4 95.4 91.2 91.1  82.0

ATTEMPT 232K 70.4 75.2 78.5 62.8 714  57.6 96.7 93.1 92.1 849

pPT* 76.8K 70.0 74.7 75.3 63.0 70.8  49.6 95.6 92.0 579 738

DPTf(r=10) 9.0K 71.3 75.5 76.3 63.5 71.7 49.6 96.1 95.6 922 83.4

DPT (r=256) 222K 714 76.0 77.6 64.2 72.3 49.6 96.3 95.2 55.8 74.2

DePT 76.8K  73.293 76.002 77.602 64.4¢ 73.0 59.00. 96.801 95.60, 93.790; 86.3

MPT_ 776K 72001 75801 77201 63701 722 56.509 96400 95.503 93501 853

ULPT (r=2) 1.7K 67202 74.001 7T1.792 61.4¢ 68.6 49502 95.601 93.009 90.4p, 82.1

ULPT (r=16) 3.1K 68.003 74300 72901 61.305 69.1 523p9 95.602 93.1p7 90.503 829

ULPT (r=64) 7.9K 70.703 75301 75.30.1 62905 T1.1  56.609 96207 94409 91.794 84.7

ULPT (r=256) 27.1K  72.69» 76.501 77.90.1 64.202 72.8 57.6p3 96.60, 96297 93.00; 85.9

Table 5: Performance on MRQA and other benchmarks using the T5-base model. The standard metrics reported are
the F1 score for MRQA tasks and accuracy for other datasets. TResults are obtained based on our replication using
default configurations. Other baseline results are sourced from Shi and Lipani (2024).

B.3 Additional Analysis on Bloomz Family

We further test our hypothesis from Section 4.3:
under a fixed parameter budget, longer low-
dimensional prompts offer greater expressivity.
To this end, we extend ULPT evaluation to
Bloomz (Muennighoff et al., 2023), a decoder-only

model available in 560M, 1.7B, and 3B sizes, hav-
ing hidden dimensions of 1024, 2048, and 2560
respectively.

For evaluation diversity, we select three mid-
sized tasks from each task group: SST-2, Hot-
potQA, and Winogrande, providing assessment
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Model

Method SST-2 HQA WG Aveg.

SST-2 HQA WG Avg.

SST-2 HQA WG Avg.

SST-2 HQA WG Avg.

#Param=2K, ULPT (r=2)

#Param=4K, ULPT (r=16)

#Param=8K, ULPT (r=64)

#Param=28K, ULPT (r=256)

Bloomz-560M PT 89.8 429 486 604 91.1 53.0 520 654 919 572 500 664 922 606 522 68.3
a ULPT 902 524 517 648 922 557 531 670 918 593 531 681 926 625 522 69.1
#Param=4K, ULPT (r=2) #Param=6K, ULPT (r=16) #Param=10K, ULPT (r=64) #Param=30K, ULPT (r=256)

Bloomz-1.7B PT 932 646 501 693 935 66.1 515 704 940 673 553 722 947 69.1 554 73.1
: ULPT 944 656 546 715 939 663 556 719 943 680 552 725 95.1 69.3 574 1739
#Param=5K, ULPT (r=2) #Param=8K, ULPT (r=16) #Param=13K, ULPT (r=64) #Param=31K, ULPT (r=256)

Bloomz-3B PT 932 66.1 505 699 945 69.0 560 732 949 69.1 589 743 949 715 60.0 755
ULPT 940 681 535 719 944 689 571 735 947 709 585 747 950 71.8 60.7 758

Table 6: Results on Bloomz, a decoder model with varying sizes (560M, 1.7B, and 3B) and hidden dimensions
(1024, 2048, and 2560). We compare ULPT with prompt tuning by conditioning on the same number of trainable

parameters.
Runtime Setting Llama 1B Llama 3B

_ Vanilla PT embeddings loading __ 0.6450.04 __ 0.01:£0.04
ULPT up-projection (r = 2) 0.56 £ 0.06 0.59 £0.04
ULPT up-projection (r = 64) 1.43 £0.09 1.87 £ 0.06
ULPT up-projection (r = 256) 4.09+0.10 5.80 +0.16

Decoding

1481.15 +£64.26  2536.67 = 42.14

Table 7: Runtime (ms) for ULPT prompt reconstruction.

Model No adaptation ULPT
Llama 1B 82.76 £0.33  82.71+0.33
Llama3B  48.74+£0.25 48.70 +0.22

Table 8: Decoding speed (tokens/second)

to a model. Unlike vanilla prompt tuning, ULPT
reconstructs prompt embeddings from a low-
dimensional space at inference time. We empir-
ically compare its up-projection runtime against
vanilla PT over 100 runs, shown in Table 7. We
find the overhead is negligible relative to the decod-
ing time on GSMS8K .

ULPT follows the paradigm of prompt tuning to
prepend tokens. We also measure end-to-end de-
coding speed using ULPT (rank 2 and 100 prompt
tokens) on a single NVIDIA A6000 48G GPU with
the Huggingface generation API. As seen in Ta-
ble 8, the decoding speed is similar with or without
the additional prompt tokens.

across classification, multi-hop reasoning, and com-
monsense reasoning. Given that Bloomz models
are larger than the TS5 series, we train up to 30K
steps with a batch size of 4, while keeping other
hyperparamters the same as our main experiment.

We consider comparing ULPT with prompt tun-
ing under different parameter budgets for text gen-
eration. Specifically, we vary the rank of ULPT
from 2 to 256 while fixing the length n = 100. For
full-dimensional prompt tuning, the token number
is adjusted to match the parameter count, resulting
in fewer virtual tokens than ULPT.

The results in Table 6 show that ULPT consis-
tently outperforms full-dimensional prompt tuning
across all model sizes and tasks given a fixed pa-
rameter budget. These results support our earlier
analysis (Section 4.3) that allocating the parame-
ter budget toward longer sequence lengths rather
than higher embedding dimensions yields greater
expressivity.

B.4 Inference Overhead Analysis

ULPT’s ideal use case is for massive LLM cus-
tomization, where adapters are frequently loaded
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C Theoretical Analysis

C.1 Proof of Theorem 2

Theorem 2. Let ey, ..., e, € RY be the embedding vectors in a high-dimensional space. Let P € R"™*%
be a random projection matrix where each element p; j ~ N(0,1/r), and let z; = Pe; € R" be the
projected low-dimensional vectors.

Then, with confidence at least 1 — §, we have

(I —e)llei —ejll < llzi — zill < (1 +¢)llei — e

(5)
foralli,j € [n], given that v > Ce=2log(2n/d) for a sufficiently large constant C.
Proof. Setting z; = Pe;, we have
po (|t ol ) _p ([lEeoeldeel, )
lei — el le: — e
2 (7

P —
~exp (e?r/c)’

for any i, j € [n]. The last inequality is a direction application of Lemma 1. Further, Boole’s inequality
suggests

Pr <anyi,j € [n]: Iz = 2ill ~ ll ej”‘ > 6) <nf—="—, ®)
le: — e exp (e*r/c)
where n? comes from counting all (4, j) pairs. By setting § > 0 to any value smaller than %, we

have r > 2ce2 - log(2n/§). Therefore, Eqn. (8) can be rewritten as follows: with confidence at least
1 — 4, we have

(1 =e)lle; —ejll < llzi — 2zl < (L +e)lle; — el ©)
forall 4,7 € [n], as long as 7 > 2ce 2 log(2n/9). O

C.2 Proof of Theorem 3
We first formally explain our assumptions.

Assumption 4. The loss function £ is 8 element-wise Lipschitz w.r.t. embeddings. Specifically, we have
\VL(xi) = VL(yi)| < Blzi — vl (10)

for any =,y € R™ being unrolled from n x d embedding matrices. ; and 7; are elements in the vectors.

Assumption 5. The loss function £ is p-PL (Polyak—Lojasiewic) w.r.t. embeddings, meaning that
1 *
SIVL@)5 = (L) — L(=") (11)

for any € R™?, where x is embedding parameters and 2* is any finite minimizer of L.

These are the common assumptions used to show the optimization process in deep learning (Karimi
et al., 2016; Mei et al., 2020). In addition, we also impose an assumptions on the projection matrix and
the scaling vector s.

Assumption 6. The projection matrices P € R"*? has a rank of r. In addition, we assume s is not a zero
vector during optimization.

Based on these assumptions, we first provide the essential lemmas for our proof.
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Lemma 7. If £ : R? — R is B-Lipschitz in each element, then L is B-Lipschitz.

Proof. Let VL(x;) be the partial derivative of £ w.r.t. z;. We have

[VL(zi) = VL(yi)| < Blzi — yil (12)
for every z;,y; € R. Therefore,
d
VL) = VL) =D [VL(:) = VL(y:)[* (13)
i=1
<262|x1 yz‘Q (14)
—62!\w yll*. (15)
We complete the proof by taking the square root on both sides. O

Lemma 8. Let ﬁ(ﬁ:) be the loss function with our ULPT approach, where & € I@"T”d is the concatenation
of shift/scale embeddings and the ultra-low-dimensional prompt embeddings. L(&) is [3'-Lipschitz w.r.t. &
for some 3 > 0.

Proof. We prove the Lipschitz condition of £ w.r.t. the ultra-low-dimensional prompt embeddings, scale
embedding, and shift embedding separately. Then, Lemma 7 suggests the Lipschitz condition of £ w.r.t to
@. Without loss of generality, we assume the layout of parameters is & = [b, s, z1, 22, . . ., 2], where n
is the number of prompt tokens.

We first calculate partial derivatives as follows

oL 0é;
b Z <8b> 0é; Z Géz’ (16)

oL  [9e\' oL & - oc
a. = P 7 ) 1
Ds (83) dé; ;dl&g “i) g, ™ (7
oL [(0é;\' oL . oc
0z, (8zi> oé; Pdlag(s)aéi. e
Our proof of the Lipschitz condition starts with checking b. For any element b, where k = 1,--- | d,
we have
A, (1 52 . (1 A(2
\vz(b,g )y = VLB >)) =13 (Ve - veEd) ‘ (19)
i=1
<Y [ve@El) - veEd) (20)
i=1
<L > jel) — e 1)
i=1
—nL|p" — b7 (22)

where superscripts (1) and (2) indicate two values in the Lipschitz condition. ¢; ;, refers to the sth prompt
token and its kth dimension. Here, the first equation is due to Eqn. (16).
For the scale embedding s, we also consider the kth dimension for k =1, - ,d:

VE(sY) ‘ -

( TPVL@El)) - 2 PyvL(e Eiﬁ))| (23)
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S (=) (vaég},b-vaégib)\ o

< S TR 30 (vEEl) - vee) 25)
<SP, \/Z( o) )’ 26)
<InOmax(Z)Omax (P \/Z (2] Pi)2 (3 — 52)y2 27)
<Inomax(Z)gmax(P), [> (=] Pop)?I5 — 57 (28)
<Ln02(Z)02(P) 8 — 5] (29)

where P. j, is the kth column of the P matrix (as a column vector), and omax(+) is the maximum singular
value of a matrix. Here, Line (25) is obtained by applying the Cauchy—Schwartz inequality. Line (27) is
based on matrix norm inequalities.

Finally, we examine z; ;,, which is the kth dimension (£ = 1,--- ,r) of the ith token of our ultra-low-
dimensional embeddings:

R \ oL oL
vc(sz))—vc(zﬁ))‘ = |P,..diag(s)— 5 — Py diag(s)— (30)

' ’ oe, oe,
= s (veE) - vee? 31
ZkaS] (61] ) (ez] ) ( )

J
. oL aL

Samax(P>0max S)L” (1) é§2 H (33)
<Omax(P)0max(s)L ‘ diag(s)P (zil) — zl@)) H (34)
<Lo2 o (P)o2 (s)|12) — 21| (35)
= L02 e (P)02as(8) 20} — 27 (36)

where Eqn. (36) holds because we examine one element z; ;, at a time, so zi(lk), = zi(i), for k' # k.

With these element-wise properties, we can have the full-parameter Lipschitz condition by using
Lemma 7. O

Lemma 9. The loss function L is j/'-PL (Polyak—Lojasiewic) w.r.t. & € R™ 4 for some 1.

Proof.
Lo ae L[OLIP 1]oc|® 1. |loc|?
sive@ir =3 |5 | +3 (5] <32 | os @
1l ozl ocl’ 1 oL |
=3 ;8éi zi)aéi +2; P diag(s) 5 (38)
1< oL
1 :
=P Pd1ag(s)8éi (39)
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n 2

2§O-min(P)o-min(s) ; £ (40)
1 .
=5 %min(P)omin (8) | VL(2)| (41)
>0 imin (P)Tmin(8)p (L(2) — L(z7)) (42)
Za—rznin(P)Jﬁlin(s)u (E(:%) - E(i*)) ) (43)
where &* is the minimizer under our parameterization. This suggests that £ is p’-PL for some /. O

Theorem 3. Assume the original loss function L is Polyak—Lojasiewic and element-wise Lipschitz on
the original d-dimensional embeddings. Let P € R"™ be a given full-rank random Gaussian matrix
(i.e., rank r), and our parametrization be é; = diag(s)PT z; + b. With a proper learning rate schedule
M1,M2, ..., our parameters x = [b, s, z1, . .., z,| converge to the global optimum with gradient descent
if s is always non zero.

Proof. At each iteration ¢, gradient descent produces
T T — e VL(T), (44)

where L is the loss function under our parametrization. For each iteration, we choose 1, = 1/5/(x¢),
where (3'(x;) is the Lipschitz coefficient in Lemma 8 depending on x;:

L) <L) + (VL@ @i - 20 + 2y — P )
=L(x;) — 1 T 2
o M,(:Bt) ) — L(z*
<) - 52 fer) - £la) @

where /() is the PL coefficient in Lemma 9, which also depends on x;. By rearranging the terms, we
obtain

* :u/(wt) *
L(xpt1) — L(z") < (1- 7 (L) — L(x7)), (48)
B (xt)
suggesting that the excessive loss £(x) — L(x*) converges to 0. O

Note that our Lipschitz and PL conditions are non-uniform (i.e., depending on the parameters according
to the lemmas above). Therefore, a proper learning schedule 7, = 1/3(x;) is needed in the theoretical
analysis.
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