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Abstract

Many kinds of logical systems have been em-
ployed in constructing formal languages to 
model phonological phenomena. A common 
theme among them is that the systems compile 
into finite automata. Two questions naturally 
arise. Can a given phenomenon be described 
with another logical system? And, if so, what 
is that description?

To the first question, algebraic techniques are 
well established through deep connections with 
logic and automata. To the second, the situation 
is less clear. Translations from automata are 
established for first-order and monadic second-
order logics under precedence, but these may 
not translate easily to the simpler systems we 
often use. Translations for simple cases of re-
stricted propositional logic (strictly local or 
strictly piecewise languages) are established, 
but insufficient to describe attested phenomena.

The present work establishes a general way to 
handle many systems in between. Specifically, 
we show how to translate between certain kinds 
of algebraic varieties V (systems defined by 
universally satisfied identities) and associated 
logical systems, then use decomposition to han-
dle classes of the form V ∗ D, where the notion 
of “symbol” is replaced by “𝑘-block”. With 
this, we handle several (unrestricted) proposi-
tional logics, facilitating logical description of 
natural language.

1 Introduction

Logical formalisms and their correspondence to 
finite automata provide a rich and well-grounded 
base for descriptions of natural language and lin-
guistic theories (see Rogers, 1998; Hulden, 2009; 
Heinz, 2018, 2025). There are many tools that con-
vert logical descriptions into finite automata, in-
cluding MONA by Henriksen et al. (1995) focused 
on monadic second-order logic, Foma by Hulden 
(2009) focused on first-order logic, or the Language 

Toolkit by Lambert (2024) focused on quantifier-
free systems of propositional logic. Compiling log-
ical expressions to automata is solved. The present 
work addresses the inverse: decompiling (or “fac-
toring”) automata into human-readable logical ex-
pressions.

Algebraic techniques provide a universal ap-
proach to deciding whether a given automaton be-
longs to a given class, whether it can be written 
in a particular logical form (Lambert, 2026). The 
Language Toolkit provides these tools, but, in gen-
eral, these techniques do not provide the logical de-
scription. The Büchi–Elgot–Trakhtenbrot theorem 
(Büchi, 1960; Elgot, 1961; Трахтенброт, 1961) 
provides a means to convert from automata back 
into monadic second-order logic. McNaughton and 
Papert (1971) show how to convert appropriate au-
tomata back into first-order logic with precedence 
(less-than). Below, for all but the weakest logics, 
less is available.

A language is locally testable in the strict sense 
(strictly local) if it is defined by a collection of for-
bidden substrings. A language is piecewise testable 
in the strict sense (strictly piecewise) if it is de-
fined by a collection of forbidden subsequences. 
In either case, any presence of a forbidden factor 
immediately rules out the word. Rogers and Lam-
bert (2019) provide mechanisms to factor automata 
into conjunctive systems of constraints forbidding 
substrings and/or subsequences, thereby handling 
these restricted propositional systems. Janoušek 
and Plachý (2024) provide an alternative approach 
for factoring strictly local systems. The vast space 
between here and first-order seems largely unex-
plored.

The present work addresses this gap. We pro-
vide a general approach, grounded in algebraic tech-
niques, to convert from automata to a wide range 
of propositional logics. A Python implementation 
is provided as an appendix. Any algebraic class 
with a (parameterized) finite free object (see §2.3) 
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and interpretable elements can be handled. By de-
composing systems of the form V ∗ D (see §4), 
we generalize those results to systems wherein the 
notion of “symbol” is replaced by “𝑘-block”. A 
𝑘-block is a contiguous substring of length 𝑘, the 
same kind of structure considered in an 𝑛-gram 
model.

This paper presents these methods and illustrates 
them with respect to the analysis of phonologi-
cal patterns in Navajo, Karanga Shona, Tsuut’ina, 
Luganda, and stress patterns in the StressTyp2 
database of Goedemans et al. (2015). These exam-
ples are chosen because they illustrate increasingly 
complex classes between strictly local or strictly 
piecewise and first-order logic. In particular, af-
ter establishing the basic method for content lan-
guages (Navajo, §3), this method is extended to 
the locally testable class (Karanga Shona, §4), the 
tier-based locally testable class (Tsuut’ina, §6), the 
locally threshold testable class (Luganda, §7), and 
the piecewise testable and dot-depth one classes 
(stress patterns, §8). Importantly, the core structure 
of the algorithm is identical throughout.

2 Background

2.1 Machines and Structures

Throughout this work, determinism will be as-
sumed, so the word “deterministic” will be omitted 
outside of definitions. A deterministic finite semi-
automaton is defined by a finite alphabet (Σ), a 
finite set (𝑄) of states, and a transition function 
that maps a letter–state pair to a state. Let 𝛿𝑥(𝑞)
denote the application of this transition function 
to the input consisting of the letter 𝑥 ∈ Σ at the 
state 𝑞 ∈ 𝑄. This transition function is extended 
to words by 𝛿∗

𝜆(𝑞) = 𝑞 and 𝛿∗
𝑢𝑣 = 𝛿∗

𝑣 ∘ 𝛿∗
𝑢, where 

𝜆 represents the unique word of length zero. A 
deterministic finite-state acceptor (DFA) is a de-
terministic finite semiautomaton augmented with 
an initial state (𝑞0 ∈ 𝑄) and a set (𝑄𝑓 ⊆ 𝑄) of 
accepting states. We write these components as a 
five-tuple 𝐴 = ⟨Σ, 𝑄, 𝛿, 𝑞0, 𝑄𝑓⟩. A DFA defines a 
language 𝐿 such that a word 𝑤 is in 𝐿 if, and only 
if, 𝛿∗

𝑤(𝑞0) ∈ 𝑄𝑓 .
A state 𝑞 ∈ 𝑄 is reachable if there exists some 

word 𝑤 ∈ Σ∗ such that 𝛿∗
𝑤(𝑞0) = 𝑞). Two states 

𝑞 and 𝑞′ in 𝑄 are distinguishable if there exists 
some word 𝑤 ∈ Σ∗ such that 𝛿∗

𝑤(𝑞) ∈ 𝑄𝑓  but 
𝛿∗

𝑤(𝑞′) ∉ 𝑄𝑓  or vice versa. An automaton is said 
to be in canonical form, or simply canonical, if all 
states are reachable and pairwise distinguishable.

A deterministic finite-state transducer (DFT) 
is a deterministic finite-state acceptor that asso-
ciates computation with output. There is an output 
alphabet (Γ), and Γ∗ is the set of words composed of 
letters in Γ. A DFT has a universal prefix (𝜋 ∈ Γ∗), 
a transition-output function (𝛾) where 𝛾𝑥(𝑞) ∈ Γ∗

is the output emitted upon encountering the letter 
𝑥 ∈ Σ in state 𝑞 ∈ 𝑄, and 𝜎(𝑞) ∈ Γ∗ is the output 
emitted upon stopping in the state 𝑞 ∈ 𝑄𝑓 . The 𝛾
function extends to words much like 𝛿: 𝛾∗

𝜆(𝑞) = 𝜆
and 𝛾∗

𝑥𝑤(𝑞) = 𝛾𝑥(𝑞)𝛾∗
𝑤(𝛿𝑥(𝑞)). If 𝑤 is a word such 

that 𝛿∗
𝑤(𝑞0) ∈ 𝑄𝑓 , then the output associated with 

𝑤 is 𝜋𝛾∗
𝑤(𝑞0)𝜎(𝛿∗

𝑤(𝑞0)), otherwise there is no such 
output.

A semigroup is a set alongside an associative op-
eration. Function composition is associative; the set 
of 𝛿∗

𝑤 for 𝑤 ∈ Σ+ is therefore a semigroup, where 
Σ+ is the set of nonempty words composed of char-
acters in Σ. This is called the transition semigroup 
of the semiautomaton. As these are functions from 
a finite domain to a finite codomain, there are only 
finitely many such functions, so every semiautoma-
ton is associated with a finite semigroup. The tran-
sition semigroup of a DFA in some sense describes 
the structure of its associated language: if 𝛿∗

𝑢 = 𝛿∗
𝑣, 

this means that there is a sense in which 𝑢 and 𝑣 have 
equivalent behavior. Namely, for any context 𝑎 𝑏, 
it holds that 𝛿∗

𝑎𝑢𝑏 = 𝛿∗
𝑏 ∘𝛿∗

𝑢 ∘𝛿∗
𝑎 = 𝛿∗

𝑏 ∘𝛿∗
𝑣 ∘𝛿∗

𝑎 = 𝛿∗
𝑎𝑣𝑏, 

so 𝑎𝑢𝑏 is accepted if, and only if, 𝑎𝑣𝑏 is accepted. 
Let 𝑢 ∼ 𝑣 denote this equivalence. Equivalence 
is maintained by concatenation; it is easy to verify 
that if 𝑢 ∼ 𝑣 and 𝑥 ∼ 𝑦, then 𝑢𝑥 ∼ 𝑢𝑦 ∼ 𝑣𝑦 ∼ 𝑣𝑥. 
The syntactic semigroup of a language 𝐿 is the 
transition semigroup of a canonical automaton that 
represents 𝐿.

Let suff𝑘 be the function that retrieves the 𝑘-
suffix of a word; that is, suff𝑘(𝜆) = suff0(𝑤) = 𝜆
for 𝑤 ∈ Σ∗ and suff𝑘(𝑢𝑎) = suff𝑘−1(𝑢)𝑎 for 
𝑢 ∈ Σ∗ and 𝑎 ∈ Σ. A DFT is input strictly 𝑘-
local if 𝛿∗

𝑤(𝑞0) = 𝛿∗
suff𝑘−1(𝑤)(𝑞0) for all 𝑤 ∈ Σ∗

(Chandlee et al., 2014). If 𝑞 ∈ 𝑄 is an arbi-
trary reachable state, then 𝑞 = 𝛿∗

𝑣(𝑞0) for some 
𝑣 ∈ Σ∗. If the length of 𝑤 is at least 𝑘 − 1, then 
suff𝑘−1(𝑤) = suff𝑘−1(𝑣𝑤) no matter what 𝑣 is. 
From this we derive the following for any input 
strictly 𝑘-local transducer:

𝛿∗
𝑤(𝑞) = 𝛿∗

𝑣𝑤(𝑞0) = 𝛿∗
suff𝑘−1(𝑣𝑤)(𝑞0)

= 𝛿∗
suff𝑘−1(𝑤)(𝑞0) = 𝛿∗

𝑤(𝑞0)

That is, for sufficiently long strings, their corre-
sponding transition functions are constant. This in 
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turn means that, so long as every state is reachable, 
we have not just that 𝛿∗

𝑤(𝑞0) = 𝛿∗
suff𝑘−1(𝑤)(𝑞0), but 

in general 𝛿∗
𝑤 = 𝛿∗

suff𝑘−1(𝑤). In other words, for any 
string 𝑤 in Σ∗ it holds that 𝑤 ∼ suff𝑘−1(𝑤).

Lambert and Heinz (2023) point out that this cor-
responds to an algebraic property called “definite-
ness”. A semigroup is 𝑘-definite if for any elements 
𝑢 and 𝑥1, 𝑥2, …, 𝑥𝑘, it holds that 𝑢𝑥1𝑥2 … 𝑥𝑘 =
𝑥1𝑥2 … 𝑥𝑘. An input strictly 𝑘-local transducer has 
a transition semigroup that is (𝑘 − 1)-definite. Let 
𝑎 and 𝑏1 … 𝑏𝑘−1 be strings in Σ+, and let 𝑢 = 𝛿∗

𝑎
and 𝑥𝑖 = 𝛿∗

𝑏𝑖
 for 1 ≤ 𝑖 < 𝑘. Because each 𝑏𝑖 con-

tributes at least one letter, we have the following.

𝑢𝑥1 … 𝑥𝑘−1 = 𝛿∗
𝑎𝑏1…𝑏𝑘−1

= 𝛿∗
suff𝑘−1(𝑎𝑏1…𝑏𝑘−1) = 𝛿∗

suff𝑘−1(𝑏1…𝑏𝑘−1)

= 𝛿∗
𝑏1…𝑏𝑘−1

= 𝑥1 … 𝑥𝑘−1

In terms of universal algebra, a variety is a collec-
tion of structures that satisfy a system of universally 
satisfied identities, where specific elements cannot 
be referenced, only variables. The 𝑘-definite semi-
groups satisfy 𝑢𝑥1𝑥2 … 𝑥𝑘 = 𝑥1𝑥2 … 𝑥𝑘 where the 
𝑢 and each 𝑥𝑖 range over all elements; we write the 
corresponding variety as D𝑘 = ⟦𝑢𝑥1𝑥2 … 𝑥𝑘 =
𝑥1𝑥2 … 𝑥𝑘⟧. This says that D𝑘 is the set of semi-
groups that satisfy this identity. If the system were 
built from multiple identities, they would be written 
separated by semicolons.

2.2 Propositional Logics
We work with a classical truth-functional proposi-
tional logic, in which formulae are interpreted as 
being either true or false (contrasting with modal 
logics). Formulae are built from a collection of 
atoms and standard logical connectives of ∧ (and), 
∨ (or), and ¬ (not); quantifiers are not available.

Let Σ be a finite alphabet and 𝒲  be (a model of) 
a word. We say 𝒲 ⊧ 𝜙 (read “𝒲  satisfies 𝜙”) if 
the interpretation of the formula 𝜙 over 𝒲  is true. 
We now define our atoms. Define content(𝒲)
to be the set of symbols that occur in 𝒲 . Each 
symbol 𝑥 ∈ Σ is an atom, where 𝒲 ⊧ 𝑥 means 
𝑥 ∈ content(𝒲). That is, 𝒲 = 𝑢𝑥𝑣 for some 
strings 𝑢 and 𝑣. The atom 𝑥1𝑥2 … 𝑥𝑛 (where each 
𝑥𝑖 ∈ Σ) represents occurrence as a substring: 
𝒲 ⊧ 𝑥1𝑥2 … 𝑥𝑛 means 𝒲 = 𝑢𝑥1𝑥2 … 𝑥𝑛𝑣 for 
some strings 𝑢 and 𝑣. The atom 𝑥1 .. 𝑥2 .. ⋯ .. 𝑥𝑛
(where each 𝑥𝑖 ∈ Σ) represents occurrence as a 
subsequence: 𝒲 ⊧ 𝑥1 .. 𝑥2 .. ⋯ .. 𝑥𝑛 means that 
there exists some sequence 𝑢1, … , 𝑢𝑛 of words of 

strictly increasing length such that 𝒲 = 𝑢𝑖𝑥𝑖𝑣𝑖
(for some 𝑣𝑖) for each 𝑥𝑖. This essentially means 
that the 𝑥𝑖 occur in 𝒲  in order, but not necessarily 
adjacently. This generalizes to subsequences of sub-
strings: 𝒲 ⊧ 𝑥1.1 … 𝑥1.𝑛 ..⋯..𝑥𝑚.1 … 𝑥𝑚.𝑛 means 
that the substrings 𝑥𝑖.1 … 𝑥𝑖.𝑛 occur in order, but 
not necessarily adjacently, with potential overlap. 
For example, we have that “ash” ⊧ as .. sh. Call this 
a generalized subsequence.

Let 𝜙 and 𝜓 be logical formulae. The basic logi-
cal connectives are conjunction (𝜙 ∧𝜓, read “𝜙 and 
𝜓”), disjunction (𝜙 ∨ 𝜓, read “𝜙 or 𝜓”), and nega-
tion (¬𝜙, read “not 𝜙”). We have that 𝒲 ⊧ 𝜙 ∧ 𝜓 if 
both 𝒲 ⊧ 𝜙 and 𝒲 ⊧ 𝜓, that 𝒲 ⊧ 𝜙 ∨ 𝜓 if 𝒲 ⊧ 𝜙
or 𝒲 ⊧ 𝜓, or both, and that 𝒲 ⊧ ¬𝜙 if 𝒲 ̸⊧𝜙. A 
formula is in disjunctive normal form if it is a 
disjunction of one or more conjunctions of literals, 
where a literal is an atom or its negation. Our fac-
torization systems provide formulae in disjunctive 
normal form.

2.3 Free Objects and Blockifiers

A free object in a class is the most generic form of a 
structure, where no equalities hold other than those 
implied by the definition of the class. For instance, 
Σ+ is the free semigroup generated by Σ, as for 
any two sequences 𝑢1 … 𝑢𝑛 and 𝑣1 … 𝑣𝑚 of letters 
drawn from Σ, the resulting words in Σ+ are equal 
if, and only if, 𝑛 = 𝑚 and 𝑢𝑖 = 𝑣𝑖 for 1 ≤ 𝑖 ≤ 𝑛. 
A free 𝑘-definite semiautomaton has a distinct state 
for each string of length up to 𝑘. The transition 
function is defined such that 𝛿𝑎(𝑤) = suff𝑘(𝑤𝑎).

We define a particular input (𝑘 +1)-strictly local 
transducer over this structure that we shall call a 
(𝑘 + 1)-blockifier. The input alphabet shall be Σ, 
and the output alphabet shall consist of blocks of 
length 𝑘 + 1, potentially including boundaries:

𝔹𝑘+1(Σ) = Σ𝑘+1∪(⋊⋅Σ𝑘)∪(Σ𝑘⋅⋉)∪(⋊⋅Σ≤𝑘−1⋅⋉)

The states are those of the free 𝑘-definite semiau-
tomaton: let 𝑤 denote both a string and its corre-
sponding state. Let the initial state 𝑞0 be 𝜆, indicat-
ing that no input has yet been seen, let the set of 
accepting states be 𝑄𝑓 = 𝑄, and let the universal 
prefix 𝜋 be 𝜆. Consider a string 𝑢 of length up to 
𝑘 and a letter 𝑥 ∈ Σ. We have 𝛿𝑥(𝑢) = suff𝑘(𝑢𝑥), 
while the output functions depend on the length of 
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𝑢, written |𝑢|:

𝛾𝑥(𝑢) =
⎧{
⎨{⎩

𝑢𝑥 if |𝑢| = 𝑘
⋊𝑢𝑥 if |𝑢| = 𝑘 − 1

𝜆 otherwise

𝜎(𝑢) = {
𝑢⋉ if |𝑢| = 𝑘
⋊𝑢⋉ otherwise

This guarantees that every output symbol is either a 
fully bounded word whose length, including bound-
aries, is at most 𝑘+1, or it is an optionally bounded 
block of size exactly 𝑘 + 1.

The 𝑘-blockifier maps an input word 𝑤 to 
the sequence of 𝑘-blocks in 𝑤 in order from 
left to right, with overlap. For instance, the 3-
blockifier applied to the word “abacaba” would emit 
⋊ab aba bac aca cab aba ba⋉ . Throughout, 

let 𝐵𝑘(𝑤) be this function, mapping 𝑤 through the 
𝑘-blockifier to this output.

The blockifier is a transducer built with the struc-
ture of a free 𝑘-definite semigroup. Other free ob-
jects will be instrumental to our factorization meth-
ods.

3 Content Languages

Heinz (2010), citing Sapir and Hoijer (1967), an-
alyzes a symmetric sibilant harmony system in 
Navajo, wherein the anteriority of sibilants is influ-
enced by that of the rightmost sibilant. The surface 
constraint that arises from such a system is that 
a [+anterior] sibilant like ‘s’ cannot occur in the 
same word as a [−anterior] sibilant like ‘ʃ’. The ac-
ceptability of a word with respect to this constraint 
depends solely on its content. This means that, for 
this constraint, the order in which symbols occur 
is irrelevant (𝑢𝑣 ∼ 𝑣𝑢 for all 𝑢 and 𝑣), as is their 
quantity (𝑢𝑢 ∼ 𝑢 for all 𝑢). We call such a lan-
guage a content-language. They can be described 
in a propositional logic whose only atoms are of 
the form 𝑥 ∈ Σ. The variety ⟦𝑢𝑣 = 𝑣𝑢; 𝑢𝑢 = 𝑢⟧ is 
called J1 (see Almeida, 1995).

Eilenberg’s Theorem (1976) associates with each 
variety V of semigroups a corresponding family 
𝒱  of languages: a language over Σ belongs to Σ𝒱
if, and only if, its syntactic semigroup belongs to 
V. This family is thus also called a variety. For 
a language in Σ𝒥1, by imposing an order on the 
symbols of the alphabet, words have a normal form 
reached by repeatedly using the 𝑢𝑣 ∼ 𝑣𝑢 rule to 
sort the symbols, then repeatedly using the 𝑢𝑢 ∼ 𝑢
rule to deduplicate them. Equivalence is maintained 

throughout; we have 𝑤 ∼ content(𝑤). For a finite 
alphabet Σ there are only finitely many such forms. 
This fact indicates that the free object in Σ𝒥1 is 
finite: there is one element per subset of Σ.

So a language 𝐿 over Σ is in Σ𝒥1 if, and only 
if, its syntactic semigroup is in J1. This does not, 
however, tell us what formula describes the lan-
guage. But because the free object for Σ𝒥1 is fi-
nite, we can extract this information as follows. Let 
𝐴 = ⟨Σ, 𝑄, 𝛿, 𝑞0, 𝑄𝐹 ⟩ be the canonical acceptor 
for 𝐿. We maintain a stack of pairs of the form 
⟨𝑞, 𝐹 ⟩ where 𝑞 ∈ 𝑄 is a state in 𝐴 and 𝐹 ⊆ Σ is an 
element of our free object. (This corresponds to a 
depth-first search. Replacing the stack with a queue 
performs a breadth-first search instead. Both are 
equally viable.) We also maintain a visited set of 
such pairs, a set of acceptable symbol sets and a set 
of rejected symbol sets. (In general, these are ac-
ceptable and rejected elements of the free object.) 
Let 𝑅𝜆(𝐹) = 𝐹  and 𝑅𝑥(𝐹) = 𝐹 ∪ {𝑥}, repre-
senting the transition function in a semiautomaton 
derived from our free object, and let 𝛼 = ∅, repre-
senting what would be the initial state in an acceptor 
so derived.

1. Begin with an empty visited set and a stack 
consisting of the single item ⟨𝑞0, 𝛼⟩.

2. While the stack is nonempty:

(a) Pop ⟨𝑞, 𝐹 ⟩ from the stack and add it to 
the visited set.

(b) For each alphabet symbol 𝑥 ∈ Σ, push 
⟨𝛿𝑥(𝑞), 𝑅𝑥(𝐹)⟩ if it is unvisited.

(c) If 𝑞 ∈ 𝑄𝑓 , accept 𝐹 .
(d) If 𝑞 ∉ 𝑄𝑓 , reject 𝐹 .

This process builds up the necessary portion of the 
free Σ𝒥1 object, essentially unwrapping the canon-
ical acceptor onto it. At the end of this process, the 
collection of acceptable symbol sets is interpretable 
as a formula in disjunctive normal form defining 𝐿.

The translation is as follows. Let 𝑆 =
{𝑥1, … , 𝑥𝑚} be an acceptable symbol set and let 
{𝑦1, … , 𝑦𝑛} = Σ−𝑆 be the symbols not in that set. 
Words that arrive at this element are those where 
each 𝑥𝑖 appears and no 𝑦𝑖 appears:

(𝑥1 ∧ ⋯ ∧ 𝑥𝑚 ∧ ¬𝑦1 ∧ ⋯ ∧ ¬𝑦𝑛)

Words are accepted if, and only if, they arrive at any 
such element, so the logical formula is the disjunc-
tion of the formulae derived from all acceptable 
symbol sets. In general, this approach produces 
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a logical formula for any variety with a finite free 
object whose elements are interpretable like this.

4 Blockifiers and Local Testability

A language is locally 𝑘-testable if the acceptability 
of a word 𝑤 depends only on its set of substrings of 
length 𝑘, including word boundaries (McNaughton 
and Papert, 1971). Whether a shorter word of length 
less than 𝑘 −2 is included is entirely arbitrary. This 
means that the acceptability of 𝑤 ∈ Σ∗ is deter-
mined by content(𝐵𝑘(𝑤)). A language is locally 
testable if, and only if, it is locally 𝑘-testable for 
some finite 𝑘.

So a language 𝐿 is locally testable if, and only 
if, there is some language in 𝔹𝑘(Σ)𝒥1 that accepts 
𝐵𝑘(𝑤) for all those 𝑤 in 𝐿 and rejects 𝐵𝑘(𝑤) for 
all those 𝑤 not in 𝐿. That is, there is some DFA 
𝑀  whose transition semigroup is in J1 such that 𝐿
is the language of 𝑀 ∘ 𝐵𝑘. In algebraic terms, the 
operator corresponding to this composition is the 
wreath product. The variety V∗D𝑘−1 corresponds 
to the class of languages that can be defined by a 
composition of 𝐵𝑘 into a DFA whose transition 
semigroup is in V (Straubing, 1985).

One example of a linguistically relevant locally 
testable pattern is the surface pattern of tone on non-
assertive verb stems in Karanga Shona, a Bantu lan-
guage described by Odden (1984) and analyzed by 
Jardine (2020) when defining the class of melody-
local languages. Per Jardine (2020), there are two 
basic kinds of roots which pattern as follows, where 
superscript + indicates one or more occurrences of 
the symbol it is attached to:

• H-toned:
{H,HL,HLH,HHLH} ∪ HHHL+H

• L-toned: {L,LH,LHL} ∪ LHHL+

The thirteen-state canonical DFA recognizing the 
union of these two sets is shown in Figure 1, with 
the thirteenth, rejecting, sink state omitted. Each 
circle is a state, those with doubled outlines are 
accepting, and the transition function is indicated 
by overlaying the letter on an arrow from the source 
state to its destination. We assert that this is locally 
testable, and will verify this via factorization.

If we have an automaton 𝐴 = ⟨Σ, 𝑄, 𝛿, 𝑞0, 𝑄𝑓⟩
whose language we know to be locally testable, then 
we know that there must be some 𝑘 ≥ 1 for which 
this language is in J1 ∗ D𝑘−1. By fixing a correct 
value for 𝑘, we can iteratively build up the free ob-
ject in 𝔹𝑘(Σ)𝒥1 much like we did in the previous 
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Figure 1: Karanga Shona non-assertive verb stems.

section, except that its input is not drawn from the 
acceptor 𝐴 but from the output of the 𝑘-blockifier 
𝐵𝑘 as it is traced alongside 𝐴. We extend our stack 
to track not pairs but triples, consisting of an 𝐴-
state, a 𝐵𝑘-state, and the corresponding set of out-
put symbols (𝑘-blocks). We still maintain a visited 
set, an acceptable set, and a rejected set. Still let 
𝑅𝜆(𝐹) = 𝐹  and 𝑅𝑥(𝐹) = 𝐹 ∪{𝑥} otherwise, and 
𝛼 = ∅ as we are working over the same free object 
structure.

1. Begin with an empty visited set and a stack 
consisting of the single item ⟨𝑞0, 𝜆, 𝛼⟩.

2. While the stack is nonempty:

(a) Pop ⟨𝑞, 𝑤, 𝐹⟩; mark it visited.
(b) Push ⟨𝛿𝑥(𝑞), suff𝑘−1(𝑤𝑥), 𝑅𝛾𝑥(𝑤)(𝐹)⟩

for each symbol 𝑥, if not visited.
(c) If 𝑞 ∈ 𝑄𝑓 , accept 𝑅𝜎(𝑤)(𝐹).
(d) If 𝑞 ∉ 𝑄𝑓 , reject 𝑅𝜎(𝑤)(𝐹).

This process builds up the necessary portion of 
the free J1 machine generated by 𝑘-blocks. Each 
acceptable set generated will have one prefix and 
one suffix (which may be merged as a fully anchored 
word) and zero or more factors without boundaries. 
The corresponding formula is the same disjunctive 
normal form as for content-languages, except that 
the atoms derived from symbols (which represent 
𝑘-blocks) are interpreted as the substrings that they 
represent.

By this process, fixing 𝑘 = 4, the following fif-
teen factor sets are emitted as valid for Karanga 
Shona non-assertive verb stems. Thirteen fac-
tor sets capture a single word apiece; these are 
𝐵4(𝑤) for 𝑤 selected from H, L, HL, LH, HLH, 
LHL, HHLH, LHHL, LHHLL, HHHLH, HHH-
LLH, LHHLLL, or HHHLLLH. The remaining two 
have components that can be overlaid to produce 
arbitrarily long words, these are {⋊LHH, LHHL, 
HHLL, HLLL, LLLL, LLL⋉}, representing words 
of the form LHHLLLL+, and {⋊HHH, HHHL, 
HHLL, HLLL, LLLL, LLLH, LLH⋉}, representing 
words of the form HHHLLLL+H.
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5 Rejection or Approximation

If a language is not locally 𝑘-testable, then there 
must be two strings, 𝑢 and 𝑣, which have the same 
set of 𝑘-blocks, but one is accepted while the other 
is rejected. This situation is detectable: if during 
the above process a factor set 𝐹  is marked as accept-
able when it has already been marked as rejected 
or vice versa, this indicates that the language is not 
locally 𝑘-testable and that some pair of wrongly 
indistinguishable 𝑢 and 𝑣 share factor set 𝐹 . There 
are a few options at this point. On the one hand, one 
could choose to terminate the procedure and simply 
declare that the language is not locally 𝑘-testable 
and no factorization can exist. On the other hand, 
one could choose to continue as normal: by caring 
only about acceptable elements, we would say that 
every word 𝑤 that shares a factor set with an accept-
able word 𝑤′ will be accepted, even if it should not 
be. Words whose factor set is never accepted will 
continue to be rejected. This is the smallest locally 
𝑘-testable language that is a superset of the target 
language, a tight approximation. Flipping this, we 
can get the largest locally 𝑘-testable language that 
is a subset of the target language by rejecting all re-
jected elements. We can insist on correct factoriza-
tion, or we can give a tight upper- or lower-bound.

This sensitivity allows factorization of arbitrary 
locally testable languages, even if we do not know 
the parameter 𝑘 in advance. One way is to sim-
ply begin with the assumption that 𝑘 = 1. If fac-
torization fails because the language is not locally 
1-testable, then try again with 𝑘 = 2, and so on, 
increasing 𝑘 by one each time. The result will be 
a factorization with the minimal possible value for 
𝑘. This is the method that was used for Karanga 
Shona non-assertive verb stems.

Another approach is to use a theorem of Straub-
ing (1985) to find a 𝑘 that is guaranteed to work. 
Given two semigroup elements 𝑥 and 𝑦, we say that 
𝑥 ≤ℛ 𝑦 if, and only if, 𝑥 = 𝑦 or there is some 𝑠
such that 𝑥 = 𝑦𝑠. Similarly, we say that 𝑥 ≤ℒ 𝑦
if, and only if, 𝑥 = 𝑦 or there is some 𝑠 such that 
𝑥 = 𝑠𝑦. The strict versions of these inequalities 
are defined such that 𝑥 <ℛ 𝑦 means 𝑥 ≤ℛ 𝑦 but 
𝑦 ≰ℛ 𝑥 and similarly for <ℒ. A chain under an 
inequality, <, is a sequence 𝑥1 < 𝑥2 < ⋯ < 𝑥𝑛. 
Per Straubing (1985, Theorem 5.3), if a language is 
in V ∗ D𝑘 for some (potentially unknown) 𝑘 and 𝑐
is the length of the longest chain under <ℛ or under 
<ℒ, whichever is shorter, then that language is in 
V ∗ D𝑐. As there are only finitely many elements 

in the syntactic semigroup of any regular language, 
this is effectively calculable. However, this does not 
necessarily yield the minimal value! Using this ap-
proach would have resulted in factoring with 𝑘 = 6
instead of the minimal 𝑘 = 4.

6 Nonsalient Symbols and Tier Analysis

Often in natural language patterns, we encounter 
dependencies that are nonlocal when considering a 
word as a whole, but become local when looking 
only at a particular class of symbols. The asym-
metric sibilant harmony of Tsuut’ina reported by 
Cook (1978a,b) and analyzed by Heinz (2010) is 
one such case, where a [−anterior] sibilant may 
not follow a [+anterior] sibilant at any distance, 
but the reverse situation is allowed: /si-tʃiz-aʔ/ “my 
duck” surfaces as ʃítʃídzà, for example. Unlike the 
symmetric harmony of Navajo, this is not a content-
language. Heinz (2010) analyzes this pattern in 
two different ways. A precedence based constraint 
could forbid the subsequence s…ʃ (but allow ʃ…s), 
Or a tier-based analysis could ignore symbols other 
than sibilants and forbid the substring sʃ on the re-
sult. The latter approach is expanded by Heinz et al. 
(2011) and explored by Lambert (2023).

We can effect such analyses by taking advan-
tage of a key insight of Lambert (2023): nonsalient 
symbols (here, non-sibilants) are those that never 
change state. They are the symbols that label self-
loops on every state. To analyze such a pattern, first 
remove the nonsalient symbols, then do the factor-
ization on the projected result, and state that the 
resulting constraints apply on a tier. Here, if we 
assume a limited alphabet such as Σ = {a, s, ʃ} we 
would use 𝑘 = 2 and the tier T = {s, ʃ}. Running 
the analysis, the permissible factor sets on the tier 
T turn out to be {⋊⋉}, {⋊s, s⋉}, {⋊ʃ, ʃ⋉}, {⋊ʃ, ʃs, 
s⋉}, {⋊ʃ, ʃʃ, ʃ⋉}, {⋊s, ss, s⋉}, {⋊ʃ, ʃʃ, ʃs, s⋉}, {⋊ʃ, 
ʃs, ss, s⋉}, and {⋊ʃ, ʃʃ, ʃs, ss, s⋉}. In no case is sʃ 
permitted.

7 Multiplicity and Threshold Testability

The set of symbols in a word 𝑤 is content(𝑤). De-
fine content𝑡(𝑤) to be the multiset of symbols in 𝑤, 
counted up to some threshold 𝑡, beyond which fur-
ther occurrences cannot be distinguished. If 𝑢𝑣 𝑣𝑢
and 𝑢𝑢𝑡 𝑢𝑡, then we have 𝑤 ∼ content𝑡(𝑤): repeat-
edly apply the first to sort symbols, then repeatedly 
apply the second to deduplicate as much as possi-
ble. These identities define the variety Acom𝑡 =
⟦𝑢𝑣 = 𝑣𝑢; 𝑢𝑢𝑡 = 𝑢𝑡⟧. There is no finite free ob-
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ject for Acom in general: such an object must be 
able to make all possible distinctions in terms of 
count but there are infinitely many natural numbers 
to distinguish. However, the family of parameter-
ized classes satisfies Acom1 ⊆ Acom2 ⊆ ⋯ . 
Extraction of Acom𝑡 proceeds like that of J1 as 
seen in §3 Let 𝑅𝑥(𝐹) insert 𝑥 into 𝐹 , increasing 
its occurrence-count by one if it is not already 𝑡 and 
let 𝛼 be the empty multiset. If the parameter 𝑡 is 
not known in advance, it can be derived from the 
procedure of §5: begin with 𝑡 = 1, and if this fails, 
try again with increasingly large values for 𝑡. As 
each increase yields a superclass, if the system is 
Acom at all, this will eventually succeed.

The locally threshold-𝑡 𝑘-testable languages are 
the generalization from symbols to 𝑘-blocks here, 
Acom𝑡 ∗ D𝑘−1, where the acceptability of a word 
is determined by its multiset of 𝑘-blocks, counted 
with multiplicity up to some threshold 𝑡, beyond 
which additional occurrences are not distinguished 
(see McNaughton and Papert, 1971 or Beauquier 
and Pin, 1989). A language is locally threshold 
testable if, and only if, it is locally threshold-𝑡 𝑘-
testable for some finite 𝑘 and 𝑡. The 𝑡 = 1 case is 
local testability; 𝑘 = 1 is 𝒜𝒸ℴ𝓂.

By Straubing’s Theorem (1985), 𝑘 is bounded 
above by the maximal length of a chain under <ℛ or 
<ℒ, so we can use whichever is shorter. We can then 
either find 𝑡 analytically, by building all products 
of 𝑘 semigroup elements and for each such product 
𝑝 finding the smallest value 𝑡𝑝 where 𝑝𝑡𝑝 = 𝑝𝑝𝑡𝑝 , 
then selecting the largest of the resulting 𝑡𝑝. Or we 
can run the blockified factorization procedure of 
§4, beginning from 𝑡 = 1 and increasing this value, 
as above, if inconsistencies arise.

One locally threshold testable pattern that arises 
in natural language is culminativity of stress, the 
constraint that at most one syllable with primary 
stress occurs (Hyman, 2014). This constraint be-
longs to many classes, in fact. For instance, it is 
tier-based locally testable (in the strict sense): if 𝑝
represents primary stress and 𝑢 represents lack of 
stress, then the 2-block pp is forbidden on the tier 
T = {𝑝}. It belongs to 𝒜𝒸ℴ𝓂, as the multiset of 
symbols suffices to determine whether a word is ac-
ceptable, but Straubing’s Theorem (1985) gives an 
upper bound of 𝑘 = 2. Using 𝑘 = 2 and 𝑡 = 1, fac-
torization fails; the pattern is not locally 2-testable. 
Using 𝑘 = 2 and 𝑡 = 2, the system returns the 
following collection of fourteen valid 2-multisets: 
{⋊⋉}, {⋊𝑢, 𝑢⋉}, {⋊𝑝, 𝑝⋉}, {⋊𝑢, 𝑢𝑢, 𝑢⋉}, {⋊𝑢, 
𝑢𝑝, 𝑝⋉}, {⋊𝑝, 𝑝𝑢, 𝑢⋉}, {⋊𝑢, 𝑢𝑢, 𝑢𝑢, 𝑢⋉}, {⋊𝑢, 

𝑢𝑢, 𝑢𝑝, 𝑝⋉}, {⋊𝑢, 𝑢𝑝, 𝑝𝑢, 𝑢⋉}, {⋊𝑝, 𝑝𝑢, 𝑢𝑢, 𝑢⋉}, 
{⋊𝑢, 𝑢𝑢, 𝑢𝑢, 𝑢𝑝, 𝑝⋉}, {⋊𝑝, 𝑝𝑢, 𝑢𝑢, 𝑢𝑢, 𝑢⋉}, {⋊𝑢, 
𝑢𝑝, 𝑝𝑢, 𝑢𝑢, 𝑢⋉}, and {⋊𝑢, 𝑢𝑢, 𝑢𝑝, 𝑝𝑢, 𝑢𝑢, 𝑢⋉}. 
The block pp is never permissible, nor is any con-
figuration in which 𝑝𝑢 or 𝑢𝑝 appears twice. Finally, 
if a word starts with 𝑝 it cannot contain 𝑢𝑝 and if a 
word ends with 𝑝 it cannot contain 𝑝𝑢.

Another locally threshold testable constraint is 
unbounded high-tone plateauing, discussed by Jar-
dine (2020) in relation to Luganda, in which tones 
may be low or high but surface forms only have a 
single span of high tones. That is, they may not 
contain a substring of the form HL+H. Straubing’s 
Theorem (1985) gives an upper bound of 𝑘 = 4, 
but the system can be factored with 𝑘 = 𝑡 = 2. The 
resulting set of 34 valid 2-multisets serve to forbid 
three constructs. Words cannot start with H and 
contain LH. Words cannot end with H and contain 
HL. And words cannot contain HL twice.

8 Subsequences and Dot-Depth One

The piecewise testable languages were studied by 
Simon (1975). A language is piecewise 𝑗-testable 
if the acceptability of a word depends only on the 
set of 𝑗-subsequences in the word. A language 
is piecewise testable if it is piecewise 𝑗-testable 
for some finite 𝑗. The algebraic variety that corre-
sponds to this class is typically known as J. Like 
with Acom, there is not a finite free object for J, 
but J1 ⊊ J2 ⊊ J3 ⊊ ⋯ and each J𝑗 does have a fi-
nite free object. The free object for J𝑗 has elements 
that correspond to possible sets of subsequences 
of length up to 𝑗, where if 𝑢 is in the set and 𝑥 is 
a subsequence of 𝑢, then 𝑥 too is in the set. For 
such a system, the initial element is 𝛼 = {𝜆} and 
𝑅𝑥(𝐹) = 𝐹 ∪ {suff𝑗(𝑠𝑥) ∶ 𝑠 ∈ 𝐹}.

The dot-depth hierarchy was introduced by Co-
hen and Brzozowski (1971). A language has dot-
depth one when the acceptability of a word depends 
on its set of 𝑗-subsequences of 𝑘-blocks, for some 
finite 𝑗 and 𝑘. In other words, the class of languages 
of dot-depth one is J ∗ D (Knast, 1983; Straubing, 
1985). The restriction to 𝑗 = 1 yields the locally 
𝑘-testable languages, and the restriction to 𝑘 = 1
yields the piecewise 𝑗-testable languages.

Rogers and Lambert (2019) analyze and fac-
tor the patterns with associated automata in the 
StressTyp2 database of Goedemans et al. (2015). A 
result of this is that all but six of the properly subreg-
ular patterns factor into a combination of constraints 
that are locally testable in the strict sense, the com-
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plement of such a constraint (which remains locally 
testable), or piecewise testable in the strict sense. 
The remaining six patterns have additional locally 
testable constraints that could not be extracted auto-
matically but were instead supplied manually. How-
ever, this means that all of these properly subregular 
patterns are the combination of a locally testable 
component and a piecewise testable component; 
they have dot-depth one. The factorization method-
ology we present can fully factor all of these pat-
terns, obviating the need for manual analysis even 
in these complex systems.

9 Conclusions

We presented a family of effective methods for ex-
tracting grammars of classes of the form V ∗ D
from a canonical DFA. The block size 𝑘 may be 
fixed or known in advance, or an overestimate can 
be derived by taking the length of the longest chain 
under <ℛ or <ℒ, whichever is shorter. Alterna-
tively, you can begin by assuming 𝑘 = 1 and try 
again if necessary with increasing large 𝑘.

One selling point of the Language Toolkit of 
Lambert (2024) is that an analyst can describe a 
language in whatever terms are most convenient, 
then determine whether the language so-described 
is representable in various logical systems. We add 
to this now the capability to determine what that 
alternative representation actually is, at least for any-
thing that is a content-language (J1), a content𝑡-
language (Acom), a piecewise 𝑗-testable language 
(J𝑗), or the result of composing an input strictly 𝑘-
local transducer into such a system, namely a locally 
𝑘-testable language (J1∗D), a locally threshold-𝑡 𝑘-
testable language (Acom ∗ D), or a language with 
dot-depth one (J ∗ D), or the (single) tier-based 
extension of any of these.

In general, given a variety V with a finite free 
object, you need to define three things: you need a 
function 𝑅 that maps an element of the free object 
and a symbol to another element of the free object, 
you need an initial element 𝛼, and you need a logi-
cal interpretation of the elements of the free object. 
From there, the procedure is as follows. Maintain a 
stack (or queue) of triples consisting of the current 
state in the DFA, the current state in a free input 
strictly 𝑘-local transducer, and the current element 
of the free object. Maintain also a set of visited 
triples, a set of acceptable elements of the free ob-
ject, and a set of its rejected elements.

1. Begin with an empty visited set and a stack 
consisting of the single item ⟨𝑞0, 𝜆, 𝛼⟩.

2. While the stack is nonempty:

(a) Pop ⟨𝑞, 𝑤, 𝐹⟩; mark it visited.
(b) Push ⟨𝛿𝑥(𝑞), suff𝑘−1(𝑤𝑥), 𝑅𝛾𝑥(𝑤)(𝐹)⟩

for each symbol 𝑥, if not visited.
(c) If 𝑞 ∈ 𝑄𝑓 , accept 𝑅𝜎(𝑤)(𝐹).
(d) If 𝑞 ∉ 𝑄𝑓 , reject 𝑅𝜎(𝑤)(𝐹).

3. Replace symbol 𝑘-blocks by their meaning.

If your desired variety V does not have a finite 
free object, but it can be parameterized into a family 
of subvarieties V1 ⊊ V2 ⊊ V3 ⊊ ⋯, where each 
V𝑖 does have such an object, then all is not lost. 
Like with the block size, it is possible to begin with 
the assumption that the parameter is 1, then try 
again with increasingly large values if that fails. If 
ever an element is marked as both acceptable and 
rejected, then either the language is not a member 
of V ∗ D or some of the parameters are too small.

For locally testable factorization, 𝛼 = ∅ and 
𝑅𝑧(𝐹) = 𝐹 ∪ {𝑧}. For locally threshold-𝑡 testable 
systems, these parameters are the same, except that 
∅ and 𝐹  are not sets but 𝑡-multisets. For dot-depth 
one, 𝛼 = {𝜆} and 𝑅𝑧(𝐹) = 𝐹 ∪ {suff𝑗(𝑠𝑧) ∶ 𝑠 ∈
𝐹}. In the end, the process will return valid sets 
of 𝑘-blocks, valid 𝑡-multisets of 𝑘-blocks, or valid 
sets of 𝑗-subsequences of 𝑘-blocks, respectively.

We demonstrated the utility of these techniques 
by factoring several phenomena from a range of 
phonological domains, including long-distance 
dependencies that arise in harmony, stress, and 
tone. We improved upon the results of Rogers and 
Lambert (2019), who factored the patterns in the 
StressTyp2 database but needed to supply additional 
constraints manually for six properly subregular pat-
terns. Each of those six has dot-depth at most one, 
so the techniques demonstrated herein can be ap-
plied to avoid this burden. Similarly, we improved 
over the work of Janoušek and Plachý (2024), who 
presented a different method of factoring patterns 
that are locally testable in the strict sense. We main-
tain the ability to produce tight superset (or subset) 
approximations.

By stripping nonsalient symbols, performing the 
analysis, then restating the result in terms of a pro-
jective tier, this family of factorization methods 
extends trivially to the (single) tier-based exten-
sions of factorable classes. Reasonable methods 
for handling multiple tiers remain an open problem. 
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Other future directions include searching for better 
parameter-finding methods and performing more 
analyses on more patterns in more languages.
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A Python Implementation

1 def lt():
2  def R(F, sym):
3  if sym is None: return F
4  return F | frozenset([sym])
5  return R, frozenset()
6 def ltt(t):
7  def R(F, sym):
8  if sym is None: return F
9  d = dict(F)

10  d[sym] = min(t, d.get(sym, 0) + 1)
11  return frozenset(d.items())
12  return R, frozenset()
13 def dd1(j):
14  def R(F, sym):
15  if sym is None: return F
16  return ( F
17  | frozenset([(sym,)])
18  | frozenset((s + (sym,))[-j:] for s in F))
19  return R, frozenset([tuple()])
20
21 def blockifier(k, state, sym=None):
22  if sym is None:
23  if len(state) < k: return '^' + state + '$'
24  if k == 0: return None
25  return state + '$'
26  if len(state) == k: return state + sym
27  if len(state) == k - 1: return '^' + state + sym
28  return None
29
30 def factorize(k, R, alpha, aut, *args, approximate=False):
31  if k < 1: raise ValueError('k must be at least one')
32  stack = [(aut['q0'], '', alpha)]
33  visited, accepted, rejected = set(), set(), set()
34  while stack:
35  q, islq, F = stack.pop()
36  visited.add((q, islq, F))
37  nexts = set()
38  for letter,qn in aut['delta'][q].items():
39  nexts.add((aut['delta'][q][letter],
40  (islq + letter)[-(k - 1):][:k - 1],
41  R(F, blockifier(k - 1, islq, letter))))
42  m = R(F, blockifier(k - 1, islq))
43  if q in aut['Qf']:
44  if m in rejected and not approximate: return None
45  accepted.add(m)
46  else:
47  if m in accepted and not approximate: return None
48  rejected.add(m)
49  stack.extend(nexts - visited)
50  return accepted
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Here are some examples. Output is omitted, but each runs nearly instantly.

1 karanga_shona = {
2  'delta': {
3  0 : {'H':  0, 'L':  0}, # rejecting sink
4  1 : {'H':  2, 'L':  9},
5  2 : {'H':  3, 'L':  8},
6  3 : {'H':  4, 'L':  7},
7  4 : {'H':  0, 'L':  5},
8  5 : {'H':  6, 'L':  5},
9  6 : {'H':  0, 'L':  0},

10  7 : {'H':  6, 'L':  0},
11  8 : {'H':  6, 'L':  0},
12  9 : {'H': 10, 'L':  0},
13  10: {'H': 11, 'L':  6},
14  11: {'H':  0, 'L': 12},
15  12: {'H':  0, 'L': 12},
16  },
17  'q0': 1,
18  'Qf': set([2, 6, 8, 9, 10, 12])
19 }
20 print(*factorize(4, *lt(), karanga_shona), sep='\n')

1 culminativity = {
2  'delta': {
3  0 : {'p':  0, 'u':  0}, # rejecting sink
4  1 : {'p':  2, 'u':  1},
5  2 : {'p':  0, 'u':  2},
6  },
7  'q0': 1,
8  'Qf': set([1,2])
9 }

10 print(*factorize(2, *ltt(2), culminativity), sep='\n')

1 murik = { # from StressTyp2
2  'delta': { # alphabet: w0.s0=l, w0.s2=L, w1.s2=H
3  0: { 'l':0, 'L':0, 'H':0 }, # rejecting sink
4  1: { 'l':3, 'L':2, 'H':2 },
5  2: { 'l':2, 'L':0, 'H':0 },
6  3: { 'l':3, 'L':0, 'H':2 },
7  },
8  'q0': 1,
9  'Qf': set([2])

10 }
11 print(*factorize(1, *dd1(2), murik), sep='\n')
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