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Abstract

This paper argues in favor of a fundamen-
tally new perspective on phonology via modal
logic. We show that the class of total Boolean
Monadic Recursive Schemes (BMRS), used in
computational modeling of phonological pro-
cesses (Bhaskar et al., 2020; Chandlee and Jar-
dine, 2021), is equivalent in expressive power
to the well-studied modal p-calculus. As a
corollary of this result, we obtain an alterna-
tive proof that order-preserving BMRS trans-
ductions capture the class of rational func-
tions, which have been posited as a complexity
bound on natural language phonological gram-
mars.

1 Introduction

Rational functions are word-to-word maps which
are realized by non-deterministic one-way finite-
state transducers (FSTs).! Within phonological
theory, the Rational Hypothesis argues that phono-
logical maps in natural language fall within the
restrictive class of rational functions (Kaplan and
Kay, 1994; Johnson, 1972). We take the Rational
Hypothesis as the starting point for this paper, and
present a new formal perspective on rational func-
tions and consequently, phonological maps. The
conceptual map for this paper is presented in Fig-
ure 1; the relationship between phonological maps
and finite state transducers that is central to the Ra-
tional Hypothesis constitutes the edge labeled (a).

(1) The Rational Hypothesis: Natural language
phonological maps are rational.

The Rational Hypothesis provides a formal
characterization of what kinds of computations are
attested in natural language phonological gram-
mars, and moreover predicts what kinds of compu-
tations cannot be realized as a phonological map
in any natural language.

'In-depth discussion of rational functions can be found in
(Berstel, 2007) and (Filiot, 2015).

Phonological Maps
©
@
BMRS -------F----- Modal p-Calculus
(b)

Finite State Transducers

Figure 1: Conceptual map of this paper. (a): Ka-
plan and Kay (1994); Johnson (1972); (b): Bhaskar
et al. (2020, 2023); (¢): Chandlee and Jardine (2021);
Yolyan (2025b,c). This paper discusses the relation-
ships labeled with dashed lines.

It is worth noting that the rational relations
are often referred to as ‘regular’ in computational
phonology literature, and the Rational Hypothe-
sis is better-known as the Subregular Hypothesis
(e.g. Heinz, 2018). Though the terms ‘rational’
and ‘regular’ get conflated, it is important to keep
the following distinction in mind: the regular re-
lations are those which can be expressed with a
two-way non-deterministic FST, and are therefore
more expressive than the rational functions.

In recent work, Bhaskar et al. (2020, 2023)
introduced Boolean Monadic Recursive Schemes
(BMRS), a programming language interpreted
over words, as a logical characterization of the
rational functions. More specifically, they show
that the so-called well-defined, order-preserving
BMRS interpretations capture precisely the class
of rational functions on strings. Their work con-
stitutes the edge labeled (b) in Figure 1. Chan-
dlee and Jardine (2021) present BMRS as an al-
ternative framework for representing phonologi-
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cal maps because BMRS programs can be used to
formally represent both the computational nature
of phonological maps as well as relevant phono-
logical generalizations. Subsequent work arguing
for the merits of BMRS for phonological theory is
also found in (Yolyan, 2025b,c). This relationship
constitutes edge (c) of Figure 1.

This paper presents a modal logic perspec-
tive on rational transductions and phonological
maps. More specifically, we present the modal p-
calculus, which is an extension of propositional
modal logic with a fixed point operator, which
permits recursion and self-reference in formulas
(Bradfield and Stirling, 2006). There are a few
motivating factors for pursuing a modal perspec-
tive. First, the modal p-calculus is a logic with a
well-understood relationship to automata and for-
mal languages. A detailed discussion of the re-
lationship between the modal p-calculus and al-
ternating tree automata can be found in Emerson
and Jutla (1991); Wilke (2001). In the setting of
words, the modal perspective provides an alterna-
tive logical framework for expressing phonologi-
cal transductions. Second, the p-calculus employs
a least fixed point semantics for evaluating recur-
sive formulas. Recursive formulas are also used
in BMRS to express long-distance and iterative
string maps. Establishing a connection between
the semantics of these two separate formalisms
means that existing results on the formal prop-
erties of the modal p-calculus can provide new
insights into the BMRS framework. Third, the
modal perspective may provide new insights on
computational learning of phonological maps. A
significant consequence of the Rational Hypothe-
sis is that it restricts the learning space for phono-
logical maps. This restricted space has led to ad-
vances in learning FST representations of ratio-
nal functions, such as Chandlee (2014); Jardine
et al. (2014); Oncina et al. (1993). More recent
work from Yolyan (2025a) presents an approach to
learning phonological maps represented as BMRS
programs. There have also been recent advances
on learning p-calculus formulas, such as Koudijs
(2022); ten Cate and Koudijs (2024). A formal
connection between modal formulas and BMRS
programs may ultimately lead to new insights that
are valuable for learning.

With these motivating factors in mind, this pa-
per makes several contributions which make up
the three dotted lines in Figure 1. The main re-
sult of this paper is that the modal p-calculus and

total BMRS define the same unary properties over
words. More precisely, for each output predicate
of a total BMRS program, there is a modal pu-
calculus formula which is true at all and only in-
dices in a word for which that output predicate
is true. An immediate consequence of our main
result is that it is possible to represent rational
functions as order-preserving interpretations of p-
calculus formulas, which have not been pursued
in previous modal logic literature. This paper
can moreover be viewed as an extension of pre-
vious work by Graf (2010), who uses modal logic
to express well-formedness constraints on surface
forms in phonology. The fixed point operator in
the modal p-calculus is the crucial formal com-
ponent that makes it possible to lift modal logic
formulas that represent surface form constraints to
modal p-calculus formulas which, given the for-
mal results of this paper, represent phonological
maps. An additional potential contribution of this
paper is that it may be of interest to modal logi-
cians, as it provides a new way to express modal
p-calculus expressions and connects modal logic
to programming languages.

The structure of this paper is as follows. Sec-
tion 2 gives a high-level presentation of how FSTs,
BMRS, and modal logic are used to represent
phonological maps. This section provides the mo-
tivation for this work, and the intuition for why
a modal logic perspective is warranted. A more
formal presentation of BMRS and the modal pu-
calculus follow in Sections 3 and 4. The main
result of this paper is presented in Section 5, fol-
lowed by concluding remarks in Section 6.

2 Phonological Transductions

This section presents two examples of phonolog-
ical maps to illustrate how FSTs, BMRS, and
modal logic can be used to represent phonological
maps. We present first a non-recursive example in
(2) in order to provide an informal introduction to
the three frameworks. We then consider an itera-
tive process in (5) to demonstrate the evaluation of
recursive predicates. Formal details of BMRS and
modal logic follow in the subsequent two sections.

Consider the vowel nasalization map in (2), in
which a vowel becomes [+nasal] when it precedes
anasal sound. The FST representation of this map
is presented in Figure 2 with features N for nasals
and V for vowels. The three states of this FST rep-
resent three possible sounds in the input. For ex-
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ample, the machine transitions to the state labeled
+— when it reads an input that is [+V,—N]. The
FST reads the input from right to left. The high-
lighted transition [+V,—N]:[+V,+N] from state
+— to —+ represents the fact that a [-N] vowel
becomes [+N] when the previous sound that was
read in the input was [+N].

(2) Vowel Nasalization
V — [+nasal] /__[+nasal].

-V
—N

-V
—N

[

J[5~]

Figure 2: FST representation of vowel nasalization,
where V and N represent vowel and nasal sounds.

The BMRS formalism provides a framework
for expressing phonological maps as quantifier-
free logical transductions. These transductions op-
erate on relational structures called words.

Definition 1. Given a set of unary predicate sym-
bols 3. (called a signature), a X-word is a structure
w = (w, sV, p¥, (6“)sex), where w is a finite set
of indices; s* and pv denote (partial) successor
and predecessor functions on w, undefined only at
the last and first indices, respectively; and each
o" is a subset of w. A Y-string is a X-word with
exactly one predicate true at each index. We write
Wordss. to denote the class of %-words.

When logical transductions are adapted for rep-
resenting phonological maps, the unary predi-
cates in the word represent phonological fea-
tures. Within the BMRS framework in particular,
the predicates o are represented with Boolean-
valued predicates such that o (x) = T if and only
if z € o%. Logical transductions represent maps
in the following way: for every predicate o* of
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a word w, the logical transduction defines a new
word w' with predicates o’ (called output predi-
cates). The BMRS representation of vowel nasal-
ization is given in (3) with predicates N and V, for
nasal and vowel sounds. The two output predi-
cates N’ and V' define an output string by speci-
fying which indices of the output string are nasals
and vowels, respectively.

(3) BMRS representation of vowel nasalization
Vi) =V(x)
N'(x) =if V(x) then N(s(z)) else N (x)?

Note that BMRS programs are expressed us-
ingaif...then...else syntax. The output
predicate N/ (z) is evaluated as follows. For every
index z, if = is a vowel in the input word, then z is
[+N] in the output word if and only if index x + 1
of the input word is [+N]. Otherwise, z is [+N] in
the output word if and only if it is [+N] in the input
word. Consider an underlying-surface form pair of
words (/ban/,[b&n]). This input-output relation-
ship is realized by the transduction in Figure 3.

N(z)

V(z) 1 T 1
N | TR T
V/(x) 1 T 1

Figure 3: Representation of vowel nasalization as a
logic transduction over words with features N and V.
The highlighted nodes in the input and output words
represent the [+N] elements of the words.

In its full generality, modal logic operates over
relational structures called labeled transition sys-
tems which are very similar to words with two
main distinctions that we highlight here. First, the
relational structures have relations between nodes

“This formula does not account for the edges of words
(i.e. when s(z) is not defined). More precisely, we should set

N'(z) = if V(z) then
(if max(z) then N(z) else N(s(x)))
else N(z),

where max(z) = T if and only if x is the final index of a
word.



(called accessibility relations) rather than succes-
sor and predecessor functions. Second, we use
modalities to refer to neighboring indices. For ex-
ample, given a model with accessibility relation
R, the modal expression QP evaluates to T at
some node z if and only if there is some node y
such that R(z,y) and P holds at y. If the rela-
tion R is the graph of the successor function (i.e.
R = {(z,y) | y = s(x)}) then QP evaluates to T
at some index x of a word if and only if P(s(x))
holds. With this equivalence in mind, the BMRS
formulas in (3) can be equivalently expressed as
the modal formulas in (4), which we refer to as
a modal transduction. Note that the formulas in
(4) do not have variables because the ¢ modality
makes it possible to refer to adjacent indices with-
out a variable.’

(4) Modal representation of vowel nasalization
Vi =V
N =(VAON)VN

We consider now an iferative nasalization process.
In (2), a single vowel becomes nasalized when it
is followed by a nasal; no other sounds in a word
are affected. (5) presents a vowel nasalization pro-
cess from Warao in which vowels become nasal-
ized when they are preceded by a nasal sound, and
this process iterates through a word until a voice-
less stop suspends the nasalization process.

(5) Nasal Spreading in Warao (Osborn, 1966)

a. esoha-ya ‘He pours’
nao-ya ‘He saw’
nao-te ‘He will come’

‘It is a turtle’
‘It is a porpoise’

horﬁjﬁku—hae
panapana-haé

o a0 o

The BMRS representation of the nasal spreading
process in Warao is presented in (6), where the
predicate 7' is a shorthand for voiceless stops, and
min is the predicate which is true only at index 0.
Notably, the output predicate N’ is recursive.

(6) BMRS representation of nasal spreading
N'(z) = if N(x) then T else
if 7'(x) then L else
if min(z) then L else

N'(pz)

3The modal formulas also use the fact that conjunction
and disjunction can be expressed as if...then...else
expressions. For example, p A ¢ can be rewritten as if p
then q else L.

Figure 4 shows the evaluation of the recursive
predicate N/ for the input-output pair of words
(/maote/, [nadte]). This predicate is evaluated as
follows. At index 0, N’ evaluates to T because
N holds at index 0. At index 3, N’ evaluates to
L because 7" holds at index 3. For the remaining
indices, N'(z) cannot be evaluated to T or L be-
cause N’(pzx) does not have a valuation. However,
a second run through the 1f...then...else
expression yields valuations for indices 1 and 4 be-
cause N’(0) and N’(3) have valuations. At a third
run of the expression, we also get a valuation for
index 2. Beyond this point, further iterations of
N'(z) will not yield any changes; the final row in
Figure 4 is the least fixed point of N'(x).

input n a o t e
index 0 1 2 3 4
predicates N V V T V
N'(x) T 1

N'(x) T T 1 1
N'(x) T T 1 1
output n a 0 t e

Figure 4: Evaluation of the recursive predicate N'(z).

The modal formula which expresses the recur-
sive predicate in (6) is presented in (7). This for-
mula uses the backward modality ¢, where ¢P
evaluates to T at some node y if and only if there
is some node z such that R(x,y) and P holds at
x. Intuitively, the backward modality is the analog
of the predecessor function over words. The recur-
sive aspect of the formula is handled by the modal
operator 11X which scopes over N V (=1 A ¢X)
and binds the variable X. The evaluation of this
formula is analogous to the evaluation of the re-
cursive BMRS formula in the following sense: the
expression N V (=1" A 4X) gets re-evaluated iter-
atively until reaching a fixed point.

(7) Modal representation of nasal spreading
N =puX.(NV (=T N 4X))

Figure 5 shows the evaluation of the modal -
calculus expression in (7). We start with X be-
ing false at all indices, and evaluate the formula
NV (=T N 4X). This formula is true at index
0 (because N is true at 0), and false everywhere
else. This becomes the new semantics for X. In
other words, X becomes true at index 0 and re-
mains false everywhere else, as shown in the sec-
ond row of the table. We then evaluate the for-
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input n a o t e
index 0 1 2 3 4
predicates N V V. T V
X L L 1L 1 1
X T L+ 1 1 1
X T T 1L 1 1
X T T T 1 1
output n a 0 t e

Figure 5: Evaluation of the X operator.

mula N V (=7 A 4X) again with the new truth
values for X. This time, ¢.X holds at index 1 and
therefore N V (=7 A 4X) is true at index 1. The
evaluation of X changes, as shown in row 2, with
the addition of a T evaluation for X at index 1.
The process repeats again, and now the formula
NV (=T N 4X) is true at index 2, and so X be-
comes true at index 2. In this way, the set of in-
dices where X is true grows with each iteration
until reaching a fixed point, where further evalua-
tions of N V (=1 A 4X) will not yield any new
indices where X holds. The key observation is
that the least fixed point of the modal formula in
(7) and the least fixed point of the BMRS formula
in (6) evaluate to exactly the same thing.

The natural relationship between BMRS and
the modal pi-calculus is reminiscent of early work
from Chandlee and Jardine (2019), who use a
quantifier-free logic equipped with a least fixed
point operator to model phonological maps. The
modal logic perspective is yet another quantifier-
free perspective on the same idea.

Ultimately, this section showed three formal
representations of phonological maps. The exam-
ples here, though informal, point to an intuitive
equivalence between BMRS formulas and modal
p-calculus formulas when we restrict our struc-
tures to words. Intuitively, we see that references
to the successor and predecessor functions can in-
stead be expressed using forward and backward
modalities, while recursion in BMRS is captured
by applications of the fixed point operator.

3 Boolean Monadic Recursive Schemes

To define BMRS formally, we fix a single index
variable x and a countably infinite set F of unary
predicate symbols. BMRS terms 7" and expres-
sions F are defined as in the following recursive

wikT —wv

- ifv>0
w,ikp(T) —>v—1

w,ibkx —1

wibkT —wv

: ifv <|w|—1
w,ibks(T) - v+1

Figure 6: Derivation system for denotations of terms.
The judgment w, ¢ = T" — v means that term 7" denotes
index v when evaluated at index ¢ in word w.

grammar, where f € F.

z | p(T) | s(T)

T | L | mn(7T) | max(T) |
f(T) | if E then F else E

T ==
E =

A BMRS program P has the form
f1 (l‘) = E1

fn(@) == En,

where fi,...,f, € JF are pairwise distinct and
FEn, ..., E, are BMRS expressions. We refer to
fj(x) := Ej as a rule of the program; a rule head
for the program is an element of { f1, ..., f,}. The
input signature* of P is the set sig(P) containing
all f € F which appear in some F; but which do
not appear in { f1,..., fu}.

Terms are index-valued; a term 1" in a word
w at index 7 denotes the index j if the judgment
w,¢ =T — j is provable according to the deriva-
tion system given in Figure 6. Expressions of
a BMRS program are Boolean-valued. An ex-
pression occurring in a program P may be eval-
uated at an index in a sig(P)-word according to
the derivation system in Figure 7. The judgment
w,i Fp E — b indicates that expression F eval-
uates to b € {true, false} in sig(P)-word w at in-
dex ¢ under program P.

Note that evaluating an expression depends on
the program, while evaluating a term does not.
One reason for this is the unfolding rule for rule
heads f;, which depends on the rule of the form
f;j = E; in program P (if it exists):

wibkT — v wobp E; = b
w,ikp f;(T) —b

*Earlier work on BMRS distinguishes explicitly between
the input and output signatures; here, we infer these from the
“free symbols” occurring in the program.
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Another reason is the lookup rule for elements of
sig(P), which requires that the unary predicate o
being evaluated at a term 7" is defined in the word:

wikET — v

(veda")

w,ip o(T) — true

Avoiding confusion over whether the unfolding or
lookup rule can be applied to a given unary pred-
icate is why an expression F in program P can
only be evaluated in a sig(P)-word.

It is worth noting that, by the rules in Figure 6,
not every term has a denotation. For example, if
¢ is the largest index in w, then no judgment of
the form w,i - s(x) — j is derivable. Similarly,
expressions are also not always guaranteed to eval-
uate; some programs P contain expressions F for
which neither w,¢ Fp E — true nor w,¢ Fp
E — false is derivable according to the rules in
Figure 7. As an example, observe that in the pro-
gram containing only the rules f(x) := g(z) and
g(z) := f(x), both f(x) and g(z) do not evalu-
ate at any index in any word. Intuitively, this is
because, as f and g are both rule heads (i.e., not
in the signature of the program), only the unfold-
ing rule applies. Attempting to construct a proof
of some judgment of the form w,i Fp f(x) — b
leads to an infinite unfolding. In other words, this
is a “non-halting” program.

An expression F is defined at index i in w
with respect to P if w,¢ Fp E — b for some
b € {true, false}. A BMRS program P is total
on words (resp. strings) if, for every sig(P)-word
(resp. string) w, every rule head f of P, and every
index i € w, the expression f(z) is defined at 7 in
w with respect to P.

A BMRS interpretation is a pair (P,I"), where
I" is a subset of the rule heads of the program,
called the output signature. The input signature
of the interpretation is just the input signature of
the program P.

An interpretation (P,I") induces a logical trans-
duction [P]r : Wordsg,py — Wordsr where
[P]r(w) is the I'-word with domain w, succes-

sor function s, and predecessor function p*, such
that
APIc ™) .= L e w | w,i Fp y(z) — true}

for each v € I'. For brevity, we omit the notion
of copy sets used in (Courcelle, 1994; Courcelle
and Engelfriet, 2012; Bhaskar et al., 2020, 2023),
which permit interpretations to stretch the length

of the input word. However, all results in this pa-
per can be extended to the more general case.

It is shown in (Bhaskar et al., 2023, Theo-
rem 6) that (1) the logical transductions induced
by well-defined order-preserving® BMRS inter-
pretations are rational functions, and (2) every ra-
tional function is induced by some well-defined
order-preserving BMRS interpretation. Fact (1)
follows from the fact that order-preserving BMRS
interpretations can easily be simulated by order-
preserving monadic second-order logic (MSO)
interpretations, which are known to express ex-
actly the rational functions (Filiot, 2015, Theo-
rem 4). Fact (2) is more difficult to show; in
(Bhaskar et al., 2023), the authors proceed by solv-
ing the syntactic composition problem for order-
preserving BMRS interpretations. The syntac-
tic composition problem is interesting in its own
right, but its solution does not yield the simplest
proof of fact (2). In Section 5, we show that
formulas of the modal p-calculus express exactly
the unary properties expressible by total BMRS
programs. Since the order-preserving interpreta-
tions considered here are determined by their out-
put predicates, this expressive equivalence result
constitutes an alternative proof of fact (2).

4 Modal Logic

The basic modal language (ML) is an extension
of propositional logic with modalities (Blackburn
et al., 2001). In the context of modal logic, unary
predicate symbols like those in F are called propo-
sition letters or variables. For brevity, rather than
describing the formal semantics of modal logic
over arbitrary labeled transition systems, as was
alluded to in Section 2, we instead interpret modal
formulas directly over words. Formulas are eval-
uated at indices, or equivalently at pointed words
(w,i). The semantics of atomic predicates, min,
max, conjunction, disjunction, and negation are
defined in the natural way, and we set

w,i = Qp <= s“(i)is defined and
w.s" (i)
(

)
p¥ (i) is deﬁned and
w,p"(i) = ¢.

The modal p-calculus (Kozen, 1983) extends
modal logic with fixed point operators, with for-

wz):0g0<:>

5The interpretations defined in the present paper are also
order-preserving, as in (Bhaskar et al., 2023).
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w,iET —0

wikT —wv

w,iFp T — true w,ip 1 — false

w,ibET — |w| —1 w,iET —wv

w,i Fp min(7T) — true

w,i Fp max(T) — true

wikET —wv
w,itp o(T) — false

(vga™)

w,itp E —true w,iFp E'—b
w,ibp if E then E’ else E”' — b

w, i Fp max(T) — false

wikET —wv

w,i Fp min(7T") — false (v>0)

wikT = v
w,iFp o(T) — true

(v < fw[-1)

(vea™)

,wkp E; — b
W, 0 Imp Ly (1§]<n)

w,iFp fJ(T)—)b -

w,itp E —false w,itp E' —b
w,i Fp if E then E’ else E” — b

Figure 7: Semantics for BMRS expressions over a program P. The judgment w,¢ -p E — b means expression
E evaluates to b € {true, false} at index ¢ in word w under P.

mulas generated by the recursive grammar

pi=aleNp|leVe|-p|Ve|uX.p,

where « € F U {min,max,T,1} and V €
{0, #}. In formulas of the form uX.p, we re-
quire X to occur only positively in ¢, that is, under
the scope of an even number of negation symbols.
Given a word w with domain w and a set U C w,
let w[X +— U] be the word obtained from w by
interpreting X as U. The formula pX.¢ induces
an operator F7 - : P(w) — P(w) by

FY o (U) = {i € w | WX = Ul,i b= o).

By positivity, va 18 monotone, and so it has a

least fixed point lfp(F, ) by the Knaster-Tarski

theorem (Knaster, 1928; Tarski, 1955). We define
wilEpX.p <= iclfp(Fy ).

We use an equivalent vectorial presentation for

our proofs in Section 5. A vectorial formula y is a
finite system of equations

X1=60,, ..., X,=0,

together with a designated variable X, &€
{Xy,...,X,}. We refer to the X; as recursive
variables and assume that they are pairwise dis-
tinct. The right-hand side of each equation is gen-
erated by the recursive grammar

0=a|0N0|0VO|—0]|V0

where @ € F U {min,max,T,1l} and V €
{0, #}. Elements of F \ {Xi,...,X,} in the
right-hand side of some equation in y are free, and
the set of free variables of x is denoted by sig(x).

As above, recursive variables must occur only pos-
itively in the right-hand sides which define them.

Let w be a sig(y)-word with domain w, and let
X denote the tuple X, ..., X,. For tuples U=
(Uy,...,Up) € (P(w))™, we write w[X > U]
for the (sig(x) U {X1,...,X,})-word obtained
from w by interpreting each X; as U;. The system
X induces a monotone operator Fy : (P(w))"™ —
(P(w))™ by setting

16,1, 5 = {i € w|w[X — U],i £ 6;}, and

—

FX(0) = ([0:]y, -+ Bl )

where the satisfaction relation on pointed words
in the definition of [0;] 5 is ordinary modal sat-
isfaction over the expanded word, with min and
max interpreted in the natural way. Since recur-
sive variables occur only positively in the right-
hand sides of equations, Fy is monotone. Thus,
by the Knaster-Tarski theorem (Knaster, 1928;
Tarski, 1955), it has a least fixed point

p(FY) = (UF,.... U}).

Then, for each recursive variable X;, we write
w,i =y Xj if and only if i € U;. The formula
x itself is satisfied at ¢ if and only if its designated
variable is satisfied there:

wikEx <<= Wik X,

We write ML for the full vectorial modal -
calculus. We write ,uMLi for the syntactic frag-
ment of ¢MLF which omits negation. Note that,
by Beki¢’s theorem (Beki¢, 1984), the ordinary
nested syntax for the p-calculus is equivalent to
the vectorial p-calculus. Thus our choice of syn-
tax is only made for ease of proof, and does not
impact our results.
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S Translating pi-calculus to BMRS

In this section, we prove the main containment
needed for our equivalence result: every pML!
formula can be expressed by a BMRS program
that halts on every input. The proof first works
over strings. We establish an automata-theoretic
normal form for uMLE_ and then translate the re-
sulting directed formulas into total BMRS pro-
grams. Together with the containment of total
BMRS predicates in MSO and the equivalence
of uMLF , uMLf, and MSO on strings (Arenas
et al., 2011, Corollary 3.3), this yields the desired
equivalence. The passage from equivalence over
strings to equivalence over words is obtained by
the standard powerset-alphabet reduction, yielding
the following main theorem.

Theorem 2. For every uML formula ¢, there ex-
ists a total BMRS program P with output pred-
icate X, € F such that, for all sig(y)-words w
and indices © € w, we have

wilkEye << wiitpX,(x)— true.

We first prove the string-level containment of
MMLE_ in total BMRS by passing through a di-
rected normal form for MMLi formulas, which
we now define.

The dependency graph of ((X; = 6;)i<n, Xo,)
has nodes X1,..., X, and an edge X, — Xj if
and only if X, occurs in ,. An SCC C' is back-
ward if, for every X; € C, every occurrence in
0; of a variable from C' is under some backward
modality and under no forward modality; C' is for-
ward if the analogous condition holds with for-
ward and backward reversed.

Definition 3 (Directed vectorial formulas). A vec-
torial formula is directed if every SCC of its de-
pendency graph is backward or forward. We write
dlr-,uML for the class of negation-free directed
vectorial formulas.

Lemma 4. For every ,uMLi formula @, there
exists a dir-,uMLﬂ_ formula ), with sig(¢) =
sig()y) and, for all sig(p)-strings w and indices
1 € w, we have

w,i = ifandonlyif w,if=1,.

Proof. Let ¢ be a uMLY, formula with sig(¢) =
A. Let A® be the marked alphabet which contains,
for each a € A, both a and a marked copy a* (Fil-
iot et al., 2019, Sec. 6.1.3 and Ex. 6.10). Given a

pointed A-string (w, i), let w* be the correspond-
ing A°®-string obtained by marking the i-th sym-
bol. By the equivalence of MMLEr and MSO on
strings (Arenas et al., 2011, Corollary 3.3) and the
Biichi-Elgot-Trakhtenbrot theorem (Biichi, 1960),
there is a DFA A = (Q, qo, 9, F') over A® such
that w, i = ¢ if and only if g(qo, w*) € F, where
0 denotes the usual extension of § to strings.

Using the transition function of .4, form a vec-
torial formula v, with variables L, and R, for
each ¢ € @, and designated variable X,,. The
L, equations use only the backward modality and
record the state of A before the current position;
the R, equations use only the forward modality
and record whether the suffix beginning at the cur-
rent position is accepted from state ¢; and the
equation for X, combines these summaries with
the current marked symbol. We omit the routine fi-
nite disjunctions spelling out these equations from
0. By construction, g(qo, w*) € F if and only if
w,i = 1,. Thus we conclude that w,i = 1, if
and only if w,i = .

Clearly v, is negation-free and sig(v,) = A.
Every SCC is contained among the L,’s, among
the R,’s, or is {X,}; these are backward, for-
ward, and vacuous, respectively. Hence v, €
dir-;MLf . O

Definition 5 (Agreement). Let P be a BMRS pro-
gram, let E be a BMRS expression, let ¢ be a
puMLY formula, let w be a sig(p)-word, and let
1 € w. We say that E agrees with p atiinw if £
is defined at i in w with respect to P, andw,i |= ¢
ifand only ifw,i Fp E — true.

Definition 6. Given a formula x € dir-uMLﬂ_ of
the form ((X; = 0;)i<n, Xo), for each right-hand
side formula ¢, define a BMRS expression tr(p)

with free variable x by

() i=b,  (be{T, 1},
w(X) = X(2), (X eF),
tr(min) := min(x), tr(max) := max(x),
tr(p A ) :==if tr(p) then tr(v) else L,
tr(p V) :=1if tr(p) then T else tr(v),
tr(O¢) = if max(z) then L else tr(v)[s(x)],
tr(#¢) := if min(z) then L else tr(y)[p(x)].

Here, E[T] denotes substitution of the BMRS
term T' for the free variable x in E. The trans-
lated BMRS program P, has output predicate
X, and contains the rule X;(x) := tr(

;) for
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each equation X; = 0;. Thus the rule heads of
P, are exactly the recursive variables of x and
sig(Py) = sig(x)-

Remark 7 (Compositionality of the translation).
The following fact is immediate by induction on
@. Let x be as above, let P, be its BMRS trans-
lation, let w be a sig(x)-string, and let i € w.
Suppose the following atomic correspondence for
tr(y) holds: whenever Y (T') occurs in tr(yp),
where Y is a rule head of Py, andw,i =T — h,
then the expression Y (T') is defined at i in w with
respect to Py, and

wilp Y(T) = true <= whi Y.
Then tr(yp) is defined at i in w with respect to Py,

and agrees with @ at i in w.

Theorem 8. For every uMLf|r formula o, there
exists a BMRS program P that is total on strings
and has output predicate X, € F such that, for
all sig(p)-strings w and indices i € w, we have

wilkEye << w,itpX,(x)— true.

Proof. Let ¢ € MMLQ, and choose by Lemma 4
a formula x = ((X; = 0;)i<n, X,) € dir-uMLE
which is equivalent to ¢ on strings. Let P, be its
BMRS translation. Let C1,...,C) be the SCCs
of the dependency graph of x, topologically or-
dered so that if X € C and a recursive variable Y’
occurs in fx, then Y € Cy for some ¢ < j.

We prove by strong induction on j that every
rule head in C7 U --- U C} is defined and agrees
with the corresponding recursive variable of y at
every index of every sig(x)-string. Fix Cj, and
assume inductively that

for every £ < j, every Y € Cy,
every sig(x)-string w, and every index (IH1)
h € w, Y(x) agrees with Y at h in w.

Assume that C; is backward. Fix a sig(x)-
string w, and proceed by induction on indices ¢
from left to right. Fix an index ¢, and assume in-
ductively that

for every m < i and every Y € Cj, Y (x) (IH2)
agrees with Y at m in w.

Now fix X € ()}, and write X = 0Oy for its
equation in x. We verify the atomic correspon-
dence hypothesis of Remark 7 for tr(6x) at i. Let
Y (T) be an occurrence in tr(fx), where Y is a

rule head of P,, and suppose w,i ~ T° — h.
If Y € Cj, then by directionality of C'; and the
definition of tr, T = p”"(x) for some r > 0,
so h < i. Hence (IH2) gives that Y (z) agrees
with Y at h in w. Thus Y (T") is defined at ¢ and
w,ibp, Y(T) — trueif and only if w, i |=, Y.
If Y ¢ Cj, then by the ordering of the SCCs we
have Y € Cy for some ¢ < j, and the same con-
clusion follows from (IH1). Thus the atomic cor-
respondence hypothesis of Remark 7 holds, and
therefore tr(fx) is defined at 7 in w with respect
to Py, and agrees with 0 x at ¢ in w.

Since P, contains the rule X (z) := tr(fx), and
X = Ox is an equation of Y, it follows that X (x)
agrees with X at 7 in w. This closes the induction
on indices for the backward component C;. The
case where () is forward is analogous, using in-
duction on |w| — ¢ + 1. Thus the induction on j
gives totality and agreement between all recursive
variables of x and the corresponding rule head of
P, at all indices of w. In particular, since x has
designated variable X, for every sig(y)-string w
and every index i € w, X, (x) agrees with y at i in
w. Taking P = P, and renaming X, as X, and
using equivalence of y and ¢ on strings, we have
Wi =@ < w,iFp X, () — true. O

Proof of Theorem 2. With respect to the class of
strings, Theorem 8 shows that every ,uMLf|r for-
mula can be expressed by a total BMRS program.
Conversely, a straightforward encoding shows that
every total BMRS predicate over strings is defin-
able in MSO. By (Arenas et al., 2011, Corol-
lary 3.3), MSO, ML, and MMLi are expres-
sively equivalent over strings. Hence puMLf
and total BMRS are expressively equivalent over
strings. The passage from strings to words is by
the standard powerset-alphabet reduction, whose
details we omit. O

6 Concluding Remarks

We have shown that total Boolean Monadic Re-
cursive Schemes are equivalent to the modal pu-
calculus on words, yielding an alternative proof
that order-preserving BMRS interpretations cap-
ture the rational functions. Because the learning
and model-theoretic properties of modal logic are
well studied, this connection may benefit phonol-
ogy; conversely, the programming-language per-
spective of BMRS may also inform modal logic
and its applications.
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