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Abstract

The in-context learning (ICL) coding, reason-
ing, and tool-using ability of LLMs has spurred
interest in library learning (i.e., the creation
and exploitation of reusable and composable
functions, tools, or lemmas). Such systems of-
ten promise improved task performance and
computational efficiency by caching reasoning
(i.e., storing generated tools) — all without fine-
tuning. However, we find strong reasons to be
skeptical. Specifically, we identify a serious
evaluation flaw present in a large number of
ICL library learning works: these works do not
correct for the difference in computational cost
between baseline and library learning systems.
Studying three separately published ICL library
learning systems, we find that all of them fail
to consistently outperform the simple baseline
of prompting the model — improvements in task
accuracy often vanish or reverse once compu-
tational cost is accounted for. Furthermore,
we perform an in-depth examination of one
such system, LEGO-Prover, which purports to
learn reusable lemmas for mathematical rea-
soning. We find no evidence of the direct reuse
of learned lemmas, and find evidence against
the soft reuse of learned lemmas (i.e., reuse by
modifying relevant examples).

Our findings suggest that a serious re-
examination of the effectiveness of ICL LLM-
based library learning is required, as is much
stronger standards for evaluation. An equal
computational budget must be used for base-
lines, alongside behavioural analysis.!

1 Introduction

Humans extend their capabilities, improve their re-
liability, and save mental effort by creating broadly
applicable, composable, and reusable tools and
knowledge (Sweller, 1988). Whether software li-
braries, standard operating procedures, or mathe-
matical lemmas, these artifacts allow us to save

'Our code is available on GitHub https://github.com/
ikb-a/11m_lib_learning_fails.

effort, act predictably, act accurately, and more eas-
ily solve tasks. Library learning systems aim to
artificially reproduce this ability; e.g., DreamCoder
(Ellis et al., 2021) writes code for text editing and
LOGO drawing tasks by building up a library of
increasingly complex composable functions.

Recent advances in the coding, reasoning, and
tool-use ability of LLMs has raised the possibility
of library learning with LLMs. Coding ability is
required to create reusable and composable code,
and tool-use ability is needed to leverage these self-
created tools. Within the last year, several works
have leveraged in-context learning to perform li-
brary learning — prompting the LLM to generate
and apply broadly applicable helper tools. The
primary benefit claimed is typically improved per-
formance (Nguyen et al., 2024), though the pro-
posed reasons for these gains vary. Compared to
directly generating task-specific code, Wang et al.
(2024d) and Yuan et al. (2024) hypothesize that
library learning encourages simpler and more re-
liable functions. Similarly, Qian et al. (2023) sug-
gest that performance improves through separating
the task into abstract reasoning and instantiation
tasks (i.e., creating a generic tool before calling it
with the problem’s specifics). Wang et al. (2024b)
propose that their system accumulates reusable rel-
evant reference examples. These systems may also
claim to reduce cost by caching the created tools
(Cai et al., 2024).

In this work, we investigate three such ICL li-
brary learning systems: LEGO-Prover (Wang et al.,
2024b), TroVE (Wang et al., 2024d), and Agen-
tOptimizer (Zhang et al., 2024). TroVE and Agen-
tOptimizer generate Python code for solving math
word problems, generating a library of functions
and callable tools respectively. LEGO-Prover aut-
oformalizes theorems, i.e., converts natural lan-
guage proofs into formal proofs verified by the
Isabelle theorem prover (Paulson, 1994). Wang
et al. (2024b) reported SotA performance at the
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time of publication, and stated that “LEGO-Prover
enables LLMs to utilize existing skills retrieved
from the library” and “[m]odular and reusable skills
are constantly added to the library to enable tack-
ling increasingly intricate mathematical problems.”
Based on these and similar claims, we answer two
important questions: 1) Do these systems exhibit
library learning behaviours? 2) Does this behaviour
improve performance?

Our contributions are as follows: (1) We evalu-
ate direct library reuse behaviour in LEGO-Prover
(Wang et al., 2024b), TroVE (Wang et al., 2024d),
and AgentOptimizer (Zhang et al., 2024). We find
flawed reuse behaviour in two systems: TroVE
tends to reuse trivial functions, and LEGO-Prover’s
library is not directly reused. (2) We provide evi-
dence that LEGO-Prover’s learned library does not
serve as a useful reference for solving related tasks.
(3) Critically, we demonstrate that all three systems
fail to consistently outperform a simple repeated
prompting baseline once the baseline is provided
with an equivalent computational budget. Future
works must account for this in their evaluations.
Together, these three points suggests that a serious
re-examination of ICL LLM-based library learning
is in order. (4) Based on our findings, we make
concrete proposals for improving the development
and evaluation of library learning systems.

2 Background

We begin with a brief overview of the purpose and
design of the three library learning systems studied.
LEGO-Prover (i.e., LP) uses in-context learning
(ICL) to convert natural language proofs into ver-
ifiable formal proofs via two pools of concurrent
processes that share a library: the PROVER and
EVOLVER. The PROVER iterates over unconverted
proofs: each natural language proof is first used
to generate requests for potentially useful lemmas,
and then reworded into an English step-by-step
proof. The rephrased proof is augmented with lem-
mas retrieved from the learned library, converted
into a formal proof, processed by corrective heuris-
tics, and finally verified or rejected by Isabelle.
Simultaneously, the EVOLVER proves and revises
requested lemmas, adding these to the library. The
PROVER cycles through unsolved problems; the
maximum number of attempts per problem is a
hyperparameter. As per Wang et al. (2024b), we
use Draft-Sketch-Prove (Jiang et al., 2023) as a
baseline. Draft-Sketch-Prove (i.e., DSP) uses ICL

and post-processing heuristics to convert natural
language into an Isabelle proof. We modify DSP
to use LEGO-Prover’s heuristic post-processor.

AgentOptimizer (Zhang et al., 2024) and TroVE
(Wang et al., 2024d) solve math word problems
via Python code generation. TroVE is an online
method that generates 3k independent solutions for
each problem. The first k attempts directly prompt
the LLM for a solution (i.e., SKIP solutions). The
next k condition on the library (i.e., IMPORT solu-
tions). The final k£ generate and use a new function
for the library (i.e., CREATE solutions). k = 5
is used in the paper. Majority vote selects the an-
swer; heuristics add & remove functions from the
library. As per Wang et al. (2024d), we use di-
rect prompting (i.e., SKIP) with majority vote as
the baseline. AgentOptimizer creates a library of
Python functions that are exposed to an LLM at
inference time via ICL tool calling. Learning is via
offline training: ICL repeatedly adds, revises, or
deletes library items to optimize LLM performance
on a train set. As per Zhang et al. (2024), ReAct
(Yao et al., 2023) with a Python interpreter tool is
used as the baseline.

3 Reuse Behaviour of Several Systems
Under Various LLMs

ICL library learning has reported significant im-
provements over baselines: TroVE reports 11%
improvement on TabMWP (36% — 47%), Agen-
tOptimizer reports 8.7% on the MATH Precalulus
split (53.8% — 62.5%), and LEGO-Prover reports
10.7% on miniF2F (39.3% — 50%). What drives
these gains? The most obvious explanation is the
development of a library of useful tools. These may
be broadly applicable tools that can be directly
reused in the problem (e.g., a mathematician ap-
plying Rolle’s theorem or a programmer calling
numpy . std). Alternatively, the library may instead
be useful exemplars that are softly reused (i.e.,
fragments reproduced with minor edits). This be-
haviour is akin to forking a code repository as the
starting point for a new project. Note that genuine
library learning requires reuse, rather than (single)
use. A bespoke tool, useful for only a single spe-
cific query, does not belong in a library. Indeed,
creating bespoke tools is a form test-time scaling
rather than library learning.

In search of the source of performance gains, we
run these three systems and study their behaviour.
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3.1 Do TroVE and AgentOptimizer Exhibit
Reuse?

As per the original paper, we evaluate TroVE
on math word problems with MATH (Hendrycks
et al., 2021b), and tabular reasoning with TabMWP
(Lu et al., 2023), HiTab (Cheng et al., 2022),
and WTQ (Pasupat and Liang, 2015). We use
CodelLlama-7B-Instruct as per the original and
also study Llama-3.1-8B-Instruct. We follow
AgentOptimizer’s evaluation protocol on MATH,
randomly sampling the train set. As in the original
work we use GPT models (40-mini due to the dep-
recation of GPT-3.5 & GPT-4-preview. We also run
40 on the MATH geometry and precalculus splits).

To measure direct reuse, we consider only cor-
rectly answered problems — reuse in wrong answers
cannot explain performance gains. TroVE gen-
erates IMPORT solutions via ICL on the source
code of tools, generating code that is executed in
a Python environment that already has the tools
defined. For TroVE, we optimistically consider a
problem to be solved if at least one IMPORT solu-
tion succeeded (thereby assuming that this answer
will be selected by majority vote). We removed
any solutions where the tool was re-implemented
with the signature (i.e., soft reuse) instead of being
imported and called. Tool-use in AgentOptimizer
is simpler as it uses the OpenAl tool-calling API;
we consider any use of a tool in a correct solution
to be reuse (as the tool is reused from the train set).

We find that TroVE and AgentOptimizer both
exhibit direct reuse behaviour; see Tab. 1 for direct
function reuse in TabMWP and MATH respectively,
and App. G for the full MATH & TabMWP reuse
tables. We find direct reuse under all LLMs tested.
However, unlike AgentOptimizer, TroVE does not
reliably learn functions. Over the three runs and
two LLMs no functions were learned on the MATH
geometry & intermediate algebra splits, and only
a single function was learned on the precalculus
split. Furthermore, the learned functions are largely
trivial: see Fig. 1 for three randomly sampled ex-
amples, and contrast with a random sample from
AgentOptimizer in Fig. 2. This simplicity is also
reflected in metrics of complexity; e.g., in most
cases the average cyclomatic complexity (McCabe,
1976) of TroVE’s learned functions was below 1.5
(see Appendix. Tab. 17 for exact values under vari-
ous metrics). Summarizing, both systems exhibit
direct reuse, though TroVE’s performance gains
are curious given that TroVE produces a simpler

TroVE (CodeLlama) TabMPW:
7546/80640 correct IMPORT attempts

total_cost (seed 2) 2716
median_of_column 1197
total_cost 1148
sum_of_values 652

mode (seed 3) 625
sum_column 440
18 Functions redacted for space
range_of_values 5
TroVE (Llama3.1) TabMWP:
16841/80640 correct IMPORT attempts

sum_column 2326
rate_of_change 2230
mode 1447
median 1442
mean_value 1381

24 Functions redacted for space .
get_total_cost 2
AgentOptimizer (gpt-40) MATH geometry:
154/240 correct solution attempts
solve_math_problem_fixed
evaluate_expression [Run 3]
solve_math_problem
evaluate_math_problem
evaluate_algebra
evaluate_trigonometric
solve_task_with_sympy
evaluate_expression [Run 1]
calculate_distance_2d
calculate_triangle_area
calculate_area_and_volume_of_cone
calculate_distance_3d

—_
)

—_m = = N W WA A ON

Table 1: The functions (left column) reused in success-
ful AgentOptimizer & TroVE solutions, and the num-
ber of reuses (right column). There is reuse behaviour,
however the learned functions tend to be simple. We
aggregate over 3 runs. See App. G.1 for the full TroVE
table, and equivalent tables on all 7 MATH splits, HiTab,
and WTQ. See App. G.3 for all AgentOptimizer tables.

library and does not reliably learn functions.

3.2 Does LEGO-Prover Exhibit Reuse?

As per the original paper, we evaluate LEGO-
Prover on miniF2F, though replacing GPT-3.5
with 40-mini due to deprecation. We also eval-
uvate LLama 3.1-8B-Instruct, and run o3-mini,
Qwen3-14B, and 40 on subsets of the data. It should
be noted that LEGO-Prover with 40-mini under-
performs the original results reported by the au-
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% of Successful Lemmas Lemma Use Lemma Reuse
Model miniF2F - Attempts mn Verbatim Name Verbatim Name
Test Set Prompts

1 2+ 1 2+
03-mini 10% 20/1825 75 0 5 0 O 0 O
Qwen3-14B-Instr  10% 22/2741 83 5 54 0 0 0 0
GPT-40 20% 43/5537 121 2 9 0 O 0 O
Llama3.1-8B-Instr 100% 212/28679 721 56 231 1 0 2 1
40-mini 100% 189/57419 583 13 47 0 O 1 0

Table 2: Lemma use and reuse in successful PROVER attempts. We report the proportion of successful PROVER
attempts and the number of unique retrieved lemmas in the PROVER’s input prompts. We also report lemma use
(i.e., the lemma appears in whole or by name in at least one solution) and reuse (i.e., use in several solutions). We
sum over 3 runs. Virtually zero reuse is observed in our data, or the original Wang et al. (2024b) logs (App. Tab. 9).

def number_of_groups(n, k):
return n // k

def is_multiple_of_12(num):
if num % 12 == 0:
return True
else:
return False

def is_cube(x):
return x *x 3 == x

Figure 1: Three functions randomly sampled from
TroVE’s final libraries. Note the simplicity and errors.

def calculate_cone_properties(radius, height):
volume = (1/3) * math.pi * radius*x2 * height
slant_height = math.sqrt(radius**2 + height*x2)
lat_surf_area = math.pi * radius * slant_height
return {'volume': volume,
'lateral_surface_area': lat_surf_area}

Figure 2: Function randomly sampled from AgentOp-
timizer’s final library; unlike TroVE, AgentOptimizer
consistently learns functions on the MATH geometry
split. Note that the variable lat_surf_area was re-
named for brevity.

thors, however our analyses of the LEGO-Prover
logs released by Wang et al. (2024b) show the
same reuse behaviour in the original GPT-3.5 ex-
periments (see Section 7 and Appendix C.1.2 for
further details).

We define a lemma to be reused n times by the
PROVER if it is used in n 4 1 proofs (i.e., the initial
use, followed by n reuses). We test for direct reuse
via the methodology by Berlot-Attwell et al. (2024):
for every retrieved lemma provided to the PROVER
we check for the presence of the lemma (verba-

lemma sum_of_powers:
fixes n :: nat
shows "(\<Prod> k < n. (2*(2*k) +
37(2%k))) = (3::nat)*(2*n) - 2*(2*n)"
proof (induction n)

Figure 3: Sample LEGO-Prover lemma that with a high
soft use score of 0.96, reproduced almost exactly in
the final proof (App. Fig. 24). Despite being used,
reuse in other tasks is extremely challenging given that
Hk<n(22k + 32k) = 32" — 22" is a specialized lemma.

tim use) or the lemma’s name (name use) in the
PROVER’s output. We find evidence for frequent
direct use, but not reuse, of lemmas (see Tab. 2).
I.e., LEGO-Prover can use relevant lemmas in its
proofs, but the lemmas it learns are only directly
usable in a single problem.

While this bodes poorly, the original authors
claim that “[m]any skills [...] are very helpful
as reference examples”. To test this, we quan-
tify the degree of soft use between a given input
lemma and the PROVER’s solution as one minus
a modified, 0-1 normalized Levenshtein distance
(Levenshtein, 1966). For a lemma L and proof
P then soft_use(L, P) := w where LCS is
the longest common subsequence. Note the proof
is not penalized for containing additional tokens as
the final proof should add to the used lemma. See
App. F for a longer explanation of the metric, as
well as example lemmas and their soft use scores.

Again we find evidence for use, but not reuse.
Lemmas such as Fig. 3 are used heavily in a sin-
gle proof, but are too specialized for broader use-
fulness. To better illustrate this, we use the soft-
use metric to plot two survival curves, i.e. the
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Soft Use and Soft Reuse in Solved LEGO-Prover Tasks

40-mini Llama3.1-8B 40 03-mini Qwen3-14B
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Similarity Threshold for Soft Use & Reuse
(0 is any degree of use and 1 is direct use)

Figure 4: We define a normalized score for the degree to which a lemma is used in a proof (i.e., soft use). Using this
score and a threshold, we can determine whether LEGO-Prover’s solution to a task soft-uses the retrieved lemmas
provided in the PROVER’s context. In blue we plot the percentage of solutions meeting the desired threshold for soft
use. In orange, we plot the percentage of solutions meeting soft-reuse (i.e., soft using a lemma that is also soft-used
by a different task). We observe that the lines for reuse rapidly reach zero for even moderate similarity thresholds
(e.g., 7 = 0.6) whereas soft use remain relatively high. This suggests that lemmas are used by the PROVER in
generating solutions, but that there tends to be only one task that exploits a given lemma.

proportion of solved tasks exhibiting soft use, or
soft reuse, at a given threshold (see Fig. 4). For
a given threshold 7 of the metric, we say a task
with proof P exhibits soft use if it has a retrieved
lemma L such that soft_use(L, P) > 7. Such a
task also exhibits soft reuse if at least one of these
lemmas is also soft-used by another task. We note
that the soft reuse curves are within one standard
deviation of 0% of tasks by the 70% soft-reuse
threshold, and reach zero while 30-40% of tasks
continue exhibiting soft use. This suggests that
soft reuse is not occurring. These curves also re-
veal an upper bound on the proportion of tasks that
can benefit from lemma reuse: this bound arises
from the retriever that selects lemmas from the
library. Some tasks do not retrieve any lemmas
that are also retrieved by another task and therefore
cannot exhibit PROVER reuse. Consequently, at
the threshold 7 = 0 (i.e., all retrieved lemmas are
soft used) the survival curve for reuse attains less
than 100%. Repeating this experiment on the origi-
nal LEGO-Prover logs yields the same results (see
App. Fig 10). In App. C.1 we compare the soft use
scores of retrieved, non-retrieved, and unrelated
Isabelle lemmas — again finding no evidence for
soft reuse.

At this point we have eliminated the possibil-
ity of soft reuse that preserves syntax. Weaker
forms of semantic reuse are possible, but fraught

Distribution of Llama3.1 Lemmas'

2  Semantic Similarities to Proofs
2]

8 Most Similar Proof
A 41 2nd Most Similar
o

S 24

=

g0 : : .

] 0.4 0.6 0.8

Cosine Similarity

Figure 5: We plot the distribution over lemmas of the se-
mantic similarity with the most similar proof they were
retrieved for, and the second most similar proof they
were retrieved for. Reused lemmas would be similar to
both, but we instead find a sharp decrease in similarity.
See App. C.1.1 for the plots under different LLMs.

as they deviate further from the verified lemma.
To test for such reuse, we calculate the seman-
tic similarity of lemmas and proofs using OpenAl
text-embedding-3-large embeddings. If seman-
tic reuse were occurring, we would expect there to
exist lemmas highly similar to two proofs. Instead,
we see a sharp drop in similarity from the most to
second most similar proof — see Fig 5. This approx-
imately holds in all models studied (App. C.1.1),
and the original LEGO-Prover logs (App. Fig. 11).

4 What drives performance gains?

These results are curious as, by following the au-
thors’ evaluation methodologies, we often see very
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LLM System miniF2F Avg. Cost LLM System MATH Geo. Avg. Cost
4ol LP 29.343.1% $125.4 4o AgentOpt. 64.241.4% $11.22
&p DSP 23.141.2%  $22.9 ReAct 66.312.5% $1.28
LP(CC|) 23.841:2% $22.6 domini  AgentOpt.  60.0+2.5% $0.77
o LP 27.8+4.8% $218.0 ReAct 60.04+2.5% $0.09
03-mini DSP  19.415.4% 5165
“EE2.47 : LLM System  MATH Precalc.  Avg. Cost
LP(CC)) 153424%  $174 o AgenOpt  61.72a.0% $10.94
Qwen3-14B LP 30.612.4% 109.0M ReAct 63.3+4.0% $1.87
DSP — 20.8442%  7.0M AgentOpt.  58.7542.5% $0.81
40-mini gen - pt = ’
LP(CC)) 153+24%  6.5M ReAct 58.813.8% $0.15
s LP 25.841.6% $69.9
4o-mini DSP 35.940.0%  $12.1 -
LP(CCl)  17.5:0 9 % $1 1’9 Table 4: AgentOptimizer performance and computa-
- P 29:0 21% 242.§M tional costs. Following Zhang et al. (2024) we train
Llama3.1 DSP 8.2+0.4% 40.5M and evaluate on random subsets of the full MATH
LP(CCl) 15.741.0% 38.9M splits. See App. G.3 for 40-mini results on addi-

Table 3: Compute-Corrected LEGO-Prover.

tional MATH splits.

MATH TableQA

LLM System Algebra Counting Geometry Intermediate Number Prealgebra Precalculus TabMPW WTQ HiTab
CodeLlama Direct 21.8+1.7% 21.2413% 7441.2% 11.6+1.1% 25.941.2% 29.1123% 12.310.90% 44.3105%  20.040.4% 14.8+0.3%
7B—In:tr TroVE 29.140.7% 26.942.2% T.7+11% 12.941.0% 29.640.9% 32.342.1% 20.4415% 40.1126% 14.740.3% 16.240.7%
o Direct (CCT)  26.740.5% 23.6+04% 8.441.2% 13.640.0% 28.04158% 32.841.8% 15.4404% 45.440.4% 18.7103% 17.140.4%
Llama3.1 Direct 34.640.2% 29.140.7% 12.9411% 19.1+0.2% 35.61+0.4% 43.210.6% 15.841.7% 642:06% 20.T+0.2% 19.5+0.6%
B Inst;' TroVE 36.341.1%  28.943.0% 14.141.4% 19.841.5%  38.242.1%  40.8140% 20.142.0%  57.240.0% 14.31+0.8% 22.3+0.4%
. Direct (CCT) 40.140.7% 30.940.7% 16.341.0% 22.5105% 40.140.6% 49.010.6% 19.241.0% 64.110.1% 19440.% 23.5+0.5%

Table 5: Compute-Corrected TroVE. Results aggregated over five seeds for CodeLlama and three for Llama3.1.

Figure 6: Compute-Corrected experiment results, over 3 trials unless otherwise indicated. Library learning systems
use more compute than baselines; after Compute-Correction (CC in tables) performance is generally comparable.
Uncorrected rows are coloured in grey. We bold the higher performing system under comparable compute, bolding
both if within a standard deviation. Note that *, T, and * indicate 100%, 20%, and 10% of the miniF2F dataset.

large performance gains: e.g., our experiments find
a 8.4% miniF2F subset improvement in LEGO-
Prover under 03-mini (19.4% — 27.8%), and a
6.6% improvement on MATH algebra with TroVE
under CodeLlama (21.9% — 28.5%). Yet TroVE’s
library is simple and LEGO-Prover’s is not reused
at all. Rather than library learning, we propose that
increased compute is the key factor.

Simply put, library learning adds a computa-
tional overhead that current evaluation methodolo-
gies fail to capture. Typically, a library learning
system is compared to a baseline, matched by iter-
ations. This is how LEGO-Prover was evaluated,
and it is a standard practice seen in many ICL li-
brary learning works; e.g., Voyager (Wang et al.,
2024a) and Dynasaur (Nguyen et al., 2025). These
works compare systems based on the code revi-
sions and agent steps respectively, not considering
differences in the cost of said steps. A special case
of this evaluation approach is where the number of
iterations is fixed to 1, i.e., comparing performance
under a single attempt. TroVE & AgentOptimizer
do this, disadvantaging the baselines by not consid-
ering the cost of creating and ingesting the library.

Specifically, comparing Draft-Sketch-Prove and
LEGO-Prover on a fixed number of PROVER at-

tempts is problematic, as it fails to account for the
compute used by the EVOLVER which runs in paral-
lel to the PROVER. This compute is significant, as
the default hyperparameters create twice as many
EVOLVER processes than PROVER processes. The
PROVER is also more computationally intensive,
as it performs a 2-stage process of decomposition
and formalization. Similarly, TroVE uses a SKIP-
only ablation with £ = 5 as their baseline, without
accounting that TroVE samples 3k generations.

4.1 Matching System Compute

To place our baselines on an equal footing, we
approximately equalize compute by matching a
weighted sum of input and output tokens. For pro-
prietary models we use input and output token costs
as the weighting, for open source models we use a
1:1 weighting (i.e., total tokens). Using this proxy,
we find LEGO-Prover requires 6-14 times more
compute per iteration than Draft-Sketch-Prove (see
Tab. 3). We compensated by decreasing LEGO-
Provers iterations to approximately match.

In preliminary experiments we found that TroVE
used approximately 3 three times as much compute
as its baseline, and found that we could approxi-
mately compute-match by running the SKIP ab-
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lation with 15 samples. On a subset of TabMPW
we found that this compute-matched ablation uses
87.1% as many tokens on average as full TroVE.
We find AgentOptimizer uses 5-8 times more
compute once the training stage is considered (see
Tab. 4). If we disregard the training cost as amor-
tizable, we still find that inference costs typically
increase by 17%-40% due to the overhead of ingest-
ing the library (See App. G.3). One may correct for
this by performing best-of-N sampling when the
gap is large, and otherwise increasing the number
of ReAct steps. Ultimately neither experiment was
necessary for reasons outlined in the next section.

4.2 Compute-Matched Performance

In LEGO-Prover and TroVE we find that the perfor-
mance gap typically vanishes once the baseline is
provided a comparable computational budget. Un-
expectedly, despite having the best library learning
behaviour, we find that AgentOptimizer exhibits no
improvement over the baseline under the original
evaluation methodology while still incurring higher
costs. These findings are summarized in Fig. 6.
Additional tables with AgentOptimizer’s perfor-
mance and cost on the remaining MATH splits
under gpt-40-mini can be found in App. G.3.

In a followup experiment we consider the
possibility that Draft-Sketch-Prove plateaus be-
fore LEGO-Prover, or that LEGO-Prover requires
enough iterations for the library to reach a critical
mass. To account for this we instead increased
the number of Draft-Sketch-Prove iterations to ap-
proximately match LEGO-Prover compute. Do-
ing so, we find that Draft-Sketch-Prove typically
remains within one standard deviation or outper-
forms LEGO-Prover throughout the evaluation (see
Fig. 7). Llama3.1 is the exception, however the plot
makes clear that Draft-Sketch-Prove improves with
additional compute, and over half of the gap is
attributable to a different in computational budget.

To study Llama3.1 further, we ablate LEGO-
Prover to preserve iterative refinement through the
EVOLVER and PROVER’s shared database, while
preventing the sharing of lemmas between prob-
lems. I.e., we maintained computational cost and
benefits from the use of lemmas developed for
a specific problem, while preventing the sharing
of lemmas and thus eliminating any possible im-
provements from lemma reuse across problems.
Evaluating on the full test split we obtained an
accuracy of 30.9 £ 1.3% over three runs, match-
ing our non-ablated LEGO-Prover performance of

29.0 & 2.1%; this clearly demonstrates that the ob-
served perforance improvement of LEGO-Prover
over Draft-Sketch-Prove under Llama3.1 seen in
Fig. 7 are not attributable to any form of reuse.
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Figure 7: Average LEGO-Prover and Draft-Sketch-
Prove performance compared by token usage in mil-
lions. The shaded region is 1 standard deviation (3
trials). Draft-Sketch-Prove generally has comparable or
superior performance. The vertical line is the number
of Draft-Sketch-Prove prover attempts equal to LEGO-
Prover’s. Due to cost, 03-mini and Qwen3 were run
on a random 10% test subset; gpt-4o was run on 20%
subset. As 03-mini cost over twice our predicted cost,
we were unable to run Draft-Sketch-Prove for a com-
parable budget. LEGO-Prover Llama3.1 illustrates the
importance of matching compute, as Draft-Sketch-Prove
performance continues to improve with compute: over
half of the gap when matching iterations is attributable
to unequal computational budget.

Compute-matching TroVE and direct sampling
under various computational budgets produces sim-
ilar curves as Fig. 7, again demonstrating that the
observed benefits predominantly arise from test-

3540



time scaling and the baseline having a significantly
smaller computational budget (see App. Tab. 30).

5 Related Work

Within the area of ICL LLM-based library learn-
ing, there has been growing evidence that these
systems often do not perform direct reuse. Nguyen
et al. (2024) reported that their library learning Dy-
naSaur system achieved SotA results on the GAIA
agent benchmark (Mialon et al., 2024), but exhib-
ited low direct reuse of the learned libraries. They
did not speculate on the implications, beyond that it
may be addressed via curriculum learning. Berlot-
Attwell et al. (2024) reported low direct reuse in
LEGO-Prover and TroVE, and proposed that the
performance gains are due to self-correction, en-
sembling, or indirect reuse. Our work: (1) provides
further evidence against direct reuse causing perfor-
mance gains (to the best of our knowledge we are
the first to evaluate direct reuse in reasoning mod-
els) (2) advances our understanding by providing
new evidence against the soft reuse hypothesis, and
(3) provides a simple compute-based hypothesis as
to why these systems outperform their baselines
— they increase test-time compute in a way unac-
counted for in evaluation.

In the related domain of Python code generation,
Olausson et al. (2024) studied the relative efficacy
of self-correction as compared to increased sam-
pling for the APPS (Hendrycks et al., 2021a) and
HumanEval (Chen et al., 2021) tasks. Unlike our
results, they found a moderate effect when account-
ing for compute. They hypothesized that “current
models are held back by their inability to reliably
produce accurate and useful feedback on why the
code is wrong.” Given the known success of tool-
using LLMs (e.g., ViperGPT (Suris et al., 2023)
achieved SotA performance on vision-language
tasks using a code generating LLM conditioned
on a human provided Python library for vision pro-
cessing), we suspect that there may be a similar
bottleneck in library learning. I.e., these systems
may be held back by an inability to reliably pro-
duce general tools and would perform better with
human-created libraries.

In the domain of agentic Al, Kapoor et al. (2024)
call for the use of cost as a metric and claim that
planning, reflection, and debugging offer no im-
provement over trivial baselines on the HumanEval
(Chen et al., 2021) task. Our work provides simi-
lar findings in the area of autoformalization when

using the techniques of library learning. This is
interesting, as autoformalization is closer to a trans-
lation task rather than generation (i.e., converting a
natural language proof to code) and, unlike Python
programming, we have access to a strong verifier
that can confirm the correctness of our reasoning
(i.e., unlike self-correction that may introduce er-
rors by fixing hallucinatory errors, all intermediary
lemmas are verified by Isabelle). Despite these ad-
vantages, we often fail to find an improvement in
accuracy. Furthermore, given our focus on library
learning specifically, we also go into the details of
whether the system internally behaves as expected,
as opposed to studying the general trends of cost
and accuracy. In doing so, we find evidence that
the techniques studied are of mixed efficacy at best
and fail to operate as believed, suggesting that there
are fundamental flaws in these approaches.

6 Conclusions

Our work combines with other emerging evidence
to suggest serious flaws in the assessment of ICL
LLM library learning. It was believed that LLM
library learning works, as it improves performance
— but our findings on the importance of account-
ing for computational cost cast this into question.
We are unaware of any LLM-based library learn-
ing work that controls for compute in its evalua-
tion; LATM (Cai et al., 2024) is closest, discussing
asymptotic complexity, but that cannot control for
the effects outlined in this paper.

Consequently, the observed benefits of library
learning may be largely or wholly due to hidden
test-time scaling. This calls into the question the
efficacy of these works — and we cannot hope to
make progress without resolving this problem. This
would also go towards explaining other findings:
previous work has demonstrated that the library
learning system TroVE does not outperform library-
free ablations on MATH (Berlot-Attwell et al.,
2024) — our work both explains this finding (i.e.,
Berlot-Attwell et al. (2024)’s ablation implicitly
matched computational cost), and further demon-
strates that direct prompting alone has comparable
TabMWP performance. Our work also explains
apparent paradoxes — the DynaSaur library learn-
ing system reports SotA performance and a lack of
reuse behaviour (Nguyen et al., 2024). This contra-
diction is resolved if increased test-time compute
is responsible for the performance gains. Indeed
their evaluation fixed all models to 20 steps. L.e.,
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it did not account for the differences in compu-
tational cost per step between DynaSaur, directly
prompting gpt-4o, Sibyl (Wang et al., 2024c), and
HF Agent (Roucher and Nguyen, 2024).

These findings also call into question the argu-
ment that LLM library learners can reduce costs
(at least in their current form). Caching generated
tools is moot if said tools are not productively and
cheaply reused, and our analysis suggests that they
are not — at least in the systems studied. The sav-
ings from caching must exceed the cost of creating
and selecting these tools — we perform the first cost-
controlled comparison of LLM library learners that
we are aware of and, in most cases, find no im-
provement over prompting with the same budget.

It should be emphasized at this point that our
findings do not demonstrate that ICL LLM library
learning cannot work. Rather, our findings demon-
strate that, due to a flawed evaluation methodology,
systems that scale via test-time inference can pro-
duce a convincing illusion of library learning. For
the sake of scientific progress it is critical that we
dispel this illusion — we cannot improve systems’
performance without knowing the true source of
their performance gains, and we cannot improve
library learning without being able to accurately
measure library learning behaviour and its impact
compared to simpler baselines.

Looking to how we can build better systems —
from the perspective of accuracy, our work sug-
gests that our effort may be best directed towards
improving base models. From the perspective of
library learning, our work questions the reliability
and efficacy of LLMs to perform refactoring using
in-context learning alone. Therefore, we suggest
incorporating symbolic refactoring systems that are
known to work (e.g., the LILO (Grand et al., 2024)
system takes this approach). If we instead wish
to use LL.Ms directly for library learning then, as
context learning was insufficient in the examples
studied, it may be worthwhile to explore finetun-
ing or RL (e.g., via GRPO (DeepSeek-Al et al.,
2025) with human-written reward functions, pos-
sibly based on compression, and potentially com-
bined with curriculum learning). It also remains
possible that stronger scaffolding will enable ICL
LLM library learning — e.g., Librarian (Kovaci¢
et al., 2025) performs refactoring by exploiting unit
tests, clustering, and the explicit log-probabilities
of refactored code. Regardless of the approach,
it is critical that any such system must be evalu-
ated thoroughly. Therefore, any system claiming to

perform library learning should be evaluated with
respect to both accuracy accounting for compu-
tational budget, and the system’s behaviour. The
extent of reuse must be measured, be it direct or
soft reuse. In service of this goal, we also suggest
the construction of a synthetic diagnostic dataset
based on a known ground truth library.

7 Limitations

For reasons of cost, 03-mini, gpt-4o0 and
Qwen3-14B were run on random subsets of
miniF2F. Despite this, we observe the same LEGO-
Prover trends across most of the LLMs studied. Fur-
thermore, both gpt-40-mini and Llama3.1-8B
were evaluated on the full test set. We release our
collected data and code to facilitate analysis and
adaptation to other LLMs.

Fig. 7 is plotted using the average cost per at-
tempt (see App. E for details). This is a slight
distortion as, under Draft-Sketch-Prove, the true
cost per attempt reduces over time, as the pool of
unsolved problems tackled per attempt shrinks.

LEGO-Prover uses text-embedding-ada-002
for retrieval. For simplicity we omit the cost of
Ada from our plots — said cost was quite low and
as the omission reduces LEGO-Prover’s running
costs this does not impact our findings.

We performed our experiments using the re-
leased LEGO-Prover code base, which initializes
the EVOLVER with a database of all miniF2F test
queries even when evaluating a subset of miniF2F.
We tested the impact by evaluating LEGO-Prover
on a small subset using gpt-4o-mini and found that
preventing the EVOLVER from retrieving these en-
tries slowed the rate at which problems were solved.
Regardless, given the vast gap in cost (persisting
in our gpt-40-mini and Llama3.1-8B experiments
where the EVOLVER was initialized correctly), we
do not believe this impacts our results.

The key assumption in our soft use score is that
soft use takes a form similar to the modification
of starter code. Other forms of soft reuse divorced
from syntax (e.g., involving heavy paraphrasing)
would not be detected. Having said this, as the
difference between the lemma and the proof in-
creases the likelihood of the introducing an error
increases (as the model further distances itself from
the Isabelle-verified code); thus the value of such
reuse would decrease. Having said this, we ex-
pect that our experiments with semantic similarity
would capture such reuse.
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Another limitation is that, because our metric
does not penalize the insertion of new tokens,
it likely scores short lemmas higher on average.
We believe this trade-off is acceptable given the
premise that the final proof would (and in any rea-
sonable library learning system should) contain
more than just the lemma. E.g., a proof may use
the Pythagorean theorem, but in conjunction with
other axioms, lemmas, and reasoning steps. This
also allows correctly prevents penalizing the addi-
tion of comments or the interlacing of proof steps.

One concern is that gpt-40 and 03-mini scores
appear low on our random test subsets. We suspect
the random test sets consist of harder problems.
We can observe in Tables 8 & 10 that while Draft-
Sketch-Prove reproduces Wang et al. (2024b)’s re-
ported overall miniF2F test set accuracy, its perfor-
mance drops by 15.9% (absolute) on our random
5% subset of the test set. We are also confident in
our overall findings as low reuse is also observed
in the original experiment logs released by Wang
et al. (2024b) (see App. Tab. 9).

In our initial experiments, o3-mini struggled to
generate solutions inside of markdown code blocks.
Prompt tuning significantly improved the reliabil-
ity, but it remains imperfect — this behaviour may
reduce LEGO-Prover performance by slowing the
EVOLVER. Addressing prompts more generally,
neither Draft-Sketch-Prove nor LEGO-Prover were
designed for reasoning models; consequently their
prompts are suboptimal as OpenAl recommends
short prompts without examples. To ensure fair
cross-comparison between models and proof for-
malization systems, we chose to make only the
minimal prompt changes required to correct any
gross errors of behaviour in Draft-Sketch-Prove or
LEGO-Prover (e.g., formatting errors, producing
proofs for example problems, etc...). Based on our
prompt stability experiments (see App. C.2) we
believe that minor rephrasing of our final prompts
would not change our results.

While imbalanced computational budget ex-
plains the majority of our results, it cannot wholly
explain why LEGO-Prover outperforms Draft-
Sketch-Prove under Llama3.1; though we can say
with confidence that LEGO-Prover is not perform-
ing library learning. We speculate that Llama3.1 is
more effective at code-refinement than zero-shot
generation, but we leave confirming or disproving
this for future work.
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A LEGO-Prover Hyperparameters

In our experiments we use gpt-4o version 2024-
08-06, 03-mini version 2025-01-31, gpt-40-mini
version 2024-07-18, Llama3.1-8B-Instruct, and
Qwen3-14B-Instruct. As per the original paper,
retrieval is performed via Ada embeddings (specifi-
cally, text-embedding-ada-002).

LEGO-Prover’s hyperparameters are listed in
Tab. 6; values changed from defaults are underlined.
Note that Wang et al. (2024b) use 50 attempts for
their ablation experiments. Draft-Sketch-Prove’s
hyperparameters are listed in Tab. 7. The prompts
used in our experiment are documented in App. D.
All our experiments use Isabelle 2022.

Note that we modified Draft-Sketch-Prove to
run 11 processes in parallel (with each launching
its own Isabelle instance) so that the average re-
sources per Isabelle instance is equal to LEGO-
Prover. Additionally, as the original implemen-
tation of Draft-Sketch-Prove generated all proof
attempts before performing verification, we mod-
ify Draft-Sketch-Prove to alternate between proof
generation and evaluation in the same manner as
LEGO-Prover. l.e., once a problem is solved we
cease generating proofs for this task. Finally, note
that DSP’s final step during operation is to apply
post-processing with heuristics to fill or correct
gaps in the proof. In our experiments we ensure
fair comparison by modifying DSP to use LEGO-
Prover’s post-processor and wrapper of the Isabelle
verifier, increasing the timeout of both systems
to 120s as used by Draft-Sketch-ProveNote that
LEGO-Prover’s wrapper was derived from that of
Draft-Sketch-Prove and it applies a superset of the
original Draft-Sketch-Prove heuristics for correct-
ing generated proofs.

Each experiment with proprietary models was
performed with a resource allocation of 180 GB
of RAM and 50 Intel Broadwell CPU cores
@2.095 GHz. These resources are shared among all
Isabelle instances. Approximately 4.5 CPU-days
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LEGO-Prover Hyperparameter

Value

Temperature

# PROVER Processes 3
# EVOLVER Processes 8
# Attempts

EVOLVER maximum tokens decoded
PROVER maximum tokens decoded

0.7, (N/A for 03-mini)

100 for 40-mini on full miniF2F test set, else 50
1024, (8092 for 03-mini)
2000, (8092 for 03-mini)

Table 6: LEGO-Prover hyperparameters. Values changed from Wang et al. (2024b) are underlined.

Draft-Sketch-Prove Hyperparameter Value

Temperature 0.0, (N/A for 03-mini)

# Processes 11

# Attempts 100 for full miniF2F test set, else 50

Maximum tokens decoded

2048, (8092 for 03-mini)

Table 7: Draft-Sketch-Prove hyperparameters. Values changed from Jiang et al. (2023) are underlined.

was used over the course of these experiments. The
experiments with open source models were per-
formed with 200GB of RAM, 50 Intel Xeon Gold
6338 cores, and one NVIDIA L40S. Approximately
30 GPU-days were used over the course of these
experiments.

B Data Details

We used fixed, random, non-overlapping subsets of
the miniF2F test set for our experiments (5%, 10%
and 20%). For reasons of cost, we only study sys-
tem behaviour with human-written English proofs
as inputs to the systems.

Our unrelated Isabelle lemmas used to gen-
erate Fig. 8 are extracted from the 2019-08-19
Archive of Formal Proofs”. Specifically, we used
all matches to the following Python3 regex:
(?:1emma| theorem)\s+[*:1+?\s*: (?:[\s\S]
(?!1emma|theorem))+?qed

This regex matches lemmas and theorems with
similar syntax to the in-context examples, though

it may prematurely truncate some lemmas and the-
orems.

C LEGO-Prover Details and Additional
Experiments

We evaluated LEGO-Prover and Draft-Sketch-
Prove on the miniF2F (Zheng et al., 2021) test
2Available for download at the time of publication from

https://sourceforge.net/projects/afp/files/afp-
Isabelle2019/

set; see Tab. 8 for results with gpt models before
cost-correction. In this setting, we follow Wang
et al. (2024b) and run all models for a fixed number
of prover attempts. We improve upon the original
experimental procedure by performing three trials
and reporting the standard deviation.

Note that our experiments on the full miniF2F
test set use gpt-4o-mini as the underlying LLM
instead of ChatGPT-3.5-Turbo as used by (Wang
et al., 2024b). This model was selected due to its
superior cost effectiveness and improved reason-
ing, coding, and mathematics proficiency (OpenAl,
2024). We find that our Draft-Sketch-Prove perfor-
mance of 35.9 + 0.9% using gpt-40-mini is close
to the 38.5% GPT-3.5-Turbo accuracy reported by
Wang et al. (2024b). This makes the discrepancy
with Wang et al. (2024b)’s reported 45.5% (or 50%
using human proofs) LEGO-Prover accuracy all
the more striking. We investigated whether LEGO-
Prover may be particularly sensitive to prompt, find-
ing no such evidence (see App. C.2).

Excepting gpt-40-mini, these results confirm the
findings of Wang et al. (2024b): when matching
problems attempts (and not computational budget)
LEGO-Prover outperforms Draft-Sketch-Prove.

C.1 Additional LEGO-Prover Soft Use and
Reuse Experiments

In this section we outline further evidence of soft
use in LEGO-Prover. For any given threshold of
the soft use score, we can calculate the proportion
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gpt-4o-mini*  gpt-4o’ gpt-4o* gpt-40° 03-mini* 03-mini®
DSP 359+09% 23.1+£12% 250+0.0% 250£00% 194+24% 19.4+4.8%
LP 258+ 1.6% 293+31% 292+0.0% 333+83% 278+48% 36.1+48%

* 100 attempts, miniF2F test set
50 attempts, 10% of miniF2F test set

T 50 attempts, 20% of miniF2F test set
% 50 attempts, 5% of miniF2F test set

Table 8: Evaluation of LEGO-Prover and Draft-Sketch-Prove for a fixed number of prover attempts on various
subsets of the miniF2F test set. Note that this follows the original evaluation methodology, therefore failing to
account for differences in computational cost. Due to cost, we reduce the number of attempts and evaluate more
costly models on a subset of the test set. Consequently, LEGO-Prover and Draft-Sketch-Prove are comparable
between rows, but not all columns can be directly compared. Standard deviations over 3 trials are reported.

of input lemmas with a soft-use score of at least the
threshold. This defines a survival function with the
threshold as the independent variable. The greater
the extent of soft use exhibited by the system, the
slower we expect this curve to decay. For systems
that perform direct use, this curve does not reach
zero as the threshold approaches one. Instead, the
lower bound is the proportion of lemmas that are
directly used. To analyze soft-use behaviour, we
compare the survival function of retrieved lemmas
against that of other baseline populations of lem-
mas. The first baseline is a pool of non-retrieved
lemmas produced by LEGO-Prover (i.e., lemmas
written by the same LLM for the same tasks but
not retrieved and provided to the PROVER). These
non-retrieved lemmas represent semantically and
stylistically similar lemmas. The second baseline is
a pool of unrelated human lemmas extracted from
the 2019 Archive of Formal Proofs (AFP)?.

These survival curves are plotted in the top row
of Fig. 8. As expected, we see that the survival
curve of unrelated AFP lemmas drops fastest and
rapidly reaches zero (demonstrating that our soft
use metric is capturing relevant information). At
high similarity thresholds, the retrieved lemmas
maintain a larger population than the non-retrieved
lemmas, thus providing evidence for soft use. Note
that 03-mini is consistent with the trend, but has
noisier measurements, as it was evaluated on a
smaller dataset due to cost limitations.

Therefore, to study LEGO-Prover’s soft reuse
behaviour, we repeat our survival curves but instead
plot the proportion of lemmas used in at least two
solutions generated by the LLM (see Fig. 8, bottom
row). In sharp contrast to our single-use findings
there is no significant difference between the re-
trieved and non-retrieved lemmas. This suggests
that LEGO-Prover learns overly-specific lemmas
that are not reused in other problems.

Shttps://www.isa-afp.org/; see App. B for details.

C.1.1 Additional Density Figures

We plot the distribution over lemmas of the seman-
tic similarities of the most and second most similar
lemmas for each LLM tested in LEGO-Prover.

Fig. 5 of the main text reports the distribution
for Llama3.1; here Fig. 9 reports the distributions
for 40, 40-mini, 03-mini, and Qwen3-14B.

C.1.2 Reuse Behaviour in the Original
LEGO-Prover Logs

To further support our findings that LEGO-Prover
does not perform reuse, we repeated our reuse ex-
periments on the LEGO-Prover logs released by the
original authors #. For direct reuse see Tab. 9, for
soft reuse see Fig. 10, and for semantic similarity
see Fig. 11.

C.2 Stability with Respect to Prompt

For both Draft-Sketch-Prove and LEGO-Prover we
were required to make minor modifications to the
prompt to ensure that gpt-4o-mini generated re-
sponses with the correct formatting (See App. D
for the prompts and our modifications). To address
the concern that our choice of prompt may be disad-
vantaging LEGO-Prover, we generate five prompt
paraphrases and, following Wahle et al. (2024),
study the relative stability under the paraphrased
prompts versus the original prompt. We generate
the prompt paraphrases using the methodology out-
lined by Chatterjee et al. (2024).

We find no evidence that LEGO-Prover is dis-
advantaged by prompt: accuracies are within one
standard deviation, and there was no maximum
potential gain (i.e., no problems were solved un-
der one of the paraphrases, but not by the original
prompt). See Tab. 10 for details. Indeed, Draft-
Sketch-Prove exhibited potential gain, suggesting

*https://github.com/wiiol2/LEGO-Prover/blob/
357672c7751cd0c84aff6bf72a3d1bf97614e81d/result/
lego_result.zip
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Proportion of Lemmas Satisfying Soft Use or Reuse Similarity in Solved LEGO-Prover Tasks
40-mini Llama3.1-8B 03-mini Qwen3-14B

- | ——————————
—— Retrieved Lemmas

—=- Non-Retrieved Lemmas

Irrelevant AFP Lemmas
N~ X
N \

0.5 1.0 0.0 0.5 1.0

—-
o
o

% of Lemmas
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(Matching
= 1 Solutions)
(€)1
=)
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o

0.0 . 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.0

Similarity Threshold for Soft Use & Reuse
(0 is any degree of use and 1 is direct use)

Figure 8: These plots demonstrate that LEGO-Prover exhibits soft use, but not reuse, of lemmas. The top row
concerns use. It plots the percentage of lemmas meeting a given the threshold for soft use in at least one solution
(see Section 3.2 for the definition of this score). The lemmas available to the PROVER are shown in the solid blue
line, these are the only lemmas for which use is possible. As expected, in the top row this line remains the highest
for large values of the threshold, surpassing the non-retrieved lemmas (red dashed line). However, in the bottom row
we consider the proportion of lemmas meeting the soft use threshold in two tasks (i.e., reused by LEGO-Prover).
Unlike in the top row, there is no significant difference between the lines — suggesting retrieved lemmas are only
meaningful in a single task (consequently, used, not reused). See Section 3.2 for a detailed explanation.
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Figure 9: For LEGO-Prover we plot the distribution over lemmas of the semantic similarity with the most similar
proof they were retrieved for, and the second most similar proof they were retrieved for. Reused lemmas would be
similar to both of these proofs. Instead, we instead find a sharp decrease in similarity. Results are plotted for 4o,
40-mini, 03-mini, and Qwen3-14B; Fig. 5 of the main text reports the distribution for Llama3.1.

that our Draft-Sketch-Prove prompt may be supop-  mum potential gain metric to reflect that we collect
timal. We also plot the performance per attempt in ~ data from 5 baseline trials instead of one. In our
Figure 12. implementation, we consider it to be a 0% improve-
ment for a specific problem if a paraphrase achieves

Note that we modify (Wahle et al., 2024)’s maxi-
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Verbatim reused Name reused

Successful Lemmas in

Model % of Test Set 1 2+ 1 2+
Attempts Prompts

LP (human-test)  100% 122/? 339 1 0 2 0

LP (human-valid) N/A 135/7 265 0 O 1 0

LP (gpt-test) N/A 111/? 255 0 O 2 0

LP (gpt-valid) N/A 12717 3714 0 0 1 0

Table 9: This table is analogous to Tab. 2 (reuse in successful PROVER attempts), however the reuse numbers are
calculated from the original LEGO-Prover logs released by Wang et al. (2024b). Again, we find negligible reuse.

gpt_informal test.json gpt_informal valid.json

—— Uses Lemma —— Uses Lemma
100 Reuses Lemma Reuses Lemma

801
80+
60+

404

Number of Tasks Exhibiting Use
- (=2}
o o

Number of Tasks Exhibiting Use

204

[N}
o
L

0 0
T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Similarity Threshold Similarity Threshold
human_informal test.json human_informal valid.json
1204 —— Uses Lemma —— Uses Lemma

Reuses Lemma Reuses Lemma
1204

100 A
100 1
804
801
60
60

401 404

Number of Tasks Exhibiting Use
Number of Tasks Exhibiting Use

20 201

OTO Oj2 Oj4 016 OTB 110 OTO 012 0?4 016 0?8 110
Similarity Threshold Similarity Threshold
Figure 10: Repeat of soft reuse experiment in Fig. 4, using the original LEGO-Prover logs. Again, the percentage of
solutions exhibiting soft reuse for a given threshold reaches zero for moderate values, in contrast to the percentage of

lemmas exhibiting use. This suggests that, in the original LEGO-Prover experiments, the system produces lemmas
that are useful to a specific problem, but are not reused in other problems.
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Figure 11: Semantic similarities between between lemma and proof of the most similar proof (blue) and second
most similar proof (orange), however for the original LEGO-Prover logs. The observed drop in similarity is evidence

against soft reuse in the original experiments.

model val Baseline acc  val Paraphrase acc Max Pot. Gain Max Pot. Loss
dsp 50.0 £ 0.0% 48.3 £3.7% 0.0% 0.0%
Ip 38.3£4.6% 38.3+£4.6% 0.0% 0.0%
model test Baseline acc  test Paraphrase acc Max Pot. Gain Max Pot. Loss
dsp 16.7 + 0.0% 20.0 £4.6% 16.7% 0.0%
Ip 18.3£3.7% 16.7 £ 5.9% 0.0% 0.0%

Table 10: Average test accuracy of the models under both our baseline prompt and paraphrases of the prompt. We
also report variability in the results, following the methodology for prompt sensitivity from Wahle et al. (2024).
All experiments were run using 50 attempts, 5 runs, and on a 5% split of the miniF2F validation and test sets

respectively.

the same performance or worse (i.e., no improve-
ment is possible for problems solvable under the
baseline prompt), and 100% if it solves a task that
was unsolved under the baseline prompt. Averag-
ing over all problems this becomes the fraction of
problems that are only solved by a paraphrased
prompt. The maximum potential loss is calculated
in the same way but with the rewards reversed, thus
becoming the fraction of problems that are solved
by the baseline prompt, but by none of the para-
phrased prompts.

D Changes to Prompts

D.1 Draft-Sketch-Prove

Draft-Sketch-Prove was originally designed for
text completion models, specifically Codex

code-davinci-@02 (Hendrycks et al., 2021a). As
it was not designed for conversational models,
and none of the models evaluated support a text
completion mode, we developed our own minimal
system prompts to preface the few-shot examples
preprended by Draft-Sketch-Prove to the task state-
ment.

D.1.1 gpt-40-mini, gpt-40, Llama3.1-8B-Instsr,
and Qwen3-14B System Prompt

In the prompt (see top of Fig. 13) we empha-
sized the use of sledgehammer as it was a fo-
cus of the original Draft-Sketch-Prove paper, and
the model would avoid its use unless told oth-
erwise. After designing the prompt for gpt-4o-
mini, we found that gpt-40, Llama3.1-8B-Instsr,
and Qwen3-14B displayed no obviously incor-
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Figure 12: For LEGO-Prover and Draft-Sketch-Prove we compare 5 runs with our default prompt versus 5 runs
with different paraphrased prompts. We evaluate on subsets of the validation and test sets. We find that these system
are fairly robust to minor changes in wording — performance is typically within 1 standard deviation. These results

are for a 5% subset of the validation and test splits.

RESULTS.

As a mathematician familiar with Isabelle, your task is to complete the proof sketch provided by the
user, MAKING SURE TO **ALWAYS** USE ‘sledgehammer‘ TO PROVE THE INTERMEDIATE

Complete the Isabelle proof sketch provided by the user. The user will provide several examples, but you
should only complete the last example (i.e., the example that does not have a proof).

Figure 13: Draft-Sketch-Prove System Prompt for gpt-4o-mini & gpt-4o (top) and 03-mini (bottom).

rect behaviours, so we did not modify it further.
We validated our prompts on a subset of two val-
idation set problems (mathd_algebra_109 and
algebra_sqgineq_2at2pclta2c2p41pc).

D.1.2 03-mini System Prompt

For 03-mini we modified the prompt (see bottom
of Fig. 13) to explicitly prohibit 03-mini from an-
swering the in-context examples. We also removed
the instruction to use sledgehammer as 03-mini
would ignore the examples and attempt to use “by
sledgehammer” instead of “sledgehammer” — this
would cause parsing errors in the human proof-
correcting heuristics. Based on our small validation
set of two problems, we found that removing the
instruction to use sledgehammer worked more reli-
ably than adding instructions to use sledgehammer
correctly.

D.2 LEGO-Prover

LEGO-Prover was designed for conversational
models, and as such has default system prompts for
the PROVER decomposer, PROVER formalizer, and
several EVOLVER variants. As a general rule, we
attempted to minimize changes to these prompts

where possible, doing so only when we found er-
roneous behaviour. Text in green is added to the

original prompt.

prompt, is removed from the

D.2.1 gpt-40-mini prompts

For gpt-40-mini we found it necessary to add ad-
ditional formatting instructions to the PROVER’s
decomposer prompt (see Fig. 14).

We also observed that the rate of rejection of
proof attempts was high due to slight paraphrasing
of the requested theorem statement. We addressed
this by modifying the PROVER’s formalizer prompt
(see Fig. 15).

The EVOLVER prompts were unchanged. This
prompt was also used for our Llama3.1 experi-
ments.

D.2.2 gpt-40 prompts

For gpt-40 we used the gpt-40-mini prompts and
further modified the PROVER’s decomposer prompt
to prevent it from decomposing the provided in-
context examples (see Fig. 16).

3551




D.2.3 03-mini prompts

For 03-mini we found it necessary to change all
prompts to prevent the model from solving the in-
context examples. We also found 03-mini struggled
with placing the solution to proofs inside of Mark-
down code blocks, even after Markdown formatting
was enabled by prepending “Formatting re-enabled”
to the prompts.

For PROVER’s decomposer prompt we re-
enabled Markdown formatting and added instruc-
tions to not decompose the in-context examples
(see Fig. 17).

The PROVER’s formalizer prompt was modified
to re-enable Markdown formatting and to empha-
size the desired output format (see Fig. 18).

The evolver prompts were likewise modified (see
Fig. 19 through Fig. 23). The do_request prompt
(see Fig. 19) was particularly problematic as 03-
mini tended to disregard the formatting instruc-
tions.

D.2.4 Qwen3 prompts

Similar to 03-mini, we found it necessary to add
formatting instructions to all EVOLVER prompts,
in this case emphasizing that the output must be
placed inside of a Markdown code block. The
PROVER prompt had to be adjusted to further em-
phasize that the input problem should not be para-
phrased. For brevity, and given the similarity to
those used in 03-mini, we omit these six prompts —
see lego_prover /prompts /Experiment3 /qwen3
in of the supplemental code for details.
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As an mathematician and expert in isabelle theorem prover, your task is to analyze the given theorem (including problem’s
informal statement, human written informal proof, and formal statement). Provide a better structured step by step proof that
closer to isabelle. and request relevant lemmas, theorems that might help in proving this problem.

You will format your answer as follows:

- A section with the header ‘## Structured informal proof* containing the step-by-step proof.

- A subsequent section with the header ‘## Request skills‘ containing any requested relevant lemmas or theorems

- Each requested skill is represented by an isabelle code block containing its formal definition

Figure 14: LEGO-Prover: PROVER decomposer prompt for gpt-40-mini.

As a mathematician familiar with Isabelle, your task is to provide a formal proof in response to a given problem statement.
Your proof should be structured and clearly written, meeting the following criteria:

- It can be verified by Isabelle.

- Each step of the proof should be explained in detail using comments enclosed in "(*" and "*)".

- The explanation for each step should be clear and concise, avoiding any unnecessary or apologetic language.

- You are **strongly encouraged** to create useful and reusable lemmas to solve the problem.

- The lemmas should be as general as possible (generalizable), and be able to cover a large step in proofs (non-trivial).

- You **MUST** copy the input lemma EXACTLY: **without changing whitespace**, without paraphrasing, and without
adding comments.

Please ensure that your proof is well-organized and easy to follow, with each step building upon the previous one.

Figure 15: LEGO-Prover: PROVER formalizer prompt for gpt-40-mini.

As an mathematician and expert in isabelle theorem prover, your task is to analyze the given theorem (including problem’s
informal statement, human written informal proof, and formal statement). Provide a better structured step by step proof that is

closer to isabelle. You will be given several examples; you must only decompose the last theorem given (i.e., the only theorem
without a provided solution).

Furthermore, you must Ii' request relevant lemmas, theorems that might help in proving this problem.
You will format your answer as follows:
- A section with the header ‘## Structured informal proof‘ containing the step-by-step proof.

- A subsequent section with the header “## Request skills‘ containing any requested relevant lemmas or theorems
- Each requested skill is represented by an isabelle code block containing its formal definition

Figure 16: LEGO-Prover: PROVER decomposer prompt for gpt-4o.

Formatting re-enabled

As an mathematician and expert in isabelle theorem prover, your task is to analyze the given theorem (including problem’s
informal statement, human written informal proof, and formal statement). Provide a better structured step by step proof that
closer to isabelle. and request relevant lemmas, theorems that might help in proving this problem. Note that you will be provided
with several examples, but you should only complete the last example (i.e., the example that does not have a structured step by
step proof and requests for relevant lemmas).

You will format your answer as follows:

- A section with the header ‘## Structured informal proof® containing the step-by-step proof.

- A subsequent section with the header ‘## Request skills‘ containing any requested relevant lemmas or theorems

- Each requested skill is represented by an isabelle code block containing its formal definition

Figure 17: LEGO-Prover: PROVER decomposer prompt for 03-mini.
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Formatting re-enabled

As a mathematician familiar with Isabelle, your task is to provide a formal proof in response to a given problem statement.
Your proof should be structured and clearly written, meeting the following criteria:

- It can be verified by Isabelle.

- Each step of the proof should be explained in detail using comments enclosed in "(*" and "*)".

- The explanation for each step should be clear and concise, avoiding any unnecessary or apologetic language.

- You are **strongly encouraged™* to create useful and reusable lemmas to solve the problem.

- The lemmas should be as general as possible (generalizable), and be able to cover a large step in proofs (non-trivial).

- Your solution should be written within a Markdown isabelle code block. i.e., within a triple back ticked code block, labelled as
"isabelle"

- You **MUST** copy the input lemma EXACTLY: **without changing whitespace**, without paraphrasing, and without
adding comments. - Within the code block, you must create a new Isabelle ‘theory‘ containing the aforementioned input
lemma copied from the input, as well as your proof and any lemmas you created for the proof. Please ensure that your proof is
well-organized and easy to follow, with each step building upon the previous one.

Figure 18: LEGO-Prover: PROVER formalizer prompt for 03-mini.

Formatting re-enabled

As a mathematician familiar with Isabelle, your task is to provide a formal proof in response to a given formal statement.
Your proof should be structured and clearly written, meeting the following criteria:

- It can be verified by Isabelle.

- Please ensure that your proof is well-organized and easy to follow, with each step building upon the previous one.

- THIS IS **CRITICAL**: YOUR PROOF **MUST** BE WRITTEN WITHIN A MARKDOWN ISABELLE CODE
BLOCK!!! i.e., within a triple back ticked code block, labelled as "isabelle"

Note that you will be provided with several examples, but you should only complete the last example (i.e., the
example that does not have a formal proof).

{examples}

ITRTRTRTRIR IR TR IR IR IR IR IR TR IR ININIRINIAT]
R IR IR IR IR IR RIRIRIRIRIRIRIRIRIRIRIRIRLS

# Statement:

isabelle
{formal_statement}

e

# Proof

Figure 19: LEGO-Prover: EVOLVER do_request prompt for 03-mini.
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Formatting re-enabled

As an expert mathematician who is proficient in Isabelle theorem proving, your task is to modify the given lemma, theorem,
function or definition given in the code to aid in solving one or more of the problems provided. Your should accomplish this by
Extend Dimensions: If the problem is defined in a specific number of dimensions, consider if it would still hold in more or fewer
dimensions.

Your answer **MUST** be written within a Markdown isabelle code block. i.e., within a triple back ticked code block, labelled

as "isabelle"

Here is some reference problems, you should evolve the skill to help solving theses problems:
{problems}

Note that you will be provided with several examples, but you should only complete the last example (i.e., the
example that does not have a modified version).

#iHHHHEHEAHE Extend Dimensions #HHHEHHEHHE
{examples}

HHHHEH A
## Skill to evolve

isabelle
{code}

13

## Evolved skill

Figure 20: LEGO-Prover: EVOLVER “extend dimensions” prompt for 03-mini.

Formatting re-enabled

As an expert mathematician who is proficient in Isabelle theorem proving, your task is to modify the given lemma, theorem,
function or definition given in the code to aid in solving one or more of the problems provided. Your should accomplish this by
‘Identifying Key Concepts‘: Extract the essential ideas, methods, or theorems that are critical to solving the problem.

Your answer **MUST** be written within a Markdown isabelle code block. i.e., within a triple back ticked code block, labelled

as "isabelle"

Here is some reference problems, you should evolve the skill to help solving theses problems:
{problems}

Note that you will be provided with several examples, but you should only complete the last example (i.e., the
example that does not have a modified version).

H#HEHHEAHEAHE [dentifying key Concepts ##HHEHHHEHHHHE
{examples}

ITRTRINIRIRIN IR IR IR IR IR ININIRINININININT]
LRI R R IR R IR IR IRIRIRIRIRIRIRIRIRIRL)

## Skill to evolve

e

isabelle
{code}

e

## Evolved skill

Figure 21: LEGO-Prover: EVOLVER “identify key concepts” prompt for 03-mini.
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Formatting re-enabled

As an expert mathematician who is proficient in Isabelle theorem proving, your task is to modify the given lemma, theorem,
function or definition given in the code to aid in solving one or more of the problems provided. Your should accomplish this by
Parameterize: If the problem involves specific numbers, generalize it by replacing these with variables.

Your answer **MUST** be written within a Markdown isabelle code block. i.e., within a triple back ticked code block, labelled

as "isabelle"

Here is some reference problems, you should evolve the skill to help solving theses problems:
{problems}

Note that you will be provided with several examples, but you should only complete the last example (i.e., the
example that does not have a modified version).

HitHHEHAHAHH Parameterize #HHEHAHHAHEHE
{examples}

HHHH TR
## Skill to evolve
e

isabelle
{code}

113

## Evolved skill

Figure 22: LEGO-Prover: EVOLVER “parameterize” prompt for 03-mini.

Formatting re-enabled

As an expert mathematician who is proficient in Isabelle theorem proving, your task is to modify the given lemma, theorem,
function or definition given in the code to aid in solving one or more of the problems provided. Your should accomplish this by
Scale Complexity: Try both simpler and more complicated versions of the problem to see how the approach adapts.

Your answer **MUST** be written within a Markdown isabelle code block. i.e., within a triple back ticked code block, labelled

as "isabelle"

Here is some reference problems, you should evolve the skill to help solving theses problems:
{problems}

Note that you will be provided with several examples, but you should only complete the last example (i.e., the
example that does not have a modified version).

H#HHHHEHEAHE Scale Complexity ##HEHHEHHIH
{examples}

HHHHEH A
## Skill to evolve

isabelle
{code}

@

## Evolved skill

Figure 23: LEGO-Prover: EVOLVER “scale complexity” prompt for 03-mini.
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E Calculation of LEGO-Prover Cost

In our experiments we recorded the total token
usage per run. Le., if an experiment run consisted
of 100 attempts, then we recorded the cost of 100
attempts. However, to create Tab. 3 we required
the cost for a reduced number of attempts. To
estimate this, we determined the average cost per
problem attempt. L.e., we calculated the total cost
over all runs and divided this by the total number of
problem attempts over all runs. For example, the 3
runs of the gpt-4o-mini experiment on the full test
set used 100 attempts per problem each; therefore,
we divided the total cost of these 3 experiment runs
by 300 to determine the average cost per attempt.

Similarly, Fig. 7 required the total expenditures
up to the nth success, and we again estimated this
using the average cost per attempt. Specifically,
we plotted (z, y) points where x was the cost of 4
attempts on all remaining problems, and y was the
number of problems solved after ¢ attempts.

For further details, the code used to calculate
Tab. 3 and plot Fig. 7 is publicly available in our
GitHub repository.

F Soft Use Score Examples

We quantify the soft use between a given input
lemma and the PROVER’s solution as one minus
the minimum proportion of space-separated tokens
in the lemma that must be deleted or substituted for
the lemma to appear within the solution.

We obtain this score by first computing the Lev-
enshtein distance (Levenshtein, 1966) (i.e., the min-
imum number of deletions, replacements, or inser-
tions required to convert the lemma into the proof)
assigning a weight of 0 to insertions. We allow for
an arbitrary number of insertions without penalty,
as a used lemma is likely to be only a fragment
of the final proof. This modified Levenshtein dis-
tance thus has a value between O (all tokens in the
lemma also appear in the solution and in the same
order) and, IV, the number of tokens in the lemma
(no tokens in the lemma appear in the solution).
We divide this value by the length of the lemma
to produce a 0-1 normalized distance, and subtract
this result from one to produce the final score for
soft use. Equivalently, for a lemma L and proof
P then soft_use(L, P) = ILESILP)| \yhere LCS is

L]
the longest common subsequence.

In this section we report examples
of various retrieved lemmas and their
soft use scores. The example chosen

(data/full_data/test/amc12a_2021_p9. json)
was generated in the first run of gpt-4o-mini; it
was selected as it has the largest range of soft use
values.

The English description for this task is:

Which of the following is equivalent to (24 3)(22
32)(24 4 34)(28 4 38)(216 4 316)(232 4 332)(264
304)?

(A) 3127 + 2127 (B) 3127 + 2127 +92. 363 +3.
263 (C) 3128 _ 2128 (D) 3128 4 2128
Show that it is (C) 3'2% — 2128,

+ +

The model output prior to correction by heuris-
tics is reproduced in Fig. 24. Some lines have been
word wrapped to fit within margins.

The retrieved lemma in Fig. 25 provided to the
PROVER when generating the solution in Fig. 24
attained a soft use score of 0.378. It is largely
irrelevant, as it is specialized to a function that
does not appear in this problem.

The retrieved lemmas in Figures 26 and 27 pro-
vided to the PROVER when generating the solu-
tion in Fig. 24 attained soft use scores of 0.695
and 0.706 respectively. They are more relevant,
involving powers of powers, but are again overly
specialized and the proof tactics used (simp add:
power_add, simp add: power2_eq_square,
etc...) are not used in the PROVER’s outputted so-
lution. Note that LEGO-Prover’s EVOLVER often
produces minor variations of the same lemma as
seen in this case.

The retrieved lemma in Fig. 28 provided to the
PROVER when generating the solution above at-
tained a soft use score of 0.96. Note that some
lines are word wrapped to fit within the margins.
It is reproduced almost exactly in the PROVER’s
output, with minor changes to parenthesization and
the name of the lemma.
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theory amc12a_2021_p9
imports Complex_Main
begin

lemma prod_sum_of_powers:
fixes n :: nat
shows "(\<Prod> k < n. (2*(2*k) + 3*(2*k))) = (3::nat)*(2*n) - 2*(2*n)"
proof (induction n)
case 0
then show ?case
by auto
next
case (Suc n)
then have IH: "(\<Prod> k < n. (2*(2*k) + 3*(2*k))) =
(3::nat)*(2*n) - 2*(2*n)"
by simp
have "(\<Prod> k < Suc n. (2*(2*k) + 3*(2*k))) =
(\<Prod> k < n. (2*(2*k) + 3*(2"k))) * (2*(2*n) + 3*(2*n))"
by (simp add: prod.atlLeastLessThan_Suc)

also have "... = ((3::nat)*(2%n) - 2*(2*n)) * (2*(2"n) + 3*(2"n))"
using IH by simp

also have "... = 3%(2*n) * 3*(2*n) - 2*(2*n) * 2*(2"n)"
by (simp add: algebra_simps)

also have "... = 3*(2*(Suc n)) - 2*(2*(Suc n))"

by (metis power2_eq_square power_Suc power_even_eq semiring_norm(3))
finally show ?case by simp
ged

theorem amc12a_2021_p9 :
shows "(\<Prod> k<7. (2*(2*k) + 3*(2*k))) = (3::nat)*128 - 2*128"
proof -
have "(\<Prod> k<7. (2*(2*k) + 3*(2*k))) =
(\<Prod> k<7. (2*(2*k) + 3*(2*k)))" by simp
then have "(\<Prod> k<7. (2*(2*k) + 3*(2*k))) = (3::nat)*(2*7) - 2~(2*7)"
using prod_sum_of_powers[of 7] by simp
then have "(\<Prod> k<7. (2*(2*k) + 3*(2*k))) =
(3::nat)*(128) - 2#(128)" by simp
thus ?thesis by simp
ged

end

Figure 24: Example gpt-4o-mini model output for data/full_data/test/amc12a_2021_p9. json. This is the
model output prior to proof correction via manually written heuristics.
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definition f :: "nat \<Rightarrow> nat” where
"f x = 4*x + 6%x + 9*x"

lemma f_12k_plus_9:

fixes k :: nat

shows "f (12 * k + 9) =412 x k + 9) + 6*(12 *x k + 9) + 9(12 * k + 9)"
proof -

have "f (12 x k + 9) = 4~(12 * k + 9) + 6*°(12 x k + 9) + 92(12 x k + 9)"

by (simp add: f_def)

thus ?thesis by simp

ged

Figure 25: Example lemma retrieved in the generation of the code in Fig. 24. This lemma has soft use score of
0.378. It is largely irrelevant, as it is specialized to a function that does not appear in this problem.

lemma power_computation:
fixes k :: nat
shows "k*12 = (k*6)*2"
proof -
have "k*12 = k*(6 + 6)" by simp
also have "... = k*6 * k*6" by (simp add: power_add)
also have "... = (k*6)7*2" by (simp add: power2_eq_square)
finally show ?thesis by simp
ged

Figure 26: Example lemma retrieved in the generation of the code in Fig. 24. This lemma has soft use score of
0.695. While more relevant, involving powers of powers, it is again overly specialized and the proof tactics used
(simp add: power_add, simp add: power2_eq_square, etc...) are not used in the PROVER’s outputted solution.

lemma power_computation:
fixes k :: nat
shows "k*12 = (k*6)*2"
proof -
have "k*12 = k*(6 + 6)" by simp
also have "... = (k*6)7*2" by (simp add: power_add)
finally show ?thesis .
ged

Figure 27: Example lemma retrieved in the generation of the code in Fig. 24. This lemma has soft use score of
0.706. While more relevant, involving powers of powers, it is again overly specialized and the proof tactics used
(simp add: power_add, simp add: power2_eq_square, etc...) are not used in the PROVER’s outputted solution.
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lemma sum_of_powers:
fixes n :: nat
shows "(\<Prod> k < n. (2*(2*k) + 37(2*k))) = (3::nat)*(2*n) - 2*(2*n)"
proof (induction n)
case 0
then show ?case
by auto
next
case (Suc n)
then have IH: "(\<Prod> k < n. (2*(2*k) + 3*(2*k))) =
(3::nat)*(2*n) - 2*(2*n)"
by simp
have "(\<Prod> k < Suc n. (2*(2*k) + 3*(2*k))) =
(\<Prod> k < n. (2*(2*k) + 3*(2*k))) * (2*(2*n) + 3*~(2*n))"
by (simp add: prod.atlLeastlLessThan_Suc)

also have "... = ((3::nat)*(2*n) - 2*(2*n)) * (2*(2*n) + 3*(2*n))"
using IH by simp

also have "... = (3*(2*n) * 3*(2*n)) - (2*(2*n) * 2*(2*n))"
by (simp add: algebra_simps)

also have "... = 3*(2*(Suc n)) - 2*(2*(Suc n))"

by (metis power2_eq_square power_Suc power_even_eq semiring_norm(3))
finally show ?case by simp
ged

Figure 28: Example lemma retrieved in the generation of the code in Fig. 24. This lemma has soft use score of 0.96.
It is reproduced almost exactly in the PROVER’s output, with minor changes to parenthesization and the name of the
lemma.
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G TroVE and Agent Optimizer
Experiments

G.1 TroVE Direct Reuse

TroVE (Wang et al., 2024d) is a library learning
method for solving a stream of tasks by generat-
ing Python code that exploits a library of functions.
Said library is learned in an online fashion. TroVE
works by generating 15 candidate solutions and
performing majority vote, with functions from suc-
cessful candidates being added to the library. More
specifically, these 15 solutions are produced via
3 different prompts: 5 are generated via the SKIP
prompt (directly prompting the LLM to generate a
program), the CREATE prompt (prompt the LLM
to generate a helper function to add to the library as
well as a program that uses the helper to solve the
problem), and the IMPORT prompt (generate a so-
lution conditioned on the entire library). Functions
created by accepted CREATE solutions are added
to the library, which is periodically trimmed based
on function usage statistics.

When it comes to reuse we therefore evaluate
how often the LLM uses existing helper functions
from the library when it is prompted in the IM-
PORT mode. We outline direct reuse in TroVE
under CodelLlama-7B-Instruct in Tables 11 and
12 and under Llama3.1-8B-Instruct in Tables
13 through 15, summing up function reuses over
three seeds. However, as programs created in the
IMPORT mode may not import a helper function at
all, we report the number of programs that perform
reuse at least once and are correct. We furthermore
calculate the average length of a helper function
by calculating the depth of its respective abstract
syntax tree, as a proxy for how complex a function
is.

As a result, among some domains such as Pre-
algebra and TabMWP we find strong evidence of
reuse whereas on others such as Algebra and Precal-
culus no reuse is performed at all. Furthermore, the
function lengths are rather short, with the longest
program median_of_numbers calculating the me-
dian of a numeric column in a pandas DataFrame,
which has a length of 11 (see Figure 29).

For further insights on the complexity of the gen-
erated functions we computed additional metrics
on the libraries created by Llama3.1, i.e. arity, ab-
stract syntax tree size, cyclomatic complexity and
the number of tokens (see Table 17). As to see the
complexity remains low — e.g., in most cases the
average cyclomatic complexity is below 1.5.
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def median_of_numbers(df, value_column):
values = df[value_column].values
values.sort()
if len(values) % 2 == 0:
median = (values[int(len(values) / 2)]
+ values[int(len(values) / 2) - 11) / 2
else:
median = values[int(len(values) / 2)]
return median

def num_divisors_common(n1, n2):
return len(set([i for i in \
range(1, min(n1, n2) + 1) \
if n1 %1i==0andn2%i==201]))

def area_triangle(a, b, c):
return 0.5 x abs(al@] x (b[1] - c[11) \
+ b[@] * (c[1] - al[11) \
+ cfo] x (al1] - b[11))

Figure 29: The three longest functions in TroVE’s
final libraries. Here length is defined as their ab-
stract syntax tree depth.



G.1.1 Trove CodeLlama-7B-Instruct Direct
Reuse

MATH Counting

720/4365
6.00 £ 0.82

Correct Import Attempts:
Function Length:

is_prime 5

is_perfect_square 3

has_unit_digit_3 2
MATH Number

895/7455
5.73 £ 1.29

Correct Import Attempts:
Function Length:

44
33
31

gcd (seed2)

gcd (seed3)
divisors
n_to_base_n
number_of_groups

number_of_soldiers_without_group 11
base_6 10
number_of_soldiers_without_ 9
group_estimate
most_likely_number_of_soldiers 7
most_likely_number_of_soldiers_estimate 7
lcm 4
find_digit_3 1
get_prime_factors 1
get_remainder 1
MATH Prealgebra
Correct Import Attempts: 1455/9540
Function Length: 6.25 £1.30
count 64
gcd 37
is_prime 16
divisor 9
is_cube 1
is_sum_of_digits_equal_to_15 1
count_integers_with_sum_of_ 0
digits_equal_to_15
sum_k 0
No created function was reused in the following splits:
MATH Algebra
Correct Import Attempts: 1590/13215
MATH Geometry
Correct Import Attempts: 62/3555
MATH Intermediate Algebra
Correct Import Attempts: 101/7.545
MATH Precalculus
Correct Import Attempts: 87/2340

Table 11: Direct reuse of CodelLlama-7B-Instruct
TroVE for MATH; aggregated over 3 runs.

TabMWP
Correct Import Attempts: 7546/80640
Function Length: 6.04 £0.87
total_cost (seed2) 2716
median_of_column 1197
total_cost 1148
sum_of_values 652
mode (seed3) 625
sum_column 440
mode 383
total_value 377
sum_of_values (seed3) 349
total_cost (seed3) 277
difference_between_scores 273
sum_of_values (seed2) 73
available_funds 63
range_of_numbers 55
median 45
max_value_per_column 24
score_difference_between 21
difference_in_values 11
range_of_values (seed3) 11
calculate_total_cost 10
largest_number_of_elements 10
difference_in_medals 9
get_available_funds 8
largest_number_of_pieces_of_pepperoni 8
range_of_values 5

Table 12: Direct function reuse of TroVE under
CodeLlama-7B-Instruct for TABMWP. Reuse aggre-
gated over 3 runs.

3562



G.1.2 Trove Llama3.1-8B-Instruct Direct TabMWP
Reuse Correct Import Attempts:  16841/80640
Function Length: 6.50 = 1.45
Counting
sum_column 2326
Correct Import Attempts: 502/4365 rate_of_change 2230
Function Length: 7.00£0.71 mode 1447
count 49 median 1442
check_palindrome 8 mear.l_value 1381
count_between 7 median_value 1364
_ mode_of _values 1309
Number price_per_unit 1245
range_of_values 1220
Correct Import Attempts: 1037/7455 cost_function 1200
Function Length: 7.00 £ 1.73 mode_of _numbers 1192
ged (seed2) 73 diff_in_values 925
num_divisors 45 mean_value (seed3) 863
is_prime 37 mean_of_numbers 754
sum_of_consecutive_numbers 33 get_row 515
factorial 31 get_value 503
lem (seed2) 24 total_price 349
num_divisors_common 23 max_value 293
sum_of_factors 19 min_value 260
get_value_at 165
Prealgebra total 126
Correct Import Attempts: 772/9540 cost o7
Function Length: 5.92 + 0.95 max_value (seed2) 88
min_frequency 71
num_of_numbers 12 get_range 17
diagonal_count 6 median_of_numbers 12
find_numbers 6 score_difference 6
main 6 get_price 3
odd_integer 6 get_total 2
product 6 get_total_cost 2
sum_of_digits 6
count_digits 2 Table 14: Direct function reuse of TroVE under L1ama
smallest_multiple_of_6_greater_than 2 3.1-8B-Instruct for TABMWP. Reuse aggregated
odd_digits 1 over 3 runs.

No created function was reused in the following splits:

Algebra HiTab
Correct Import Attempts: 957/13215 Correct Import Attempts: 700/23610
No created function was reused. Function Length: 5.00 +0.00
get_data_cell (seed2) 350
Precalculus get_data_cell (seed3) 317
Correct Import Attempts: 250/2340 get_data_cell 206
get_row 95
Geometry get_column 65
get_ratio 58
Correct Import Attempts: 122/3555 get_data_cell_ratio 32
Intermediate . .
Table 15: Direct function reuse of TroVE under L1ama
Correct Import Attempts: 303/7545 3.1-8B-Instruct for HITAB. Reuse aggregated over

three runs.
Table 13: Direct function reuse of TroVE under L1ama

3.1-8B-Instruct for MATH splits. Reuse aggregated
over 3 runs.
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Domain Metric Value

Counting arity 1.75+0.83
ast_depth 7.00£0.71
ast_size 34.75 + 13.33
cyclomatic 2.50 £ 1.50
WTQ token_count  37.25 + 18.63
Correct Import Attempts: 4852/65160 HiTab arity denth 2(7)(1) i 83(5)
Function Length: 6.71 £ 1.02 zzt:;z‘: Lk 656
get_num_listings 938 cyclomatic 1.29+£0.70
get_value_by_condition 911 to!(en_count 60.43 & 14.86
get_value_by_cc?néition (seed3) 858 Number zzltt_ydepth ;88 i ??g
len_df_by_condltlon 836 ast_size 33.12 + 13.58
get_most_common 384 cyclomatic 2.50£1.41
get_value_by_condition (seed2) 318 token_count  51.00 4 18.85
get_total_score 290 Prealgebra  arity 1.08 £0.49
get_first_value_by_condition 230 ast_depth 5.92+0.95
get_last_value (seed3) 221 ast_size 20.50 £7.43
get_first_value 214 cyclomatic 1.42 £ 0.64
- - token_count  25.00 £ 9.27
get_next_match 169 Precalculus _ arity 3.00 £ 0.00
get_last_value 154 ast_depth 10.00 + 0.00
get_earliest_date 99 ast_size 75.00 4+ 0.00
get_position_by_conditions 78 cyclomatic 1.00 £+ 0.00
get_min_value_by_condition 76 to!(en_count 84.00 + 0.00
get_year_without_condition 64 TabMWP arity 3.03 £ 1.45
get_consecutive_records 63 ast_d.epth 6.50 £ 1.45
ast_size 63.13 + 38.39
get_num_games_after_date 44 cyclomatic 1.10 = 0.30
get_next_value 31 token_count  91.07 + 48.18
get_num_games_after 31 WTQ arity 2.92+0.86
get_next_date 18 ast_depth 6.71 +1.02
get_last_row 16 ast_size 44.25 + 23.99
get_last_value (seed2) 15 cyclomatic 1.33+1.14
get_total_points 1 to!(en_count 57.79 & 20.25
- - ALL arity 2.50+£1.26
ast_depth 6.47 +1.37
Table 16: Direct function reuse of TroVE under L1ama ast_size 46.36 £ 30.65
3.1-8B-Instruct for WTQ. Reuse aggregated over cyclomatic 1.42 4+ 0.99
three runs. token_count  63.76 + 39.20

Table 17: Complexity metrics for the library functions
per domain for TroVE under L1ama 3.1-8B-Instruct.
Values are reported as mean + standard deviation.
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G.2 Compute-Matched TroVE Evaluation

We perform compute-matching via a trivial mech-
anism: we compare baseline TroVE (5 samples
from 3 prompts) with an all SKIP ablation (15
samples from the SKIP prompt). Before running
our final experiments we tested that this approxi-
mately matched compute by counting token usage
for TroVE and the ablation on a subset of TabMPW.
Specifically, we found that TroVE used an average
of 17457.61 tokens per problem, with the ablation
using 15194.51 tokens per problem (only 87.1%
as many tokens). We chose not to increase K fur-
ther as we found that while the ablation only used
77% as many input tokens, it did consume slightly
more output tokens (106%). The increase in out-
put tokens is likely because TroVE’s SKIP prompt
invokes the LLM in text completion mode, often
causing it to generate new, hallucinated TabMWP
problems after generating the solution to the prob-
lem.

Additionally, we discovered a weakness of
TroVE’s selection mechanism in that it performed
majority voting two times - first on each of the 5
answers per mode, and second on the remaining 3
candidates. As this consistently decreases perfor-
mance in comparison with direct majority voting
on all 15 answers, we adapted the implementation
at this point and report the results in Table 5 for
CodeLlama-7B-Instruct and Llama3.1-8B-Instruct.

As depicted in Table 18 for CodeLlama, our abla-
tion achieves results similar to TroVE, as well as for
the reproduced variant as for the original reported
TroVE results, which report the maximum value
of 5 runs rather than the average. More strikingly,
when using Llama3.1 the ablation consistently out-
performs or matches TroVE across all domains
(see Table 5). This observation is consistent with
findings by Berlot-Attwell et al. (2024) who found
that a CREATE-SKIP ensemble had comparable
performance on MATH (Hendrycks et al., 2021b) —
although our findings now allow us to attribute this
to the compute used by SKIP rather than ensem-
bling as proposed by Berlot-Attwell et al. (2024).

Furthermore, as shown in Figure 30 on MATH,
the results are stable across different computational
budgets with the direct ablation consistently out-
performing TroVE.

Each experiment is performed with an RTX
A6000 GPU. Approximately 550 GPU-hours were
used for all experiments.

Ablation: Direct TroVE
Category Original Compute-Matched | Original Reproduced
Algebra 15% 26.7+£0.5% 25% 29.1+0.7%
Counting 14% 23.6+0.4% 26%  26.9+2.2%
Geometry 6% 8.4+1.2% 8% 7.7+£1.1%
Intermediate 5% 13.6+£0.9% 11% 12.9+1.0%
Number 16% 28.0+1.8% 25% 29.6+0.9%
Prealgebra 21% 32.8+1.8% 29% 32.34+2.1%
Precalculus 10% 15.4+0.4% 17% 20.4+1.5%
TabMWP 43% 45.4+0.4% | 47%  40.1+2.6%

Table 18: Accuracy comparison between the compute-
matched direct ablation and TroVE across different do-
mains for CodeLlama 7B-Instruct. We report mean and
standard deviation over 5 random seeds. Bold numbers
mean that within the approach the setup performed best,
underlined means that across both approaches the setup
was best.

0.5 System
— Direct

Categories

= MATH
—— algebra
—— counting
—— geometry

intermediate
—— number

prealgebra
—— precalculus

Accuracy

0.14

Figure 30: TroVE and Direct performance on different
computational budgets for Llama3.1-8B-Instruct. Here
the budget is the number of times the base LLM is
prompted (i.e., 3k; see Section 2).

G.3 Agent-Optimizer Evaluation

We reproduced Agent Optimizer’s experimen-
tal setup and baseline (Zhang et al., 2024) us-
ing their released code’; the only difference is
that we used gpt-40-2024-11-20 in place of
(gpt-4-1106-vision-preview) as the latter is
now deprecated. For reasons of cost, we limited our
evaluations with gpt-4o to the precalculus and ge-
ometry splits that reported the largest performance
increases in the original paper (53.8 — 62.5% and
53.8 — 58.8% respectively). We also performed
additional experiments with gpt-40-mini on the
remaining MATH splits.

As per the original paper, the library training is
performed on a random training subset of 20 prob-
lems, which are then used by a ReAct-like agent
tested on 80 problems. The baseline is the same
ReAct-like agent without access to the library.

In general, AgentOptimizer has higher test-time

5https: //microsoft.github.io/autogen/@.2/
blog/2023/12/23/AgentOptimizer/ and
//github.com/ag2ai/ag2/blob/main/notebook/
agentchat_agentoptimizer.ipynb

https:
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MATH Precalculus Run 0 (53/80 Successes)
Reused Function Reuses
evaluate_math_expressions 12
solve_math_problem
evaluate_trig_expressions
evaluate_inverse_trig_expressions
evaluate_matrix_expression
solve_trigonometric_identity
evaluate_cross_product

MATH Precalculus Run 1 (47/80 Successes)
solve_question_with_sympy
evaluate_math_expression
compute_matrix_multiplication
compute_vector_projection

MATH Precalculus Run 2 (48/80 Successes)
execute_math_code 21
transform_and_solve 11
evaluate_expression 5
simplify_trig_expression 2

—_— = = ) ] \O

—— Oy o0

Table 19: The names of functions (left column) reused
in successful AgentOptimizer solutions with gpt-4o,
as well as the number of solutions reusing the func-
tion (right column). Note that as AgentOptimizer uses
tools developed in a training phase, we consider any
use in a successful test time solution to be reuse. While
AgentOptimizer exhibits significant reuse behaviour,
unlike LEGO-Prover, the learned functions tend to be
extremely generic — typically chaining sympy . sympify
with sympy.simplify. Given the baseline agent per-
forms comparably with access to a Python compiler, it
is clear that the functions in the learned library are easily
retrieved from the base model’s parametric knowledge.
See Appendix Tab. 21 for further results on the MATH
Geometry split.

costs (see Table 20). Unexpectedly, we also found
that the baseline slightly outperformed AgentOp-
timizer before cost correction. This may be due
to variation caused by the random train and test
subsets and the small test set size (80 examples)
used in the original paper — we had to resample as
the authors did not release their random splits. The
differences in the gpt-4o0 experiments may also be
due to our use of gpt-40-2024-11-20 in place of
the now deprecated preview. As the original paper
did not use gpt-40-mini, it is not unreasonable to
attribute the gpt-4o0-mini results to inferior cod-
ing or tool use skills.

Finally, we observe that AgentOptimizer ex-
hibits true direct reuse behaviour (see Tab. 19).
From manual inspection, the learned tools are often
(thought not always) generic and simple — as such

lemma exponent_properties:
fixes a :: real
shows "a powr (m * n) = (a powr m) powr n'
by (smt (z3) powr_powr)

I

lemma exponent_simplification:
fixes a :: real
shows "(a powr m) powr n = a powr (m * n)
by (metis exponent_properties)

n

Figure 31: This is the only lemma reused verbatim in
our experiments. This is indeed a successful example of
library learning, establishing a useful and general result:
a’”LTL — (am)n,

fun f :: "real \<Rightarrow> real” where
"fx =5%x+ 4"

lemma f_x:
fixes x :: real
shows "5 * x + 4 = f x"

proof -

have "f x = 5 *x x + 4" by auto
then show ?thesis by simp
ged

Figure 32: This is the only lemmas whose name is
reused more than once. This lemma that 5244 = 5x+4
is both trivial and overly specific; it is a failed example
of library learning.

they do not improve performance over the baseline
which already has access to arbitrary Python code
execution. Note that as AgentOptimizer trains the
library on a separate set of problems, we consider
any use of a tool in a successful solution to be an
instance of reuse, as it is reuse from the train set to
the test set.

Each experiment is performed with a resource
allocation of 24 GB of RAM and 1 Intel Broadwell
CPU cores @2.095 GHz. Approximately 34 CPU-
hours were used for all experiments.

H Notable LEGO-Prover Lemmas

In this section we reproduce the only LEGO-Prover
lemma to be reused verbatim. The lemma in Fig. 31
is indeed useful and broadly applicable. This suc-
cessful attempt at library learning stands in contrast
to the only lemma name reused more than once (see
Fig. 32).The lemma in Fig. 32 is trivial and specific
to the equation 5x + 4, making it a poor tool in the
library.
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MATH Precalculus

40-mini (train)

40-mini (direct)

40 (train) 4o (direct)

Accuracy 58.75 +2.50% 58.75+3.75%  61.67 £4.02% 63.33 + 4.02%
Train $0.65 4+ 0.03 $0 $8.73 £ 0.47 $0

Inference  $0.15 + 0.03 $0.15 £ 0.02 $2.20 £ 0.38 $1.87£0.20

MATH Geometry
4o0-mini (train) 4o-mini (direct) 4o (train) 4o (direct)

Accuracy 60.00 £2.50% 60.00 +2.50% 64.17 +£1.44% 66.25 + 2.50%
Train $0.64 4+ 0.06 $0 $9.70 + 0.26 $0

Inference  $0.13 4 0.03 $0.09 £ 0.02 $1.52 £ 0.22 $1.28 £0.19

MATH Algebra MATH Counting

40-mini (train)  4o-mini (direct)

40-mini (train)  4o0-mini (direct)

Accuracy 85.83 +4.73% 88.33 +1.44% Accuracy 79.17+0.72% 83.75+3.31%
Train $0.31 £ 0.01 $0 Train $0.36 4 0.02 $0
Inference  $0.13 £ 0.01 $0.07 £0.01 Inference  $0.12 & 0.02 $0.06 £ 0.01
MATH Number
40-mini (train)  4o-mini (direct)

Accuracy 75.42 +4.73% 79.58 £+ 2.60%

Train $0.37 +0.02 $0

Inference  $0.10 & 0.02 $0.07 £ 0.00

Table 20: AgentOptimizer performance on MATH splits. “train” indicates AgentOptimizer was used to train a
library, “direct” indicates that the ReAct-like baseline was used directly without any library. We report mean and
standard deviation over 3 runs. “train” indicates AgentOptimizer was used to train a library, “direct” indicates that
the ReAct-like baseline was used directly without any library.

I Potential Risks

The risks of this work are low as the primary find-
ings are negative results — ICL library learning is
less effective than previously believed. This work
is limited by the choice of dataset — all are in En-
glish, the performance of these systems on other
languages is unstudied.

J Code, Data, and Licensing

Our code is available at https://github.com/
ikb-a/11lm_lib_learning_fails, along with
the accompanying licenses. Our code is
derived from TroVE (Wang et al.,, 2024d)
(https://github.com/zorazrw/trove)
released under CC-BY-SA-4.0 license,
AgentOptimizer (Zhang et al, 2024)
(https://github.com/ag2ai/ag2/blob/main/
notebook/agentchat_agentoptimizer.ipynb)
released under Apache-2.0 license, and
LEGO-Prover (Wang et al., 2024b)
(https://github.com/wiio12/LEGO-Prover)

released under MIT license. We release our
derived code under the same respective licenses.

In the course of our experiments we use the
miniF2F (Zheng et al.,, 2021) test set of 244
examples.  Specifically, we use the Isabelle
version (released under Apache-2.0 license), as
re-released by Wang et al. (2024b) at https:
//github.com/wiio12/LEGO-Prover/tree/
357672c7751cd0@c84aff6bf72a3d1bf97614e81d/
data/full_data/test.

In our followup experiments we use the MATH
dataset (Hendrycks et al., 2021b) available
under MIT license. The AgentOptimizer uses
randomly selected subsets of 20 train examples
and 80 test examples — we release the exact
questions used with our code. TroVE uses the
full MATH test set (881 algebra problems, 291
counting and probability problems, 237 geometry
problems, 503 intermediate algebra problems,
497 number theory problems, 636 prealgebra
problems, and 156 precalcus problems), we use
the version re-released by Wang et al. (2024d)
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MATH Precalculus Run 0 (53/80 Successes)

Reused Function Reuses
evaluate_math_expressions 12
solve_math_problem 9
evaluate_trig_expressions 7
evaluate_inverse_trig_expressions 3
evaluate_matrix_expression 1
solve_trigonometric_identity 1
evaluate_cross_product 1

MATH Precalculus Run 1 (47/80 Successes)
solve_question_with_sympy
evaluate_math_expression
compute_matrix_multiplication
compute_vector_projection

MATH Precalculus Run 2 (48/80 Successes)

—— Oy o0

execute_math_code 21
transform_and_solve 11
evaluate_expression 5
simplify_trig_expression 2
MATH geometry Run 0 (52/80 Successes)
evaluate_expression 2
calculate_distance_2d 1
calculate_triangle_area 1
MATH geometry Run 1 (50/80 Successes)
solve_math_problem_fixed 10
solve_math_problem 6
evaluate_math_problem 4
solve_task_with_sympy 3
calculate_area_and_volume_of_cone 1
calculate_distance_3d 1

MATH geometry Run 2 (52/80 Successes)

evaluate_expression 8
evaluate_algebra 4
evaluate_trigonometric 3

Table 21: The names of functions (left column) reused
in successful AgentOptimizer solutions with gpt-4o,
as well as the number of solutions reusing the func-
tion (right column). Note that as AgentOptimizer uses
tools developed in a training phase, we consider any
use in a successful test time solution to be reuse. While
AgentOptimizer exhibits significant reuse behaviour,
unlike LEGO-Prover, the learned functions tend to be
extremely generic — typically chaining sympy . sympify
with sympy.simplify. Given the baseline agent per-
forms comparably with access to a Python compiler, it
is clear that the functions in the learned library are easily
retrieved from the base model’s parametric knowledge.

at https://github.com/zorazrw/trove/tree/
c4d16b6a2e38020540db2a611fdea722da6b880c/
data/math.

Our follow experiments also use the 5376
problem test split of the TabMWP dataset (Lu
et al., 2023) available under MIT license. We again
use the version re-released by Wang et al. (2024d)
(https://github.com/zorazrw/trove/tree/
c4d16b6a2e38020540db2a611fdea722da6b880c/
data/tableqga).

All datasets are English datasets of mathematical
problems. The formal components of the miniF2F
split are in the ISAR language used by the Isabelle
theorem prover. TabMWP contains tables in mark-
down format.

All code & data is used in a manner consistent
with the terms of release, and the authors’ intent
(i.e., for scientific research of Al mathematical rea-
soning).

K Use of AI Assistants

In the creation of this research, ChatGPT was used
in a minimal capacity. Specifically, it was used for
the generation of some TroVE code fragments, to
find 2 additional pieces of related work during the
initial literature review, and to suggest revisions
to the initial human-written manuscript. All Al
outputs were carefully reviewed for correctness.
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