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Abstract
Various work in computational phonology has
studied the computational properties of Opti-
mality Theory. Some algorithms exist for the
universal generation problem, including those
of Ellison and Tesar, but their domain of applica-
bility is poorly understood. I propose and study
a concrete ‘minimal’ fragment of finite-state
Optimality Theory. I show that the universal
generation problem for it is efficiently solvable
by improving Ellison’s Algorithm, demonstrate
that it has been implicitly used in the literature,
and discuss its limitations. The minimal frag-
ment is a natural and foundational step towards
a computationally tractable general formalism
for phonological analysis.

1 Introduction

Optimality Theory (OT) (Prince and Smolensky,
1993; Kager, 1999) is a grammatical paradigm pro-
viding a template for formal grammars describing
phonology. Many formalisms based on OT have
been proposed, including but not limited to Ellison
(1994), Tesar (1995), and Potts and Pullum (2002),
mainly to achieve two purposes. First, different for-
malisms describe different phenomena in natural
language. Some are too restricted to model certain
data (Moreton, 1999; Buccola, 2012), while oth-
ers (or indeed: the same ones in different contexts)
have been argued to not be restrictive enough (Potts
and Pullum, 2002; Idsardi, 2006; Lamont, 2021).

Second, formalisms differ computationally. The
computational problem of determining the predic-
tions of a grammar in some formalism is called the
universal generation problem for that formalism
(Heinz et al., 2009). Several OT formalisms have
been shown to have an NP-hard universal genera-
tion problem (Eisner, 1997a, 2000; Idsardi, 2006).
This means that an efficient general algorithm is
likely impossible.

The two aspects described above are independent:
It may be that some formalism describes only very

simple (e. g. sub-regular) grammars, but does so in
a very inefficient manner, so that the universal gen-
eration problem is computationally difficult. The
formalismwould then undergenerate while being in-
tractable. Conversely, a formalism might describe
some unnaturally complex grammatical patterns
(e. g. cross-serial dependencies), but do so in a
straightforward manner so that the universal gener-
ation problem is tractable. The formalism would
then overgenerate, describing unattested grammars,
but it would at least be possible to determine which
unattested grammar is described.

Computationally tractable models of grammar
are desirable for many reasons. First, if phonology
is understood as a computational system, to study
the algorithmic structure of various formalisms is
precisely to study the structure of possible phonolo-
gies. Studying the efficiency of a formalism gives
insight into its computational structure: In OT,
phonological phenomena arise through constraint
interaction, and giving an efficient way to determine
the output of an OT grammar means understanding
the ways in which constraints can interact. Second,
phonological processing is simple for the human
brain. Therefore computational approaches that are
even mildly cognitively oriented will naturally aim
to implement the necessary operations in a way that
is tractable (Ferreira, 2005). Third, our account of
a language should not be more complex than the
data themselves. In particular, the encoding of a
grammar in a framework should not be more com-
putationally complex than what the phenomenon
demands. Finally, tractable grammars allow for
data science approaches to phonology (Heinz and
Idsardi, 2017). Given a sufficiently practical gram-
matical theory, data can be processed automatically
to infer descriptions, and generation and production
can then be simulated based on these descriptions.
All these arguments motivate both work on heuristic
practical algorithms and work towards theoretical
guarantees for algorithms.
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There is no computationally tractable OT-based
formalism that encompasses a large number of
phonological analyses from the literature, see sec-
tion 3. On the other hand, the universal generation
problem is tractable in practice (Riggle, 2004).

The desideratum of computational feasibility re-
stricts OT fundamentally, so to achieve a tractable
formalism it is reasonable to proceed ‘from the
ground up’, incorporating more and more phenom-
ena while staying computationally tractable. Ac-
cordingly, this work proposes a formalisation of OT
that is limited enough to have a tractable univer-
sal generation problem while still containing some
of the key structure of OT, termed the ‘minimal
OT fragment’ (mOT). This approach foregrounds
the issue of avoiding computational intractability
over that of avoiding overgeneration. The reason
for this is that overgeneration is easier to address by
a later revision of the framework that restricts the
allowed grammars, as is done in Lexical Functional
Grammar (e. g. Wedekind and Kaplan, 2020).

I first briefly describe OT in section 2 and then
review existing work on the generation problem.
The focus is on finite-state OT, and Ellison’s Al-
gorithm is particularly important. I then introduce
mOT in section 4 and describe an algorithm for the
universal generation problem. In section 5, I dis-
cuss the descriptive capability of mOT, describing
both simple extensions and limitations. The results
are summarised and discussed in section 6.

2 Optimality Theory

Most formal analyses of phonological phenomena
are carried out in one of various frameworks which
operate through constraint optimisation. Here I
consider a flavour of this approach I refer to as
Optimality Theory (OT) for convenience. This is
consistent with the usage of Prince and Smolensky
(1993) who introduced OT. It also includes many
but not all more recent variants.

2.1 The general OT framework

OT is based on the observation that most generali-
sations about natural language have exceptions. It
does not describe phonological processes by rules
which apply throughout the whole language and in
the same way to all forms. Instead, generalisations
are described as filters which proper surface forms
have to pass, called ‘‘constraints’’. Starting from a
set of feasible phonological representations, called
the ‘‘candidates’’, these filters are applied succes-

sively in a certain order, eliminating some of the
candidates in each step. Once only one candidate is
left, this is the output of the grammar, often called
the ‘‘optimal candidate’’. Crucially, constraints can
be ‘violated’, i. e. fail to apply, as a last resort: If
some constraint would rule out all remaining can-
didates, it is simply ignored from the analysis.

Both rule-based analyses and OT analyses take
the underlying representation (UR) as input and de-
termine the SR by simple successive computational
steps. However, the former build up and correct the
form from the UR while OT narrows down the set
of candidates. A given phenomenon may therefore
appear very different across frameworks.

The order of constraints usually matters. Almost
always the optimal candidate would be ruled out by
some of the constraints, i. e. most SRs violate some
tendency in the language. Consider two abstract
candidates and and two constraints 1 and 2. Sup-
pose 1 rules out but not and 2 rules out but not .
If 1 comes first, only is left for 2, which would rule
out , but since only is left, is optimal. If instead
constraint 2 came before 1, the reverse would be
true, and would be optimal.

The concept of OT becomes a grammatical for-
malism once we specify the initial set of candidates
(representations, Gen in the literature) and which
constraints are allowed (Eval). Various kinds of
representations and constraints have been consid-
ered in the literature. In this work, the UR is a
string of phonemes and the candidates are strings
of symbols together with a suitable relation of how
the symbols correspond to the UR (McCarthy and
Prince, 1993, cf.). This is useful, though most
phonology now uses other representations includ-
ing tiers and/or autosegments. The symbols may
represent fully specified phones or suprasegmental
marks (e. g. a dot for a syllable boundary).

Most constraints can be understood as penalis-
ing certain properties of a candidate. They either
just filter out all the candidates that have a certain
property (Boolean constraint), or they count the de-
gree or amount of the property and leave only the
candidates that have the minimal amount (count-
ing constraint). Most kinds of constraints have a
Boolean and a counting version.

2.2 Some constraint types
Many constraints assign violations for co-
occurrence of certain features. In particular, if
is any string of phones, such as [á] or [spl], the
substring constraint * assigns one violation for
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each occurrence of the substring in a candidate.
Such constraints penalise marked phones and
phone clusters (typically with of length 2).
Often they are also phrased with what I will call
phonological sets (Chomsky and Halle, 1968;
Archangeli and Pulleyblank, 2022) such as S, P,
and L standing for any sibilant, plosive, and liquid
respectively. The constraint *SPL penalises any
sequence of such sounds in that order, and *PP
penalises two consecutive plosives. With very
broad sets, say denoting the set of all sequences of
phones (not standard notation), we can formulate
self-conjunction constraints (Idsardi, 2006) like *d
d. This constraint penalises candidates that contain
multiple occurrences of [d].

Constraints on the relation between UR and SR
are called faithfulness constraints. Typical of this
are identity constraints, which are violated when-
ever an underlying feature is not realised with the
same value. For instance, the violation count of
Ident(voice) is the number of mismatches between
the underlying and surface voicing of consonants.
Another type of faithfulness constraints are parsing
constraints, of which there are two kinds: Max()
for a phoneme and Dep() for a symbol . The former
assigns one violation for each elision of and the
latter one violation for each epenthesis of .

3 Previous work

There has been substantial interest in the universal
generation problem, but the only formalisation of
OT that is known to be computationally tractable
is that presented in Bruce Tesar’s thesis and its ex-
tension, see 3.2 below.

3.1 Finite-state OT and Ellison’s Algorithm

Ellison (1994) gave the first formalisation of OT.
The representations and constraints are conceptu-
ally as in section 2.1. The counting function is de-
fined by a non-deterministic finite-state transducer
(NFT) reading the UR and the candidate string and
writing some number of a symbol called the vio-
lation mark. This output codes the number of vio-
lations in unary; only the smallest possible output
counts. The resulting line of work is finite-state
OT, and the definitive text on this remains Riggle
(2004).

Ellison (1994) observed that one can construct
what I will call a ‘combined evaluator’, a transducer
outputting multiple numbers that evaluates multiple
constraints at once. This is done by adapting the

product automaton construction (Rabin and Scott,
1959) to transducers: If the NFTs 1, , compute
the partial functions 1, , from words to numbers
counting the violations of some constraints, then the
product NFT computes the partial function from
words to sequences of numbers defined by () =
( ()) (on the intersection of the domains). It does
so by writing on several output tapes, one for each
constraint. Every edge is labelled by the number of
violations of each individual constraint incurred by
it. The output is an ordered list of natural numbers,
the harmony vector, in which the -th entry is the
violation count for the -th constraint. All should
only have one accepting state, and all their states
need to have a loop labelled with the empty string .

The combined evaluator gives a very concrete
computational view of optimality. To determine
which of two candidates is optimal, we compare
their harmony vectors entry by entry in the order of
the constraint ranking. If both have the same num-
ber of violations for one constraint, they are either
both eliminated by the constraint, or both pass the
constraint. So the decisive constraint is the first con-
straint where the counts differ. The candidate with
more violations for that constraint is worse, and
the later constraints do not matter. In mathemati-
cal terminology, we compare the harmony vectors
lexicographically. Thus the function defined by the
constraint ranking is equivalently defined by find-
ing the string for which the combined evaluator has
the smallest output (in lexicographic ordering).

This view has two theoretical uses: First, it shows
that the functions defined by this formalism are not
arbitrary, but fairly restricted. Using this, Frank
and Satta (1998) show that if the constraints are
Boolean, the function defined is rational. Second, it
gives a mechanism for computing the function from
the constraint ranking (Ellison, 1994): An optimal
candidate can be found by using Dijkstra’s Algo-
rithm (Dijkstra, 1959; Baras and Theodorakopou-
los, 2010, p. 22) on the combined evaluator. One
can construct an automaton recognising all optimal
candidates by the well-known method that finds all
shortest paths from a source in a directed graph,
which is to remove all edges whose endpoint is
closer to the source than their startpoint. Combined
with the product construction above, these steps
form Ellison’s Algorithm for the universal gener-
ation problem in finite-state OT. This is the basis
for many following algorithms including the one
presented in this paper.

Ellison’s Algorithm is not efficient in general be-
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cause the combined evaluator may be large. Even a
binary substring constraint is encoded with 3 states,
so for of these constraints the product construction
produces a transducer of size 3. A basic but useful
heuristic remedy is to simplify the automaton ob-
tained in each step without changing the function
it defines. The optimisations of Riggle (2004) of
this idea tend to lead to reasonably small evaluation
automata for which the optimal candidate can be
determined very quickly.

Riggle (2004) argues that in practice the size of
the automata is unlikely to grow very large as it
‘‘cannot exceed the number of unique phonological
environments to which the grammar is sensitive’’
(p. 212, see also section 5.2 there). This is plausi-
ble, though not a formal result. The argument is
echoed byKornai (2006) andKornai (2009), observ-
ing that the instances of computationally difficult
problems in phonology are very small. However,
the argument also acknowledges that there has to
be a reason (what Kornai calls a ‘guard’) why the
problems encountered in phonology stay below the
theoretically possible complexity. The existence of
efficient algorithms would affirm this suspicion and
provide such a guard.

Eisner (2000) shows that the universal generation
problem in Boolean finite-state OTwhere candidate
length is polynomially bounded is intractable. The
argument was simplified by Idsardi (2006) and var-
ied to consider the case where candidate length is
unrestricted by Hao (2024). The latter work also
formally identifies the exponential size of the prod-
uct automaton as the ‘reason’ for the computational
complexity. For an algorithm to possibly have a
theoretical guarantee of efficiency, the formalism
needs to be restricted to very simple constraints.

3.2 Other algorithms
Tesar (1995) describes an algorithm for the uni-
versal generation problem that builds the optimal
candidate incrementally while reading the UR (loc.
cit. p. 16). It is explained how to implement this
with an example, and it is shown that this extends
to ‘local constraints which ban overparsing cycles’.
Tesar (1996) extends the algorithm to certain tree
representations. I suspect that the very technical
nature of the material has obscured its implications.

A different implementation of finite-state OT in
foma is given by Gerdemann and Hulden (2012),
which is likewise practically useful. Karttunen
(1998) implements a finite-state OT similar to that
of Tesar (1995) in theXerox calculus. Both consider

a handful of concrete constraints for illustrative pur-
poses. Biró (2006) explores a heuristic technique.

3.3 Other formalisms

Two other notable formalisms are primitive OT (Eis-
ner, 1997a) and OT with local tree predicates (Potts
and Pullum, 2002). The former uses autosegmental
representations and simple constraints for relating
different tiers. In the latter, representations are trees
and constraints are formulas in a modal logic. Both
of these frameworks are illustrated in the respective
work to be capable of encompassing large parts of
the OT literature. Eisner (1997b) shows how over
120 constraints from the literature can be easily
implemented in primitive OT.

Eisner (1997a) observes that with tiers, instances
of the Hamilton Path Problem with nodes can be
encoded in primitive OT. So even few tiers and sim-
ple constraint rankings can result in problems that
take a long time to solve. Computation does not
play a role for the argument in Potts and Pullum
(2002). The logic proposed is trivially computa-
tionally intractable, as the case of structures with
just one element and a large set of predicates is the
Satisfiability Problem. Limiting the formulas to a
type for which the satisfiability problem is tractable,
such as Horn formulas (Dowling and Gallier, 1984),
might yield a more tractable formalism.

Emergent Phonology (Archangeli and Pulley-
blank, 2022) is a theory of learning with some com-
putational implications. The fundamental unit of
grammar are not segments, but morphologically
motivated chunks of phones stored by all possible
ways they can be realised. This greatly simplifies
computation in practice. However, the computa-
tion still needs to consider hundreds or thousands
of candidates for any utterance. More importantly,
this approach shifts computational complexity to
the acquisition of the lexicon. While this is sensible,
as learning only has to be performed once, it also
shifts the need for computational explanation to the
learning phase. Insofar as phonological phenomena
apply throughout the language, if a speaker is pre-
sented with a new lexical item, they need to infer
the corresponding chunks by analogy with other
items. To do this, they need to precompute exactly
the steps which would need to be performed in other
versions of OT.

Lamont (2025) formalises a mechanism called
lexical insertion in OT, and shows that the universal
generation problem becomes impossible.
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Figure 1: Transducer for *aiag. The states are la-
belled by the length of the corresponding prefix.
The dashed edges assigns a violation.

4 Proposed formalism and algorithm

4.1 The minimal OT fragment

I propose a fragment of finite-state OT with limited
representations and constraints. Fix an alphabet ,
consisting of all phonological ‘units’ relevant in
some languages to be described (including phones,
phonemes, and prosodic marks), though I make no
mathematical restriction on it. Any string over this
alphabet is admissable as a UR. The candidates for
a UR are all strings over the alphabet together with
any non-crossing relation to the UR that relates at
most one segment to each segment. The relation in-
dicates which underlying units are changed, deleted,
or inserted on the surface, and will be encoded
somewhat abstractly (see below). Only three kinds
of constraints are admitted: substring constraints
without phonological sets, ‘segmental correspon-
dence constraints’, and parsing constraints against
deletion and epenthesis. These constraints I will re-
fer to as strictly local constraints because they only
depend on small regions of the surface. An appro-
priate formalisation of OT will almost certainly be
able to describe anything described by interactions
of strictly local constraints. In this sense, the pro-
posed formalism is the ‘minimal fragment’ of OT
(mOT). This section shows that the universal gen-
eration problem in mOT can be solved by a simple
practical algorithm.

mOT is a fragment of finite-state OT in that all
the constraints can be encoded as finite-state trans-
ducers. The constraint * against the substring of
length can be encoded by storing the last charac-
ters of the input (requiring | | states), and assigning
violations along all edges which go to the state cor-
responding to . Much fewer states can suffice (see
fig. 1 and below).

By segmental correspondence constraints I mean
a generalisation of identity constraints in which the

UR is a specific phoneme: The constraint Keep(,
) for some and assigns a violation for every
underlying that surfaces as some . Note that
Keep(, ) is a formalisation of a *Map-constraint
as in Zuraw (2007). These and parsing constraints
can be encoded as NFTs with only a single state
which read in the UR and the candidate, as is done
in Riggle (2004). This has the advantage that the
product construction does not increase the size of
the automata.

I will use different encodings of the constraints
to be described below that are more concise and
help with interaction. The automata will be non-
deterministic to allow for parsing a candidate like
[ta] on UR /tr/ either as epenthesis of [a] and dele-
tion of /r/ or as a change from /r/ to [a]. Thus,
formally, the candidates will be all paths in the
automaton to be described. Note that I make no
restriction that representations or constraints be nat-
ural in the phonological sense, so constraints like
*ma or Keep(a, {k}) are allowed.

The algorithm for universal generation in mOT
adds a precomputation step to Ellison’s Algorithm.
Ellison’s Algorithm only fails to be efficient be-
cause the automaton used to evaluate the constraints
may be very large, while the later processing is ap-
plicable to any transducer that yields outputs in
some totally ordered set. In mOT, inefficiency is
avoided by producing an NFT with few edges and
states which evaluates any set of mOT constraints
at once (computing the harmony vector). Note that
this NFT is independent of the ranking of the con-
straints. The ranking only matters for comparing
harmony vectors in order to determe the optimal
candidates from the NFT.

4.2 Efficient evaluation
For computational purposes, I view faithfulness
constraints as an NFT that only reads one input but
depends on the UR. This is inefficient for only a sin-
gle faithfulness constraint, but it makes evaluating
multiple constraints simpler.

Suppose some faithfulness constraints and the
UR are given. The combined evaluator (see fig. 2
for an example) will have one state for each prefix
of , with the empty prefix initial and the full prefix
accepting. Intuitively, a state corresponds to how
much of has been compared to the input candidate.
There are three kinds of edges: (i) for every state
and every unit a loop on the state labelled (ii)
for every state and every unit an edge to the state
that corresponds to the prefix that is one longer, la-
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Figure 2: Sketch of evaluator for a set of faithfulness
constraints on UR /prep/. Every path is a candidate,
but each edge may incur violations of some con-
straints, i. e. write violation marks to some output
tapes: no violation at top arrows, Max-violation at
bottom arrows, Dep-violation at loops. The dashed
arrows represent changes to segments, violations
of other faithfulness constraints like Keep(p, {p, b,
f}) or Keep(e, {e, @}).

belled (iii) for every state an edge to the state that
corresponds to the prefix that is one longer labelled
with the empty word (denoted ). Each type of edge
corresponds to some type of constraint violation. A
constraint only has to be considered computation-
ally if it occurs in the constraint ranking.

A type (i) edges means reading an in the candi-
date without reading a corresponding in the UR.
Such a situation is an epenthesis/overparse. The
edge assigns one violation of Dep() (recall this
means printing one violation mark to the appro-
priate output tape). Type (ii) edges are the most
important. An edge from the prefix to the prefix
( ) that is labelled by some means reading an in
the candidate while reading a corresponding in the
UR. So this edge assigns one violation of Keep(, )
if (for any ). A type (iii) edge means mov-
ing one segment further in the UR, say reading ,
without having any corresponding segment in the
candidate. Thus this edge assigns one violation of
Max() (deletion/underparse).

Now I describe how to evaluate multiple sub-
string constraints at once. Suppose we have sub-
string constraints *1, …, *. If all have length at
most 2, it suffices to keep track of the last read
character (e. g. if the last character was [n] and we
transition reading [t], that is a violation of *nt). If
they are longer, there is also a small automaton. As
a preparation, consider the problem: Can we find
a small automaton that accepts exactly the words
that satisfy all of these constraints? For this it is
useful to consider the complement language, which
consists of the words that contain at least one of the
as a substring. A small automaton for this problem
was found by Aho and Corasick (1975); this is also
known as a prefix tree. This automaton keeps track

of the longest suffix of the input that is a prefix of at
least one (cf. fig. 1). Thus its set of states is the set
of all prefixes of the , and the empty prefix is the
initial state. In particular, it has at most 1+ |1 | + + | |
states. If one of the occurs as a substring in the
input string, then once the automaton has read the
input to the end of that occurrence, the state of the
automaton will have as a prefix – the last edge
taken is a violation of *. Accordingly, to obtain an
NFT counting violations of the constraints from the
prefix tree, we make all the edges for which this
occurs assign a violation of *. This happens to be
a deterministic transducer.

Now we have constructed a small combined faith-
fulness evaluator and a small combined substring
evaluator, two NFTs. To obtain a small NFT that
evaluates all the constraints, we use the product
construction of Ellison (1994). Recall that the re-
sult will be an NFT which outputs to various tapes
in unary. Note again that these tapes do not have
an inherent ordering. We only need to assign and
consider the ordering in the last steps. Thus this
concludes the description of the algorithm.

4.3 Summary of the procedure
Given a ranking of mOT constraints and a UR ,
we compute an automaton recognising the optimal
candidates. This is achieved by Ellison’s Algorithm
with preprocessing of constraints, as follows:

1. Identify all the substring constraints and use
the Aho–Corasick construction to form an
NFT that evaluates them at once. (This is in-
dependent of .)

2. Use the method described above to form an
NFT that evaluates all the faithfulness con-
straints with UR at once.

3. Use the product construction on the transduc-
ers from (1) and (2).

4. Use Dijkstra’s Algorithm to determine the har-
mony vector of each state in the NFT from (3)
based on the ranking.

5. Prune all non-optimal edges of the NFT.

Let be the number of constraints, the number of
vertices in the combined evaluator, and = ( | | + 1)
the number of edges. The runtime of the first three
steps is (). The runtime of Dijkstra’s Algorithm
depends on the implementation. Two basic imple-
mentations have runtimes ( + 2) and ( log + log )
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respectively. Note that is at most | | + 1 times the
sum of lengths of the penalised substrings.

Given this structure, one could extend the al-
gorithm to a small number of further constraint
types, as long as for each of them individually mul-
tiple constraints can be evaluated efficiently at once.
For example, a regular position structure grammar
(Tesar, 1995) can be enforced by adding a singular
arbitrary Boolean constraint to the ranking.

The combined faithfulness transducer is acyclic.
Hence when running Dijkstra’s Algorithm on the
product transducer, fewer states need to be consid-
ered in each step, improving the runtime.

With these modifications, the procedure is iden-
tical to that of Tesar (1995), apart from our use of
substring constraints with more than two segments.

5 The expressive power of mOT

Many standard OT analyses can be carried out in
mOT, especially if some mild extensions are admit-
ted (see below). However, there are restrictions to
this because the representations and constraints are
limited. Even phenomena that can be described
using some standard OT-based formalisms may
be not straightforward in mOT. Specifically, mOT
lacks two things: It does not allow for phonological
sets in the constraints, and its representations do
not directly encode prosodic structure. There are
workarounds, but how well the second aspect in
particular can be addressed may be a subtle ques-
tion. Being within the framework of finite-state OT,
mOT also has some general descriptive limitations.
It is difficult to account for cyclic (Moreton, 1999)
or opaque phenomena (Buccola, 2012).

mOT also overgenerates. It is generally held
that phenomena in natural language phonology can
be defined by deterministic finite-state transducers.
(Johnson, 1970; Chandlee, 2014). In contrast, La-
mont (2021) analyses a hypothetical majority rule
pattern in OT. The analysis can be carried out in
mOT (more directly using conflation, see section
5.1). The kind of phenomenon is unobserved in
natural phonologies, and Lamont observes that it
cannot even be generated by pushdown transducers.

5.1 Simple extensions of mOT

With some care, mOT constraints can be gener-
alised without impairing the efficiency.

There may be interest in positional faithfulness
constraints (Beckman, 1998). To describe a typo-
logical difference between Yiddish and English,

Wetzels and Mascaró (2001) define the constraint
IdOns(voice), which assigns violations if the voice-
feature changes, but only if a tautosyllabic sonorant
follows. Concretely, this is violated if /zl/ does not
surface as [zl]. This behaviour can be achieved in
the combined faithfulness evaluator by assigning a
violation for this constraint on all edges that change
/z/ but only if preceeding /l/. Such constraints can
also be used address some cases of opacity (Kager,
1999, pp. 378 ff.).

mOT can also accomodate some common phono-
logical sets, such as in *[+voice]. This constraint
behaves differently from the cascade *b ¿ *d ¿
*g, which favours [g] over [b]. It is a conflation
(de Lacy, 2006, p. 10) of the constraints *b, *d,
and *g, in that it is violated if one of these con-
straints is violated. We can integrate conflation into
the combined substring evaluator by having the re-
spective edges write not only to their own tapes but
also to a separate tape corresponding to *[+voice].
Faithfulness constraints can likewise be conflated,
e. g. the conflation of Keep(s, {s, z}) and Keep(z,
{s, z}) is violated if an underlying alveolar sibilant
does not surface as an alveolar sibilant.

Conflation of multiple constraints involv-
ing phonological sets is also possible, like
*[+lab]/[+voice], which would be violated by [b],
[p], [m], [d], [g]. Presumably [b] would be ‘worse’
than the others (incurring two violations, so [pak]
would win over [bak]). This can be incorporated
by having the respective edge write two violations
of the constraint.

In all cases, including constraints as described
adds no further complexity to the computation be-
sides increasing the number of constraints by 1.

5.2 Prosodic phenomena
Because mOT only uses string representations, care
is necessary to represent prosody. The three repre-
sentational approaches described in Strother-Garcia
(2019) can be implemented to an extent: Prosodic
boundaries can be encoded by a period or brackets
in , the nucleus can be marked similarly (Karttunen,
1998, cf.). In a (C)V(C) language, constraints on
the coda and onset are then possible because the
shape of the onset and coda is known (they are the
sounds that follow and precede the syllable bound-
ary symbol, respectively). However, it is not obvi-
ous whether mOT with such encodings of prosody
can reproduce analyses which refer to prosodic
nodes in more sophisticated ways.

As a positive example, the analysis of the
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Hixkaryana stress pattern (Kager, 1999, pp. 150ff.)
is in mOT. The alphabet is {., L, H, L, [, ]}, where
the brackets mark beginning and end of a word.
There are some constraints (which I abbreviate Shp)
that are never violated, including Dep(L, H, L),
Max, Keep(H, {H}), Iamb (*.LL, *.HL, *.L., *HH,
*.LHL), and NonFinal (*H]). The constraints *.H
and Keep(L) Keep(L, {L, H}) are called Uneve-
nIamb and Parse-Syl in Kager (1999).

[ HLLLL ] Shp *.H Keep(L)

a. [.H.LL.LL] !
b. [.HLLLL] !
c. + [.H.LHLL]
d. [.H.LH.HL] !

5.3 Tree representations
We can also extend the formalism to allow for
context-free position structure grammars and con-
straints as in Tesar (1996). Thus tree-like prosodic
structures can be represented more directly. In step
4 of the algorithm, we then determine an optimal
path subject to the constraint that the word is ac-
cepted by the grammar. This can be done by dy-
namic programming following Barrett et al. (2000,
sec. 5.3). After pruning the non-optimal edges, the
optimal candidates are those that are accepted by
the output automaton and the grammar. Alterna-
tively, this can be viewed as replacing the finite-state
automata by stack automata.

6 Discussion

Previous work on universal generation in OT has
found that in practice, finite-state OT is often com-
putationally simple. Theoretically, it is known that
even Boolean finite-state OT is computationally in-
tractable in general. Some algorithms are known,
but they are limited or poorly understood.

The minimal OT fragment (mOT) presented here
is an explicit OT formalism proven to be computa-
tionally tractable. In fact, the algorithm I present is
a concrete addition to standard finite-state technol-
ogy, so this improvement is not only a theoretical
point of asymptotic complexity. It also is the first
positive computational result on OT since Tesar’s
Algorithm (Tesar, 1995, 1996) and properly sub-
sumes it by incorporating the Aho–Corassick Al-
gorithm. The algorithm presented is near identical
to Tesar’s, though I hope this independent, more
conceptual approach will be more useful.

The algorithm for mOT extends Ellison’s Algo-
rithm (Ellison, 1994) by a precomputation step to
deal with specific constraint types. It divides com-
plexity between the transducers and the pre- and
postprocessing. Given a set of substring constraints
or a set of faithfulness constraints, there exists a
small NFT which evaluates all of them at once,
which can be constructed and then analysed effi-
ciently. Because the NFT is computationally sim-
ple, optimisers of the function defined by it, which
are the forms determined by the grammar, can be
computed efficiently. This indicates a first reason
why OT is ‘guarded’ against complexity and why
the automata of Riggle (2004) stay small, as analy-
ses carried out in mOT are always tractable.

The limitations of mOT stem from the simplic-
ity of representations. Further research may ex-
tend mOT to support full correspondence theory,
prosodic, autosegmental, and/or gradient represen-
tations. Some care will be necessary to ensure ex-
tensions stay tractable and ideally practical. How-
ever, the simplicity of the algorithm for mOT sug-
gests that some stronger frameworks may still be
tractable. Work such as Boersma and van Leussen
(2017) has already shown how to make versions of
OT which are more powerful than mOT more effi-
cient. Moreover, there is some leverage in designing
efficient algorithms for generation in formalisms:
Heinz et al. (2009) argue that efficient algorithms
for simpler problems than the universal generation
problem may be sufficient. Shifting more computa-
tional burden to the learning process, as suggested
by Emergent Phonology, may also be viable.

mOT is motivated by theoretical computational
considerations to exclude intractable problems. Its
aim is not to be more descriptively adequate, the-
oretically complete, or cognitively plausible than
other OT formalisms. Rather, the advantage of
mOT is its efficiency, which as a desideratum
constrains its structure significantly. Many stan-
dard segmental analyses from the literature can be
phrased in mOT with minor workarounds.

In conclusion, this work presents a starting point
for the broader project of identifying computation-
ally tractable and descriptively adequate versions
of OT, which will have numerous theoretical impli-
cations and applications.
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