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Abstract

This paper offers an updated perspective on
the computational complexity of reduplication.
Since one-way deterministic transducers can-
not model reduplication in a straightforward
way, the phenomenon has long been considered
the outlier of morphology from a complexity
perspective. Drawing on algebraic methods,
I show that the vast majority of reduplicative
processes belong to a few remarkably simple
classes of subregular functions. A detailed
study of the RedTyp database (Dolatian and
Heinz, 2019) reveals that 100% of the surveyed
reduplicative processes correspond to string-
to-string functions in the class DA, while over
98% are locally testable (ILJ1) and over 87%
are locally trivial (IL1). These results indicate a
new upper bound on the complexity of redupli-
cation that is comparable to that of morpholog-
ical processes in general.

1 Introduction

The starting point for much work in computational
morphology is to regard morphological processes
as string-to-string functions. Morphological in-
vestigation from the perspective of subregular lin-
guistics tries to identify the simplest subclasses of
string-to-string functions that account for the range
of attested processes. It is well-known that one-
way deterministic finite-state transducers (1DFTs)
are sufficient to capture almost all attested mor-
phological transformations, with total reduplica-
tion (w — ww) being the exception (Roark and
Sproat, 2007). In fact, the vast majority of phono-
logical and morphological transformations can be
modeled with input strictly local (ISL) or output
strictly local (OSL) functions, which are restricted
subclasses of the functions computable by a 1DFT
(Chandlee, 2014). Again, Chandlee (2014) notes
that total reduplication is the exception. Given that
most everything else in morphology appears to be
subregular, it seems odd that total reduplication is

uniquely challenging to compute, despite occuring
in around 85% of languages in the World Atlas of
Language Structures (WALS) (Rubino, 2013). This
apparent imbalance of complexity has remained a
puzzle in subregular morphology. Prior research
has explored what changes can be made to the
conventional finite-state machinery in order to cor-
rectly model reduplication (Dolatian and Heinz,
2020, cf. Wang, 2021). This paper pursues an
alternative approach that uses tools from the alge-
braic theory of semigroups to identify universal
properties of attested reduplicative functions.

Reduplication is a typologically pervasive phe-
nomenon wherein some amount of phonetic ma-
terial is copied to induce a change in meaning.
Consider the following examples, from Indonesian
(Cohn, 1989) and Samoan (Moravcsik, 1978) re-
spectively:

(I) buku — bukubuku
‘Book’ — ‘Books’
(2) alofa — alolofa

‘He loves’ — ‘They love’

While total reduplication, as in (1), is most com-
mon, 75% of languages in WALS additionally
have partial reduplication, as in (2). In partial (or
bounded) reduplication, a subcomponent of the
input known as the target is copied to create the
reduplicant. For instance, the target in (2) is the syl-
lable lo in alofa, while the reduplicant is the second
lo in alolofa. In cases of total (full, or unbounded)
reduplication, the target of the reduplication is the
entire input form. While the bounded nature of par-
tial reduplication renders it computable by 1DFT
(Chandlee, 2014), one-way transducers are inca-
pable of computing total reduplication (w — ww),
because they make only one pass over the input.
More recently, Dolatian and Heinz (2020) ar-
gue that both total and partial reduplication are
better represented by two-way deterministic finite-
state transducers (2DFTs) which are strictly more
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powerful than their one-way counterparts. These
machines are able to compute functions in the class
of concatenated OSL functions (C-OSL), which
intuitively correspond to the transformations com-
putable by multiple OSL functions with concate-
nated outputs. The class of C-OSL functions is
shown to be sufficiently expressive for the majority
of attested reduplicative patterns. Thus, C-OSL
offers a tighter characterization of the space of mor-
phological processes than does the full range of
functions computable by 2DFTs (i.e. the regular
functions).

However, Lambert and Heinz (2024) recently
leveraged algebraic methods to reclassify phono-
logical processes typically regarded as OSL (or
related output-oriented classes) with respect to the
properties satisified by their syntactic semigroups.
Given a 1DFT that models a concrete phonologi-
cal transformation, one can mechanically construct
its syntactic semigroup, which serves as an alge-
braic description of the effect different alphabet
symbols have on the states of the machine. The
resulting semigroup structure can be probed with
the algebraic decision procedures documented by
Lambert (2022). Lambert and Heinz (2024) used
these techniques to show that those OSL transduc-
tions actually have semigroups in relatively weak
subregular classes. This paper extends that line
of investigation to the two-way transducers largely
classified as C-OSL by Dolatian and Heinz (2020).

The first contribution of this paper is an algo-
rithmic explanation of how to construct transition
semigroups for two-way machines, toward the end
of facilitating future research in this vein. While
the knowledge of how to do this has been implicit
in the literature at least as far back as Birget (1989),
I provide explicit instructions for how to infer the
basis of the transition semigroup of an arbitrary
two-way machine. The second contribution is a di-
rect extension of the efforts of Dolatian and Heinz
(2020) in the classification of reduplication, by way
of a comprehensive study of the RedTyp database
(Dolatian and Heinz, 2019). The third contribution
comes in the form of a Python script for comput-
ing two-way semigroups automatically, and for the
classification of the transducers in RedTyp.

Section 2 gives an overview of and motivation
for two-way models of reduplication (Dolatian and
Heinz, 2019, 2020). In Section 3, I show how to
classify reduplicative processes with respect to the
algebraic properties satisfied by their finite-state im-
plementations. In Section 4, I apply these methods

to the finite-state transducers catalogued in Red-
Typ, a database of reduplicative patterns across 91
languages (Dolatian and Heinz, 2019). Ultimately,
the results suggest that reduplication is not as com-
putationally complex as it is thought to be—the
majority of reduplicative processes fall into three
or more rather simple subclasses of the algebraic
subregular hierarchy.

2 Background

One of the coarsest classifications of a transforma-
tion is whether it can be modeled by a one-way
deterministic finite-state transducer (1DFT), a ma-
chine that computes a left-to-right (or right-to-left)
function from an input string to an output string.
The symbols in the input come from a finite alpha-
bet X, and the symbols in the output string come
from a finite alphabet 2. In this paper, all the trans-
ducers happen to have identical input and output
alphabets. I use the abbreviation X, when X is
enriched with two delimiters x and x that mark
the left and right edges of a word.

Definition 2.1 (1DFT). A one-way deterministic
finite-state transducer is a four-tuple (Q, g;, F, A),
where () is a set of states, ¢; € ( is the initial state,
F C @ is the set of final states, and A is a set of
transition instructions. The instructions in A are of
the form (p, i, q,0) € @ X ¥ X Q x Q* such that
A contains at most one instruction corresponding
to each (p,i) € Q x 3.

While it is well-known that 1DFTs cannot com-
pute total reduplication, Dolatian and Heinz (2020)
argue that 1DFT models also fail to capture par-
tial reduplication in a linguistically plausible way.
This argument appeals to the origin semantics (Bo-
janczyk, 2014), which formalize the correspon-
dence between the input and output symbols in
a transduction.

As an example, consider the leftmost diagram
Figure 1, which describes the one-way computa-
tion of XxCVCx — CVCVC. The lines indicate
the correspondences between the input and the out-
put. A one-way machine that computes this func-
tion starts on the left edge symbol x, then moves
left-to-right through the string, writing symbols to
the output. Once the machine sees the first V, it out-
puts VCV, so as to emulate initial-CV reduplication.
This diverges from linguistic intuitions because the
C in the reduplicant is associated with a V in the
base. In this respect, one-way models fall short
of correctly capturing the dependencies linguists
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Figure 1: Origin semantics of Initial CV Reduplication from a 1DFT (left) and a 2DFT (right)

are trying to model. Therefore, they argue that
reduplication necessitates the jump to two-way de-
terministic finite-state transducers (2DFTs), which
can compute a more complex class of functions.
2DFTs achieve this greater expressive power by
removing the restriction that input strings be pro-
cessed strictly left-to-right or right-to-left, so that
the machine may move back and forth on the input
during the course of computation.

Definition 2.2 (2DFT). A two-way deterministic
finite-state transducer is a four-tuple (Q, g;, F, A),
where () is a set of states, ¢; € () is the initial state,
F C (@ is the set of final states, and A is a set of
transition instructions. The instructions in A are
of the form (p,i,q,0,d) € (Q X Xy X Q x Q* X
D) such that A contains at most one instruction
corresponding to each (p,i) € Q x X, and where
where D = {1, —1}. When an instruction has d =
1, computation proceeds by moving one symbol
to the right in the input string. When d = —1,
computation proceeds by moving one symbol to
the left on the input string.

The diagram on the right in Figure 1 demon-
strates a two-way transducer’s origin semantics on
the same computation. Whereas the one-way ma-
chine is forced to move in one direction, the two-
way machine is allowed to revisit the first C in the
input before writing the reduplicant. Thus, both
the Cs and Vs in the reduplicant are associated cor-
rectly with their correspondents in the base. So,
with respect to the origin semantics, 2DFTs are
better suited for computing partial reduplication
than 1DFTs. Given that 2DFTs are also capable of
computing total reduplication, it seems that 2DFTs
are a better model for reduplicative processes in
general.

In fact, Dolatian and Heinz (2020) show that
virtually all reduplicative processes are modelable
with 2DFTs, and offer a computational typology
of reduplication by identifying weaker subclasses
of 2DFTs that maintain strong empirical coverage.
Notably, approximately 87% of RedTyp transduc-
ers were shown to be C-OSL functions. However,
while OSL functions (and related classes) have of-
ten been invoked in the analysis of non-local phono-

logical transformations, algebraic analysis reveals
that these seemingly output-oriented functions fall
into more constrained classes when classified only
with respect to their inputs. Lambert and Heinz
(2024) take a second look at which are phonologi-
cal processes in the literature that originally moti-
vated OSL, namely iterative spreading (Chandlee
et al., 2015), and (a)symmetric harmony (Heinz,
2010). While these long-distance processes were
previously understood as OSL (or tier-based OSL)
patterns, their semigroup structures reveal them to
be in the subregular algebraic class IL1, or its tier-
based extension. Known also as the locally trivial
or generalized definite class, L1 constraints also
naturally accomodate local phonotactics (Lambert,
2026), and so membership in L1 is taken to be a
reasonable level of complexity for a phonological
process or pattern.

That these OSL functions have such restricted
subregular semigroups is of particular interest be-
cause, as proven by Lambert (2022), the class OSL
resists an algebraic characterization. It turns out
that any finite semigroup is the syntactic semigroup
of some OSL transducer, meaning the examined
output-oriented processes in principle could have
had algebraic structures of arbitrary regular com-
plexity. Given that the current understanding of
reduplication relies on C-OSL, it stands to wonder
whether reduplicative transducers also have sur-
prisingly simple semigroups, potentially shifting
our estimation of reduplicative complexity in line
with the rest of morphophonology. To test this hy-
pothesis, I apply algebraic methods to a database
of reduplicative transducers, generating and clas-
sifying semigroups for each with a Python script,
ultimately yielding a robust typology of reduplica-
tive complexity.

3 Methods

When it comes to reduplication, 2DFT models
seem prefable to 1DFT models, both because they
can compute total reduplication and because they
yield the appropriate origin semantics in cases of
partial reduplication. While reduplicative 2DFT's
are known to be mostly C-OSL (Dolatian and
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Heinz, 2020), the algebraic approach may uncover
a computationally simpler generalization. This sec-
tion describes how to investigate this hypothesis,
with concrete results from a database study. Sec-
tion 3.1 describes the database itself, Section 3.2
details how to construct semigroups for two-way
transducers, and Section 3.3 provides classification
procedures for the subregular classes which dissect
the space of attested reduplications.

3.1 Database: RedTyp

RedTyp (Dolatian and Heinz, 2019) is a typological
database of reduplication that comes furnished with
finite-state models of 138 reduplicative processes.
These processes span 91 languages, ultimately con-
sisting of 57 distinct 2DFTs. The data in RedTyp
was drawn largely from surveys (Moravcsik, 1978;
Rubino, 2005; Inkelas and Downing, 2015) with
the goal of collecting diverse processes. While
fairly comprehensive, it should be noted that Red-
Typ obviously does not contain an exhaustive list
of all documented reduplicative transformations.
Even still, its empirical coverage and supply of
finite-state models make RedTyp a database con-
ducive to computational study.

Although RedTyp contains 138 examples of
reduplication according to Dolatian and Heinz
(2019), I was only able to extract the data of 136
processes via SQL query. Three of those processes
were missing the field corresponding to the 2DFT,
leaving 133 transducers available for study. A text
file containing all 133 2DFTs, as well as the code
for computing and classifying their semigroups, is
available on Github.!

3.2 Semigroups for two-way transducers

Each example of reduplication catalogued in Red-
Typ is associated with a 2DFT that can be classi-
fied algebraically in a procedural way. The cur-
rent work on algebraic classification (see: Lam-
bert, 2026 and references therein) extracts syntac-
tic semigroups from one-way machines, which can
then be mechanically checked for set membership
across many subregular classes. However, there
are a notions of semigroups for 2DFTs as well. 1
adopt the definition of transition semigroup* for
two-way automata mentioned originally by (Birget,
1989) and explicated more recently by (Carton and

!'www.github.com/mphayden 1/classifying-reduplication

’The syntactic semigroup of a IDFT corresponds to the
transition semigroup of its canonical form; for 2DFTs, no
canonical form is known (see Limitations).

Dartois, 2015; Kunc and Okhotin, 2011). The ex-
traction of the transition semigroup from a 2DFT is
also mechanical, and the subregular decision pro-
cedures apply to all semigroups in the same way,
regardless of whether they were obtained from one-
way or two-way machines. Therefore, it is possible
to automate the classification of RedTyp transduc-
ers to get an informative view of the reduplicative
complexity landscape in one fell swoop. In this
section, I detail how to construct these transition
semigroups step-by-step.

As arunning example of semigroup construction,
consider this pattern of initial consonant reduplica-
tion, found in Agta (Moravcsik, 1978):

3) liw  — 1w
‘scold” — ‘angry’

The first step in the classification of a morphologi-
cal processes is to settle on an analysis and a 2DFT.
The transducer given in Figure 2, which models
this process in Agta, is adapted only slightly from
its instantiation in RedTyp (for details, see the dis-
cussion in Limitations).

0“0 (N’)\’H)@ (c,c,—1)
_/

start —

(x,A\,+1)

@ (X, A+1)

2.2+

Figure 2: 2DFT for Agta Initial-C Reduplication

When computing the transition semigroup for a
one-way machine, one partitions ¥ into the equiv-
alence classes of input words that have the same
effect on the states of the machine. The question
is: Starting from a state p, when an input string is
processed left-to-right (or right-to-left), in which
state ¢ does the machine end up? In a two-way ma-
chine, however, there are more ways that an input
string can be processed besides just left-to-right or
right-to-left. Because the machine can move back
and forth on the input, it is possible to start on the
left edge of the input string and exit on the left
edge. Likewise, it is possible to start on the right
edge and exit the string on the left. This leaves four
possibilities: a string can be processed left-to-right,
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left-to-left, right-to-right, and right-to-left. These
are called the behaviors of a string.

Definition 3.1 (Behaviors). Let A = {Q, ¢;, F, A}
be a two-way automaton, and let w € ¥T. Then
the left-to-left behaviors of w are given by:

by(w) ={(p,q): There exists a run over A such
that A starts on the leftmost symbol of w in state p
and leaves w from the left edge in state q.}

The other three behaviors, by, b.-, and b,; are de-
fined analogously. Let B(w) = (b, by, by, byrr).

Notice that for a given single symbol a € X, itis
necessarily the case that b;;(a) = b,y(a), and that
bi-(a) = by (a). This is because the leftmost and
rightmost symbol are the same for a unigram.

Definition 3.2 (Transition Semigroup). A semi-
group is a set that is closed under an associative
binary operation. Let A = {Q, ¢;, F\, A} be a two-
way automaton. Let ~ g be the equivalence relation
such that for u,v € X" u ~p v iff B(u) = B(v).
Then the transition semigroup of A is given by the
quotient X/ ~p.

For a two-way machine 4, despite a possi-
bly infinite input language consisting of words
w € YT, there is a finite set of behaviors S =
{B(w1), B(w3),. .., B(wg)} such that the behav-
ior of every word in X7 has a behavior in S. That
set, when equipped with a particular product op-
eration e, forms the transition semigroup (S, e).
The e operation was originally defined by Birget
(1989), and it describes how to faithfully compose
the behaviors B(u), B(v) of two words in order to
recover the behavior of their concatentation B(uv).

Theorem 3.1 (Concatenation of inputs). Let A =
{Q, qi, F, A} be atwo-way automaton. Let u and v
be words over ¥ 1, with behaviors B(u) and B(v).
Let o be the operation defined as:

B(u) e B(v) =

(bu(u) U blr( )[ 1(0) by (W)]*bur (V) by (w),
b (w) [bu (V) brr (w)] b (v),

byt (V) [brr (u ) 1) 0ri(u),

brr (V) U bpp (0) [brr () by (0)]* b () by (0))

The juxtaposition of behaviors by, (w)byr, (w') de-
notes their composition as relations. The star * is
the reflexive-transitive closure of the relation en-
closed in brackets. Then, the following formula
holds:

B(u) e B(v) = B(uv)

The key fact is that the behaviors of a word uv
can be inferred directly from the behaviors of u
and v, which entails that the entire transition semi-
group is generated from the behaviors of the single-
letter words in X.. These could be thought of as
the primitive behaviors, which form the basis of
the semigroup. Once the primitive behaviors are
known, one can discover the rest of the semigroup
elements through their repeated e-composition, un-
til no new behaviors are discovered.

The second step, then, is to identify these primi-
tive behaviors. To identify the primitive behaviors
of a two-way machine, consider one symbol at a
time, and consider its effect on the machine start-
ing at each state. Refer back to the Agta transducer
A in Figure 2. This 2DFT operates over alphabet
symbols ¢ and v, which means that we only need
to directly calculate B(c) and B(v), and the rest
of the semigroup elements will follow. Recalling
that by (¢) = byy(c) and by, (¢) = by (c), it suffices
to check only the left-left and left-right behaviors
of c. In Figure 2, the only states that have outgo-
ing arrows labeled with c are ¢; and ¢3. Because
the c-transition from ¢; to g has a —1 as its di-
rection, it moves the head of the transducer to the
left of the C in the input. Thus, A leaves starts
in ¢; on the left edge of C, and leaves c on the
left edge in state ¢2. Since this is the only place
in the machine where this action occurs, we con-
clude that by (c) = by(c) = (q1,92). The only
other c-transition in .A occurs as the self-loop on gs.
It has a positive direction component, meaning A
starts on the left edge of c in state g3 and exits c on
the right in state g3, so by-(¢) = byr(¢) = (g3, q3)-
Performing the same procedure for v yields the
following two behaviors, for B(c) and B(v):

<{(Q1, QQ)}a {(Q:’n Q3)}a {(QL QQ)}7 {(Q?n Q3)}>
0,{(q1,92), (g3,93)},9,{(q1,92), (g3, 83)})

The third step is to e-compose each of the prim-
itive behaviors with each other, and then with the
products of those compositions, and so on, until no
new behaviors are found. Following the formulas
given in 3.1, we can compute B(cv) directly from
the behaviors of ¢ and v. This yields a distinct
behavior:

B(cv) = ({(q1,92)}, {(g3:93)}, 0, {(g3,93) })

While writing in-line, I use the notation [w] to
refer to the semigroup element corresponding to
B(w). Because B(c), B(v), and B(cv) are all
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distinct, that yields at least three semigroup ele-
ments: [c], [v], and their product [cv]. In fact,
these three elements are all and only those in
S = ¥t/ ~p. One can check this by verify-
ing [v] e [c] = [v] e [v] = [v], and so on until
every pairwise combination has been tried. Ev-
ery e-composition of two of these elements in S
evaluates to another in S, so S is closed under e-
composition. The structure of the semigroup (5, @)
is summarized in Table 1.

OHC‘V‘CV‘

C Cv | CV | CV

\% \ \4

(% Cv | CV | CV

Table 1: Multiplication table for Agta

To some extent, these can be reasoned about
with common sense. In S, [v] corresponds to all
words starting with a vowel, which are rejected. So,
concatenating anything on the end of a word with
behavior [v] should evaluate to another word with
behavior [v], since the new word would still start
with a vowel. The only string with behavior [c]
is c itself, and any word that starts with ¢ and is
longer than one symbol has behavior [cv]. Thus,
concatenating anything to the end of these words
will yield a word with behavior [cv].

3.3 Classifying two-way semigroups

The final step is the classification of the semigroup,
in accordance with the decision procedures col-
lected by Lambert (2022). I detail only some of
these procedures here, which suffice to test mem-
bership in the subregular classes that turn out to
be relevant for reduplication. Figure 3 provides an
inclusion chart for the algebraic classes at hand,
where 1 corresponds to a point in the intersection
of D and K.

As discussed previously, much work has gone
into finding subclassifications of 1DFTs that pro-
vide a tight fit for the types of phonological pro-
cesses that are attested. For example, ISL and OSL
functions, and their tier-based extensions (Chan-
dlee et al., 2014). A function f is k-ISL if there is
some finite £ such that the output of the function
at any step in the computation is decided by the
last & — 1 symbols in the input. We say f is ISL if
it is k-ISL for any k. Analogously, f is k-OSL if
the output at any point in computation is decided
by the last £ — 1 symbols in the output. Together,
these classes offer impressive empirical coverage

(for details, see Chandlee, 2014; §7.1). While the
ISL class covers local phonological processes, the
ability for OSL functions to track output symbols
allows them to model long-distance processes, like
iterative spreading.

Coming from another angle, the algebraic sub-
regular hierarchy presented in (Lambert, 2022) pro-
vides a fine-grained taxonomy of string-to-string
functions, plus a suite of algorithmic decision
procedures for the classification of transducers.
These two perspectives are connected: Lambert
and Heinz (2023) showed that the class of total
ISL functions is exactly the algebraic class D of
the definite functions. On the other hand, however,
the OSL class has no algebraic correspondent. In
fact, for any finite semigroup .S, there exists an
OSL function which has S as a semigroup (Lam-
bert, 2022). This motivated Lambert and Heinz
(2024) to reexamine many prototypical examples
of (tier-based) OSL functions from through the lens
of algebra. Each of the processes, when classified
according to semigroups, were shown to belong
to the classes D, K, IL1, or their tier-based exten-
sions. These classes are near the absolute bottom of
the subregular hierarchy—only slightly above the
class 1 of trivial semigroups. My investigation of
the semigroup structure of reduplicative 2DFTs re-
veals that reduplication likewise has a rather simple
computational core.

3.3.1 Idempotence and algebraic identities

The property of idempotence is an important notion
in the algebraic study of semigroups, and it plays a
critical role in probing subregular complexity. Let
S be some semigroup, and a € S. Then a is called
idempotent if and only aa = a. An aperiodic semi-
group has the special property that all elements
a eventually yield an idempotent under repeated
composition, meaning there is some % such that
a" = a"*! for all n > k. For a given a in an aperi-
odic semigroup, we write a“ to refer to the unique
idempotent obtained under the repeated squaring
of a. Then a semigroup S is aperiodic if and only
if the identity a* = a“*! holds foralla € S. A
famous result by Schiitzenberger (1965) holds that
the languages with aperiodic syntactic monoids are
precisely those belonging to the subregular class of
star-free.

It turns out that every reduplicative transducer
in RedTyp is in fact aperiodic. For example, by
inspecting Table 1, it is clear that [v] and [cV]
are idempotent elements. And while [c] is not an
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idempotent, it has an idempotent power, because
[c]® =[c]e[c]e[c] = [cv] e [c] = [cv]. However,
this is not especially surprising; after all, star-free
is a rather robust class, subsuming most of the
subregular classes of linguistic interest. However,
there are more restricted subregular classes that
correspond to more constraining algebraic iden-
tities. The following theorem collects identities
from Lambert (2022) which pick out the relevant
classes for reduplication. These classes are rela-
tively weak, indicating that reduplicative processes
actually cluster near the bottom of the algebraic
subregular hierarchy.

Theorem 3.2. The following hold:

1 A semigroup S is trivial iff it satisfies ©z = y
forallz,y € S.
D A semigroup S is definite ift xa®” = a® for all
x,a €S.
K A semigroup S is reverse definite iff a*x =
a“ forall z,a € S.
L1 A semigroup S is generalized definite iff
a“zra¥ = a¥ foralla,x € S.
LJ; A semigroup S 1is locally testable iff
a’zra¥ya” = a¥ya“za” forall a,z,y € S.
DA A semigroup S is in DA iff (zyz)“y(zyz)“=
(zyz)“ holds for all z,y € S.

Determining which of these identities hold in a
semigroup is a matter of straightforward symbol
manipulation. For Agta, notice that [v] e [c] = [V]
e [v]=[v]e[cv] =[v], and [cv] ® [c] = [cV] ®
[v] = [cv] e [cv] = [cv]. This process therefore
satisfies the identity a¥“x = o* for all x,a € S,
and so belongs to the class K of reverse definite
functions. By inclusion, this process is also locally
trivial, locally testable, and DA. These facts can
be verified by testing the other identities in Theo-
rem 3.2. In the appendix, results for the RedTyp
transducers across these six classes are collected in
tables.

4 Results

The algebraic analysis of the transducers in Red-
Typ reveals three subregular classes within which
the overwhelming majority of reduplication is con-
tained. Of these classes, the least restricted is DA,
which is the smallest class that contains all 133
transducers. Out of those 133 transducers, 131
were classified as ILJ1, and so =~ 98% of RedTyp is
contained in the intersection of DA and ILJ;, which
are incomparable (as shown in Figure 3). 116 of the

LJ,

DA

L1

Figure 3: Algebraic subregular hierarchy for reduplica-
tion

transducers fall into L1, which is contained in LL.J1,
and so ~ 87% are also in DANIL1. All cases of un-
bounded reduplication are trivial (1), which is the
simplest possible type of string-to-string function
from the algebraic perspective (a fact first noted by
Lambert, 2022).

The classes with the broadest coverage—DA,
ILJ:, L1—are all of theoretical interest. The class
DA is exactly the class FO2—that is, the class
of functions definable in the fragment of first or-
der logic restricted to two variables, and with the
precedence relation < (Thérien and Wilke, 1998).
Moreover, these are the class of string functions
defined by “partially-ordered” 2DFTs (Schwentick
et al., 2001). Intuitively, a partially-ordered 2DFT
is a two-way transducer satisfying the constraint
that all loops in the machine are self-loops.

Regarding LLJ;, their membership in this class
establishes a connection with the locally testable
languages (McNaughton, 1974), which are defin-
able in the fragment of propositional logic over
substrings (Rogers and Lambert, 2019). Since we
can think of LLJ; transducers as a straightforward
generalization of ILJ; acceptors, local testability of
a function implies that there is some number £ such
that the output of the function at any step in compu-
tation is decided by the set of seen k-substrings and
the last k—1 symbols seen. Recalling that local pro-
cesses are generally computable by ISL;, functions,
in which the output is decided only by the last £ —1
symbols, it seems that the extra power needed to
reduplication can be attained by also tracking the
seen k-substrings in memory.

The generalized definite class, L1, is a class
of mounting importance in computational mor-
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phophonology. L1, perhaps with tiers, seems to
capture a wide range of phonotactic patterns while
being sufficienty constrained to be learnable (Lam-
bert, 2026). Again, these results are concerned with
sets of patterns, not functions, but an IL1 acceptor
becomes an IL1 transducer when outputs are added
to the transitions, and those two objects are treated
the same under the algebraic approach. Lambert
and Heinz (2024) use this to argue that the moti-
vating cases for OSL are better thought of as as
(tier-based) IL1. This paper demonstrates the same
for over 87% of reduplicative transducers, which
indicates that, in broad strokes, reduplication is
computationally aligned with morphophonology as
a whole.

Discussion

The results are easier to interpret when taking a
look at reduplicative processes that distinguish be-
tween the different classes. The weakest class in
the subregular algebraic hiearchy is 1, which is the
class of functions with trivial semigroups consist-
ing of exactly one idempotent element. Intuitively,
this means that the machine treats every string over
the alphabet in the same way—it makes no distinc-
tion between different segments at any point in the
computation. There are 40 processes in RedTyp
that belong to this extremely restricted class, and
they are are precisely the transducers for total redu-
plication and triplication. Moving up in complexity,
a vast majority of processes have semigroups in L1,
which establishes a computational parallel between
reduplication and phonology in general. In fact,
while Lambert (2026) argues that the tier-based
extension of L1 is a tight approximation of phono-
tactic complexity, the reduplicative transducers in
L1 need not reference tiers at all. More interesting,
then, are the functions which are at least locally
testable (LJ1). An example comes from Chamotro,
which has a reduplicative process that targets the
CV in the stressed syllable (Inkelas and Downing,
2015).

(4) hu.gédn.do — hu.gd.gan.do
‘play’ — ‘playing’

It makes sense that this process should require more
expressive power than those in IL1. IL1 string func-
tions are sensitive to the beginning and end of the
input string, but the process in (4) requires a sensi-
tivity to primary stress, which could be arbitrarily
deep in the input word.

Out of 133 processes studied, only two had semi-

groups outside of LJ;. One of these is heavy CVC
reduplication in Ilocano, which can mark plurality
(Raimy, 2000):

(5) a. kaldin — kal-kaldiy

‘goat’ — ‘goats’

b. pa?id — paa-pa?id
‘fan’ — ‘fans’

In (5a), the onset and vowel of the first syllable are
copied, along with the next consonant. However,
if the proceeding consonant is a glottal stop, as in
(5b), the vowel is lengthened instead. Why this
subtlety corresponds to a measurable increase in
complexity is not clear. The corresponding trans-
ducer in RedTyp is complex, with 14 states, and
it is possible that an alternative analysis or imple-
mentation may reduce its apparent complexity. The
other process outside of L.J; comes from Malay,
and appears to be an instance of back-copying,
where the reduplicant undergoes a phonological
change that is also reflected in the base. Under
the analysis of McCarthy and Prince (1995), in (6)
the nasality spreads progressively from the nasal
across the reduplicant, and then transfers back to
the first vowel by correspondence.

(6) /hamo/ — [hamd ham3], (*[hamd ham3])
‘germ’ — ‘germs’

This particular example is also discussed by
Dolatian and Heinz (2020), who also identify this
process as unusually complex compared to others.
They show that (6) cannot be computed by a C-
OSL function, or even by the concatenation of two
unrestricted (not necessarily OSL) 1DFTs. While
there may be alternative simplifying analyses or
two-way machines that have weaker semigroups, I
leave this puzzle for future investigation.

The results of this study suggest that DA is a
hard upper bound on the complexity of reduplica-
tion (though likely not the least upper bound). As
mentioned above, functions in DA correspond to
transformations definable in FO2<—so what log-
ically possible reduplications are predicted to be
unattested? Let FO_ be the class of all first-order
definable string transductions under the general
precedence relation <. This class, defined in logic,
actually coincides with the class of aperiodic trans-
ductions (Carton and Dartois, 2015). FO2<is con-
tained in FO_, so it follows that reduplication is
aperiodic, a fact we corroborate algebraically in
Section 3.3.1. Under this view, we do not expect to
find periodic (non-FO.) reduplication. This would
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be like having a rule that says, “if w is of even
length, output ww; otherwise, reduplicate only the
first CV.”

However, the bound of FOQ< also rules out the
FO. functions that require more than two variables
to define. One dividing line between F02< and FO.
is that the idea of betweenness is inexpressible with-
out access to a third variable (Krebs et al., 2020).
This means that it is impossible to define regular
properties like “an a can only precede another a if
there is a b between them” in F02<. We should not
expect, then, to see a generalization like “total redu-
plication, but only if the stem has a vowel between
every consonant.” Whether or not that prediction
bears out universally (though the results suggest
it may)—this serves as a nice example of how the
algebra makes predictions that are formally precise
and eminently testable.

Future directions

One goal of this paper is to attest that algebraic
classification is flexible, and can be a fruitful per-
spective, so long as the linguistic representation at
hand is amenable to an algebraic analysis. While I
only discussed one- and two-way machines in this
paper, there are many equivalent representations
for regular string functions that could also be ex-
plored. For instance, streaming string transducers
are an equivalent model to two-way transducers,
that also have a well-defined transition semigroup
(Carton and Dartois, 2015). Or, one could forgo the
machine entirely, and adopt a representation that
uses characteristic functions instead (Bojanczyk,
2014), or one that visualizes transductions as lan-
guages of origin graphs (Bojanczyk et al., 2017).
The theory of characteristic functions in particular
could potentially be used to strengthen the results
in this paper, as a characteristic function serves as
the canonical device for a transduction with origin
information. Looking beyound string-based repre-
sentations, future research in this direction could
consider trees and tree algebras, which could re-
veal algebraic insights in the domain of syntax or
prosodic stucture.

5 Conclusion

This paper intersects two recent lines of inquiry
in computational morphophonology: the develop-
ment of linguistically plausible finite state mod-
els of reduplicative processes (Dolatian and Heinz,
2020) and the classification of phonological trans-

formations using algebraic techniques (Lambert,
2022). I demonstrated how to calculate the syn-
tactic semigroup of a 2DFT, provided a script for
doing so automatically, and completed a study of
RedTyp, which samples reduplicative processes
from 91 languages. Ultimately, it yielded a typol-
ogy of reduplicative functions and their distribution
over some of the simplest subregular classes. That
the vast majority of said functions ended up in
DA N LJ; identifies a new lowest upper bound on
the complexity of reduplication. While the results
of the algebraic classification are formal, they are of
empirical interest because they describe constraints
on the space of possible reduplicative processes
that were previously unknown.

Importantly, the results of this study contrast
with the traditional perspective on the computa-
tional complexity of reduplication. Because one-
way machines fail to compute reduplication, it
seems as if there is a large jump in computational
power needed. In reality, this is not the case—the
ability to move back and forth on the input is nec-
essary to capture the correct origin semantics, but
reduplicative processes seem not to make use of
the extra power it affords. A key observation is that
1DFTs must compute order-preserving transduc-
tions (Bojanczyk, 2014), which cannot generate
crossing associations in the origin semantics (as
in Figure 1). This seems to be the property that
sets reduplicative maps apart, and motivates the
switch to a two-way machine. So, setting order-
preservation aside, reduplication seems computa-
tionally unexceptional with respect to other mor-
phological processes, spanning classes from 1 to
LLJ; and DA. This upper bound is comparable with
that of other complex phenomena outside of redu-
plication, e.g. ATR vowel harmony in Tutrugbu
(Lambert, 2022; §5.6). Given also that RedTyp is
majority generalized definite (IL1), reduplication
arguably seems run-of-the-mill in computational
morphology and phonology. Not only does the al-
gebraic perspective shed new light on the nature of
reduplication, then, but also proves its worth as a
sophisticated diagnostic for complexity that avoids
conflating subregularity with order-preservation.
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Appendix: Limitations

The chief formal limitation of this paper is that,
to my knowledge, there is not yet any notion of a
canonical form of a 2DFT, at least under the stan-
dard semantics. In the world of one-way machines,
an automaton is called minimal if its states corre-
spond exactly to the Nerode equivalence classes
over its language (Nerode, 1958). This extends
directly to transducers. Although Lambert (2022)
takes a minimal 1DFT with the sink state removed
(if necessary) to be canonical, there is no canonical
two-way transducer. This means that any semi-
group analysis of a two-way machine is only suffi-
cient to give an upper bound on complexity—for
instance, given that a particular two-way machine
is in DA, we only know that the function computed
is at most DA.

While Bojaiczyk (2014) proves the existence
of a canonical device for transductions with origin
information, how to apply this result to the 2DFTs
in RedTyp is not straightforward. Without a sim-
ple way to automatically minimize the machines in
RedTyp, any improvements to the machines were
made by hand. It is important to note that this can
have an effect on their classification. For example,
it was noted in Section 3.2 that the transducer for
Initial-C reduplication in Agta given in Figure 2
was adapted slightly from RedTyp. Two changes
were made: 1. In RedTyp, the direction of the tran-
sitions from ¢ to go is mistakenly positive (only in
the transducer code; it is correct in the diagram),

and 2. There was a self-loop on ¢o with the label
(3, A, +1) that was removed. While that loop does
not change the function (because it is impossible
to read any alphabet symbols in ¢2), it changes
the semigroup. Compare the semigroup structure
given in 1 to the semigroup of the transducer with
the superfluous loop, given in Table 2.

.HC‘V‘CV‘VC‘

C C Cv | CV C

vC v \4 vC

(% C Cv | CV C

vC VvC A\ \% vC

Table 2: Agta semigroup, with extra loop

Although the semigroup in Table 2 is in both
DA and LLJ, there is not much else to say about
it. However, removing the loop on ¢ yields the
semigroup in Table 1, which belongs to the more
constrained classes K and IL1. In addition to adjust-
ing the transducer for Agta, I did the same for the
seven other languages which have identical trans-
ducers, as well as for the transducer for Chinanteco
final-C reduplication (as labeled in the appendix).
These were done by visual inspection for extrane-
ous loops, but because we lack canonical 2DFTs,
future work may in principle find smaller machines
with simpler semigroups for any of these machines.

A Appendix: Tables of Results

This appendix contains tables that summarize the
results from the study of RedTyp. This appendix
also includes the classes £-Trivial and R-Trivial,
which are properly contained between D and
DA and between K and DA, respectively. These
are classes related to the £ and PR relations defined
originally by Green (1951). Interested readers are
referred to (Lambert, 2022; §4). Table 3 summa-
rizes those machines that do not have semigroups
in 1. Table 4 contains only those transducers that
were edited to remove extraneous loops and lower
their complexity. Table 5 contains those processes
that were in DA, ILJ, L1, but no smaller classes.
Lastly, Table 6 contains all processes that are trivial
(1), and thereby belong to all classes discussed in
this paper.
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#  Language Morpheme ID DA LJ; L1 £-Triv
1  Armenian arm-ECHO-Echo v v v
2 English eng-derisive-Echo v v v
3 Turkish tur-ECHO-Echo v v v
4  Tuvan Tuvan-ECHO-Echo v v v
7  Kannada kan-ECHO-Echo v v v
8  Kolami Kolami-ECHO-Echo v v v
9  Tamil tam-ECHO-Echo v v v
58 Bikol bik-IMPF-Initial CV v v
59 Ewe ewe-CONT/NMNZ?-Initial CV =~ v v
60 Tagalog tgl-unclear-Initial CV v v
61 Tohono O’odham TohonoOodham-PL-InitialCV v v
68 Oykangand Oykangand-unclear-Initial CVC v v
89 Mangarayi Mangarayi-PL/INT-Initial VC VR
91 Chamorro cha-CONT-Stressed v v
94 Samoan smo-PL-PenultimateCV v v
74  Tlocano ilo-PL/PROG-Initial CVC v
98 Malay may-unclear-Total v

Table 3: Processes that are not L1
#  Language Morpheme ID DA LJ; L1 £Triv D R-Triv K
10 Chinanteco  Chinanteco-PLPoss-FinalC v v v oV v
35 Agta Agta-DIM-InitialC v v v v v
36 Bikol bkl-polysemous-Initial C v v v v v
37 Marshallese mah-ADJZ-InitialC v v v v v
38 Nupe Nupe-unclear-Initial C v v v v v
39 Pacoh Pacoh-denominal verbalization-Initial C v v v v v
40  Shilh Shilh-PROG-InitialC v N v v v
41 Yakan Yakan-repeated/distributed-Initial C v o v v v v
42  Yoruba yor-polysemous-Initial C v v v v v

Table 4: Processes that had extraneous loops removed
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#  Language Morpheme ID #  Language Morpheme ID
77 Agta Agta-PL-Initial CVC 24 Mokilese Mokilese-NMNZ-Final CVC
43 Akan aka-unclear-Initial CV 67 Mokilese Mokilese-unclear-Initial CVC
20 Ao Naga AoNaga-DISTR-Final CVC 75 Mokilese Mokilese-PROG-Initial CVC
13 Arrente Arrente-INSTR-Final CV 81 Ngiyambaa Ngiyambaa-unclear-Initial CVCV
44 Attic Greek grc-PERF-Initial CV 47 Nitinaht Nitinaht-resemble-Initial CV
62 Aztek Aztek-xbyx-Initial CV 23 Pacoh Pacoh-DISTR-Final CVC
69 Aztek Aztek-PROG-Initial CVC 64 Papago Papago-PL-Initial CV
84 Balangao Balangao-unclear-Initial CVCV 26 Paumari Paumari-unclear-Final CVCV
56 Bikol bkl-unclear3-Initial CV 55 Pima Pima-PL-Initial CV
11 Chamorro cha-INT-Final CV 30  Quileute Quileute-FREQ/DISTR-FirstCafterFirstV
93  Chuckchee/Koryak Chuckchee/Koryak-ABS-Nonlocallnitial CVC | 63  Quileute Quileute-PL-InitialCV
66 Chumash Chumash-unclear-Initial CVC 48 Rotuman Rotuman-CONT,FREQ,HAB?-Initial CV
92 Creek mus-PL-Nonlocallnitial CV 72 Samala/Chumash Samala/Chumash-REP-Initial CVC
18 Dakota dak-VRBZ-Final CVC 33 Semai Semai-unclearFirstLastC
78 Dyirbal Dyirbal-moreX-Initial CVCV 27  Siriono Siriono-CONT-Final CVCV
85 Dyirbal Dyirbal-unclear-Initial CVCV 73 Somali som-PL-Initial CVC
79 Fox Fox-CONT?-Initial CVCV 76  Southern Paiute  SouthernPaiute-unclear-Initial CVC
14 Hausa hau-PL-Final CV 49  Sundanese sun-CONT-Initial CV
45 Hausa hau-INT/PLUR-Initial CV 50 Sundanese sun-pretend-Initial CV
15 Hiaki/Yaqui Hiaki-HAB-Initial CV 51 Sundanese sun-transitivize-InitialCV
16 Hopi Hopi-unclear-Final CV 25 Tagalog tgl-DIM-Final CVCV
70 Tlocano ilo-IMPF-Initial CVC 52 Tagalog tgl-NMNZ-Initial CV
19 Kaingang Kaingang-PL-Final CVC 53 Tagalog tgl-unclear2-Initial CV
82 Kinande Kinande-unclear-Initial CVCV 57 Tagalog tgl-unclear3-Initial CV
17 Kwaza Kwaza-PROG?-FinalCV 65 Tagalog tgl-IMPF-Initial CV
31 Levantine Arabic ara-INT-FirstCafterSecondC 86 Tagalog tgl-unclear-Initial CVCV
80 Limos Kalinga LimosKalinga-ITER 34  Temiar Temiar-ACT/CONT-FirstLastC
46 Lushootseed Lushootseed-DIM-InitialCV 28 Thao Thao-INT-Final CVCV
71 Lushootseed Lushootseed-DISTR-Initial CVC 54 Tsimshian tsi-unclear-Initial CV
88 Lushootseed Lushootseed-OutofControlEtc-Initial VC 29 Tzeltal Tzeltal-unclear-FinalVC
83 Makassarese Makassarese-unclear-Initial CVCV 87  Warlpiri Warlpiri-unclear-Initial CVCV
12 Manam Manam-polysemous-FinalFoot 90 Washo was-PL-Initial VCV
21 Marshallese mah-VBZ-Final CVC 32 Zuni zun-REP-FirstCafterSecondC
22 Mokilese Mokilese-VRBZ-Final CVC
Table 5: Processes that are DA, IL.J, and L1
# Language Morpheme ID # Language Morpheme ID
95 Amele Amele-ITER-Total 112 Pacoh Pacoh-RECP-Total
96  Boumaa Fijian BoumaaFijian-INT-Total 131  Shipibo Shipibo-CONT-Triplication
102 Dholuo Dholuo-mitigation-Total 113 Somali som-toXAtAllSides-Total
103 Dyirbal Dyirbal-PL-Total 114 Sundanese sun-INT-Total
104 Dyirbal Dyirbal-RECP-Total 115 Sundanese sun-notEvenX-Total
129 Emai Emai-ADVZ-Triplication 116 Sundanese sun-RECP-Total
105 Ewe ewe-XbyX-Total 117  Swabhili swa-DIM-Total
5 Hindi hin-ECHO-Echo 119 Tagalog tgl-everyX-Total
106 Hungarian hun-occassionally-Total 118 Tausug Tausug-unclear-Total
99  Indonesian ind-INT/REP-Total 132 Telugu tel-emphasis?-Triplication
100 Indonesian ind-RECP-Total 120  Thai tha-DIM-Total
107 Indonesian ind-PL-Total 121  Thai tha-INT-Total
108 Kanuri Kanuri-glossonym-Total 122 Twi twi-DenomADJZ-Total
6 Kashmiri kas-ECHO-Echo 133 twi twi-ADVZ-Triplication
109 Malay may-similar-Total 123 Tzeltal tzeltal-CONT-Total
97  Mandarin chi-INT?-Total 124 Tzeltal Tzeltal-DISTR-Total
101 Mandarin chi-every-Total 125  Tzeltal Tzeltal-veryMuch-Total
110 Mokilese Mokilese-PROG-Total 126  Yami Yami-RECP-Total
130 Mokilese Mokilese-CONT-Triplication | 127 Yessan-Mayo YessanMayo-DISTR-Total
111 Nez Perce NezPerce-DIM-Total 128  Yoruba yor-PL-Total

Table 6: Processes that are trivial (1)
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