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Abstract

Speculative generation has emerged as a
promising technique to accelerate inference in
large language models (LLMs) by leveraging
parallelism to verify multiple draft tokens si-
multaneously. However, the fundamental lim-
its on the achievable speedup remain poorly
understood. In this work, we establish the
first “tight” lower bounds on the runtime of
any deterministic speculative generation algo-
rithm. This is achieved by drawing a paral-
lel between the token generation process and
branching random walks, which allows us to
analyze the optimal draft tree selection prob-
lem. We prove, under basic assumptions, that
the expected number of tokens successfully pre-
dicted per speculative iteration is bounded as
E[X] ≤ (µ+ µ(2)) log(P )/µ

2 +O(1), where
P is the verifier’s capacity, µ is the expected
entropy of the verifier’s output distribution, and
µ(2) is the expected second log-moment. This
result provides new insights into the limits of
parallel token generation and could guide the
design of future speculative decoding systems.
Empirical evaluations on Llama models vali-
date our theoretical predictions, confirming the
tightness of our bounds in practical settings.

1 Introduction

Speculative decoding (Leviathan et al., 2023; Chen
et al., 2023; Stern et al., 2018) has emerged as
a standard technique for large language models
(LLMs) at scale, as it significantly reduces infer-
ence latency without altering the output distribu-
tion. The core mechanism involves using a faster
drafting process Mq to generate a linear sequence
or a tree of candidate tokens. These tokens are
periodically verified in parallel by a target verifier
LLM Mp; throughout the paper, we assume Mp is
the original model we wish to speed up. By lever-
aging the fact that the target model can verify up
to P tokens efficiently in parallel, this approach
allows multiple tokens to be accepted in a single

iteration of the verifier Mp.
The efficacy of this technique has spurred sig-

nificant follow-up research focused on improving
the drafting process, notably the EAGLE series
of papers (Li et al., 2024b,a, 2025), which intro-
duced feature-level extrapolation and dynamic draft
trees, as well as Medusa (Cai et al., 2024). On
the industrial side, speculative decoding is now
widely supported in high-performance inference
frameworks such as vLLM (Kwon et al., 2023) and
SGLang (Zheng et al., 2024).

Despite its widespread adoption and empirical
success, the theoretical foundations of speculative
decoding are not well understood. In particular, it
remains unclear how close existing algorithms are
to the fundamental limits of the speedup achievable
through this approach. Early theoretical analysis,
such as the simplified modeling provided in the
original work of Leviathan et al. (2023), offered
initial estimates based on the agreement rate be-
tween the draft and target models. Recently, Yin
et al. (2024) provided a theoretical perspective by
conceptualizing the decoding process via Markov
chains and establishing instance-dependent lower
bounds on the number of “rejected” (not validated)
tokens. However, we still lack a framework for
characterizing the maximum achievable accelera-
tion relative to the model’s properties and system
constraints.
Contributions. In this paper, we provide the first
tight analysis of speculative decoding, revealing a
fundamental limit on the performance of any de-
terministic speculative generation algorithm. We
establish a rigorous runtime lower bound, which
is equivalent to a speedup upper bound, by prov-
ing a novel relationship between the parallelism
of the system (P ) and the entropy of the target
model’s output distribution. Specifically, we show
that, given a random initial generated prefix, the
expected number of tokens successfully predicted
in the next speculative iteration, denoted as E [X],
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can be bounded as:

E [X] ≤
µ+ µ(2)

µ2
log(P ) +O(1),

where µ is the expectation of the entropy of the
output distribution under a random initial prefix,
and µ(2) is the expected second log-moment.

Further, we show that this upper bound on the
“acceptance rate” of a given setup is close to the per-
formance of actual practical systems. Specifically,
since our modeling is very general, our analysis
can be utilized to characterize the efficiency limits
of advanced speculative generation techniques like
EAGLE-3.

In more detail, we propose a simplified analyti-
cal execution model, described in Section 3.1. As-
suming a target LLM Mp of fixed latency T and
with parallel token capacity P , the execution is it-
erative: a deterministic algorithm Mq speculates a
“draft” tree of tokens up to size P , which are then
verified in parallel by the original model Mp. We
assume the computational cost of the drafter Mq

is negligible (Assumption 1) and assume that the
distributions of acceptance probabilities are i.i.d.
across different prefixes (Assumption 2) to facili-
tate the analysis.

Our main results (Theorems 1 and 2) establish
the upper bound on E[X] under these preconditions.
We show that the optimal deterministic specula-
tion strategy involves greedily selecting the P most
probable token sequences from the speculative tree
(Lemma 1). Then, we show that the achievable
speedup under this approach scales logarithmically
with the parallel capacity P , and roughly inversely
with the expected entropy µ, highlighting the di-
minishing returns of increased parallelism and the
inherent difficulty of speculating when the model’s
output is highly variable.

At the technical level, the bound makes a novel
connection between the speculative decoding pro-
cess and the theory of Branching Random Walks
(BRW). By modeling the token tree with log-
probabilities, denoted by Ulog, as a BRW, we lever-
age established theoretical tools, such as the Many-
to-One Lemma (Shi, 2015), to analyze the distribu-
tion of high-probability paths within the constraint
of the verification budget P . This connection pro-
vides a new analytical framework for understanding
the limits of speculative decoding.

We complement our theoretical analysis with
practical experiments on Llama models, across
standard speculative decoding benchmarks. The

results show a clear correlation between the per-
formance upper bound predicted by our bound,
and the real-world performance of well-optimized
systems such as EAGLE-3. This validates the
tightness of our theoretical predictions and demon-
strates a new relationship between system’s parallel
token capacity, model entropy, and the achievable
speedup in realistic settings.

2 Related Work

Speculative Decoding. The high latency of au-
toregressive decoding in Large Language Models
(LLMs) is a significant bottleneck (Shazeer, 2019).
Speculative decoding mitigates this by reducing
the number of sequential calls to the target model.
Building on blockwise parallel decoding (Stern
et al., 2018), the technique was first formalized
concurrently by Leviathan et al. (2023) and Chen
et al. (2023).

Subsequent research has focused on improving
the efficiency and acceptance rates of the drafting
stage. One evolution has been the shift to struc-
tured, tree-based speculation (Miao et al., 2023),
which allows the exploration of multiple potential
continuations.

Some draft-generation approaches introduce ar-
chitectural modifications, such as Medusa (Cai
et al., 2024). The EAGLE framework (Li et al.,
2024b,a, 2025) introduced feature-level extrapo-
lation, leveraging the target model’s internal rep-
resentations to generate drafts, leading to signif-
icantly higher acceptance rates. Other innova-
tions are Staged Speculative Decoding (Spector
and Re, 2023) or self-speculation techniques (El-
houshi et al., 2024; Fu et al., 2024).

Theoretical Analysis of Speculative Decoding.
The theoretical understanding of speculative de-
coding is still in its initial stages. First analy-
ses (Leviathan et al., 2023; Chen et al., 2023) pro-
vided simplified models based on the expected
agreement rate between the draft and target mod-
els, using a similar version of the i.i.d. assumption
made in this paper. Sun et al. (2023) analyzed the
acceptance rate through the lens of optimal trans-
port, while Yin et al. (2024) utilized Markov chain
abstractions to establish instance-dependent lower
bounds.

Our work contributes to this area by analyzing
the fundamental limits imposed by system con-
straints (parallel token capacity P ) and the inherent
properties of the target model, which we isolate via
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the entropy parameter µ. We provide bounds on the
expected number of accepted tokens per iteration
for any deterministic speculative algorithm, reveal-
ing the fundamental speed limits of this technique.

Branching Random Walks. Our analysis intro-
duces a novel connection between speculative de-
coding and the theory of Branching Random Walks
(BRW). BRW is a well-studied field in probabil-
ity theory (Biggins, 1977; Shi, 2015; Lyons and
Peres, 2017) analyzing stochastic processes where
particles reproduce and move randomly. By mod-
eling the token generation process as a BRW on
the space of log-probabilities, we leverage estab-
lished theoretical tools, such as the Many-to-One
Lemma (related to spinal decomposition and mea-
sure changes; see, e.g., Shi, 2015), to analyze the
optimal selection of draft trees under a system con-
straint. This framework allows us to characterize
the fundamental trade-offs in speculative genera-
tion.

3 Model

Let V = {x1, x2, . . . , x|V|} denote the token vo-
cabulary, of size |V|.
Definition 1. A target LLM is a function Mp :
VP → P(V)P :

• Takes a prefix x<t and outputs the probability
distribution for the next token p(xt | x<t).

• has fixed runtime T (see Assumption 1).

• Processes up to P tokens in parallel. P here
denotes the parallel token capacity: the max-
imum number of tokens that can be verified
by the target model before noticeable latency
drop-off.

• Requires access to the full prior context. To
predict token xt, tokens x<t must be present
within the current or during one of the preced-
ing calls to Mp.

The objective is defined as follows: Given a pre-
fix, generate a sequence ofN tokens {x1, . . . , xN}
identical to the sequence produced by the execu-
tion of target LLM Mp. To generate a sequence of
N tokens using only Mp, we must run the model
N times sequentially. In other words, Timenaive =
N × T .

We can obtain a faster end-to-end runtime δNT
(δ ≤ 1 is the inverse of speedup), by using specu-
lative generation techniques (Li et al., 2024b; Cai

et al., 2024). In this paper, we formally define the
limitations of such methods with a lower bound
on δ. For example, there exists a trivial bound of
δ ≥ 1

P . That is, all generated tokens need to be
verified, and the target model can verify up to P
tokens at a time. Therefore, the verifier must be
run at least NP times.

3.1 Timing Model

We analyze algorithm Mq designed to mimic the
behavior of a target LLM Mp. Mq must exactly
replicate the output of the “black-box” Mp. Hence,
any proposed algorithm for Mq must verify tokens
by running Mp.

We adopt the following execution model: The
execution is divided on iterations. During each
iteration, the algorithm Mq speculates k tokens
(k ≤ P ). The tokens are then verified by the target
model Mp in parallel. During verification, Mp

stochastically accepts a sequence. The probability
of the accepted sequence is exactly the same as the
probability of generating this sequence naturally
by Mp. In addition, Mp generates one new token
each time the verification is run.

We make a few simplifying idealizations.

Assumption 1 (Simplified Timing Model). (a) The
runtime of Mp is a constant T . (b) The computa-
tional cost of Mq, excluding the verification calls
to Mp, is negligible. (c) Verification calls are se-
quential.

These assumptions help us connect expected run-
time with Theorem 1. A brief note on the timing
assumptions: (a) In practice, T increases linearly
with the prefix length. Treating T = T (N/2) as a
constant introduces a small deviation for runtime.
(b) Since we focus on the asymptotic lower bound,
we disregard the overhead incurred by the drafting.
Recent work (Liu et al., 2025), however, considers
settings where the cost of drafting is not negligi-
ble. (C) Asynchronous verification is typically less
optimal due to memory allocation overhead. To
our knowledge, there are no works that show oth-
erwise. However, it might be possible to process
xP tokens faster than ⌈x⌉T (Sheng et al., 2023).
Again, these simplifications affect the runtime by a
constant factor.

3.2 The Bounds for Deterministic Drafting

In this section, we formulate lower bounds on δ for
any reasonable deterministic algorithm. First, we
state a simplifying assumption:
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Definition 2 (Acceptance Probability). Let
β(xt|x<t) be the probability that a speculated
token xt is accepted by Mp, given that its prefix
x<t is accepted. For a deterministic Mq, this
is exactly p(xt|x<t) — the probability of Mp

generating token xt.

Assumption 2 (I.i.d. Distributions). We assume
that the acceptance probabilities at each step are
drawn i.i.d. across different prefixes β(xt|x<t) =
β(xt). Moreover, the probability that the distribu-
tion β is point mass is < 1: Pr [β(xt) = 1] < 1.

While the i.i.d. assumption is not realistic, since
the context dependency is inherent in languages, it
allows for a tractable proof. These proofs would
give insight into the general case. The second part
of the assumption excludes scenarios when Mp is
deterministic, which, under our timing model, does
not have a non-trivial speedup bounds.

Given the i.i.d. assumption, we can apply Wald’s
equation. Let Xi denote the number of new tokens
accepted during iteration i. Let n denote the total
number of iterations to generate N tokens. Since
Mq is deterministic and the output distributions
are i.i.d., Xi are also i.i.d. Then, according to the
Wald’s equation,

N ≤ E

[
n∑

i=1

Xi

]
= E [n]E [X1] .

This lets us lower-bound the speedup δ using the
inverse of the expected tokens per iteration.

E [runtime] = δNT ≥ E [n]T ≥ NT

E [X1]
. (1)

To lower bound the runtime, we must upper bound
E[X1].

Optimal deterministic drafting strategy. We
now proceed to analyze E [X1], the expected num-
ber of tokens per iteration.

Definition 3 (Token Tree). Let U be a weighted
tree of degree |V| and infinite depth. Each node
u in U represents a token u and each edge repre-
sents a possible transition taken by Mp. Each edge
(u, v) of the tree is weighted with the correspond-
ing acceptance probability βv: probability of token
v being accepted, given its parent is accepted. r is
the root of U and represents the currently known
prefix. For a node v, |v| denotes the depth of v in
U .

Let P (v) be the probability that node v is ac-
cepted during the current iteration. It is the product
of all conditional probabilities along the path from
root r to v:

P (v) =
∏

u∈path(r→v)

βu.

Definition 4 (Draft Tree). A draft tree Tree is a
subtree of U that has at most P nodes and is rooted
at r.

Let L(Tree) be the longest accepted path of a
draft tree Tree (including r). The expected number
of accepted tokens is equal to the expected length
of the accepted path in Tree:

E[X1] = E[L(Tree)] .

For example, if 3 new draft tokens are accepted,
then L(Tree) = 4 since the root r is counted,
by definition. The number of new tokens is also
X = 4, since the verifier adds one new token to a
list of accepted tokens. The optimization problem
for Mq is therefore the following:

Choose a draft tree Tree ⊆ U , which maximizes
the expected length of its accepted path.

Note that, in our theoretical argument, we allow
Mq to have full knowledge of U , therefore it can
always find the optimal solution. The above expec-
tation is over the randomness in verification, not
the choice of U .

This optimization problem can be solved greed-
ily by the following algorithm.

Lemma 1. Any draft tree Tree∗ that maximizes
E[L(Tree)] contains P nodes of U with the
highest acceptance probability P (v). Moreover,
E[L(Tree∗)] =

∑
v∈Tree∗ P (v).

Proof. Recall that |v| denotes the depth of the node
v. Fix some solution Tree. We can represent the
expectation of L(Tree) as a sum over the depth of
Tree.

E[L(Tree)] =
∞∑

d=1

Pr[L(Tree) ≥ d].

L(T ) ≥ d if and only if a node at depth d in Tree is
accepted. Since Mp generates a unique sequence,
acceptance of two nodes at the same depth are
mutually exclusive events. Hence,

Pr[L(Tree) ≥ d] =
∑

v∈Tree,|v|=d
P (v).
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Which gives us E[L(Tree)] =
∑

v∈Tree P (v).
This sum is maximized by Tree∗. There always
exists a prefix-closed Tree∗ since the acceptance
probability of a parent is never lower: for a node
v and its parent u, P (u) ≥ P (v) since P (v) =
pP (u) with p ∈ [0, 1].

Since Tree∗ is optimal for every fixed tree U ,
algorithm Mq that drafts Tree∗ at each iteration is
therefore optimal under Assumption 1. Lemma 1
does not require Assumption 2. The drafting strat-
egy used by Li et al. (2024a) is identical, but in-
cludes a cap on the maximum tree depth and width
for practical purposes.

Branching random walks (BRW). A branching
random walk (BRW) is usually governed by a 1D
point process Ξ on R: a random variable whose
support is a set of locally finite subsets of R. Then
BRW is defined as a process, where

• A root (single node of generation 0) is located
in position 0.

• Each node of generation i creates children that
move according to the point process Ξ from
the position of the parent.

The generation i of node u is given by |u| and its
position by V (u).

The theory of BRW is well-studied, and we will
use it to characterize U . First, let us introduce the
(log-)Laplace transform for the point process Ξ.
For θ > 0 it is given by:

ψ(θ) = lnE


 ∑

u:|u|=1

e−θV (u)


 . (2)

We introduce a simplified version of the many-
to-one lemma.

Lemma 2 (The Many-to-One Lemma). For a BRW
with point process Ξ and any θ > 0, such that
ψ(θ) < ∞, there exists a random walk Sn with
S0 = 0, such that for any n ≥ 1, and any measur-
able function g : R → [0,∞), we have

E


 ∑

v:|v|=n
g(V (v))


 = E

î
eθSn+nψ(θ)g(Sn)

ó
.

Branching random walks for U . The token tree
U defined earlier (Definition 4) is closely related
to the BRWs. That is, let Ulog be a tree U , where
the node weights βu are replaced by − log(βu).

Under Assumption 2 (i.i.d. distributions), Ulog is
modeled as a BRW with point process

Ξlog = {− log β1, . . . ,− log β|V|}.
The position of the point v is then V (v) =∑

u∈path(r→v)− log(βu) = − logP (v). The
(log-)Laplace transform defined in Equation (2)
simplifies to

ψ(θ) = lnE


 ∑

u:|u|=1

βθu


 .

The upper bound of E[X]. Let N(t) be a ran-
dom variable that counts the number of nodes in
Ulog, whose value is ≤ t:

N(t) = #{u ∈ Ulog : V (u) ≤ t}.
Let µ denote the expected entropy of the output
distribution and µ(2) denote the expected second
moment of − log:

µ = E


−

∑

u:|u|=1

βu log βu


 ,

µ(2) = E


 ∑

u:|u|=1

βu log
2(βu)


 .

By the non-deterministic assumption (Assump-
tion 2), we have that µ > 0.
Claim 1. Assume µ > 0, µ(2) < ∞. Let N(t) =
#{u ∈ Ulog : V (u) ≤ t} denote the number of
nodes of Ulog with value ≤ t. Let Sd be a spine
random walk (from Lemma 2 with θ = 1) for
Ulog, E[h(S1)] = E[

∑
u∈Ξlog

e−uh(u)]. Denote
U(x) =

∑∞
d=0 Pr[Sd ≤ x]. Then,

E[N(t)] =

∫ t

0
exdU(x).

Proof. Let Nd(t) = #{u ∈ Ulog : |u| =
d, V (u) ≤ t} denote the number of nodes at layer
d with value ≤ t. So,

E [N(t)] = E

[ ∞∑

d=0

Nd(t)

]
=

∞∑

d=0

E [Nd(t)] .

By applying the Many-to-One lemma (Lemma 2)
with identity function 1 (V (u) ≤ t) and θ = 1 (so
ψ(θ) = 0),

E [Nd(t)] = E


 ∑

u:|u|=d
1 (V (u) ≤ t)




= E
î
eSd1 (Sd ≤ t)

ó
.
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Moreover, E[S1] = E
î∑

u:|u|=1 e
−V (u)V (u)

ó
=

µ.
Denote CDF of Sd as Fd(x) = Pr[Sd ≤ x]. We

can expand the expectation by definition:

E
î
eSd1 (Sd ≤ t)

ó
=

∫ t

0
exdFd(x).

U(x) =
∑∞

d=0 Fd(x). Thus,

E [N(t)] =
∞∑

d=0

∫ t

0
exdFd(x) =

∫ t

0
exdU(x).

Lemma 3. Assume µ > 0 and µ(2) <∞. For any
threshold t > 0, the expected number of nodes in
Ulog, whose value is ≤ t is:

E [N(t)] ≤
µ+ µ(2)

µ2
et − 1

µ
+ 1.

Proof. By Claim 1,

E [N(t)] =

∫ t

0
exdU(x).

Integrate by parts. U(0−) = 0 and U(x) is right-
continuous (U(x+) = U(x)), so:

E [N(t)] = etU(t)−
∫ t

0
U(x) exdx.

U(x) has a known bound from renewal theory
(see Appendix A). Therefore, we can write U(x) =
x/µ+C(x) with C(x) ∈ [1, 1+ µ(2)/µ

2]. Substi-
tuting U(x) into E [N(t)], we get

E [N(t)] =
µ+ µ(2)

µ2
et − 1

µ
+ 1.

Theorem 1 (Bound on Speculative Generation).
LetMp be a LLM with latency T and parallel token
capacity P . Let Mq be any deterministic algorithm
that generates ≥ N tokens, verified by Mp. Let X
denote the number of tokens successfully predicted
by Mq during an iteration. µ > 0 and µ(2) < ∞.
Under Assumption 2 and for P ≥ 1 +

µ(2)
µ2

, the
expectation of X is

E[X] ≤
µ+ µ(2)

µ2
log(P ) +O(1).

Or, more precisely,

E[X] ≤ a ln

Å
P − b

a

ã
+ a+ b,

where a =
µ+µ(2)
µ2

and b = 1− 1
µ .

Proof. By Lemma 1, E[X] ≤ E
[∑

v∈Tree∗ P (v)
]
.

We can rewriteP (v) as an integral of threshold indi-
cator function of V (v) by substituting t = − log x:

P (v) =

∫ ∞

0
e−t1 (V (v) ≤ t) dt.

Let N(t) be a random variable that counts the num-
ber of nodes in Ulog, whose value is ≤ t. Then,
since Tree∗ contains P nodes with smallest val-
ues:
∑

v∈Tree∗
P (v) =

∫ ∞

0
e−t

∑

v∈Tree∗
1 (V (v) ≤ t) dt

=

∫ ∞

0
e−tmin (P,N(t)) dt.

Since N(t) ≥ 0 for all t ≥ 0, we can swap
expectation and integral and then apply Jensen’s
(min (P, ·) is concave):

E
ï∫ ∞

0
e−tmin (P,N(t)) dt

ò

=

∫ ∞

0
e−tE [min (P,N(t))] dt

≤
∫ ∞

0
e−tmin (P,E [N(t)]) dt.

Finally, applying Lemma 3, and denoting a =
µ+µ(2)
µ2

and b = 1− 1
µ , we have:

E[X] ≤
∫ ∞

0
e−tmin

(
P, aet + b

)
dt.

Let t∗ = ln ((P − b) /a). Then:
∫ ∞

0
e−tmin

(
P, aet + b

)
dt

=

∫ t∗

0
a+ be−tdt + P

∫ ∞

t∗
e−tdt

=a ln

Å
P − b

a

ã
+ a+ b.

Theorem 1 shows that the maximum speedup
of any deterministic speculative decoding algo-
rithm Mq grows logarithmically with parallelism
P . The slope of this scaling is determined by the
expected next-token entropy of the target model µ:
a lower entropy produces deeper speculative trees
and larger speedups, while a higher entropy quickly
limits the benefit of parallelism. This bound ex-
poses a core trade-off: parallelism can increase
expected latency, but its gains are fundamentally
capped by the model’s output uncertainty.
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3.3 Asymptotic bounds

This section analyzes the behavior of E [X], the
expected number of tokens per iteration, when
P → ∞. A detailed derivation is given in Ap-
pendix B.

Theorem 2 (Bound on Speculative Generation).
LetMp be a LLM with latency T and parallel token
capacity P . Let Mq be an optimal deterministic al-
gorithm that generates ≥ N tokens, verified byMp.
Let X denote the number of tokens successfully
predicted by Mq during an iteration. µ > 0 and
µ(2) <∞. Under Assumption 2 and assuming that
the point process is non-arithmetic, the expectation
of X is

E[X] ≈ log(P )

µ
.

Proof Sketch. We show that log(P )/µ −
o(logP ) ≤ E[X] ≤ log(P )/µ + o(logP ).
The upper bound follows the proof on Theorem 1,
where the E[N(t)] estimate is replaced by its limit.
Then we substitute this estimate for t ≲ log(P ).
For the lower bound on E[X] we bound the P -th
smallest value in Ulog by the same limit estimate
of E[N(t)] and Wald’s argument. We provide the
complete proof in Appendix B.

Lower bound under imperfect knowledge In
previous sections, we assumed that Mq has com-
plete knowledge of the output probabilities of the
target model (U ). This allows us to derive the hard
limits for any algorithm that predicts the target
model Mp even with access to an oracle.

However, this assumption does not reflect how
these systems operate in practice. Namely, in stan-
dard speculative decoding Leviathan et al. (2023),
we would normally have a smaller draft model,
trained to predict the target model’s output. In turn,
this motivates the question: how does the relation
between the drafter predictions q and target’s distri-
bution p affect the maximum achievable acceptance
rate? In this section, we analyze the performance
of an algorithm Mq that only has access to distribu-
tion q(xt|x<t). This yields a lower bound on E[X]
similar to Theorem 2, with cross-entropy µCE =
E [H(P ||Q) | Q > 0] = E [−∑ p log q | Q > 0].

Informally, we obtain the following lower bound
for an optimal deterministic algorithm Mq with
imperfect knowledge:

E[X] ≳ min

Å
1

E[Pr[q = 0]]
,
logP

µCE

ã
.

We formally state and prove this result in Ap-
pendix C (see Theorem 5).

In practice, E
[
Pr[q = 0]

]
is typically negligi-

ble. This gives the following estimate for E[X] for
speculation without full knowledge:

logP

µCE
≲ E[X] ≲ logP

µ
.

4 Experiments

Setup and Objectives. To validate our theoret-
ical results, we first evaluate the key expected en-
tropy (µ) and expected second log-moment (µ(2))
for popular models such as Llama 3.1 8B (L3-
8B) Instruct and Llama 3.3 70B (L3-70B) In-
struct (Grattafiori et al., 2024), DeepSeek R1 Dis-
till Llama 8B (DS-8B) (DeepSeek-AI, 2025), and
Qwen3 8B (Q3-8B) (Team, 2025). We evaluate
these parameters across several task types: code
generation, conversation, math problem solving,
summarization, and question answering. For ro-
bustness, we chose the benchmarks used by the
EAGLE Li et al. (2024b) series of papers: Hu-
manEval (Chen et al., 2021), MT-bench (Zheng
et al., 2023), GSM8K (Cobbe et al., 2021),
CNN/Daily Mail (Nallapati et al., 2016), and Nat-
ural Questions (NQ) (Kwiatkowski et al., 2019).
Full experiments take a few hours on a standard
multi-GPU server.
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Figure 1: Empirical validation of Theorem 1 (EAGLE-3,
LLaMA 3.1 Instruct (8B)) with fixed speculation size
P = 60, across a diverse set of tasks. The interpolation
line shows the near-linear correspondence between the
EAGLE speedup results and our bound with a fixed
constant gap of ×5.

Upper bound VS EAGLE-3 Next, in Figure 1,
we evaluate how well Theorem 1 upper bound
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Figure 2: Comparing Theorem 2 and Theorem 5 with (EAGLE-3, LLaMA 3.1 Instruct (8B)) the ±o(logP ) term is
neglected for this plot. The blue line represent the precise bound fromTheorem 1

on expected accepted tokens captures the ex-
pected number of tokens successfully speculated by
EAGLE-3 on the LLaMA 3.1 Instruct (8B) model.
For each iteration, we run EAGLE-3 with the sam-
pling method described in Lemma 1, which corre-
sponds to the original EAGLE-2 sampling proce-
dure, but without a limit on the depth and width
of the tree. This illustrates the potential of the
algorithm if we neglect the speculation time (τ
from Li et al. (2025)). We fix the speculation size
to P = 60. The plot shows a clear linear relation-
ship between our bound and the EAGLE-3 results,
indicating that actual speedup scales predictably
with the Theorem 1 bound across dataset. How-
ever, the bound is roughly ×5 larger, indicating a
constant gap between our bound and the actual per-
formance of EAGLE-3. This is explained by our
simplifying assumptions: in particular, EAGLE-3
has higher speculation error than the “oracle” spec-
ulator assumed by our lower bound.

Scaling with parallel capacity Finally, Figure 2
shows how the speedup achieved by the EAGLE-3
algorithm varies with the speculation size P when
speculating on the LLaMA 3.1 8B Instruct, on 6
different benchmarks. The solid black line repre-
sents the best achievable speedup for EAGLE-3
under our simplifying assumptions. Specifically,
we compute this bound by assuming a negligible
speculation overhead, but use the actual EAGLE-
3 acceptance rate, given their trained speculators.

Further, the dashed lines corresponds to the theoret-
ical bounds on maximal speedup. Specifically, the
blue lines shows the exact upper bounds from The-
orem 1; the orange lines represent the limit bounds
(P → ∞) established in Theorem 2; and the green
line shows the lower speedup limit for the imper-
fect knowledge drafting of Theorem 5 (also for
P → ∞). For both orange and green lines, we
ignore the o(logP ) error, and hence these graphs
should be viewed with caution. The star marker de-
notes the performance of EAGLE-3 according to Li
et al. (2025) (configured for practical use). The star
is missing from a Natural Questions benchmark
since it was not presented in the EAGLE-3 paper.

First, we notice that the gap between the real
EAGLE-3 performance under realistic condition
(star point) and the potential bound (solid black
line) is relatively low. However, EAGLE-3 still
leaves a large gap to the theoretical exact lower
bound, represented by the blue dashed lines. Specif-
ically, we postulate that this stems from the gap be-
tween the optimal speculator assumed in our analyt-
ical argument and the one adopted by the EAGLE-
3 implementation. Secondly, the gap between the
limit line (orange) and the imperfect knowledge
line (green) is mostly due to an oracle speculator
assumption. Generally, this suggests that the ap-
proximately ×2 difference between the theoretical
bound and EAGLE-3 is caused by a speculation
error. This suggests that there is still significant
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room for improvement with regards to designing
optimal practical speculation algorithms.

5 Discussion

We established theoretical limits on the speedup
achievable by deterministic speculative decoding
algorithms, by drawing a novel connection to the
theory of Branching Random Walks (BRW). Our
main result (Theorem 1) shows that the expected
number of accepted tokens per iteration scales loga-
rithmically with the verification capacity P , which
in turn implies significant diminishing returns from
increasing system parallelism. Specifically, expo-
nentially increasing the computational budget P
will only yield a linear improvement in speedup,
highlighting that massive parallelism alone cannot
overcome the probabilistic bottlenecks of specula-
tion.

Roughly, the bound is inversely related to the
expected entropy µ of the target model. This quan-
tifies the intuition that speculation is inherently
difficult when the model’s output is uncertain. Fur-
thermore, the constant factor (µ+µ(2))/µ2 closely
bounds the impact of variability in the entropy
distribution. More precisely, a higher expected
second log-moment µ(2) (greater variance in log-
probabilities) reduces the maximum achievable
speedup, indicating that the specific distribution
of uncertainty impacts performance beyond just
the average entropy. More generally, modeling the
token tree of log-probabilities as a BRW provides
a new analytical lens for understanding speculative
generation. This allows us to rigorously analyze
the distribution of high-probability paths under re-
source constraints, moving beyond previous sim-
plified models based on average acceptance rates.

Finally, the empirical evaluations demonstrate a
strong correlation between our theoretical bounds
and the performance of state-of-the-art systems like
EAGLE-3. This suggests that current deterministic
algorithms are approaching the fundamental limits
under the assumptions studied, and can guide fu-
ture system design, emphasizing the importance of
model characteristics (reducing effective entropy)
over merely increasing the parallelism budget P .

6 Limitations

Our theoretical framework relies on a number of
simplifying assumptions.

I.i.d. Assumption. The analysis depends on As-
sumption 2, which states that the distributions of

acceptance probabilities are independent and iden-
tically distributed across prefixes. This is not exact
for language models, where context dependency
is inherent and output entropy will vary with the
preceding text. This assumption is needed for the
application of BRW theory and Wald’s equation.
Extending the analysis to stationary and ergodic
processes, which better capture the dynamics of
language modeling, remains an important direction
for future work.

Simplified Timing Model. We adopt a simpli-
fied timing model (Assumption 1) that assumes a
constant latency T for the verifier and negligible
computational cost for the drafter. In practice, the
verifier’s latency increases with the prefix length
(due to KV cache growth); at the same time, highly-
efficient drafting mechanisms such as the one in
EAGLE-3 do have negligible overhead. These as-
sumptions allow us to isolate the fundamental lim-
its imposed by the probabilistic verification process,
but abstract away practical engineering trade-offs.

Perfect Knowledge and Deterministic Drafting.
Our upper bounds are derived for the optimal deter-
ministic drafting strategy, assuming that the drafter
has perfect knowledge of the target model’s out-
put probabilities (U). This is done for analytical
purposes, as we wish to bound the performance of
an ideal process. However, in reality, drafters only
approximate the target distribution. We address
this deeper in Appendix C by introducing a lower
bound for an optimal drafter. Furthermore, the anal-
ysis is focused on deterministic drafting and does
not address stochastic speculation strategies.

7 LLM Use

LLMs were used for minor editing and proofread-
ing of the draft.
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A Renewal bound

Let X1, X2, . . . be i.i.d. positive random variables
and define the partial sums Sd =

∑d
i=1Xi with

S0 = 0. For x ≥ 0, set U(x) =
∑∞

d=0 Pr[Sd ≤
x].

Claim 2. For all x ≥ 0,

x

E[X1]
+1 ≤ U(x) ≤ x

E[X1]
+1+

E[X2
1 ]

(E[X1])2
.

Proof. Let ‹N≥(x) = min{d ≥ 0 : Sd ≥ x} de-
note the number of steps to reach x. Then

U(x) =
∞∑

d=0

Pr[Sd ≤ x]

=
∞∑

d=0

Pr[‹N≥(x) ≥ d] = 1 + E[‹N≥(x)].

By Wald’s identity,

E[‹N≥(x)] =
E[S‹N≥(x)

]

E[X1]
≥ x

E[X1]
.

Lorden’s inequality (Lorden, 1970) gives

E[‹N≥(x)] ≤ x

E[X1]
+

E[X2
1 ]

(E[X1])2
.

Combining the two bounds completes the proof.

B The Limit Bounds

In this section we prove Theorem 2. That is, we
show that an optimal drafting algorithm under our
model assumptions would successfully generate
≈ logP/µ tokens per iteration in expectation.

Non-arithmetic assumption We would call a
random variable or a point arithmetic if its values
are taken from a scaled integer set (a grid).

Definition 5. A random variable X is arithmetic
if there exist λ > 0 and c0, such that the sample
space of X is a subset of c0 + λZ with probability
1.

Likewise, a point process Ξ is arithmetic if for
some λ > 0 and c0, its sample space is a subset of
c0 + λZ∞ with probability 1.

Assumption 3 (Non-arithmetic). The point process
Ξlog (defined in Section 3.2) is non-arithmetic.

This assumption simplifies our statements. A
similar result can be demonstrated in the arithmetic
case, which will introduce an additional constant
dependent on λ.

Upper bound To prove the upper bound, we
would use a key renewal theorem.

Theorem 3 (Key Renewal Theorem (Grimmett and
Stirzaker, 2020)). Let X1, X2, . . . be i.i.d. non-
arithmetic positive random variables and Sd =∑d

i=1Xi with S0 = 0. Denote m(t) = E[max(n :
Sn ≤ t)], the renewal function. Let g : [0,∞) →
[0,∞) be a monotonically decreasing function
such that

∫∞
0 g(x)dx <∞, then

lim
t→∞

∫ t

0
g(t− x)dm(x) =

1

E[X1]

∫ ∞

0
g(x)dx.

Throughout this section, we are using the spinal
random walk defined in Section 3.2 and Claim 1.
In short, for a BRW Ulog there exists a random walk
Sd called a spine random walk, whose expectation
has the many-to-one property of Lemma 2. In our
case, Sd can simply be imagined as a branch of
Ulog chosen at random. (for more details, refer to
the Spinal Decomposition Theorem, e.g., from Shi
(2015)).
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Lemma 4. Assume µ > 0, µ(2) <∞, and Ξlog is
not arithmetic. Then,

E [N(t)] =
et

µ
+ o(et).

The o(et) in the lemma can be replaced with
O(1), but that unnecessarily complicates the proof.

Proof. By Claim 1,

E [N(t)] =

∫ t

0
exdU(x).

Denote m(x) = E[max(d : Sd ≤ x)]. Since
m(x) =

∑∞
d=1 Fd(x), we have U(x) = m(x) + 1

and

E [N(t)] = et
∫ t

0
ex−tdm(x).

Applying Theorem 3, we get

lim
t→∞

E[N(t)]

et
=

1

µ
.

Theorem 4 (Bound on Speculative Generation).
LetMp be a LLM with latency T and parallel token
capacity P . Let Mq be a deterministic algorithm
that generates ≥ N tokens, verified by Mp. Let X
denote the number of tokens successfully predicted
by Mq during an iteration. µ > 0 and µ(2) < ∞.
Under Assumptions 2 and 3 and for P ≥ 1 +

µ(2)
µ2

,
the expectation of X is

E[X] ≤ log(P )

µ
+ o(logP ).

Proof. By Lemma 1, E[X] ≤ E
[∑

v∈Tree∗ P (v)
]
.

We can rewriteP (v) as an integral of threshold indi-
cator function of V (v) by substituting t = − log x:

P (v) =

∫ ∞

0
e−t1 (V (v) ≤ t) dt.

Let N(t) be a random variable that counts the num-
ber of nodes in Ulog, whose value is ≤ t. Then,
since Tree∗ contains P nodes with smallest val-
ues:

∑

v∈Tree∗
P (v) =

∫ ∞

0
e−t

∑

v∈Tree∗
1 (V (v) ≤ t) dt

=

∫ ∞

0
e−tmin (P,N(t)) dt.

Since N(t) ≥ 0 for all t ≥ 0, we can swap
expectation and integral and then apply Jensen’s
(min (P, ·) is concave):

E
ï∫ ∞

0
e−tmin (P,N(t)) dt

ò

=

∫ ∞

0
e−tE [min (P,N(t))] dt

≤
∫ ∞

0
e−tmin (P,E [N(t)]) dt.

By Lemma 4, E [N(t)] = et/µ+ o(et). Substitut-
ing gives us:

E[X] ≤ logP

µ
+ o (logP ) .

Lower bound Denote TP as the P -th smallest
value in Ulog. First, we give a rough asymptotic
bound on E[TP ].
Lemma 5. Assume µ > 0, µ(2) <∞, and Ξlog is
not arithmetic. Then,

E [TP ] ≥ logP − log logP −O(1).

Proof. Throughout this proof, assume P is large
enough. Using the tail-sum formula for expecta-
tions,

E[TP ] =
∫ ∞

0
Pr [TP > t] dt

=

∫ ∞

0
Pr [N(t) < P ] dt.

Let t∗ = log(µP )− log log(P ).
∫ ∞

0
Pr [N(t) < P ] dt ≥ t∗ Pr [N(t∗) < P ] .

Next, we apply Markov inequality,

Pr [N(t∗) < P ] ≥ 1− E[N(t∗)]
P

.

Finally, by Lemma 4,

E[N(t∗)]
P

≤ 1 + o(1)

logP
.

Which gives us:

E[TP ] ≥ t∗
Å
1− 1 + o(1)

logP

ã

= logP − log logP −O(1).
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Lemma 6. Assume µ > 0, µ(2) <∞, and Ξlog is
not arithmetic.

E[X] ≥ E[TP ]
µ

.

Proof. Recall the notation from Section 3.2. For
u ∈ Ulog, βu is the accepted probability for node u,
given its parent is accepted. P (u) is the accepted
probability of node u. V (u) = − logP (u) is the
position of u in the branching random walk.

Let Tree∗ be some optimal subtree of Ulog of
size P (from Lemma 1). Let δ(Tree∗) = {u ∈
Ulog : u /∈ Tree∗, parent(u) ∈ Tree∗} denote
the frontier of Tree∗. δ(Tree∗) is a set of all pos-
sible candidates for the root of the next iteration.
More precisely, {P (u) : u ∈ δ(Tree∗}) is a dis-
tribution, and P (u) is the probability that u is the
next token accepted by the verifier Mp. Hence,∑

u∈δ(Tree∗) P (u) = 1.
The maximum value in Tree∗ is denoted by

TP = maxv∈Tree∗(P (v)). By construction of
Tree∗, for every u ∈ δ(Tree∗), P (u) ≥ TP .
Hence, we have

∑

u∈δ(Tree∗)
P (u)V (u) ≥ TP .

Finally, by Wald’s, we get

E[
∑

u∈δ(Tree∗)
P (u)V (u)] = µE[X].

As a corollary of Lemmas 5 and 6 and Theo-
rem 4, we get Theorem 2:

E[X] ≈ logP

µ
.

There is a nice way to interpret the formula. A static
tree with P nodes and average degree eµ would
have depth E[X]. That is, the relation between eµ

and E[X] is approximately the same as between
the degree of a static balanced tree and its depth.

C The Bound for Deterministic Drafter
with Imperfect Knowledge

In this section, we keep the model from Section 3
unchanged. The only modification is the informa-
tion available to the drafter Mq. Instead of observ-
ing the verifiers distribution p(xt | x<t), the drafter
sees speculated distributions q(xt | x<t). In par-
ticular, the drafter algorithm is oblivious to the
distribution p (even from the previous iteration).

Under Assumption 2, we also assume that q are
i.i.d., or formally:

Assumption 4 (I.i.d. Speculated Distributions).
The speculated distributions q are i.i.d. across dif-
ferent prefixes q(xt | x<t) = q(xt). Moreover, the
probability that the distribution q is point mass is
< 1: Pr [q(xt) = 1] < 1.

Let Uq denote a token tree with edges labeled
with q instead of p. We simply write q(v) to denote
the probability on an edge (u, v). The speculated
probability of a node is therefore:

Q(v) =
∏

u∈path(r→v)

q(u).

The value of a node in Uq is Vq(v) = − log(Q(v)).
The output of the optimal drafter Mq is Tree∗q —
Tree∗ from Lemma 1 for Uq. Tq(P ) denotes the
P -th smallest value in Uq.

Lower bound Let Ξ(q>0) = {u : |u| =
1, q(u) > 0} be a set of nodes in the point pro-
cess with non-zero probability of speculation. Let
µCE denote the expected cross-entropy of the out-
put distribution p and the speculated distribution q,
conditioned on q > 0. Let Pr[q = 0] denote the
probability of {q = 0}. Formally,

µCE = E[− log q(u) | q > 0]

= E

[−∑Ξ(q>0)
p(u) log q(u)

∑
Ξ(q>0)

p(u)

]
,

E[Pr[q = 0]] = E


 ∑

u: |u|=1

p(u)1(q(u) = 0)


 .

It is common in speculative decoding to have a
drafting model with a smaller vocabulary than the
target model. Hence, we separate two scenarios:
a) p(x) > 0, while q(x) = 0 (usually caused by
out-of-vocabulary misses) and q(x) > 0 (normal
speculative decoding). Under this setup, we can
prove a lower bound for the expected number of
tokens per iteration E[X]:

Theorem 5. Let Mp be a LLM with latency T and
parallel token capacity P . Let Mq be an algorithm
that generates ≥ N tokens. Each iteration Mq

selects P most likely nodes from Tree∗q and verifies
them with Mp. Let X denote the number of tokens
successfully predicted by Mq during an iteration.
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Table 1: Values of the parameters µ and µ(2) across models and tasks, estimated with temperature 1.0, for Llama
3.1 8B Instruct, Llama 3.3 70B Instruct, DeepSeek R1 Distill Llama 8B, and Qwen3 8B

Model Dataset Parameters

L3-8B HumanEval µ = 0.279, µ(2) = 0.777

MT-bench µ = 1.088, µ(2) = 6.654

GSM8K µ = 0.636, µ(2) = 2.912

CNN/DM µ = 0.577, µ(2) = 1.531

NQ µ = 0.837, µ(2) = 2.926

Mean µ = 0.683, µ(2) = 2.960

L3-70B HumanEval µ = 0.136, µ(2) = 0.238

MT-bench µ = 0.179, µ(2) = 0.383

GSM8K µ = 0.126, µ(2) = 0.199

CNN/DM µ = 0.146, µ(2) = 0.266

NQ µ = 0.179, µ(2) = 0.382

Mean µ = 0.153, µ(2) = 0.29

Model Dataset Parameters

DS-8B HumanEval µ = 0.530, µ(2) = 1.252

MT-bench µ = 0.633, µ(2) = 1.951

GSM8K µ = 0.233, µ(2) = 0.531

CNN/DM µ = 0.601, µ(2) = 1.650

NQ µ = 0.771, µ(2) = 2.397

Mean µ = 0.554, µ(2) = 1.556

Q3-8B HumanEval µ = 0.178, µ(2) = 0.313

MT-bench µ = 0.369, µ(2) = 0.814

GSM8K µ = 0.202, µ(2) = 0.369

CNN/DM µ = 0.328, µ(2) = 0.691

NQ µ = 0.518, µ(2) = 1.297

Mean µ = 0.319, µ(2) = 0.697

µ > 0 and µCE > 0. Under Assumptions 2 to 4,

E[X] ≥ min

(
1

E
[
Pr[q = 0]

] ,

logP

µCE
− o(logP )

)
.

Proof. Recall the notation from the proof
of Lemma 6. δ(Tree) is the frontier of Tree.

First, separate E[X] into two cases. Let w̃ ∈
δ(Tree∗q) denote the last accepted token in this
iteration. Then

E[X] ≥ min
(
E[X

∣∣q(w̃) = 0],E[X
∣∣q(w̃) > 0]

)
.

Case A. This can be modeled as a series of i.i.d.
steps Ii. Let pi and qi be two distributions gener-
ated in step i. Then, Ii = 1 (qi(Yi) = 0), where Yi
is drawn with distribution pi. Let τq=0 be the first
time Ii = 1. We can use Wald’s equation to find its
expectation:

E[τq=0]E [I1] = 1.

Finally, E[X | q(w̃) = 0] = E[τq=0] and
E [Pr[q = 0]] = E[I1].

Case B. Similar to Lemma 6, we observed that
for every u ∈ δ(Tree∗q), Vq(u) ≥ Tq(P ). Then
applying Wald’s, we get

E[X | q > 0] ≥ E[Tq(P )]
µCE

.

Finally, with Assumption 4, we can apply Lemma 5
to Tq(P ) to obtain the desired bound.

D Entropy measurements

Table 1 shows the estimated expected entropies (µ)
and expected second log-moments ( µ(2) ), for The-
orem 1. We compute these values for each model
and benchmark with temperature 1 for all runs.
The parameters are computed over the output dis-
tributions of the target model running on the corre-
sponding dataset (80 samples per dataset). When
substituted in Theorem 1 or Theorem 2, these re-
sults provide evaluations for which models and
tasks offer the highest potential for parallelization.

The results in Table 1 show both lower and more
stable entropy and second-moment bounds for the
larger and more accurate Llama 3.3 70B model,
across all tasks. By contrast, the 8B models have
both less stable and higher parameter values, across
all tasks, but especially so in the multi-turn MT-
Bench benchmark. In terms of our bounds, this
implies a higher parallelization potential for the
larger model.

Across different architectures, we observe that
Qwen3 consistently exhibits a lower expected en-
tropy (µ) across almost all benchmarks compared
to Llama 3.1. According to our bounds, this sug-
gests that Qwen3 is better suited for speculation.

E Cross-entropy lower bound VS
EAGLE-3

In Figure 3, we evaluate how well Theorem 5, our
lower bound onE[X], captures the expected num-
ber of tokens successfully speculated by EAGLE-3
across different 8B models. For each iteration, we
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Figure 3: Validating Theorem 5 with EAGLE-3 across
different models. The ±o(logP ) term is neglected for
this plot. Speculation size is set to P = 60. The in-
terpolation line shows the near-linear correspondence
between the EAGLE speedup results and lower bound.

run EAGLE-3 with the sampling method described
in Lemma 1, which corresponds to the original
EAGLE-2 sampling procedure, but without a limit
on the depth and width of the tree. This illustrates
the potential of the algorithm if we neglect the
speculation time (τ from Li et al. (2025)). We fix
the speculation size to P = 60. The plot shows a
clear linear relationship between our bound and the
EAGLE-3 results, indicating that actual speedup
scales predictably with the Theorem 1 bound across
dataset. However, the bound is smaller, indicat-
ing a constant gap between our bound and the ac-
tual performance of EAGLE-3. This is likely the
±o(logP ) term.

Moreover, on Figure 3 the interpolation lines
between different speculation models remain con-
sistent, which shows that Theorem 5 serves as a
more precise indicator of the quality of the drafters.
Meanwhile, Theorem 1 and Theorem 2 establish
the theoretical maximum speedup of any determin-
istic algorithm Mq for a given target model Mp.
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