Prompting Test-Time Scaling Is A Strong LLM Reasoning Data
Augmentation

Sondos Mahmoud Bsharat, Zhigiang Shen'
VILA Lab, MBZUAI
{Sondos.Bsharat, Zhigiang.Shen}@mbzuai.ac.ae

Abstract

Large language models (LLMs) exhibit strong
reasoning when guided by chain-of-thought
exemplars, yet collecting large, high-quality
reasoning datasets remains laborious and
resource-intensive. We introduce Prompting
Test-Time Scaling (P-TTS), a prompt-space
data augmentation framework for enhancing
LLM reasoning via fine-tuning. In P-TTS,
scaling refers to systematic expansion of the
prompt space during offline teacher-data gen-
eration, not to increased inference-time com-
pute for the deployed student. Rather than col-
lecting thousands of examples, P-TTS starts
from a small pool of 90 manually selected
reasoning instances and applies principled in-
struction templates and paraphrased prompt
variants to elicit diverse reasoning trajectories
from a teacher model, producing a compact
synthetic training set. We fine-tune Qwen-2.5
models of multiple sizes on the resulting data.
On reasoning benchmarks including AIME2S,
MATHS500, and GPQA-Diamond, P-TTS con-
sistently improves accuracy over competitive
small-data baselines such as S1 and S1.1 (1K-
shot), with the largest gains on AIME25 while
remaining strong on MATH500 and GPQA-
Diamond. P-TTS also improves generalization
on out-of-domain reasoning evaluations. Abla-
tions show that exemplar diversity and prompt-
space scaling are critical drivers of improve-
ment, suggesting that prompt scaling explores
the latent space of reasoning patterns, ampli-
fying LLM problem-solving with minimal an-
notation overhead. P-TTS offers a practical,
low-cost way to elicit strong LLM reasoning in
resource-constrained or rapidly evolving do-
mains. Our code and data are available at
https://github.com/VILA-Lab/PTTS.

1 Introduction

Large language models (LLMs) (Radford et al.,
2018; Achiam et al., 2023; Team et al., 2023;

fCorresponding author.

Anthropic Al, 2025) attain strong deductive and
quantitative reasoning once equipped with curated
chains of thought (CoT) (Wei et al., 2022) or tool-
augmented exemplars (Ma et al., 2024). How-
ever, constructing thousand-scale reasoning cor-
pora is costly: it requires prompt engineering,
human verification of multi-step solutions, and
continuous refresh to track dataset shifts in the
wild. Moreover, static large-shot prompts are brit-
tle, i.e., fixed exemplars can inadvertently bias the
model toward spurious solution templates or fail
under domain shift, limiting generalization despite
high in-domain scores. Prior work has largely
scaled pre-/post-training time data (pre-training,
instruction tuning, supervised CoT) or model size,
while inference-time strategies typically vary only
in decoding parameters (temperature, sampling)
or rerank multiple outputs from a single prompt.
The combinatorial space of which exemplars to
show, how to order them, and how to perturb them
remains mostly unexploited. We argue that the
prompt itself is a stochastic control knob whose
systematic scaling in prompt space during offline
teacher-data generation can simulate the effect of
larger reasoning datasets, without requiring direct
collection of additional human-annotated samples.

In this work, we propose Prompting Test-Time
Scaling (P-TTS) as an LLM post-training data
augmentation method. In P-TTS, scaling refers to
systematic expansion of the prompt space during
offline teacher-data generation. Given a compact
seed pool of 90 high-quality math reasoning ex-
emplars, we algorithmically expand the prompt
space during offline teacher-data generation by 1)
exemplar subsampling under diversity constraints
using various principled instructions (Bsharat et al.,
2023), 2) ordering perturbations that modulate in-
ductive biases (recency, primacy), and 3) pseudo-
sampling of paraphrased rationales and solution
skeletons via the model itself. Each seed exem-
plar question is paired with a prompt ensemble, a
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Figure 1: Comparison of 32B-scale models on MATHS500 (left) and GPQA-Diamond (right). Each point
represents a different model, with our P-TTS-32B (red star) showing competitive performance from a significantly
smaller dataset. The x-axis scale highlights the differences in training data sizes across models.

set of independently constructed prompt contexts,
whose answers are collected. This converts sys-
tematic prompt-space variation into a scalable data
augmentation pipeline.

Why can 90 beat 1K? The key insight of our
framework is that, conventionally, a fixed 1K-shot
sample or prompt provides only one (or a few)
points in the prompt-combinatorial space, whereas
our P-TTS explores a far larger manifold of rea-
soning cues. From a bias—variance perspective,
prompt ensembles for the same question reduce
variance in reasoning trajectories and increase cov-
erage of latent solution schemas. Information-
theoretically, diverse promptings expose the model
to a richer set of conditional priors over intermedi-
ate steps, effectively approximating a mixture-of-
experts CoT without extra training. Empirically,
we find that P-TTS surpasses the gap to 1K-shot
baselines across reasoning and zero-shot general-
ization on out-of-domain tasks, and substantially
improves robustness on naturally occurring, shifted
test distributions.

We verify the effectiveness of P-TTS along two
orthogonal dimensions: (1) semantic/knowledge
diversity in CoT responses, which measures how
P-TTS broadens the coverage of concepts and
knowledge; and (2) language trigram diversity,
which quantifies lexical and phrasing variation via
distinct n-gram ratios and entropy, computed on
both full responses and isolated reasoning traces.

The results show that reward framing yields the
largest gains in lexical diversity, indicating stronger
surface-level variation relative to the base examples.
More broadly, we observe complementary effects:
semantic/knowledge diversity helps avoid overfit-
ting to narrow reasoning templates and improves

transfer; trigram diversity reduces lexical/template
lock-in and strengthens robustness; ordering per-
turbations provide a modest reduction in position
bias; and model-driven self-augmentation intro-
duces novel yet still on-manifold rationales. Fi-
nally, scaling curves exhibit diminishing returns
beyond roughly six prompt augmentations per base
question, suggesting a practical deployment point.
Contributions of this work. (1) We introduce
Prompting Test-Time Scaling, a simple yet
effective prompt-space data augmentation frame-
work for LLM reasoning. (2) We demonstrate that
only 90 seed samples, when leveraged through our
P-TTS, can outperform 1K-shot static prompts, re-
ducing curation cost by an order of magnitude. (3)
We provide empirical evidence that prompt-space
exploration is an underutilized scaling dimension
for LLM reasoning. Collectively, P-TTS reframes
prompt design from a one-shot choice into a scal-
able augmentation process, unlocking robust rea-
soning without additional data collection or mas-
sive labeled datasets.

2 Related Work

LLM Reasoning. Frontier LLMs that expose
long-form rationales (e.g., GPT-ol1 (Jaech et al.,
2024), Gemini (Team et al., 2023), Claude 3.7 Son-
net (Anthropic Al, 2025), DeepSeek-R1 (Guo et al.,
2025)) have motivated RL or SFT pipelines that
explicitly incorporate intermediate reasoning. In
open-source settings (Muennighoff et al., 2025; Be-
spoke Labs, 2025; Guha et al., 2025), a teacher is
prompted to produce CoT explanations, yielding
(prompt, rationale, answer) triples to supervise a
student (e.g., BESPOKE-STRATOS (Labs, 2025),
OpenThinker (Guha et al., 2025)). While effective,
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these approaches typically rely on tens to hundreds
of thousands of exemplars. Our work targets a
complementary regime: we exploit instructional
wrapping to elicit diverse, high-utility rationales
from only 90 seeds, yielding data efficiency com-
petitive with 1K-scale baselines.

Inference-Time Scaling. Orthogonal to parame-
ter or dataset scaling (Brown et al., 2020; Kaplan
et al., 2020), inference-time strategies improve per-
formance without updating model weights. Prior
work scales decoding diversity (temperature, top-
k, nucleus sampling) (Holtzman et al., 2019; Fan
et al., 2018; Meister et al., 2023), aggregates mul-
tiple generations from a fixed prompt (few-shot
CoT (Wei et al., 2022), Self-Consistency (Wang
et al., 2022)), or increases the reasoning budget
(“think-more,” s1/s1.1) (Muennighoff et al., 2025).
We build on this line by treating the prompt itself
as a first-class scaling axis: P-TTS systematically
varies instructional framing to create an ensemble
of prompt contexts that can be aggregated at test
time or distilled into compact training sets.

Data Augmentation for Reasoning Tasks. A
complementary line synthesizes new samples or
rationales to expand training corpora. META-
MATH (Yu et al., 2023) bootstraps diverse math
problems via generate-and-verify loops, while
REASONINGMIX (Zheng et al., 2025) composes
traces by interleaving steps across tasks. Such
methods operate at the data level by creating
novel items or reasoning sequences. In contrast,
P-TTS operates at the prompt level: it preserves the
original problems but injects controlled diversity
through principle-guided wrappers (reward/penalty
framing, correctness emphasis, step-by-step cues),
which we show can be leveraged both at test time
(ensemble prompting) and at training time (SFT
over wrapper-elicited rationales).

Principled instructions and prompt engineering.
General-purpose prompting frameworks catalog in-
struction patterns that improve reliability and adher-
ence (Bsharat et al., 2023). Our approach instan-
tiates a small subset compatible with math-style
reasoning (reward, penalty, correctness, step-by-
step) and formalizes them as deterministic wrap
operators, yielding a semantically invariant aug-
mentation space with clear ablation handles (tem-
plate choice, placement, and paraphrase strength).

Low-Resource Supervision. Recent efforts
show that carefully curated, small datasets can

deliver strong reasoning performance. S1 (Muen-
nighoff et al., 2025) and LIMO (Ye et al., 2025)
claim training on ~1K high-quality, challenging
prompts as a competitive alternative to massive
corpora. Our results complement these findings:
with only 90 seeds, P-TTS converts principled
prompt-space variation into supervision that
matches or surpasses 1K-shot baselines, highlight-
ing prompt-level scaling as a practical lever for
low-resource regimes.

3 Methodology

3.1 Overview

We propose Prompting Test-Time Scaling
(P-TTS), a reasoning-centric data augmentation
framework that expands a compact seed set via in-
structional wrapping. Rather than modifying task
semantics, P-TTS applies a family of fixed textual
wrappers (“principles”) (Bsharat et al., 2023) to
each seed example, producing prompt variants that
preserve the original problem while modulating
the instructional framing. Concretely, a principle
p is realized by a template 7, that deterministi-
cally wraps the raw question ¢q. The union of the
original prompts and their principle-conditioned
variants forms a P-TTS augmented corpus. Unlike
large-scale supervision or domain-specific curation,
P-TTS relies on principle-guided prompt reformu-
lation to elicit high-quality reasoning traces from a
teacher model, which are then used for supervised
fine-tuning (SFT) of a student (Appx. Fig. 4). In
Sec. 4.3 we show that individual principles already
yield measurable gains over the null prompt, and
that training on the full P-TTS corpus (from only
90 seeds) can match or exceed models fine-tuned
on substantially more data (Table 1).

We adopt a seed-based construction paradigm
(Zhu et al., 2025): a small, vetted set of problems
serves as the substrate for systematic instructional
variation. Our seeds comprise N =90 AIME prob-
lems (2022-2024), selected for (i) reasoning den-
sity across algebra, combinatorics, number theory,
geometry, and probability; (ii) format and label re-
liability (professionally authored items with defini-
tive three-digit answers); and (iii) contamination
mitigation: restricting to recent editions reduces
overlap with widely scraped, earlier AIME corpora
(Huang et al., 2025; Achiam et al., 2023). This com-
pact, high-quality set enables controlled scaling via
instructional wrappers without compromising se-
mantic fidelity.
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3.2 Selection of Instructional Principles

We instantiate four core principles:
Peore = {Reward, Penalty, Correctness,
StepByStep}, (1)

chosen for their direct applicability to math reason-
ing and prior evidence of consistent gains across
model families (Bsharat et al., 2023). Each princi-
ple p is bound to a fixed template 7, and applied
as a wrap operator without modifying ¢’s tokens:
qi(p ) = Tp || gi- This guarantees semantic invariance:
removing the principled template 7;, deterministi-
cally recovers question g;. Table 9 in Appendix A

summarizes the templates and induced operators.

3.3 P-TTS Dataset Construction

Our primary dataset is drawn from the AIME
benchmarks (2022-2024) (Art of Problem Solving
(AoPS)) and consists of N = 90 unique problems
with gold answers, Ogeed = {(qi,a;}1Y.,, where
q; is the original seed question without any addi-
tional prompting, and a; € {0,1,...,999} is the
integer-style ground-truth for the associated ques-
tion. Ogeeq s the seed question-answer pairs.

Original question (null prompt, p = &). We
first query a teacher model 1" (DeepSeek-R1 (Guo
et al., 2025)) on the unmodified question qi(@ ) = .
(@)

The teacher returns a reasoning trace r; ~ and a
@) . 1a
full response y, ’, yielding
N
Dseed = {(qgg)a ygg)a ng)a az)} 1- (2)
1=

Selected/Core principle transformations. For
each principle p € Pcore, implemented as a de-
terministic operator fy(-), we wrap the original

question with a fixed instructional template 7,

while leaving the tokens of ¢; unmodified: ql(p )

fp(@i) = 7p||g;- This preserves mathematical con-

tent, since removing 7, recovers the original ques-

Querying 7' with each q(p )

7

tion g;.

( Tz(p) , yfp)

Deore = {(qu)’ Tfp), yz(p)

produces
), and we collect

va’i)}A .
1=1,...,N; p€Pcore

Reward framing variants for reward principle.
Our single-principle ablation (Sec. 4.3) shows that
Reward Framing yields the largest gain. To test
whether this effect depends on exact wording, we
create six paraphrased Reward prompts that vary

in incentive magnitude, placement, and phrasing
Stl'el’lgth.1 VReward = {Rl, Ry, R3, R4, R5, Rg}.
Applying each Reward variant to all /V problems
and querying T gives :

DReward = {(QZ(Rj)vrz(Rj)ayz(Rj)aa:)}i]\il' (4)

where R; € VRreward indexes the Reward variants,
(jZ(Rj ) is the problem ¢; wrapped with Reward vari-
ant I?;. Appendix A (Table 10) lists the Reward

Framing paraphrases in full.

Prompt order impact. We also study how the
ordering of prompts affects LLM responses and,
in turn, their reasoning ability. Specifically, we
experiment with placing the additional prompt ei-
ther before (R1) or after (R4) the original question.
In general, positioning prompts at the beginning
leads the model to focus more on the prompt’s in-
structions and therefore achieves better accuracy, as
shown in Appendix I (Table 14). Intriguingly, we
further notice that when the question is relatively
short, the accuracy difference is actually small.

Dataset configurations and scale. We construct
four dataset families from the same N = 90 seeds;
full pseudocode for P-TTS data construction is pro-
vided in Appendix B.

(i) Single-P-TTS (per principle). For each p €
Peore We build a separate dataset pan)gle _

{(qu),rgp),yfp),af) N |, yielding four dis-

joint Single-P-TTS sets of size N = 90 each.
When we report “Single”, we train one model
per p and report per-principle results or their
mean (Sec. 4.3).

(ii) Core-P-TTS (union of singles). The core
set is the disjoint union over all four princi-
singll .
ples: Deore = | |pep,,.. Dz;n)g ¢, with | Deore| =
4N = 360.

(iii) Seed combined with the core P-TTS. We
add the null-prompt seed set Dgeeq to obtain

Dseed+core - Dseed Uchorc:, with |Dseed+core| -
5N = 450.

(iv) Full P-TTS. Let Vgewarda denote K reward
paraphrases applied to all seeds, yielding

' Appendix I reports model accuracy across five Reward
Framing variants (R1-R5) that differ in reward amount (e.g.,
$20 vs. $200,000) and location (e.g., beginning vs. end of
prompt). Results are presented for ol-mini, Gemini, and
DeepSeek.
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Dreward; One variant is already included in
Deore> S0 the additional Reward portion has
size (K — 1)N. The full corpus Dgyy p-r1s =
Dseed U Deore U DRreward therefore has size
(1+4+ (K —1))N. In our experiments
KZG, SO |Dfu11 P—TTS’ = 10N = 900.

We parameterize the corpus size by the augmenta-
tion multiplier m := |D|/N, where D is the train-
ing corpus. In our study |D| € {90, 360, 450,900}
with N=90, so m € {1,4,5,10}, corresponding
to Single, Core, Seed+Core, and Full, respectively,
enabling controlled comparisons as a function of
prompt diversity (Fig. 2).

3.4 Fine-Tuning with P-TTS Dataset
Augmentations

We evaluate whether principle-guided wrapping im-
proves supervised reasoning under constrained data.
We fine-tune Qwen2.5-Instruct (7B/14B/32B)
(Yang et al., 2025) separately on each configura-
tion from Sec. 3.3, following an SFT recipe adapted
from s1 (Muennighoff et al., 2025). The student
is trained to predict full assistant outputs (reason-
ing trace and final answer) with token-level cross-
entropy computed only on assistant tokens. Each
dataset configuration (Original, Single, Core, Mix,
and Full P-TTS) is used to train a separate model,
enabling us to isolate the contribution of each
prompting strategy and the effect of data scaling,
i.e., isolating the impact of instructional diversity
and corpus scale (m € {1,4,5,10}) while keep-
ing optimization and decoding fixed across runs.
Our dataset scale (90 — 900 examples) is inten-
tionally small, allowing us to directly measure how
principle-guided prompt reformulations affect su-
pervised reasoning performance relative to models
trained on much larger datasets. See Appendix N,
O, and P for qualitative examples.

4 Experiments

4.1 Experimental Setup

Datasets. We evaluate P-TTS on public rea-
soning benchmarks covering math and science:
AIME2S (AIME, 2025), MATHS500 (Hendrycks
et al., 2021), and GPQA-Diamond (GPQA-
D) (Rein et al.,, 2024). We additionally as-
sess cross-domain and multilingual generaliza-
tion on a broader suite (Table 4), including
Gaokao, Kaoyan, OlympiadBench (He et al.,
2024), AMC23, GradeSchoolMath, and Min-

erva. To further assess transfer beyond mathe-
matics and science benchmarks to a qualitatively
different reasoning domain, we additionally evalu-
ate on LegalBench (Guha et al., 2023) using three
tasks spanning evidence reasoning (hearsay), civil
procedure (personal jurisdiction), and contract
interpretation (jerew blocker). We evaluate using
Im-evaluation-harness (Gao et al., 2021; Bider-
man et al., 2024); benchmark details are provided
in Appendix G.

Baselines. We benchmark P-TTS against three cat-
egories of reasoning models. (i) Closed-source
(API-only) models: OpenAl’s ol series (OpenAl,
2024, 2025) and Google’s experimental Gemini
2.0 Flash Thinking variant (Cloud, 2024). (ii)
Open-weight models: DeepSeek-R1 series (Guo
et al., 2025) and Qwen’s QwQ-32B-preview (Qwen
Team, 2024; Yang et al., 2025) . (iii) Open-weight
SFT models on Qwen2.5-Instruct with public data
on openly available reasoning corpora: includ-
ing Bespoke-Stratos-32B (Bespoke Labs, 2025),
OpenThinker-32B (Team, 2025b; Guha et al.,
2025), Sky-T1-32B-Preview (Team, 2025a), and
the S1/ S1.1 w/o BF (Muennighoff et al., 2025)
checkpoints.

Diversity Metrics. We compute two comple-
mentary metrics—semantic and surface-level—to
quantify how each single-principle variant in Deore
adds information beyond the seed set Dgeeq. Se-
mantic diversity (Diversity Gain). Follow-
ing (Yu et al., 2023; Bilmes, 2022), we compute
diversity gain to measure knowledge-level nov-
elty via embedding distances, using OpenAl’s
text-embedding-ada-002 as the feature extrac-
tor; higher values indicate greater semantic di-
vergence from the seed data. Surface-level di-
versity (trigram diversity). Following (Li et al.,
2022), we compute trigram diversity as the ratio of
non-overlapping trigrams between two texts, aver-
aged between each principle-augmented instance
in Dgore and its corresponding baseline instance
in Dgeeq. Full metric definitions are provided in
Appendix F.

4.2 Teacher Model for Data Construction

To construct a compact yet high-quality math-
ematical reasoning corpus, we compared three
candidate teachers that expose chain-of-thought
rationales via their public APIs: Claude, Ope-
nAl O4-mini-high, and DeepSeek-R1. For each
teacher, we collected a small set of 90 an-
swer—reasoning pairs—reflecting our goal of iden-
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Model

# Train Size AIME25 MATH500 GPQA-Diamond Avg

closed-source models

ol-preview (OpenAl, 2025) - - 85.50 78.30 -
ol-mini (OpenAl, 2025) - - 90.00 60.00 -
Gemini 2.0 Flash Think - - - — _
open-source models
Qwen2.5-32B-Instruct (Yang et al., 2024) - - 84.00 49.00 -
QwQ-32B (Team, 2025c¢) - - 90.60 54.50 -
DeepSeek-R1 (Guo et al., 2025) >800K - 97.30 71.50 -
DeepSeek-R1-Distill-Qwen-32B (Guo et al., 2025) 800K - 94.30 62.10 -
Open-weight & open-data SFT on Qwen2.5-Instruct
OpenThinker-32B (Team, 2025b) 114K 53.33 90.60 61.60 68.50
Bespoke-32B (Bespoke Labs, 2025) 17K - 93.00 58.10 -
Sky-T1-32B-Preview (Team, 2025a) 17K - 82.40 56.80 -
S1-32B (Muennighoff et al., 2025) 1K 26.70 92.60 56.60 58.63
S1.1-32B (Muennighoff et al., 2025) 1K 50.00 94.40 60.60 68.33
P-TTS-32B (Ours) 90 — 900 53.33 94.20 60.61 69.38

Table 1: Accuracy comparison of 32B-scale models on AIME25, MATH500, and GPQA-Diamond. Models are
grouped into closed-source APIs, open-source baselines, and open-weight fine-tuned variants of Qwen2.5-Instruct.
Our method, P-TTS-32B, leverages only 90 seed examples augmented to generate up to 900 training examples.
Notes: Results for Gemini and Qwen are taken from (Muennighoff et al., 2025) (we follow their evaluation settings).

tifying the smallest effective training corpus—and
fine-tuned Qwen2.5-7B-Instruct on the resulting
data. As detailed in Appendix H, DeepSeek-R1-
based supervision yields the highest downstream
accuracy across AIME25, MATH, and GPQA-
Diamond, so we adopt DeepSeek-R1 as the teacher
for all subsequent experiments.

4.3 Ablation Studies

4.3.1 Single-P-TTS: Measuring the Impact of
Each Principle

Single-P-TTS. To assess each  princi-
ple independently, we fine-tune separate
Qwen2.5-7B-Instruct models on Single-P-TTS
subsets (90 examples each), where only one core
principle p € Peore is applied. We compare against
P-TTSseeq, trained on the same seeds without
instructional framing. As shown in Table 5,
P-TTSgeuward yields the strongest overall improve-
ment, increasing average accuracy from 31.55% to
37.12% (+5.57 percentage points) and improving
across all benchmarks. P-TTScorrectness and
P-TTSthink also improve the average. P-TTSpenalty
boosts MATH500 and GPQA-D but reduces
AIME?25, resulting in a slightly lower average
than the baseline. These findings highlight
that even minimal augmentations, i.e., just 90
principle-guided examples, can yield measurable
improvements; among the four principles, Reward

is the most effective when applied in isolation.

Pairwise-P-TTS. To further evaluate the useful-
ness of each principle and whether they can be
effectively combined, we study pairwise mixtures
anchored on the strongest single-principle variant.
Specifically, since P-TTSgeward performs best in the
single-principle ablation, we fix Reward and add
one additional principle (180-example datasets).
Table 5 shows that all pairwise combinations im-
prove average accuracy over Reward alone, with
P-TTSRewardUCorrectness achieving the best overall
result (44.26% average accuracy) and improving
all three benchmarks. In contrast, RewardUThink
yields the smallest gain (39.32% average accu-
racy), improving only MATHS500 while leaving
AIME25 unchanged and slightly reducing GPQA-
D.

Core-P-TTS. To assess the relative importance
of each principle in combination, we perform a
leave-one-out ablation over the full Core P-TTS
dataset D.ore (360 examples). We fine-tune
Qwen2.5-7B-Instruct on the full core set and
then re-train after removing one principle at a time
(270 examples). As shown in Appendix K (Ta-
ble 15), removing Reward yields the largest drop in
average accuracy (45.42% — 41.65%), while ex-
cluding Correctness or Penalty leads to smaller
degradations. Removing Think slightly increases
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Effect of Scaling Principle-Based Augmentation on Model Accuracy
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Figure 2: Accuracy improvement with increased
principled augmentation on 7B model. We evalu-
ate how model accuracy scales with the number of
augmented training examples. Here, x1 refers to
P-TTSgeward (90 examples), x4 to P-TTScere (360 ex-
amples), x5 to P-TTScore+orig (450 examples), and x 10
to P-TTSgu11 (900 examples). It is observed that accu-
racy improves consistently across all evaluation sets
with larger, principle-guided augmentations.

the average despite improving AIME?25, suggest-
ing that its benefit is not consistent across bench-
marks in the core mixture. Fig. 3 further supports
this trend, showing that adding principles generally
improves average accuracy.

4.3.2 Measuring the Effects of Augmentation
Size
We study how scaling the P-TTS training set affects
performance (Appendix L, Table 8). We compare:
(1) P-TTScore (360 examples), (ii) P-TTScore+Seed
(450), and (iii) P-TTScore+seed+Rewardvar (900; full
set). Accuracy improves with dataset size: the
full 900-example model reaches 50.93% average
accuracy, outperforming both lower-data P-TTS
configurations (360 and 450 examples) and the
1K-shot S1.1 baseline (47.54%). The largest gain
comes from adding Reward variants (450 — 900),
yielding a +4.97% gain and improving AIME?25,
MATHS500, and GPQA-D. Fig. 2 shows the same
scaling trend as augmentation multiplier increases.

4.4 Comparison with Temperature Sampling

To isolate the effect of prompt diversity, we in-
troduce a matched Temperature Sampling base-
line that increases sampling from the teacher while
keeping the prompt fixed. For each of the 90 seed
problems, we sample 10 completions at tempera-
ture 0.7 using a single prompt, yielding 900 total

Performance Impact of Incremental Principle Addition

50 400
—e— Average Accuracy
Num. Examples 350
.45 "
X [}
< 20 300?El
@ 250 @
3 )
E 35 200
) 150 8
® 30 -E
g 100 5
< 25 =2
50
0 - 0
Reward +Penalty +Think +correctness

Cumulative Prompting Principles

Figure 3: Impact of incremental principle addition
on average accuracy. As prompting principles are
cumulatively added (Reward — +Penalty — +Think
— +Correctness), both the number of training exam-
ples (bars, right axis) and the average accuracy across
benchmarks (line, left axis) increase, illustrating the
compounding benefit of principled augmentation.

teacher generations. This setup matches full P-TTS
in the number of teacher calls and generation limits,
but removes prompt variation. All other decoding
settings are kept identical to P-TTS, with unspec-
ified parameters left at their default values. As
shown in Table 6, P-TTS consistently outperforms
Temperature Sampling, achieving higher average
accuracy (50.93% vs. 46.76%). These results sug-
gest that the gains from P-TTS come not only from
increased sampling, but from diversity induced by
varying the prompt.

Model AIME25 MATHS00 GPQA-D Avg.
S1-7B 13.33 77.20 4141 4398
S1.1-7B 20.00 81.20 41.41 4754
TS-7B 20.00 82.40 37.88 46.76
P-TTS-7B (Ours) 26.67 84.20 4192 5093

Table 6: Comparison with a Temperature Sampling
baseline. TS denotes Temperature Sampling with 900
total teacher generations. GPQA-D denotes GPQA-
Diamond.

S P-TTS Dataset Analysis

Diversity. Table 5 shows that P-TTS variants
trained with principled instructional wrapping
generally outperform the seed baseline, with
P-TTSReward giving the strongest and most consis-
tent gains (31.55% — 37.12%). P-TTScorrectness
provides smaller gains, while P-TTSthink is
most beneficial on AIME25 and GPQA-D.
P-TTSpenalty shifts performance toward M500 and
GPQA-D, with weaker performance on AIME?25,
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Model Hearsay Personal_Jurisdiction Jerew_Blocker Avg.
S1-7B 60.6 47.9 44.44 50.98
S1.1-7B 46.8 46.0 62.96 51.92
P-TTS-7B (Ours) 61.70 52.00 48.15 53.95

Table 2: Zero-shot generalization accuracy (%) on LegalBench tasks. P-TTS-7B achieves the best average

performance across three legal reasoning tasks.

Prompt Variant Responses T Reasoning

Reward Framing 0.8363 0.9280
Correctness Framing 0.8227 0.9264
Penalty Framing 0.8223 0.9266
Step-by-Step Thinking 0.8295 0.9254

Table 3: Trigram diversity of teacher outputs under
different prompting strategies. We report average
lexical diversity (1) for full responses and isolated rea-
soning traces. It is observed that reward framing yields
the highest diversity, indicating stronger surface-level
variation from original examples.

leaving the overall average close to the baseline.
These trends align with Appendix J (Fig. 6), where
variants with higher semantic diversity (Diversity
Gain)—most prominently Reward—also exhibit
larger accuracy improvements. Table 3 further
shows that Reward achieves the highest trigram
diversity for both full responses and reasoning
traces, consistent with prior evidence that diversity-
promoting augmentations improve robustness and
transfer (Bukharin et al., 2024; Qu et al., 2020).

Prompting Impact on OQutput Length. To fur-
ther understand how each principle influences
model behavior, we compare the token lengths of
generated responses and reasoning traces (as shown
in Appendix M, Table 16). We observe that Reward
framing consistently produces longer and more de-
tailed reasoning outputs, which aligns with its ob-
served accuracy gains. While longer generations
may imply increased inference costs, the improved
reasoning quality may justify this tradeoff in high-
stakes tasks.

Teacher Generation Cost. To assess the practi-
cal overhead of P-TTS, we analyze teacher token us-
age and the corresponding API cost across prompt-
ing variants (as shown in Appendix M, Tables 16
and 7). Across prompting variants, the token bud-
get is dominated by long completion and reasoning
traces, whereas prompt tokens contribute only a
small fraction of the overall cost. At the scale of
our experiments, the total teacher-generation cost
is 1.53 USD for Core-P-TTS and 3.96 USD for
Full P-TTS. These results suggest that, for compact

seed pools, the additional supervision provided by
P-TTS can be obtained at a modest one-time cost.

5.1 Main Results

Overall Performance Comparison. We com-
pare our P-TTS-32B model, trained on only 90
— 900 principle-augmented examples, against
a diverse set of baselines in Table 1 and
Fig. 1, including closed-source APIs, open-
source models, and open-weight SFT mod-
els built on Qwen2.5-32B-Instruct. Among
open-weight and open-data SFT baselines on
Qwen2.5-32B-Instruct, P-TTS-32B achieves
comparable or better performance on AIME25
(53.33%) and slightly exceeds the best score among
the compared open-weight baselines on GPQA-
DIAMOND (60.61%), while remaining competi-
tive on MATHS00 (94.20%). Overall, P-TTS-32B
reaches 69.38% average accuracy, exceeding the
compared open-weight baselines, and narrowing
the gap to large-scale open-source models such as
DeepSeek-R1 that rely on >>800K training exam-
ples. These results highlight the efficiency of prin-
cipled instructional augmentation and show that
strong reasoning performance can be attained with
lightweight, targeted supervision.

Cross-Domain and Multilingual Generalization.
Although P-TTS is trained only on AIME22-24
English seed problems (90 — 900 via wrappers), it
transfers zero-shot to out-of-domain benchmarks
spanning Chinese exams (Gaokao, Kaoyan),
U.S. math (OlympiadBench, AMC23, Grade-
SchoolMath), and scientific quantitative reasoning
(Minerva). As shown in Table 4, P-TTS achieves
the best average accuracy (60.2%) and is competi-
tive on most individual tasks, despite using orders
of magnitude less supervision than prior SFT cor-
pora. This suggests that principled prompt augmen-
tation (varying instructional framing and exemplar
structure) promotes robustness beyond the AIME
distribution rather than overfitting to a single bench-
mark family.
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Model

OlympiadBench Gaokao Kaoyan Minerva GradeSchool AMC23 Avg.

OpenAl-ol-preview 52.1 62.1 51.5 47.1 62.8 81.8 59.6
Qwen2.5-32B-Instruct 453 72.1 48.2 41.2 56.7 64.0 54.6
OpenThoughts (114K) 56.3 63.2 54.7 41.1 39.0 80.5 558
NuminaMath (100K) 36.7 494 32.7 24.6 36.2 40.6  36.7
S1 (1K) 56.9 329 59.3 46.7 61.4 715 558
P-TTS (Ours) 63.9 51.9 52.3 51.5 53.8 87.5 60.2

Table 4: Zero-shot generalization accuracy (%) on out-of-domain reasoning benchmarks. P-TTS is trained
only on AIME22-24—derived data (90 seeds — 900 augmented prompts).

Model AIME25 M500 GPQA-D Avg.

Single-principle P-TTS (90 ex.)

P-TTSseed (baseline) — 6.67 60.20 27.78  31.55
P-TTSreward 13.33 6520 3283 37.12
P-TTScorrectness 6.67 61.80 28.28 32.25
P-TTSpenalty 0.00 6320 3030 31.17
P-TTSthink 13.33 5820 30.81 34.11
Pairwise P-TTS Centered on Reward (180 ex.)
P-TTSRewardUPenalty 20.00 7520 3232 4251
P-TTSRewardUCorrectness ~ 20.00  75.40  37.37  44.26
P-TTSRewardUThink 13.33  72.80 31.82 39.32

Table 5: Accuracy (%) of single- and pairwise-
principle P-TTS ablations using the 7B model. M500
denotes MATHS500, and GPQA-D denotes GPQA-
Diamond.

Generalization to Legal Reasoning. To further
assess generalization beyond mathematics and sci-
ence benchmarks, we evaluate P-TTS-7B on three
legal reasoning tasks from LegalBench—hearsay,
personal jurisdiction, and jerew blocker (Guha
et al., 2023). As shown in Table 2, P-TTS-7B
achieves the best average accuracy (53.95%), out-
performing both S1-7B and S1.1-7B. It performs
best on two of the three tasks (hearsay and per-
sonal jurisdiction) and remains competitive on
jerew blocker. These results provide further ev-
idence that the benefits of P-TTS extend beyond
mathematics to legal reasoning.

Scaling across model sizes. We evaluate P-TTS
across 7B, 14B, and 32B Qwen2.5 variants (Ta-
ble 12 in Appendix). At the 7B scale, P-TTS
outperforms S1 and S1.1 (Muennighoff et al.,
2025) on all three benchmarks (e.g., 26.67% vs.
20.00% on AIME2S5, 84.20% vs. 81.20% on
MATHS500). This trend largely persists with
scale: at 32B scale, P-TTS substantially improves
AIME25 (53.33%), is essentially tied on GPQA.-
D1AMOND (60.61%), and remains within 0.2 points
of S1.1 on MATHS500 (94.20% vs. 94.40%). These
results highlight the robustness and efficiency of
principled instruction tuning (P-TTS), demonstrat-
ing that even with minimal data (90 — 900), it
scales effectively and consistently enhances perfor-

mance across diverse benchmarks.

6 Conclusion

We presented Prompting Test-Time Scaling
(P-TTS), a lightweight yet effective framework
that converts a compact seed set into a high-utility
reasoning corpus by wrapping each problem with
principled instructional prompts. Without chang-
ing task semantics, P-TTS systematically explores
prompt-space via reward/penalty framing, correct-
ness emphasis, and step-by-step guidance, eliciting
high-quality rationales from a teacher model to su-
pervise a student. Across augmentation multipliers
m € {1,4,5,10}, P-TTS consistently improves
over the null prompt under tight data budgets, start-
ing from only 90 seeds, and it transfers to out-of-
domain and multilingual reasoning benchmarks.

Our Future Work. The promising directions
include adaptive per-instance wrapper selection,
integration with retrieval and verifier/reranker
pipelines, scheduling wrapper mixtures over train-
ing (e.g., curriculum-style), and studying wrapper
transfer across tasks, languages, and modalities.

7 Limitations

There are several potential limitations. 1) Our train-
ing seeds are concentrated on math-style problems.
While we evaluate cross-domain and multilingual
transfer on additional benchmarks, broader exter-
nal validity to open-ended generation, long-horizon
reasoning, and multimodal settings remains an im-
portant direction for future work.

2) P-TTS depends on a single teacher model to
generate rationales, any bias, error, or stylistic arti-
fact in the teacher can be amplified by our wrappers
and propagated to the student, especially since ra-
tionales were not human-audited.

3) While wrappers are designed to be semanti-
cally invariant, some templates (e.g., extreme re-
ward/penalty framings) may shift reasoning behav-
ior in undesired ways and could introduce ethical or
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calibration issues. Sensitivity to wrapper mixture,
placement, and decoding settings also suggests
latent hyperparameter fragility. P-TTS may also
provide limited gains when wrapper-based prompt
variation fails to elicit meaningfully different rea-
soning trajectories, in which case it may offer little
advantage over simpler repeated sampling from a
fixed prompt.

4) As with most public benchmarks, residual
pretraining exposure to AIME material cannot be
conclusively ruled out, despite our contamination-
mitigation steps. Finally, P-TTS requires compute
at data collection time through inference generation
(via wrapper ensembles).

Ethics Statement

This work studies Prompting Test-Time Scaling
(P-TTS) as a low-cost way to synthesize chain-of-
thought style reasoning data from a small, manu-
ally curated seed set. While this can reduce an-
notation burden and broaden access to reasoning-
capable models, it also raises ethical risks com-
mon to synthetic-data fine-tuning. For instance,
teacher-generated rationales may contain subtle er-
rors, hallucinated steps, or biased framing; scaling
prompt variants can amplify such artifacts and po-
tentially teach models to produce persuasive but
incorrect explanations. To mitigate this, we em-
phasize accuracy-focused evaluation on standard
reasoning benchmarks, report ablations that iso-
late when gains come from diversity vs. sampling
schedules, and encourage practitioners to incorpo-
rate verification signals (e.g., final-answer check-
ing) when applying P-TTS in high-stakes settings.
Overall, we view P-TTS as an efficiency-oriented
methodology for LLM reasoning whose benefits
come from careful data augmentation, verification,
and responsible preparation practices. Generative
Al models were only used for language polishing.
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A Instructional Wrappers and
Reward-Framing Variants

Table 9 summarizes the core P-TTS instruc-
tional wrappers used to construct principle-guided
prompts. Table 10 lists the Reward-framing para-
phrases used in our P-TTS experiments.

B P-TTS Data Construction Algorithm

Algorithm 1 summarizes the details of full P-TTS
data construction procedure used throughout the
paper, starting from the 90 AIME seeds and apply-
ing core principles and reward variants to query the
teacher model.

C Extended Experiments on D, .

We further evaluate models trained on the Deore
dataset across multiple parameter scales. Table 11
reports grouped results for 7B, 14B, and 32B vari-
ants, highlighting consistent gains from principled
data augmentation.

D Scaling Across Model Sizes

Table 12 reports P-TTS performance across 7B,
14B, and 32B model variants compared to S1 and
S1.1 on four reasoning benchmarks. This expands
the main-text discussion in Sec. 5.1 and shows that
P-TTS consistently matches or exceeds S1/S1.1 at
all scales under a much smaller training budget.

E Training Details

We fine-tuned the Qwen2.5-Instruct family at
three scales—7B, 14B, and 32B—using our P-TTS
datasets. Training dynamics are shown in Fig. 5.
All models were trained for 5 epochs with an ef-
fective global batch size of 16 (micro-batch size
of 1 with gradient accumulation). We used the
AdamW optimizer (51 = 0.9, B2 = 0.95, weight
decay = 1 x 10™%) and a base learning rate of
1 x 107, warmed up linearly for the first 5% of
steps and decayed to zero following a cosine sched-
ule. Training was conducted in bf1loat16 precision
with fully sharded data parallelism (FSDP) enabled.
We set the maximum sequence length to 20k tokens
to avoid truncation of reasoning traces. For super-
vision, loss was applied only to the reasoning and
answer tokens, not the input question text. Across
model scales, this consistent setup allowed us to
directly compare how principled data augmentation
transfers to different parameter sizes.

F Diversity Metric Definitions

Semantic diversity (Diversity Gain). Follow-
ing (Yu et al., 2023; Bilmes, 2022), given a seed
set Dgeeq and an augmented set Degre, We compute

DG = M oo 1F () - F )3,
;€ Deore
where f(-) is an embedding function
and M = |Deorel- We use OpenAl

text-embedding-ada-002 for f(-).

Surface-level diversity (trigram diversity).
Following (Li et al., 2022), for texts x,y we de-
fine

| Tri(z) N Tri(y)|

| Tri(z) U Tri(y)|’

TD(JZ7 y) =
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Rewards Variants

(777

Full P-TTS

______________ \+ @

Reward: | am going to tip $200000 for a better solution! Find I
the number of collections of 16 distinct subsets of .....

Teonn(R1)  Tconp (TLow (R1))

g

Reasoning Response

Tsurrix (R1)

Question : Find the number of

‘ Penalty: You will be penalized if you provide the wrong answer.
FFind the number of collections of 16 distinct subsets of .....

| RS

« /)
ﬂ S

collections of 16 distinct
subsets of {1,2,3,4,5} with the

Tiow(R)  TreasoN (TicH (R1))

property that for any two
subsets Xand Y in the

Correctness: Your Task is to solve the following: Find the
number of collections of 16 distinct ..... You must provide the
correct answer!

P-TTS

2

collection, XNY=0.

Step-by-Step Reasoning; Think Step by Step: Find the number of
collections of 16 distinct subsets of .....

Reasoning | | Respons

Seed: Find the number of collections of 16 distinct subsets of

N

N

Figure 4: Overview of the P-TTS data augmentation process. Starting from a small set of high-quality math
problems, we generate diverse prompt variants through instruction reframing. These augmented prompts are used to
elicit high-quality LLM completions, which are then collected as synthetic reasoning data to fine-tune.

where Tri(z) denotes the set of distinct word-level
trigrams in x. We average T'D over pairs between
each principle variant in Dcqre and its correspond-
ing instance in Dgeeq.

G Evaluation Details

Benchmarks. We evaluate our P-TTS mod-
els on three public reasoning benchmarks:
AIME2S5 (AIME, 2025) from the American In-
vitational Mathematics Examination; AIME in-
cludes problems from algebra, arithmetic, geom-
etry, number theory, combinatorics, and proba-
bility. MATHS00 (Hendrycks et al., 2021) is a
500-problem competition-math subset; we adopt
the publicly released OpenAl selection used in
prior work. GPQA-Diamond (Rein et al., 2024)
contains 198 PhD-level science questions from
Biology, Chemistry, and Physics with reported
expert performance of 69.7%. We evaluate us-
ing the Im-evaluation-harness framework (Gao
et al.,, 2021; Biderman et al., 2024). In addi-
tion to these three core benchmarks, we further
assess cross-domain and multilingual generaliza-
tion using a broader set of reasoning tasks span-
ning Chinese exams, U.S. school math, olympiad-
style problems, and scientific quantitative reason-
ing. These evaluations, shown in Table 4, include
Gaokao, Kaoyan, OlympiadBench (He et al.,
2024), AMC23, GradeSchoolMath, and Minerva.
o further assess transfer to a qualitatively differ-

ent reasoning domain, we additionally evaluate on
three tasks from LegalBench (Guha et al., 2023),
a benchmark of legal reasoning tasks. Specifically,
we use hearsay, which asks whether a piece of
evidence counts as hearsay for a given issue; per-
sonal jurisdiction, which asks whether a court in
a given forum may exercise personal jurisdiction
over a defendant; and jcrew blocker, which asks
whether a particular loan clause is a J.Crew blocker
provision. These results are reported in Table 2.

Protocol and metric. To make results com-
parable across models and ablations, we disable
sampling by setting the temperature to 0 (greedy
decoding), so each input yields a deterministic out-
put. Reported scores are accuracy (equivalent to
pass@1).

H Additional Results on Other Models

To justify our choice of DeepSeek-R1 as the teacher
for P-TTS data construction, we compare several
teacher configurations under a fixed small-data bud-
get. For each row in Table 13, we generate the
indicated number of answer—reasoning pairs from
the corresponding teacher or hybrid setup and fine-
tune a Qwen2.5-7B-Instruct student on that cor-
pus. DeepSeek-based supervision (with or with-
out hybrids) consistently outperforms Claude and
O4-mini-high alone, and pure DeepSeek-R1 su-
pervision delivers the best overall trade-off across
AIME24/25, GPQA-Diamond, and MATH, moti-

9765



Dataset Setting #Calls Total Cost (USD)
Core P-TTS (4 principles) 360 1.5289
Full P-TTS 900 3.9569

Table 7: Total teacher-generation cost for dataset
construction.

Algorithm 1: Prompting Test-Time Scaling
(P-TTS) Dataset Construction
Input: Seeds Ogeeq = {(qi, ai} Y core
principles Peore; reward variants
WReward; teacher T’
Output: Augmented dataset D

fullP-TTS

Dratip-115 < 0

foreach (g;, a;) € Ogeeq do

Query 7T with ¢; to obtain (rl@), yZ@))

Add (¢, z( )7y£ ) ;i) 10 D, -t

foreach p € P do

qz(p) “—7plla

preserve q;

// wrap;

Query T" with q(p ) to obtain

")

? Z

foreach R; € Viewarq do
(R;) .

q; < TR, H qi

Query T with g\ )
( ) I 7yl )

Add (¢, ) ) )

to obtain

return Dy, p-11s

vating our choice in the main text.

I Evaluation of Reward Framing Variants

We evaluate variants of the reward-framing across
different models. Table 14 summarizes the accu-
racy of O1-mini, Gemini, and DeepSeek on a fixed
subset of math problems (AIME 2022-2024) under
each variant.

J Semantic and Lexical Diversity
Analyses

Fig. 6 plots accuracy versus semantic Diversity
Gain for four principled prompting strategies
(Reward, Correctness, Penalty, Think Step By
Step) across MATH500, GPQA-Diamond, and
AIME25 for the 7B model. Diversity Gain is com-
puted relative to the original seed-only baseline.

Variants with higher semantic diversity, particu-
larly Reward and Penalty, tend to yield larger ac-
curacy improvements, complementing the trigram-
diversity results reported in Table 3.

K Core-P-TTS Leave-One-Out Ablation

Table 15 reports a leave-one-principle-out abla-
tion over the Core-P-TTS dataset Doe. We
fine-tune Qwen2.5-7B-Instruct on the full core
set (Reward+Correctness+Penalty+Think; 360
prompts) and then retrain after omitting each princi-
ple in turn (270 prompts), as discussed in Sec. 4.3.

L Data-Volume Ablation

Table 8 shows results for scaling the P-TTS training
set from 360 to 900 examples.

M Teacher Output Length and Cost
Across Prompt Variants

Table 16 reports the average completion length,
extracted reasoning length, answer length, and esti-
mated API cost of teacher generations across dif-
ferent single-principle prompt variants. Table 7
summarizes the total teacher-generation cost for
constructing the P-TTS¢,re and full P-TTSdatasets.

N Example from Dyyyp.rrs

Fig. 7, 8, 9, 10, and 11 illustrate a seed problem
(Original) and the corresponding wrappers, along
with the teacher-generated response and reasoning
trace for each.

O P-TTS-32B vs. S1-32B

Fig. 13 shows a qualitative, side-by-side example
comparison between P-TTS-32B and S1-32B.

P Example of P-TTS-32B

Fig. 12 shows an example response produced by
P-TTS-32B on a single input question.
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Model #Ex AIME25 MATHS500

GPQA-D Avg.

Qwen2.5-7B-Instruct (base) - 6.67 76.40 36.36 39.81
S1-7B 1K 13.33 77.20 41.41 43.98
S1.1-7B 1K 20.00 81.20 41.41 47.54
P_TTScore-7B 360  20.00 80.40 35.86 45.42
P_TTScCore+ Seed-7B 450  20.00 81.00" 36.87"T  45.96"

P-TTSCore+ Seed+ Rewardvar-7B 900 26.67" 84.20"

41.92T  50.93"

Table 8: Data-volume ablation. Accuracy (%) when fine-tuning (i) on Core P-TTS only (360 prompts), (ii) Core+
Seed (450), and (iii) Core+ Seed+ six Reward—variant prompts (900). Best values in each column are bold; 1 marks

a gain over the immediately preceding configuration.

Instructional Principle p  Template 7, (excerpt)

Operator

Reward “I am going to tip $200,000 for a better solution!” ") = Trew || ¢
Correctness “Your task is. .. You MUST...” ¢ = 1oy || ¢
Penalty “You will be penalized if you provide the wrong answer.” ¢® =10 |l g
StepByStep “Think step by step.” ¢ = Tep | @

Table 9: Core P-TTS instructional wrappers. Each operator preserves problem semantics by concatenating a fixed

template to the unmodified q.

Variant ID  Incentive Phrase Transformation
R1 I am going to tip $200,000 for a better solution! Z(R1)
R2 I am going to tip you $200,000 if you provide the correct answer! Tconp (R1)
R3 I am going to tip you $200 if you provide a better solution! Tconn (TLow (R1))
R4 Add at the end of the prompt: I am going to tip $200,000 for a better solution! Tsurrix (R1)
RS I am going to tip $200 for a better solution! Trow (R1)
R6 I am going to tip you $500,000 for a better solution and step-by-step reasoning!  Treason(7Taicu(R1))

Table 10: Reward Framing variants in P-TTS. Each variant is generated from the baseline R; via an operator:

R; = T;(R1), where T denotes identity. Operator definitions: 7conp
(reduce magnitude in USD); Taigu: M1 (increase magnitude in USD);
TREASON : p#D (add reasoning cue, e.g., step-by-step).

: C (add conditionality); Tiow : M
Tsurrix : m=suffix (change placement);

Benchmark 7B Models 14B Models 32B Models
P-TTScore S1  S1.1 P-TTScore S1.1 P-TTScore S1 Sl

AIME25 20.00  13.33 20.00 33.33 3333 46.67 26.70 50.00

MATHS500 80.40 77.20 81.20 89.80 91.60 94.00 92.60 94.40

GPQA-Diamond  35.86 4141 4141 4596 51.01

53.03 56.60 60.60

Table 11: Accuracy (%) on three benchmarks with grouped model sizes. Each group shows results for core

P-TTS, S1, and S1.1.

Benchmark 7B Models 14B Models 32B Models
P-TTS S1 S1.1 P-TTS S1.1 P-TTS S1 S1.1

AIME25 26.67 13.33 20.00 26.67 33.33 53.33 26.70 50.00

MATHS500 84.20 77.20 81.20 90.40 91.60 94.20 92.60 94.40

GPQA-Diamond 41.92 41.41 4141 51.01 51.01

60.61 56.60 60.60

Table 12: Accuracy (%) on three benchmarks with grouped model sizes. Each group shows results for P-TTS,

S1,and S1.1.
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Figure 6: Knowledge Diversity Gain vs. Accuracy for different P-TTS variants. We compare the trade-off
between Accuracy (blue solid line, left y-axis) and Knowledge Diversity Gain (gray dashed line, right y-axis) on
7B model for four principled prompting strategies: Reward, Correctness, Penalty, and Think. Diversity Gain is
computed relative to the original P-TTS baseline.

Model #Ex. AIME25 GPQA-Diamond MATH
Claude 810 0.00 34.34 72.80
O4-mini-high 810 0.00 41.41 60.00
DeepSeek + Claude 1620 20.00 37.88 83.20
DeepSeek + O4mini 1620 13.33 35.86 74.00

Table 13: Performance comparison across benchmarks. Values represent accuracy (%) per dataset.
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Reward variant O1-mini Gemini DeepSeek

R1 (Large Reward) 60.0% 33.3% 74.4%
R2 (Reward2) 52.2% 32.2% 73.3%
R3 (Reduced Reward2) 57.8% 32.2% 75.6%
R4 (Reward at End) 51.1% 28.9% 72.2%

RS (Reduced Rewardl) 56.7% 33.3% 67.8%

Table 14: Model Accuracy Across Five Variants of the Reward. Each row corresponds to a different formulation of
the reward-based prompt, evaluated on a fixed subset of math questions. Results are reported as the percentage of
correct answers for each model: O1-mini, Gemini, and DeepSeek. Table 10 lists the Reward-framing paraphrases.

Model #Ex. AIME25 MATHS500 GPQA-D Avg.
P-TTScore (all4) 360  20.00 80.40 3586 45.42
P=TTS Core\ Reward 270 13.33 78.80 3283 41.65
P-TTSCore\Comrecness 270 20.00 79.80 3586 45.22
P=TTS Core\ penalty 270 20.00 79.80 3434 4471
P=TTSCore\ Think 270 26.67 78.20 3232 4573

Table 15: Leave-one-principle-out ablation. We fine-tune Qwen2.5-7B-Instruct on the full Core-P-TTS set
(Reward+Correctness+Penalty+Think; 360 prompts) and then re-train after omitting one principle (270 prompts).

Prompt Variant # Calls Completion Reasoning Answer Total Cost (USD)
Seed 90 10638.3 10122.8 515.5 0.4031
Reward Framing 90 10685.8 10168.4 5174 0.4065
Correctness Framing 90 9366.7 8856.4 510.3 0.3551
Penalty Framing 90 10204.4 9685.3 519.1 0.3867
Step-by-step 90 10046.4 9531.2 515.2 0.3806

Table 16: Teacher token usage and estimated API cost across prompting variants. Completion, reasoning, and
answer columns report average token counts per teacher generation. Reasoning tokens are a subset of completion
tokens, and answer tokens are computed as completion minus reasoning. Costs are reported in USD.
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Question

29
the family of segments PQ of unit length lying in the first quadrant with P on the z-axis
and (Q on the y-axis. There is a unique point C' on AB, distinct from A and B, that does not
belong to any segment from F other than AB. Then OC? = IE’, where p and q are relatively
prime positive integers. Find p + q.

Response

Given points O = (0,0), A = (%, 0),and B = <0, \/T§>’ we need to find the unique point C'
on AB that does not belong to any segment from the family F other than AB.

The family F consists of segments PQ of unit length with P on the z-axis and @ on the
y-axis. Each segment in F can be parametrized as =/ cos(#) + y/sin(f) = 1 where 6 is an
angle parameter. The segment AB itself corresponds to 6 = /3.

To find the point C, we parametrize AB as = % and y = @ for t € [0, 1]. Substituting
these coordinates into the equation of the line segment from F, we derive the condition for C
to lie only on AB.

By solving the resulting equations and ensuring that the derivative condition (to check for a

double root) is satisfied, we find that t = %. This gives the coordinates of C' as (%, %)
Calculating OC?:

2
1\? 1
002:(_>+(%> :_+27 2

8 8 64 64 64 16

Let O = (0,0), A = (1 0),and B = (0, @) be points in the coordinate plane. Let F be

Thus, OC? = & where p = 7 and g = 16. Therefore, p+ ¢ = 7+ 16 = 23.

Okay, so I need to find the square of the distance from the origin O to this special point C on
segment AB. The problem says that C is the unique point on AB, other than A and B, that
isn’t on any other segment from the family ....

Figure 7: Example of an original AIME-style math problem, along with its model-generated response and reasoning
trace. In our methodology, these original seed examples are later paired with principle-based reformulations (e.g.,
Reward, Penalty, Correctness, Step-by-Step), enabling the construction of the full P-TTS augmented corpus.
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I .am going to tip $200000 for a better solution! Let O = (0,0), A = (%, 0),and B = <0, \/T§>

be points in the coordinate plane. Let F be the family of segments PQ of unit length lying in
the first quadrant with P on the z-axis and @ on the y-axis. There is a unique point C' on AB,
distinct from A and B, that does not belong to any segment from F other than AB. Then
0C? = %’, where p and q are relatively prime positive integers. Find p 4+ q.

DeepSeek Response

Given points O = (0,0), A = (3,0),and B = <0, ‘/73> we need to find the unique point C

27
on AB that does not belong to any segment from the family F of unit length segments PQ
with P on the z-axis and () on the y-axis.
1. **Equation of AB**: - The line segment AB has endpoints A and B. - The equation of
ABisy=—/3z + \/Tg
2. **Parametrization of AB**: - Points on AB can be parametrized as x = % andy = */TP:t
fort € [0, 1].
3. **Envelope of the family F**: - The family J consists of segments PQ with P = (p, 0)
and Q = (0, q) where p? + ¢% = 1. - The envelope of these segments forms an astroid given
by 22/3 + y2/3 = 1.
4. **Finding the point of tangency**: - The point C' where AB is tangent to the astroid is
found by solving the tangency condition. - The slope of AB is —+/3, which must match
the slope of the astroid at the point of tangency. - The point of tangency is found to be

(cos® 6, sin® #) where 0 = 3, leading to coordinates (l %g)

8
5. **Calculating OC?**: - The coordinates of C' are (%, %g) - Squaring the distance from
OtoC:

2 _ (1)2 3va\2_ 1 2 98 _ 7
0C* = (3) +<T> =61t 6= 64— 16

- The fraction 1—76 has p = 7and ¢ = 16, so p + g = 23.
Thus, the final answer is | 23 |

Reasoning Trace

Okay, so I have this geometry problem here. Let me try to parse it step by step.
First, they give me three points: O at (0,0), A at (1/2, 0), and B at (0, sqrt(3)/2). Then there’s
this family of segments F, which consists of segments PQ of unit length lying in the first
quadrant, with P on the x-axis and Q on the y-axis. The problem states that . ...

Figure 8: Reward-wrapper example: a seed problem wrapped with Reward framing, and the resulting teacher-
generated response and reasoning trace.
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Question

Think step by step: Let O = (0,0), A = (%, 0), and B = (O, \/T§> be points in the coordinate
plane. Let F be the family of segments P(Q of unit length lying in the first quadrant with P
on the z-axis and ) on the y-axis. There is a unique point C' on AB, distinct from A and B,
that does not belong to any segment from F other than AB. Then OC? = 150’ where p and ¢
are relatively prime positive integers. Find p + q.

DeepSeek Response

Given points O = (0,0), A = ($,0), and B = (0, VTE), we need to find a unique point C

2
on AB that does not belong to any other segment from the family F of unit length segments
PQ with P on the x-axis and Q) on the y-axis.
1. **Equation of AB**: - Parametrize AB with ¢ € [0, 1]:

1—t V3
t) = — t) = —"t
o) = —— )=
2. **Family F**: - Segments PQ with P = (p,0) and Q = (0, ) such that p> + ¢ = 1.
3. **Envelope of F**: - The envelope of the family F is the astroid 2:%/3 + y2/3 = 1.
4. **Intersection of AB with the Astroid**: - Substitute 2 = % and y = ‘/Tgt into the

astroid equation:
2/3
1 _ ¢\ 2/3
2 2

- Solving this equation, we find ¢ = %
5. *¥*Coordinates of C**: - For t =

|

6. **Distance OC'**: - Calculate OC?:
2
1\? 1 27 2
002: _ L % :_+_7:_8:1
8 8 64 64 64 16
Thus, OC? = L where p = 7 and g = 16. Therefore, p+ ¢ = 7+ 16 = 23.

Alright, let’s try to tackle this problem step by step. First ...

Figure 9: StepByStep-wrapper example used in P-TTS.
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You will be penalized if you provide the wrong answer. Let O = (0,0), A = (%, 0), and

B = (O, \/Tg) be points in the coordinate plane. Let F be the family of segments PQ of unit

length lying in the first quadrant with P on the z-axis and @ on the y-axis. There is a unique
point C' on AB, distinct from A and B, that does not belong to any segment from F other
than AB. Then OC? = ’—;, where p and q are relatively prime positive integers. Find p + q.

REN OIS

Given points O = (0,0), A = (%, 0), and B = (0, \/7§>, we need to find the unique point C'

on AB that does not belong to any other segment from the family F of unit length segments
PQ with P on the z-axis and @ on the y-axis. We need to determine OC? and express it as
%’ where p and ¢ are coprime positive integers, then find p + q.

1. **Parametrization of AB**: - The parametric equations for AB are x = % — %t and
y = ‘/7§t for t € [0, 1]. Thus, any point C' on AB can be written as (%, ‘/Tgt>

2. **Equation of line PQ**: - For a segment PQ in F with endpoints P = (p,0) and
@ = (0, q), the equation is 7 + 3 =1 where p* + ¢®> = 1.

3. **Condition for point C'**: - Substltutlng C (1 —t ft) into the line equation % + % =1
gives —(1_;)/2 + —\/gt/Q = I
(1-t)/2 + V3t/)2 1

cos 6 sinf
4. **Solving for t**: - Simplifying and solving for ¢ using trigonometric identities and

ensuring the equation has a unique solution at § = 7 (corresponding to AB)leadstot = Z

- Using p = cosf and ¢ = sinf, we derive the equation

5. **Coordinates of C**: - Substituting ¢t = 4§ 3 into the parametric equations, C' is (l i)

28 _ 7

8 64+64 64 — 16°

Thus, p = 7 and ¢ = 16, leading to p 4+ g = 23.

6. **Calculating OC?**: - OC? = ( ) + (3\[>

Reasoning Trace

Okay, let’s try to tackle this problem. First, let me make sure I understand what’s being asked
here.We have three points: O at (0,0), A at (1/2, 0), and B at (0, sqrt(3)/2). The line segment
AB is part of the ....

Figure 10: Penalty-wrapper example used in P-TTS.
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Question

Your Task is to solve the following: Let O = (0,0), A = (%, 0), and B = (O, \/T§> be points

in the coordinate plane. Let F be the family of segments PQ of unit length lying in the first
quadrant with P on the z-axis and Q on the y-axis. There is a unique point C on AB, distinct
from A and B, that does not belong to any segment from F other than AB. Then OC? = %,
where p and g are relatively prime positive integers. Find p + ¢.You must provide the correct
answer!

DeepSeek Response

Given points O = (0,0), A = (%, O), and B = (0, ‘/7§>, we need to find the point C on AB
that does not belong to any other segment from the family F of unit length segments in the
first quadrant with endpoints on the axes.

1. **Parametrization of AB**: - The parametric equations for AB are x = % andy = \/TEt
fort € [0, 1].

2. **Envelope of the family F**: - The envelope of the family of segments P() with P
on the x-axis and () on the y-axis, where P() has unit length, forms an astroid given by
223 2 = 1,

3. **Finding the intersection of AB with the astroid**: - Substitute the parametric equations
of AB into the astroid equation:

2/3
Lt 2/3+ v3, / =1
2 2 -
- Solve for ¢ by ensuring the gradient of AB matches the gradient of the astroid at the point of

tangency. This leads to the point C' where ¢t = %.
4. **Coordinates of C**: - Substituting t = % into the parametric equations:

1-2 1 V3 3 _3V3

T Ty YT aT R

5. **Calculating OC?**: - The coordinates of C' are <%, %g) - Compute OC?:

2
1\? 3v/3 1 27 28 7
2— — _— = — _— = — = —
OC_(S) +( 8) 64 764 64 16

Thus, OC? = L, and the sum p + ¢ = 7+ 16 = 23.

Okay, let’s try to tackle this problem step by step. First, let’s make sure ....

Figure 11: Correctness-wrapper example.
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If the Sun’s absolute magnitude is +5, find the luminosity of a star of magnitude 0 in ergs/s.

A useful constant: the luminosity of the sun is 3.83
times1033 ergs/s

REN OIS

Okay, so I need to find the luminosity of a star with magnitude 0, given that the Sun’s absolute
magnitude is +5 and its luminosity is 3.83 x 1033 ergs/s. Hmm, let’s start by recalling the
relationship between magnitude and luminosity. First, absolute magnitude ........ given as +5.
The star we’re interested in has an absolute magnitude of 0. The difference in magnitude
between the two stars is 5 - 0 = 5 magnitudes. In astronomy, the difference in magnitudes
relates to the ratio of luminosities. The formula is: m1 - m2 = -2.5 log10 (L1 / L2) ........
indeed m1 - m2 =-2.5 log10 (L1 / L2). So if we know the difference in magnitudes, we can
find the ratio of luminosities. In our case, m1 (Sun) is +5, m2 (star) is 0. Soml -m2=5-0=
+5. Plugging into the formula: 5 = —2.510g;(Lsun/ Lstar) Wait, hold on. Let me make sure I
have the formula right. ......... Then L1 is luminosity of Sun, L2 is luminosity of star. So m1 -
m2 =5 - 0=+5. Therefore: 5 = —2.510g;((Lsun/ Lstar) Let me solve for log;( Lsun/ Lstar):
Divide both sides by -2.5: % = logy(Lsun/Lstar) Which is —2 = log;o(Lsun/ Lstar)
Therefore, Lgyn/Lstar = 1072 = 0.01 So Lgar = Leun /0.01 = Lgy, x 100 Therefore, ........
is 3.83 x 1033 x 100 = 3.83 x 10% ergs/s. Wait, let me check that calculation again.

......... Yep, same result. Therefore, the answer should be | 3.83 x 103 | ergs/s. Final Answer

3.83 x 10% | .... Alternatively, since each 5 magnitudes corresponds to a factor of 100 in
luminosity, a difference of 5 magnitudes (from +5 to 0) means the star is 100 times more
luminous than the Sun. So again, 3.83 x 1033 x 100 = 3.83 x 10% ergs/s. Therefore, the

luminosity of the star is 3.83 x 10® ergs/s. Final Answer|3.83 x 10%% | .........

Figure 12: Example of a P-TTS-32B response.
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Question : If the Sun's absolute magnitude is +5, find the luminosity of a star of magnitude O in ergs/s. A
useful constant: the luminosity of the sun is 3.83x10° ergs/s

P-TTS-32B

S1-32B

Okay, so | need to find the luminosity of a star with
magnitude O, given that the Sun's absolute magnitude is +5
and its luminosity is 3.83x10% ergs/s. Hmm, let's start by
recalling the relationship between magnitude and
luminosity.

First, absolute magnitude is a measure of a star's intrinsic
brightness, as it would be seen from a standard distance.
The Sun's absolute magnitude is given as +5. The star we're
interested in has an absolute magnitude of 0. The
difference in magnitude between the two starsis5-0=5
magnitudes.

In astronomy, the difference in magnitudes relates to the
ratio of luminosities. The formula is:
ml-m2=-2.510g:0(L1/L2)

Where m1 and m2 are the magnitudes, and L1 and L2 are the
corresponding luminosities. Wait, but here we have
absolute magnitudes, so this formula should apply. Let me
confirm.

Yes, the formula for the difference in magnitudes is indeed
ml-m2 =-2.5-logio(L1/L2). So if we know the difference in
magnitudes, we can find the ratio of luminosities.

In our case, m1 (Sun) is +5, m2 (star) is 0. Soml1-m2=5-0 =
+5,

Plugging into the formula:

5 = -2.5:-logio(L_sun/L_star)

Wait, hold on. Let me make sure | have the formula right.
The formula is m1 - m2 = -2.5-logi0(L1/L2). So if m1is the
magnitude of the first star (Sun), m2 is the magnitude of the
second star (star of interest). Then L1 is luminosity of Sun,
L2 is luminosity of star.

Soml-m2=5-0=+5.

Therefore:

5 = -2.5-logio(L_sun/L_star)

Let me solve for logio(L_sun/L_star):

Divide both sides by -2.5:

5/ (-2.5) = logio(L_sun/L_star)

Which is -2 = logio(L_sun/L_star)

Therefore, L_sun/L_star = 10-*= 0.01
SoL_star=L_sun/0.01=L_sun =100

Therefore, the luminosity of the star is 100 times that of the
Sun.

Given that the Sun's luminosity is 3.83x10* ergs/s, then the
star's luminosity is 3.83x10°® x 100 = 3.83x10°* ergs/s.

Wait, let me check that calculation again. 3.83x10%
multiplied by 100 is indeed 3.83x10%. Yes.

But let me verify the steps again to make sure | didn't make
a mistake.

Starting with the magnitude difference: Sun's absolute
magnitude is +5, star's is O, so difference is +5.

Using the formula m1 - m2 = -2.5-l0g10(L1/L2)

Plugging in: 5 = -2.5-log:0(L_sun/L_star)

Divide both sides by -2.5: 5 / (-2.5) = -2 = logio(L_sun/L _star)
Therefore, L_sun/L_star =10-2=0.01

Thus, L_star =L_sun / 0.01=L_sun x100

Therefore, 3.83x10% x 100 = 3.83x10°* ergs/s.

That seems correct. So the luminosity of the star is
3.83x10%* ergs/s.

But let me check if there's another way to approach this to
confirm.

think

The problem asks for the luminosity of a star with a given
apparent magnitude, given the absolute magnitude of the
Sun and the Sun's luminosity.

We are given:

Sun's absolute magnitude, M_sun = +5

Magnitude of the star, m=0

Luminosity of the Sun, L_sun = 3.83x10* ergs/s

We need to find the luminosity of the star, L_star.

The relationship between absolute magnitude and
luminosity is given by:

M= —2.5'log;o(L/Lo)

where M is the absolute magnitude, L is the luminosity, and
Lo is a reference luminosity.

For the Sun, we have:

M_sun = -2.5:log10(L_sun/Lo)

5=-2.5-10810(3.83%10° / Lo)

We can solve this equation for Lo:

5/(-2.5) = l0g10(3.83%10% / Lo)

-2 = 10810(3.83%x10%** / Lo)

10-=3.83x10*/ Lo

0.01 = 3.83x10%/ Lo

Lo = 3.83x10° / 0.01

Lo = 3.83x10%* x 100

Lo = 3.83x10°* ergs/s

Now, we need to find the luminosity of the star. The
apparent magnitude m is related to the absolute magnitude
M by the distance modulus:

m - M =5-logio(d) - 5

where d is the distance to the star in parsecs.

The absolute magnitude of the star can be found using the
same formula as for the Sun:

M_star = -2.5-log1o(L_star/Lo)

We are given the apparent magnitude of the star, m = 0. We
need to find the absolute magnitude of the star. We can use
the fact that the apparent magnitude of the Sun is about
-26.74.

Let's use the relationship between apparent magnitude,
absolute magnitude, and distance. For the Sun, which is at a
distance of approximately 1 astronomical unit (AU), we
have:

m_sun - M_sun = 5-logie(d_sun) - 5

The average distance from Earth to the Sun is about
1.496x10* cm.

1 parsec = 3.086x10* cm.

d_sun in parsecs = (1.496x10*)/(3.086x10®) =~ 4.85x10-°
parsecs.

Using the apparent magnitude of the Sun, m_sun = -26.74:
-26.74 - 5 = 5-0810(4.85%x10-°) - 5

-31.74 = 5-(10g10(4.85) + l0g10(10-%)) - 5

-31.74 = 5-(l0g10(4.85) - 6) - 5

-31.74 = 5:l0g10(4.85) - 30 - 5

-31.74 = 5x0.6856 - 35

-31.74 = 3.428 - 35

-31.74 = -31.572

This is close enough considering the approximations used.
Now, let's consider the star with magnitude 0. We need to
find its absolute magnitude. We can use the Sunasa
reference.

Figure 13: Qualitative comparison between P-TTS-32B and the baseline model.
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