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Abstract

Process Reward Models (PRMs) have emerged
as a promising approach for improving LLM
reasoning capabilities by providing process su-
pervision over reasoning traces. However, ex-
isting approaches for constructing PRM train-
ing data remain costly and noisy, as they typ-
ically rely on human annotation or sampling-
based labeling methods that require repeated
LLM calls. In this work, we propose FOVER,
a framework that synthesizes PRM training
data from formal reasoning tasks by annotating
step-level error labels using formal verification
tools such as Z3 and Isabelle. By leveraging
formal verification, FOVER enables efficient
and accurate PRM data construction without
requiring human annotation or additional LLM
calls. Using FOVER, we create PRM training
data from formal logic and theorem proving
tasks. Experiments on 12 reasoning bench-
marks show that fine-tuning on our training
data improves PRMs not only on math and
logic reasoning tasks, which are informal vari-
ants of the training tasks, but also on NLI and
BBH benchmarks, which differ substantially
from the tasks used to construct the training
data. These results demonstrate the practical
effectiveness of FOVER, showing that PRM
training data created using formal verification
improves PRMs on informal reasoning tasks
written in natural language. The datasets, mod-
els, and code are provided at https://github.
com/psunlpgroup/FoVer.

1 Introduction

Process Reward Models (PRMs) have recently
emerged as a promising approach for improving
the reasoning capabilities of LLMs. They provide
fine-grained process supervision over intermediate
reasoning steps during training and inference (Ue-
sato et al., 2022; Lightman et al., 2024). In practice,
PRMs are usually created by fine-tuning LLMs

to classify the correctness of individual reason-
ing steps, using training datasets annotated with
step-level error labels on LLM-generated reason-
ing traces (Wang et al., 2024; Zhang et al., 2025).

Despite their growing adoption, creating PRM
training data remains costly and noisy. Early stud-
ies (Uesato et al., 2022; Lightman et al., 2024) cre-
ate PRM training data via human annotation, which
is particularly expensive for obtaining step-level
error labels and suffers from low inter-annotator
agreement (Zheng et al., 2025). Although Monte
Carlo roll-outs (Wang et al., 2024; Luo et al.,
2024), also known as Math-Shepherd, provide an
annotation-free alternative for training data cre-
ation, it requires multiple LLM calls to label each
step and generates noisy training labels.

To address this gap, we propose FOVER, a novel
framework for efficiently creating accurate PRM
training data. As shown in Figure 1, FOVER lever-
ages formal verification tools to assign accurate
step-level error labels to reasoning traces for formal
reasoning tasks such as logic and theorem proving,
without relying on human annotation or repeated
LLM calls. Using FOVER, we create PRM train-
ing data named FOVER-40K by annotating step-
level error labels on LLLM responses to formal logic
and theorem proving tasks using Z3 (de Moura
and Bjgrner, 2008) and Isabelle (Nipkow et al.,
2002). We then fine-tune Llama 3.1 8B (Llama
Team, 2024) and Qwen 2.5 7B (Qwen Team, 2024)
on FOVER-40K to use them as PRMs, which we
refer to as FOVER-PRMs.

Although FOVER creates PRM training data
from formal reasoning tasks, PRMs are typically
used to detect mistakes in informal reasoning tasks
written in natural language. Therefore, in our exper-
iments, we evaluate PRMs trained with FOVER on
widely used informal reasoning benchmarks. First,
we evaluate FOVER-PRMs on informal logic and
mathematical reasoning benchmarks. These bench-
marks can be regarded as informal variants of the
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Figure 1: Comparison of FOVER with existing methods for PRM training data creation. FOVER efficiently produces
accurate PRM training data for formal reasoning tasks by leveraging formal verification tools. In contrast, existing
methods are costly and produce noisy labels, as they rely on human annotation or repeated LLM calls.
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Figure 2: Best-of-7 results across 5 categories of 12 rea-
soning benchmarks. PRMs trained with FOVER out-
perform baseline PRMs on average, showing that our
training data created from formal reasoning improves
PRMs on widely used reasoning benchmarks. Details
are in Section 4.

training tasks, as FOVER-40K consists of formal
logic and theorem proving tasks. We conduct eval-
uations on 6 widely used benchmarks, including
LogicNLI (Tian et al., 2021), AQuA-RAT (Ling
et al., 2017), and AIME (Art of Problem Solv-
ing, 2025). Using Best-of-K (Cobbe et al., 2021;
Li et al., 2023), a standard evaluation approach
for PRMs (Lightman et al., 2024; Wang et al.,
2024), we show that FOVER-PRMs outperform
baseline PRMs based on LLMs without additional
fine-tuning. Second, we evaluate FOVER-PRMs
on informal reasoning benchmarks involving tasks
that substantially differ from those used to con-
struct FOVER-40K. We use six benchmarks, includ-
ing HANS (McCoy et al., 2019), MMLU (Paech,
2024), and BBH (Suzgun et al., 2023). The re-
sults show that FOVER-PRMs outperform baseline
PRMs and achieve performance competitive with

existing PRMs (e.g., Xiong et al., 2024; Zhang
et al., 2025), whose training data is constructed
via human annotation or Monte Carlo roll-outs that
require substantially higher cost than FOVER.

Together, as shown in Figure 2, our experi-
ments demonstrate the practical effectiveness of
FOVER in improving PRMs on widely used infor-
mal reasoning benchmarks. These results showcase
formal-to-informal transfer and cross-task gener-
alization in PRM training using formally verified
labels annotated on formal reasoning tasks.

Our main contributions are as follows:

* We propose FOVER, a method that efficiently
constructs accurate PRM training data from for-
mal reasoning tasks using formal verification,
addressing the annotation cost and labeling inac-
curacy of existing approaches.

* Our experiments show the practical effectiveness
of FOVER, with PRM training data from formal
reasoning tasks improving performance on infor-
mal reasoning tasks written in natural language,
demonstrating formal-to-informal transfer and
cross-task generalization in PRM training.

2 Background and Related Work

PRMs for reasoning tasks are typically created
by fine-tuning LLMs on the classification task
to detect errors in reasoning traces at the step
level (Lightman et al., 2024; Wang et al., 2024).
Training data for PRMs are often constructed by an-
notating step-level error labels on reasoning traces
generated by LLMs. Given a problem p € P from a
reasoning task, an LLLM generates a step-by-step so-
lution consisting of k steps: s = [s1, S2, ..., Sk] ~
LLM(p). We then assign step-level error labels
[Ysy> Ysar - - -» Usi,] € 10,1}, which serves as the
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supervision signal for PRM training. Here, we
consider binary labels of correct and incorrect.
Despite extensive research on PRM training data
construction, obtaining reliable step-level labels re-
mains challenging. Existing approaches are costly
and noisy, as they often rely on human annotation
or computationally expensive automatic methods.

Human annotation. Human annotation (Uesato
et al., 2022; Lightman et al., 2024) is the primary
approach used in early studies. However, for step-
level reasoning tasks, it is particularly costly, and
achieving high inter-annotator agreement is diffi-
cult. For example, Zheng et al. (2025) discard 30%
of the annotated solutions due to low agreement.

Monte Carlo roll-outs. Monte Carlo roll-
outs (Wang et al., 2024; Luo et al., 2024), also
known as Math-Shepherd, is a widely used method
for automating PRM training data creation. MC
roll-outs generate multiple continuations from a tar-
get reasoning step and use the frequency of reach-
ing the correct final answer as an estimate of the
correctness of that step.

Specifically, to label a step s, in a solution s =
[$1,...,Sp,...,Sk], the method samples multiple
continuations from an LLM conditioned on the
problem p and the prefix si.,:

[31,...,37,,01{21,...,02] ~ LLM(- | p, s1.)

[s1,.. .,sr,cfi)l, e ,cgi] ~ LLM(- | p, s1.)
...[31,...,374,07("7_?_)1,...,0%”] ~ LLM(- | p, s1.)

Let a; denote the final answer produced by the
i-th continuation and let a* be the ground-truth
final answer. The quality of step s, is estimated as
s, = 3% I(a; = a*), which can be used as a
soft label or binarized to obtain a hard label.
Although widely adopted, MC roll-outs suffer
from high computational cost due to the need to
generate multiple continuations per step, and the
estimated labels can be noisy and inaccurate.

Other approaches. Perturbations (Yang et al.,
2022; Ma et al., 2023; Paul et al., 2024) is another
automated approach that introduces mistakes into
generated solutions by applying heuristic methods
or using LLMs. However, it results in training data
with artificial and unnatural errors. Some work cre-
ates PRM training data by annotating error labels
using stronger LLMs (Zhang et al., 2025; Zeng
et al., 2025), but this approach results in merely
distilling the capabilities of stronger LLMs.

3 FOVER

We propose FOVER, a method for creating PRM
training data by annotating step-level error labels
on formal reasoning tasks using formal verifica-
tion tools. Using FOVER, we create PRM training
data named FOVER-40K from first-order logical
reasoning tasks using Z3 and from formal theorem
proving tasks using Isabelle.

3.1 Step-level Formal Verification

Background: Formal verification. Formal rea-
soning tasks (or symbolic reasoning tasks), includ-
ing formal logic and formal theorem proving, are
problems defined and solved using formal syn-
tax and rules (Nawaz et al., 2019; Clark et al.,
2021). Formal verification tools, such as automated
solvers and theorem provers, are used to formally
verify solutions to formal reasoning tasks (Zhou
et al., 2024; Yang et al., 2025). The tools differ
in the methods they use and in the groups of tasks
to which they apply. For example, Z3 (de Moura
and Bjgrner, 2008) is an SMT solver, which ex-
tends SAT solvers with background theories, appli-
cable to decidable subsets of first-order logic. Is-
abelle/HOL (Nipkow et al., 2002) is an interactive
theorem prover applicable to higher-order logic.

To illustrate the process of formal verification,
we present a simple example of a first-order logic
reasoning (logical entailment) task that can be veri-
fied using a SAT solver:

Context: A - B, B — C, A Hypothesis: C

Assume that the predicted answer is “entailment,”
meaning the hypothesis is logically entailed by the
context. We want to verify whether this prediction
is correct, which is equivalent to showing that the
following implication is valid:

(A= B)A(B—=C)ANA) — C.

We can check this with a SAT solver using resolu-
tion: combine the premises with the negation of the
hypothesis and test its satisfiability in Conjunctive
Normal Form (CNF):

(wAV B)A(-BVC)AANA-C.

If the solver reports this formula unsatisfiable, then
the entailment is confirmed. SAT solvers such as
73 automate this process and thus can formally
verify the correctness of the prediction.

8248



Step-level formal verification. In this paper, we
propose using formal verification tools to verify so-
lutions at the step level. As illustrated above, these
tools have primarily been applied to solution-level
verification. Our key idea is that, for certain tasks,
they can also be employed to verify the correct-
ness of individual reasoning steps. For instance,
for the above problem, suppose an LLM produces
the following step-by-step solution:

Step 1:
Step 2:

(A—-B)AA) — B.
(BA(A— B)) — C.

It can be verified at the step level: we adopt a
simple strategy that evaluates the logical correct-
ness of each step independently. Once we check
that each step only uses the provided context and
preceding results, we can verify the logical correct-
ness by testing the satisfiability of:

Step 1:
Step 2:

(mAV B)ANANA-B.
BA(mAV B)A-C.

The SAT solver will show that the first formula is
unsatisfiable, indicating Step 1 is correct, and the
second is satisfiable, indicating Step 2 is incorrect.
This procedure provides step-level verification for
the solution to the logical entailment task.

In this work, we implement step-level verifica-
tion for formal logic (logical entailment) using Z3
and theorem-proving tasks using Isabelle to create
PRM training data.

3.2 FOVER Framework

FOVER synthesizes PRM training data in two
stages, as shown in Figure 3. In the first stage,
given a problem p € P from a formal reasoning
task that is compatible with formal verification, an
LLM generates a step-by-step formal solution con-
sisting of k steps: s = [s1, 2, ..., sx] ~ LLM(p).
The solution s may contain logical errors but is
required to follow the format compatible with a
formal verification tool. In this work, we provide
a few-shot demonstration to guide LLMs. Alter-
natively, it is also possible to use models trained
for specific formal verification tools (Yang et al.,
2023; Xin et al., 2024). LLMs may generate solu-
tions in an invalid format, so we generate multiple
solutions until we obtain one with a valid format.
In the second stage, the formal verification tool
assigns step-level error labels [y, , Ys,, - - -, Ys,,] €

Training Data Creation of FoVer

Formal Reasoning Task
$hypothesis$: ({DXb} & {CKb})
$context$:
fact1: {DKb} -> {C}H{b}
fact2: ({D}b} & ~{CHa}) [...]

(2) Automatic Error
Annotation

Formal
Verification Tool

(1) Formal Solution
Generation LLM

Formal Solution

fact2 -> int1: {D}{b}

int1 & fact1 -> int2: {CH{b}

int2 & int1 -> hypothesis X

The final answer is PROVED b4
Fine-tuning PRM F'"ej“”'"g

3! LLM-based PRM

Figure 3: Top: FOVER creates PRM training data from
formal reasoning tasks using formal verification tools.
Bottom: Using the training data, we fine-tune PRMs on
the task of step-level verification.

{0, 1}, without the need for human annotation:

[9517952’ s 7ysk}

= FormalVerification(p, [s1, s2, . . ., Sk]),

where FormalVerification(, ), a formal verifica-
tion tool, accurately outputs label ys, = 1 if the
solution step sy, is correct, y,, = 0 otherwise.
Using training data created with FOVER, we fine-
tune an LLM on the step-level binary classification
task to serve as a PRM (P x S — [0, 1]%), which
is the standard approach for creating classification-
based PRMs (Zhang et al., 2025). The cross-
entropy training objective for PRMs is given by:

K
L= Z (ySi log Ts; + (1 - ysi) log(l - TSi)) )
;=1

)

where rg, is the step-level score for step s; pre-
dicted by the PRM. In our implementation, we
fine-tune LLM in a text generation task to output
the token “correct” or “incorrect” for each step.

3.3 FOVER-40K Dataset

Using FOVER, we synthesize PRM training data
that includes step-level binary error labels on the
formal logic and formal theorem proving tasks,
which we refer to as FOVER-40K. As shown in Ta-
ble 1, FOVER-40K includes 40K steps in reasoning
traces generated by Llama 3.1 8B (Llama Team,
2024) and Qwen 2.5 7B (Qwen Team, 2024) with
error labels annotated by formal verification tools,
73 and Isabelle. Figure 4 shows example data.
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Formal Logic
Formal Statement

Formal Theorem Proving
Formal Statement

$hypothesis$: ({D}{b} & ={CHb})
$context$:

factl: {D}b}->{C}Hb}

fact2: ({DHb} & —~{CHa}) [...]

Formal Solution

assumes "(total_pencils::nat) = 1500"
and "(cost_per_pencil::real) = 0.10"
and “(sell_price_per_pencil::ireal) = 0.25"
and "“(profit::real) = 100.00 [...]

shows "pencils_to_sell = 1000

Formal Solution

fact2 -> intl: {DXb}
intl & factl -> int2: {C}{b}
int2 & intl -> hypothesis
The final answer is PROVED

X X

have "total_pencils * cost_per_pencil = 150" by simp
then have "profit + (total_pencils * cost_per_pencil) = 250" by simp
then have "(profit + (total_pencils * cost_per_pencil)) / [...]
then have "(profit + (total_pencils * cost_per_pencil)) / sell_price_per_pencil = 1000" by simp

have "total_pencils * cost_per_pencil / sell_price_per_pencil = 600" by simp

XXERSS

then have "pencils_to_sell = 1000" by simp

Figure 4: Examples from FOVER-40K.

Formal Error Labels
Tasks DS oturci: Verification  SwPYstep T
atasets Tools Solutions 4 of Steps % Error
Formal Llama 3.1 8B 10,000 50%
Logic FLDx2 23 Qwen257B 10000  50%
Formal GSMBK,
Theorem MetaMathQA, Isabelle Qwen2.57B 20,000 50%
Proving Big-Math

Table 1: Statistics of the FOVER-40K training dataset.

The FOVER-40K dataset is created from

FLDx2 (Morishita et al., 2023, 2024) and GSM8K-
level mathematical reasoning tasks. We select these
tasks based on diversity, simplicity, and general-
ization considerations. For the formal logic task,
we selected FLDx2 because it offers the greatest
diversity among those expressible via deduction
rules (Morishita et al., 2024). For mathematical
reasoning, we selected GSM8K-level datasets to
simplify the verification pipeline.
Formal logic. We use the logical entailment task
in FLDx2 (Morishita et al., 2023, 2024), a dataset
for multi-step first-order logic deduction, in which
the goal is to determine whether a hypothesis is
entailed by a given set of premises. We generate
step-by-step formal solutions with the LLMs and
annotate step-level error labels using Z3.

Formal theorem proving. We use the task of
formal theorem proving for verifying solutions to
math word problems (Wu et al., 2022; Zhou et al.,
2024). The conditions of a math word problem are
presented as premises, a candidate final answer is
formulated as a hypothesis, and the task is to gen-
erate a proof for this statement. We generate for-
mal proofs with the LLMs in the task of verifying
the solutions to GSM8K-Ilevel problems, including
GSMSK (Cobbe et al., 2021), GSM8K-based cases
in MetaMathQA (Yu et al., 2024), and math word
problems in Big-Math (Albalak et al., 2025). We
then annotate step-level error labels using Isabelle.

4 Experimental Results

This section evaluates our FOVER-PRMs fine-
tuned on FOVER-40K. While FOVER-40K in-
cludes step-level error labels on formal reasoning
tasks, PRMs are often used to detect mistakes in in-
formal reasoning tasks written in natural language.
Therefore, we evaluate FOVER-PRMs on widely
used informal reasoning benchmarks to answer the
following research questions.

* RQ1: Does training on FOVER-40K improve
PRMs on informal logic and math reasoning
tasks, which are informal variants of the train-
ing tasks? (formal-to-informal transfer, §4.2)

* RQ2: Does training on FOVER-40K improve
PRMs on informal reasoning tasks that largely
differ from the training tasks, such as NLI and
BBH? (cross-task generalization, §4.3)

4.1 Experimental Setting

Evaluation methodology. We evaluate PRMs us-
ing the Best-of-K performance on reasoning bench-
marks and step-level verification performance, both
of which are widely used approaches to assess
PRMs (Li et al., 2023; Zhang et al., 2024b). First,
Best-of-K (Cobbe et al., 2021; Li et al., 2023) uses
PRMs to select the best solution from multiple
candidates generated by LLMs for the same in-
put. The performance of the selected solutions
indirectly indicates the verification performance
of the PRMs. We use few-shot demonstrations
to generate K = 7 step-by-step solutions from
Llama 3.1 8B and Qwen 2.5 7B with a tempera-
ture of 0.5. Following prior work (Lightman et al.,
2024; Wang et al., 2024), we then use PRMs to
score each step, and the solution score is the min-
imum score across all steps. The solution with
the highest solution score is selected. For large
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Logic Math
PRMs Average Average
FOLIO  LogicNLI GSMS8K  MATH AQuA  AIME
PRMs basedon  Llama 3.1 8B 58.6 39.2 48.9 87.6 54.4 66.1 4.0 53.0
Llama 3.1 8B FOVER-Llama3.1-8B 60.1 41.2 50.6 88.4 53.6 71.7" 5.2 54.7%
PRMs basedon ~ Qwen 2.5 7B 64.0 44.4 54.2 90.0 76.4 80.3 124 64.8
Qwen 2.5 7B FOVER-Qwen2.5-7B 63.5 49.6 56.6 92.4 79.2 81.1 12.0 66.2"

Table 2: Best-of-K (K=7) performance on informal logic and math benchmarks. The first rows represent the
baseline PRMs based on LLMs without additional training. FOVER-PRMs exhibit significantly better performance,
showing that FOVER-40K improves verification on informal logic and math reasoning. *: Statistically significant
improvement over the baseline PRMs in the first row (p < 0.05, paired bootstrap).

datasets, we use 250 randomly sampled examples
from each dataset. Second, we evaluate step-level
verification performance on math reasoning tasks
in ProcessBench (Zheng et al., 2025), which in-
cludes human annotated binary step-level error la-
bels. ProcessBench includes labels only for the
earliest error in each reasoning traces, SO we use
the steps up to the first error in each solution.

Evaluated PRMs. We evaluate classification-
based PRMs that use Llama 3.1 8B (Llama Team,
2024) and Qwen 2.5 7B (Qwen Team, 2024) as the
backbone. We choose these LLMs because they
are widely used as backbones for PRMs, which
allows for direct comparison with PRMs intro-
duced in prior work. Our PRMs, referred to as
FOVER-PRMEs, are obtained by fine-tuning these
LLMs on FOVER-40K. Baseline PRMs: We com-
pare with baselines that use the backbone LLMs
as PRMs without additional fine-tuning. Existing
PRMs: In Section 4.3, we also evaluate five PRMs
introduced in prior work (Table 4). Among PRMs
based on Llama 3.1 8B, we evaluate RLHFlow-
Llama3.1-8B trained on the DeepSeek or Mis-
tral data (Xiong et al., 2024), which include er-
ror labels on solutions generated by stronger mod-
els on GSMS8K and MATH acquired via Monte
Carlo roll-outs (Wang et al., 2024). Among PRMs
based on Qwen 2.5 7B, we evaluate Qwen2.5-
Math-7B-PRM800K (Zheng et al., 2025), which
is trained on human-annotated labels on MATH,
and Qwen2.5-Math-PRM-7B (Zhang et al., 2025),
which is trained on labels synthesized using Monte
Carlo roll-outs and verification by a stronger model.
We also evaluate Qwen2.5-7B-Skywork-PRM (He
et al., 2024), which is trained on math and coding.

4.2 Results on Logic and Math

First, we evaluate FOVER-PRMs on widely-used
informal logic and math reasoning benchmarks,
which are informal variants of formal logic and

PRMs GSM8K MATH Olympiad Omni Ave.
Llama 3.1 8B 70.0 67.4 68.3 639 674
FOVER-Llama3.1-8B-PRM  81.2  76.4" 75.5" 76.3* 77.3*
Qwen 2.5 7B 755 78.2 76.2 73.6 759
FOVER-Qwen2.5-7B-PRM  86.6°  88.0" 84.0" 84.5* 85.8

Table 3: Step-level binary classification performance of
PRMs on math reasoning tasks in ProcessBench (AU-
ROC). FOVER-PRMs exhibit significantly better perfor-
mance than the baselines, showing that FOVER-40K im-
proves verification on informal math reasoning. *: Statis-
tically significant improvement over the baseline PRMs
in the first rows (p < 0.05, paired bootstrap).

theorem proving tasks included in FOVER-40K.

Results of Best-of-K. We evaluate the Best-of-
K performance of PRMs on two logical rea-
soning benchmarks: FOLIO (Han et al., 2024),
LogicNLI (Tian et al., 2021), and four math
benchmarks: GSM8K (Cobbe et al.,, 2021),
MATH (Hendrycks et al., 2021), AQuA-RAT (Ling
et al., 2017), AIME (2016-2024) (Art of Problem
Solving, 2025). Table 2 reports the Best-of-K per-
formance, showing that FOVER-PRMs outperform
the baseline PRMs on average both on the informal
logic and math tasks.

Results on ProcessBench. We also evaluate the
PRMs on the step-level binary classification (error
detection) task on mathematical reasoning tasks in
ProcessBench (Zheng et al., 2025). ProcessBench
includes human-annotated step-level error labels
(correct vs. incorrect) for reasoning traces on four
math benchmarks: GSM8K, MATH, Olympiad-
Bench, and Omni-Math. Table 3 shows the step-
level verification performance of PRMs, measured
in AUROC. The results show that fine-tuning on
FOVER-40K significantly improves PRM perfor-
mance at detecting step-level mistakes from the
baseline PRMs in informal math reasoning tasks.
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PRM Tasks in Training Data

Step-Level Error

# LLM Calls per Does Not Require  No Human  Accurate

Annotation Solution for Labeling Stronger LLMs Annotation Annotation
RLHFlow-Llama3.1-8B (M, D) Math Reasoning MC Roll-out 8 X # Steps v v X
Qwen2.5-Math-7B-PRM800K Math Reasoning Human Annotation 1 v X X
Qwen2.5-7B-Skywork-PRM Math Reasoning, Coding MC Roll-out (not reported) v 4 X
Qwen2.5-Math-PRM-7B Math Reasoning MC Roll-out, LLMs 8 X # Steps X v X
FOVER-PRM (Ours) Formal Logic, Formal Verification 1 v v v

Formal Theorem Proving

Table 4: Training data creation methods for PRMs evaluated in Section 4.3.

NLI MMLU BBH
PRMs — Average Average
ANLI HANS Pro-NoMath Temporal — Tracking  Sorting

Llama 3.1 8B 26.4 69.2 478 56.8 90.4 90.0 41.6 74.0

PRMs based on  RLHFlow-Llama3.1-8B-M 26.8 71.6* 52.2* 56.8 92.0 90.8 392 74.0
Llama 3.1 8B RLHFlow-Llama3.1-8B-D 27.2 74.4% 50.8 57.6 98.8* 92.8 40.0 71.2*
FOVER-Llama3.1-8B-PRM (ours) ~ 30.0 81.2" 55.6" 54.8 97.2* 96.0" 46.8" 80.0"

Qwen 2.5 7B 324 84.4 58.4 58.0 91.2 89.2 28.8 69.7

PRM:s based on Qwen2.5-Math-7B-PRM800K 29.6 83.2 56.4 62.0" 82.0 90.8 284 67.1

Qw ‘n 2‘5 7B Qwen2.5-7B-Skywork-PRM 29.2 81.2 55.2 58.8 84.0 91.2 31.6 68.9

en = Qwen2.5-Math-PRM-7B 27.6 86.0 56.8 60.4 86.4 92.8 28.8 69.3

FOVER-Qwen2.5-7B-PRM (ours)  30.8 86.0 58.4 60.4 92.4 90.0 29.6 70.7

Table 5: Best-of-K (K=7) performance on tasks that differ from tasks in training data of FOVER-PRMs and existing
PRMs (i.e., unseen tasks). The first rows represent the baseline PRMs based on LLMs without additional training.
The next set of rows contains existing PRMs introduced in prior work. The last rows show our FOVER-PRMs.
*: Statistically significant improvement over the baseline PRMs in the first row (p < 0.05, paired bootstrap).

Answer to RQ1: Formal-to-Informal Transfer

PRMs trained on FOVER-40K outperform base-
line PRMs on average on informal math and
logic benchmarks. These results demonstrate
that PRM training on formally verified error la-
bels on formal reasoning tasks exhibits formal-
to-informal transfer and improves performance
on informal variants of the formal training tasks.

4.3 Results on Unseen Tasks

Second, we evaluate FOVER-PRMs on reasoning
tasks that are substantially different from the for-
mal logic and theorem proving tasks in FOVER-
40K, which we refer to as unseen tasks. We con-
duct evaluations on 6 reasoning benchmarks span-
ning three tasks: NLI, including ANLI (Nie et al.,
2020) and HANS (McCoy et al., 2019); MMLU-
Pro-NoMath (Paech, 2024); and BIG-Bench Hard,
including temporal sequences, tracking shuffled
objects (three objects), and word sorting (Suzgun
et al., 2023). Here, in addition to FOVER-PRMs,
we evaluate existing PRMs introduced in prior
work (Table 4). Since these PRMs are trained on
mathematical reasoning or coding tasks, the reason-
ing benchmarks evaluated in this section are also
unseen for the existing PRMs.

Table 5 shows the Best-of-K performance of
PRMs on the unseen tasks. First, compared to
the baseline PRMs, FOVER-PRMs improve perfor-
mance on average on almost all tasks. Furthermore,
FOVER-PRMs are competitive with existing PRMs,
whose training datasets are created at substantially
higher cost. In particular, FOVER-Llama3.1-8B-
PRM achieves the best performance on the majority
of the benchmarks, compared with existing PRMs
based on the same LLM.

Answer to RQ2: Cross-Task Generalization

PRMs trained on formal reasoning tasks in
FOVER-40K exhibit cross-task generalization,
improving performance on informal reasoning
tasks such as NLI and BBH that are substantially
different from the formal logic and theorem prov-
ing tasks in FOVER-40K.

S Analysis

Ablation on training tasks. FOVER-40K con-
sists of formal logic and theorem proving tasks.
To assess the contribution of each task, we train
PRMs on each task separately and evaluate their
performance. Table 6 reports the Best-of-K per-
formance of PRMs based on Llama 3.1 8B trained
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Formal Formal

Logic Theorem GSMB8K LogicNLI HANS Temporal Tracking Ave.

- - 87.6 39.2 69.2 90.4 90.0 753

v - 86.8 46.0 752  96.8 924 794"
- v 90.4 44.0 76.8*  96.0" 94.8%  80.4™
v v 88.4 412 81.2  97.2% 96.0° 80.8"

Table 6: Ablation on training tasks for Best-of-K (K=7)
performance of PRMs based on Llama 3.1 8B trained on
different subsets of FOVER-40K. The top row represents
the baseline PRM, and the last row represents the PRM
trained on the original FOVER-40K.

PRMs GSMS8K LogicNLI HANS Temporal Tracking Ave.

Qwen 3 4B 93.2 66.4 89.6 87.6 95.6  86.5
FOVER-Qwen3-4B  91.6 70.0 89.6 89.2 95.6 87.2

Table 7: Best-of-K (K=7) performance of PRMs based
on Qwen 3 4B. Fine-tuning on FOVER-40K (second
row) yields improved or comparable performance on all
but one benchmark.

on different subsets of FOVER-40K. The results
show that each task is independently effective and
leads to significant improvements over the base-
line PRMs on average. Looking more closely, we
observe that combining the two tasks during train-
ing improves performance on unseen tasks (HANS,
Temporal, and Tracking), while PRMs trained on
individual tasks achieve better performance on their
corresponding logic and math benchmarks. In
light of this observation, when creating PRMs in-
tended for use in a specific domain with available
in-distribution training data, it may be preferable
not to include additional domains in the training
data. We will add this discussion to the updated
version of the paper.

Robustness to stronger backbone LLM. To
evaluate the robustness of PRM training with
FOVER, we additionally evaluate PRMs based on
Qwen 3 4B (Qwen Team, 2025), which is newer
and stronger than Llama 3.1 8B and Qwen 2.5 7B.
Table 7 reports the Best-of-K performance of PRMs
based on Qwen 3 4B with and without fine-tuning
on FOVER-40K. The results show that fine-tuning
on FOVER-40K yields improved or comparable
performance across nearly all benchmarks, aside
from GSMS8K. These findings indicate that FOVER-
40K, which is constructed from responses gener-
ated by weaker models, improves PRMs built on
stronger LLLM backbones, demonstrating the ro-
bustness of training with FOVER with respect to
backbone LLM choice.

Ablation on training data size. Figure 5 presents
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Figure 5: Ablation on training data size for PRMs based
on Llama 3.1 8B trained on randomly sampled subsets
of FOVER-40K with 10K and 20K instances.

Problem: Today, Sarah went to the art show. Between what
times could they have gone? [...] Lisa saw Sarah working at
the office from 11am to 2pm. [...] Options: (A) 11am to 2pm
(B) 7pm to 9pm [...]

Ground truth answer: (B) 7pm to 9pm

Step Solution from Llama 3.1 8B Baseline FOVER

Lisa saw Sarah working at the office
2 from llam to 2pm, so Sarah could have  0.98 0.99
gone to the art show from 2pm.

From the options, we can see that 11am
7  to2pmis the only option that fits this 0.94 0.06
time frame.

(a) Positive example of FOVER-PRM on the temporal se-
quence task. FOVER-Llama3.1-8B-PRM detects an error in
Step 7, whereas the baseline erroneously assigns a high score.

Problem: For what integer x is % <z< g?

Step Solution from Llama 3.1 8B Baseline FOVER

We can rewrite the inequality as

0 3 x 7
5 <7<g

1.00 1.00

Multiplying the inequality by 315 to
1  eliminate the fractions, we obtain 1.00 0.98
189 < 45z < 245.

Dividing the inequality by 45, we get

219 o2y cgcsa 00 068

(b) Negative example for FOVER-PRM on MATH. FOVER-
Llama3.1-8B-PRM is too strict in Step 2 and considers round-
ing 5.44444 .. . to 5.44 as a mistake.

Table 8: Example outputs from FOVER-PRMs.

an ablation study on training data size for the Best-
of-K performance of PRMs based on Llama 3.1 8B
trained on randomly sampled subsets of FOVER-
40K with 10K and 20K instances. The results show
that PRMs trained on a subset with 10K instances
already achieve performance comparable to those
trained on the full dataset, showing the data effi-
ciency in the FOVER training.

Case study. Table 8 shows example outputs from
FOVER-PRM and baseline PRMs. Table 8a shows
a positive example on a solution to the temporal
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sequence task in BBH. The task is to find a free
time slot that does not overlap with any events in
a given list of past time intervals, which is distinct
from formal reasoning tasks in FOVER-40K. This
example shows that FOVER-Llama3.1-8B-PRM
properly understands the task and solutions de-
scribed in natural language and correctly detects
a logical error in Step 7, showing the formal-to-
informal transfer and cross-task generalization in
PRM training with FOVER. Table 8b shows a neg-
ative example illustrating a potential side effect
of FOVER. In this example, FOVER-Llama3.1-
8B-PRM assigns a low score when a solution step
rounds % = 5.44444 . . . to 5.44 for conciseness.
While this can be considered a mistake under strict
evaluation, it is often acceptable when applied to
intermediate values where the exact precision is
not required for the correctness of the final result.
Training on formally annotated labels in FOVER
may cause PRMs to become overly strict, assigning
lower scores to intermediate steps that are accept-
able but not strictly precise.

6 Discussion

Our experiments show that PRMs trained on sym-
bolic solutions for formal tasks improve perfor-
mance on widely used informal reasoning tasks,
demonstrating effective formal-to-informal trans-
fer in PRM training. Compared to prior work that
directly fine-tunes LLMs on symbolic reasoning
traces, our results indicate that PRM training yields
stronger transferability. For instance, Morishita
et al. (2024) train LLMs on reasoning traces from
a formal logic dataset to improve general reason-
ing, but report limited transfer in a naive setup. To
address this issue, they convert symbolic solutions
into natural language and apply RecAdam (Chen
et al., 2020). In contrast, our results show that PRM
training exhibits formal-to-informal transfer with-
out these modifications. We attribute this advantage
to the consistency of the output space in PRM train-
ing. Regardless of the input format, PRMs generate
a binary label indicating whether each step is cor-
rect or incorrect, which reduces shifts in model
behavior that can arise when LLMs are directly
fine-tuned to generate symbolic reasoning traces.

7 Conclusion

We introduce FOVER, a method for constructing
PRM training data from formal reasoning tasks by
annotating step-level error labels using formal ver-

ification tools. In contrast to existing approaches
that are costly and noisy, FOVER efficiently pro-
duces accurate PRM training data without relying
on human annotation or repeated LLM calls. Exper-
imental results show that PRMs trained on data gen-
erated by FOVER achieve improved performance
across reasoning benchmarks in math, logic, NLI,
and BBH, demonstrating informal-to-formal trans-
fer and cross-task generalization in PRM training.
These findings show that formal verification pro-
vides a practical approach to PRM training data
construction, improving PRMs on widely used in-
formal reasoning tasks written in natural language.

Limitations

This work focuses on classification-based PRMs
that generate a single score to each step. Although
recent studies introduce PRMs that provide step-
level reasoning for error classification (Khalifa
et al., 2025; Feng et al., 2025; Kim et al., 2025),
we leave the study of this type of PRM to future
work, as they are not directly comparable with
classification-based PRMs. PRMs with step-level
reasoning incur substantially higher computational
costs for verification, often multiple times greater
than those required to generate the target reasoning
traces, which limits their practical usefulness.
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A Additional Related Work

Applications of PRMs. PRMs can be used to
supervise LLM reasoning during training and in-
ference. For training, PRMs can generate reward
signals, particularly in reinforcement learning set-
tings (Pan et al., 2023; Zhang et al., 2024a). They
can be applied either to re-rank candidate responses
from the policy or to provide direct reward (Ue-
sato et al., 2022). For inference, PRMs can guide
response selection and refinement through Best-
of-K (Li et al., 2023), self-correction (Saunders
et al., 2022; Madaan et al., 2023), and step-level
search (Ma et al., 2023; Snell et al., 2025).

Outcome-based training for PRMs. Provided the
difficulty of collecting step-level error labels, re-
cent work proposes methods to train PRMs without
using step-level labels. Yuan et al. (2025) proposes
implicit PRMs that can be trained only using fi-
nal answers. They theoretically show that ORMs
trained with the reward that is parameterized by the
log-likelihood ratio of two causal language mod-
els (e.g., DPO (Rafailov et al., 2023)) implicitly
learns a Q function and can be used as PRMs.
In addition, recent work (Feng et al., 2025; Kim
et al., 2025) reports that existing Large Reasoning
Models like DeepSeek-R1 (DeepSeek-Al, 2025)
have strong process-level rewarding capabilities on
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mathematical reasoning tasks, while they are not
explicitly trained for process-level rewarding.

Formal logic and theorem proving. Formal logic
tasks have been used to evaluate and improve the
reasoning of LLMs (Clark et al., 2021; Tafjord
et al., 2021; Morishita et al., 2024). These tasks are
often formulated in logical languages compatible
with automated solvers such as Z3 (de Moura and
Bjgrner, 2008), Vampire (Kovécs and Voronkov,
2013), or E (Schulz, 2002). Separately, formal the-
orem proving has been studied in the context of
LLM-based proof generation (Polu and Sutskever,
2020; Yang et al., 2023; Xin et al., 2024), where
proof assistants such as Isabelle/HOL (Nipkow
et al., 2002), Coq (The Coq Development Team,
2024), and Lean (Moura and Ullrich, 2021) are
used to validate generated proofs. In contrast, our
work presents the first attempt to use verification
outputs from these tools as training signals for re-
ward models. Moreover, while these tools are de-
signed and have been used for solution-level verifi-
cation, we introduce a novel use of them to provide
step-level supervision for PRMs.

B Examples from FOVER-40K

We provide examples from FOVER-40K.

Formal logic. Here is an example of the data in
the formal logic task based on the initial responses
from Llama 3.1 8B.

'id': 'fldx2-train-020948_Llama-3.1-8B-Instruct',
‘error_labels': [True, False],
'messages': [
{'role': 'user', 'content': '*x Problem *x

Based on the provided facts ($context$), either prove or
disprove the hypothesis or state that it is unknown.
The facts and the hypothesis are written in logical
formulas as follows: capital letters such as "{A}",
"{B}", "{AB}" are predicates, small letters such as
"{a}", "{b}", "{ab}" are constants, "&" is logical
conjunction, "v" is logical disjunction, "-" is
negation, "->" is implication, "(x)" is "for all x",
and "(Ex)" is "for some x".

TEELLLld

$hypothesis$: -{B}

$context$:\nfactl: -(-{F} & -{G}) -> -{E}
fact2: -{CF}\nfact3: -{IG}

fact4: -{DQ}

fact5: -{CN}\nfact6: -{BA}

fact7: {B} -> (~{DC} & -~{A})

fact8: -{DM}\nfact9: {C} -> {B}

fact10: -~{IF}

fact11: -{JJ}

fact12: (~{GL} & -~{AP})
fact13: -{E} -> ({D} & {C})
fact14: (-{A} & ~{B})

fact15: (-{DC} & -~{L})
fact16: -{IJ}

fact17: -{EM}

fact18: {H} -> ~(~{F} & ~{G})
fact19: -{DO}

*x Task **

Your task is to evaluate the accuracy of each step in the
provided solution to the above question. For each
step, respond with "correct” if the reasoning is
logically valid and mathematically sound, or if the
step is a general statement or transition that does
not contain reasoning. Respond with "incorrect” if
the step includes any errors or flawed logic.

TLrerd

**% Sotluion *xx
fact? -> int1: {B} -> (-{DC} & ~{A})'},

{'role': 'assistant', 'content': 'correct'},
{'role': 'user', 'content': 'fact6 -> int2: -{B}'},
{'role': 'assistant', 'content': 'incorrect'}

Formal theorem proving. Here is an example of
the data in the formal proof task based on the initial
responses from Qwen 2.5 7B.

'id':
— 'metamathqa_GSM_Rephrased_076554_Qwen2.5-7B-Instruct’,
‘error_labels': [True, True, True, True, True, True,
— False],
'messages': [
{'role': 'user', 'content': 'xx Problem *x
Generate a proof for the following theorem in the
< Isabelle proof assistant format.

theorem example:
assumes "(Jorge_age_2005::nat) = 16"
and "(Jorge_age_difference::nat) = 24"
and "(Jorge_current_age::nat) = Jorge_age_2005 +
— (2022 - 2005)"
and "(Simon_current_age::nat) = Jorge_current_age +
«— Jorge_age_difference”
and "(Simon_age_2010::nat) = Simon_current_age +
— (2010 - 2022 + 2005)"
shows "Simon_age_2010 = 50"

*x Task **\nYour task is to evaluate the accuracy of each
step in the provided solution to the above question.
For each step, respond with "correct” if the
reasoning is logically valid and mathematically
sound, or if the step is a general statement or
transition that does not contain reasoning. Respond
with "incorrect” if the step includes any errors or
flawed logic.

Terered

*% Sotluion xx
We\'ll start from the beginning and proceed logically.'},

{'role': 'assistant', 'content': 'correct'}

{'role': 'user', 'content': 'have "Jorge_current_age = 16
s + (2022 - 2005)" using assms by simp'}

{'role': 'assistant', 'content': 'correct'},

{'role': 'user', 'content': 'then have "Jorge_current_age
< =16 + 17" using assms by simp\nthen have

< "Jorge_current_age = 33" using assms by simp'},
{'role': 'assistant', 'content': 'correct'},

{'role': 'user', 'content': 'then have "Simon_current_age
<« = 33 + 24" using assms by simp'},

{'role': 'assistant', 'content': 'correct'}

{'role': 'user', 'content': 'then have "Simon_current_age
< = 57" using assms by simp'},

{'role': 'assistant', 'content': 'correct'},

{'role': 'user', 'content': 'then have "Simon_age_2010 =
— 57 + (2010 - 2022 + 2005)" using assms by simp'},
{'role': 'assistant', 'content': 'correct'},

{'role': 'user', 'content': 'then have "Simon_age_2010 =
< 57 + 83" using assms by simp'},

{'role': 'assistant', 'content': 'incorrect'}

1,

}

C Creation Process of FOVER-40K

This section provides details of the creation process
of FOVER-40K, which is outlined in Section 3.
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Formal Step generated from LLM
| int2 & int1 -> int3: ({DXb} & *{CKb}); |

Postprocessed Step

| ~{CHb} & {D}b} -> ({D}b} & ~{CKb}); |

v

| Automatic Verifier (23) |

v

(a) Formal logic task.

Informal Question

A store owner bought 1500 pencils at $0.10 each. If he sells them
for $0.25 each, how many of them must he sell to make a profit of
exactly $100.00?

Final Answer 1000 pencils.

Conversion LLM

Formal Statement

lassumes "(total_pencils::nat) = 1500"

and "(cost_per_pencil:real) = 0.10"

and "(sell_price_per_pencil::real) = 0.25" [...]
shows "pencils_to_sell = 1000"

LLM

Formal Proof

have "total_pencils * cost_per_pencil = 150" by simp

then have "profit + (total_pencils * cost_per_pencil) = 250" by simp
then have "(profit + (total_pencils * cost_per_pencil)) /[...]

have "total_pencils * cost_per_pencil /[...]

[ Automatic Verifier (Isabelle) }
v

(b) Formal theorem proving task.

Figure 6: Automatic step-level error annotation for
FOVER-40K by formal verification tools.

C.1 Formal Logic

Formal solution generation (Appendix C.1.1).
We prompt Llama 3.1 8B and Qwen 2.5 7B to
generate step-by-step formal solutions to FLDx2
in a format compatible with Z3. We use a few-shot
instruction to guide LLMs to follow the format and
filter out syntactically invalid solutions using Z3.

Automatic error annotation (Appendix C.1.2).
Z3 is designed for verification at the solution level,
but we use it at the step level by supplying Z3 with
the premises and conclusion for the target step to
determine logical validity, as in Figure 6a.

C.1.1 Initial Response Generation

First, we need to generate symbolic solutions from
LLMs, which may include logical mistakes, but
they should be in a valid format compatible with
73 (de Moura and Bjgrner, 2008).

We use FLDx2 (Morishita et al., 2023, 2024) as
a base dataset for our formal logic task. We use
the symbolic version of the dataset. To simplify

the verification pipeline, we removed cases whose
reasoning steps include “assump,” which is used in
cases such as proof by contradiction.

We generate formal solutions from Llama 3.1 8B
and Qwen 2.5 7B. The following is an example of
a few-shot demonstration for the initial generation.
We provide six examples as a demonstration. After
generating the formal solutions, we filter out those
with an invalid format using Z3.

{
'role': 'user',
‘content':

'Based on the provided facts ($context$), either prove or
disprove the hypothesis or state that it is unknown.
The facts and the hypothesis are written in logical
formulas as follows: capital letters such as "{A}",
"{B}", "{AB}" are predicates, small letters such as
"{a}", "{b}", "{ab}" are constants, "&" is logical
conjunction, "v" is logical disjunction, is
negation, "->" is implication, "(x)" is "for all x",
and "(Ex)" is "for some x"

n_n

FTELereld

Don't generate anything other than the proof and

< proof_label.

Don't generate the proof by contradiction. If the

< hypothesis is disproved, provide a direct

— counterexample. If the proof_label is PROVED, your
< proof should end with the 'hypothesis'. If the

— proof_label is DISPROVED, your proof should end with
— 'shypothesis'.

$hypothesis$: ({AB}{c} & -{B}{c})

$context$:
factl: (x): -{D}x —> ({A}x & {C}x)
fact2: -({B}{a} & -{A}a})
fact3: -{AB}{b} -> -{C}d}
fact4: -{C}a} -> ~{A}d}
fact5: -{A}{a}
fact6: ({AB}{c} & -{B}{c}) —> {C}{d}
fact7: ~({FH{b} v {DXb}) > -{D}{a}
fact8: {A}a} -> ({AB}{c} & -{B}{c})
fact9: ({AB}{c} & -{AA}{c}) -> {B}{b}
fact10: ({AB}{c} & -{B}{c}) -> {C}{b}
3,
{
'role': 'assistant',
'‘content':
'$proofs$:
facté -> int1: -{C}{d} -> -({AB}{c} & ~{B}c});
fact3 & int1 -> int2: ~{AB}{b} -> -~({AB}{c} & -{B}c});

$proof_label$: UNKNOWN'

C.1.2 Automatic Step-level Annotation

Second, we automatically annotate step-level er-
ror labels, which will be used to train PRMs. We
use Z3 (de Moura and Bjgrner, 2008) for annotat-
ing step-level error labels. Specifically, we use the
checker provided by the FLDx?2 paper (Morishita
et al., 2024) based on Z3.! Z3 is originally de-
signed for solution-level verification, so we need to
write code to use it for step-level verification. As
explained in Figure 6a, we first postprocess each

1ht’cps: //github.com/hitachi-nlp/FLD-generator/
blob/@0d12c4a9132a4fb43cd77f24db03ea7f5b27877/
FLD_generator/formula_checkers/z3_logic_
checkers/checkers.py#L179
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step in solutions to an independent logical step and
check the validity using Z3.

C.2 Formal Theorem Proving

Formal statement generation (Appendix C.2.1).
We first generate formal statements in the for-
mat compatible with Isabelle from GSM8K-level
problems, including GSM8K (Cobbe et al., 2021),
GSMS8K-based cases in MetaMathQA (Yu et al.,
2024), and math word problems in Big-Math (Al-
balak et al., 2025), using Qwen 2.5 7B.

Formal solution generation (Appendix C.2.2).
We instruct Qwen 2.5 7B to generate step-by-step
formal proofs in the format compatible with Is-
abelle to the formal statements.

Automatic error annotation (Appendix C.2.3).
Isabelle is designed for solution-level verification.
To obtain step-level error labels, we implement
wrapper code for step-level verification. Our code
assumes that the other steps are correct when eval-
uating the target step.

C.2.1 Formal Statement Generation

First, we generate formal statements in the for-
mat compatible with Isabelle (Nipkow et al., 2002).
Motivated by prior work (Zhou et al., 2024), we
generate formal statements from math word prob-
lems using Qwen 2.5 7B with few-shot prompting.
Specifically, we convert informal GSM8K-level
math word problems: GSM8K (Cobbe et al., 2021),
GSMB8K-based cases in MetaMathQA (Yu et al.,
2024), and math word problems in Big-Math (Al-
balak et al., 2025), into formal statements.

C.2.2 Formal Proof Generation

We provide an instruction with few-shot examples
to generate formal proofs from Qwen 2.5 7B. The
following is an example of a few-shot demonstra-
tion for the formal proof generation.

{
'role': 'user',
'content': '#* Formal Statement xx
theorem example:
assumes "(Cabin_cost::nat) = 129000"
and "(Gloria_cash::nat) = 150"
and "(Cypress_count::nat) = 20"
and "(Pine_count::nat) = 600"
and "(Maple_count::nat) = 24"
and "(Cypress_price::nat) = 100"
and "(Maple_price::nat) = 300"
and "(Pine_price::nat) = 200"
and "(After_paying_Alfonso::nat) = Gloria_cash +
< Cypress_count * Cypress_price + Maple_count *
< Maple_price + Pine_count * Pine_price -
< Cabin_cost”
shows "After_paying_Alfonso = 200"
}
{

'role': 'assistant',

'content': 'proof -
have "Cypress_count * Cypress_price = 2000"
using assms by simp
then have "Maple_count * Maple_price = 7200"
using assms by simp
then have "Pine_count * Pine_price = 120000"
using assms by simp
then have "Gloria_cash + Cypress_count * Cypress_price +
< Maple_count * Maple_price + Pine_count x Pine_price =
— 129200"
using assms by simp
then have "Gloria_cash + Cypress_count * Cypress_price +
<+ Maple_count * Maple_price + Pine_count * Pine_price -
< Cabin_cost = 200"
using assms by simp
then have "After_paying_Alfonso = 200"
using assms by simp
show ?thesis
using assms by simp
qged'
3

C.2.3 Automatic Step-level Proof Verification

Format verification. As we use LLMs for the con-
version, it is possible that the conversion generates
proofs in an invalid format. To filter out theorems
in the invalid format, we use the “sorry” keyword
of Isabelle. The “sorry” keyword serves as a place-
holder for incomplete or unproven proofs, allowing
the theorem to be accepted by the system without
a formal justification. By inserting “sorry” into all
generated proof steps, we can isolate and verify
only the syntactic correctness theorems.

For example, in the following proof,
babysitting_minutes x (Weng_hourly_wage
/ 60) contains the symbol x, which is not a valid
multiplication operator in Isabelle syntax.

theorem example:

assumes " (Weng_hourly_wage::real) = 12"
and "(babysitting_minutes::real) = 50"
and "(babysitting_hours::real) = babysitting_minutes
— / 60"
and "(Weng_earnings::real) = Weng_hourly_wage *
< babysitting_hours”

shows "Weng_earnings = 10"

proof -
have "Weng_hourly_wage / 60 = 0.20"
sorry
then have "babysitting_minutes x (Weng_hourly_wage / 60)
— =10"
sorry
then have "Weng_earnings = 10"
sorry
thus ?thesis
sorry
ged

For this input, Isabelle returns the following error.

Step error: Inner syntax error (line 1)\nat \"? (
< Weng_hourly_wage / 60 ) = 10\"\nFailed to parse prop\nAt
< command \"have\" (line 1)

Step-level verification. By default, Isabelle halts
at the first encountered error and does not provide
a step-by-step verification of a proof. To enable
independent verification of each step in a multi-
step proof, we insert the “sorry” keyword in all but
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one step. This allows Isabelle to type-check and
parse each step individually, even if other steps are
incomplete or invalid.

The following example is for verifying the third
step independently. For each theorem, we run Is-
abelle once per step.

theorem example:

assumes "(wallet_cost::nat) = 100"
and "(betty_savings::nat) = wallet_cost div 2"
and "(parent_contribution::nat) = 15"

and "(grandparent_contribution::nat) = 2 *
< parent_contribution”
and "(total_savings::nat) = betty_savings +
< parent_contribution + grandparent_contribution”
and "(additional_needed::nat) = wallet_cost -
< total_savings”
shows "additional_needed = 5"
proof -
have "betty_savings = wallet_cost div 2"
sorry
then have "betty_savings = 50"
sorry
have "grandparent_contribution = 2 * parent_contribution”
by simp
then have "grandparent_contribution = 30"
sorry
then have "parent_contribution + grandparent_contribution
s = 45"
sorry
then have "total_savings = 95"
sorry
then have "additional_needed = wallet_cost -
< total_savings”
sorry
then have "additional_needed = 5"
sorry
thus ?thesis
sorry

D FOVER Beyond FOVER-40K

As the first work towards this direction, we eval-
uate FOVER by creating PRM training data using
relatively simple tasks with a minimal pipeline to
keep the evaluation focused and clear. However,
FOVER is not limited to the tasks and tools we
used in this paper and can be extended to create
training data using different types of tasks or more
complex tasks. When applying FOVER to create
PRM training data using more complex tasks, there
are two potential challenges: (1) generating formal
solutions from LLMs in a valid format compatible
with formal verification tools and (2) verifying step-
level correctness using formal verification tools.
First, formal solutions should be in a syntacti-
cally valid format compatible with formal verifica-
tion tools we use for verification. Following syntac-
tical rules and formats of some formal verification
tools can be challenging for LLMs, especially when
we target more complex problems. Recent LLMs
are increasingly capable of generating formal solu-
tions in valid formats, showing strong performance
in first-order logic (Olausson et al., 2023) and a
growing ability to produce syntactically valid for-
mal proofs (Ren et al., 2025). We expect future

models to further improve their capabilities to gen-
erate formal solutions and be more suitable for
creating PRM training data using FOVER.
Second, we need to make formal verification
tools verify step-level correctness. The tools are
often designed for solution-level verification, so
we often need to adapt them for step-level verifica-
tion, as we did in this paper for creating FOVER-
40K. When creating PRM training data using more
complex tasks, we may need to further modify the
verification pipeline to support new operations.
For example, to keep the verification pipeline
simple, we did not use problems that involve as-
sumptions in the formal logic task (FLDx2), such
as proofs by contradiction, when creating FOVER-
40K. However, we can extend our verification
pipeline to support such cases. Existing verification
tools are already capable of performing solution-
level verification for proofs by contradiction, so we
can make use of them to provide step-level verifi-
cation. When handling assumptions in our frame-
work, the type of mistake that cannot be detected
through our current step-independent verification
alone is illustrated by the following example, be-
cause the step-independent verification assumes
that preceding intermediate results are correct:

¢ Premises: factl: B; fact2: B—C; fact3: C—A;
* Hypothesis: A

e factl and fact2 — C; Assume A; A — Hypothe-
sis; Therefore, the hypothesis is proved.

In this case, the existing solution-level verifica-
tion will identify this solution as an error because
the assumption is not properly discharged. Thus,
by combining step-independent verification with
solution-level verification, we can identify and la-
bel the final step as erroneous.

E Implementation Details

This section provides details of our experiments.

E.1 Input Format and Postprocessing

FOVER-PRMs and the baseline PRMs. We cre-
ate inputs to LLM-based PRMs by preprocessing
step-by-step solutions into a conversation format
where each input contains a single step, and the
expected output is a single token: “correct” or “in-
correct”. To obtain step-level scores, we extract
logits for the two words and apply the softmax
function to compute the prediction probability for
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“correct”. This approach follows prior work (Xiong
et al., 2024) that uses LLMs as PRMs. As the base-
line PRMs are not fine-tuned, we provide zero-shot
instructions about this format.

First, we describe the input format for FOVER-
PRMs and the baseline LLM-based PRMs, which
are based on Llama 3.1 8B and Qwen 2.5 7B.
FOVER-PRMs are trained on FOVER-40K, so the
input format has the same format as the training
data. The only difference is that we replace all
step-level labels with “correct” in the input. This
preprocessing allows us to provide the whole input
once to get the step-level predictions for all steps.
The following is an example input for GSM8K.

L
{
'role': 'user',
‘content': '#* Problem **
Alice is 7 years older than Beth, who is 5 years older
< than Erica. What is the difference between the ages
< of Alice and Erica, if Erica is 30 years old?

*% Task **

Your task is to evaluate the accuracy of each step in
the provided solution to the above question. For
each step, respond with "correct” if the reasoning
is logically valid and mathematically sound, or if
the step is a general statement or transition that
does not contain reasoning. Respond with
"incorrect” if the step includes any errors or
flawed logic.

TEeeeld

*x Sotluion *x*
Since Erica is 30 years old, and Beth is 5 years older
< than Erica, Beth is 30 + 5 = 35 years old.
3,
{'role': 'assistant', 'content': 'correct'},

{'role': 'user', 'content': 'Alice is 7 years older than
< Beth, who is 35 years old. '},
{'role': 'assistant', 'content': 'correct'},
{'role': 'user', 'content': 'So, Alice is 35 + 7 = 42 years
— old.'},
{'role': 'assistant', 'content': 'correct'},
{'role': 'user', 'content': "The difference between Alice's
< age and Erica's age is 42 - 30 = 12 years."},
{'role': 'assistant', 'content': 'correct'},
{'role': 'user', 'content': 'Therefore, the answer (arabic
< numerals) is 12.'},
{'role': 'assistant', 'content': 'correct'}

]
Next, we describe the postprocessing for

FOVER-PRMs and the baseline LLM-based PRMs.

Extracting logits. Since we use causal LLMs as
PRMs, we extract the model’s predictions for the to-
kens immediately preceding the dummy step-level
labels (e.g., “correct”) in the input.

Computing step-level scores. At each identified
position, we extract the logits corresponding to the
tokens “correct” and “incorrect”. We then apply
the softmax function over these two logits to com-
pute the probability assigned to “correct”. This
probability serves as the step-level score.

PRMs based on Llama 3.1 8B. In RLHFlow-
Llama3.1-8B-DeepSeek and RLHFlow-Llama3.1-

8B-Mistral (Xiong et al., 2024), the input format
is mostly similar to ours, with the key difference
being the use of “+” and “-” instead of “correct”
and “incorrect”.> For these models, we apply our
input format and postprocessing procedures with a

simple substitution of “correct” with “+”.

PRMs based on Qwen 2.5 7B. Qwen2.5-Math-
7B-PRMS8O00K (Zheng et al., 2025) and Qwen2.5-
Math-PRM-7B (Zhang et al., 2025) are supported
by VLLM (Kwon et al., 2023). We follow the input
format specified in their respective model descrip-
tions and adopt the reward modeling in VLLM.?
For Qwen2.5-7B-Skywork-PRM (He et al., 2024),
we use a code provided by the authors.*

E.2 Training Settings

This section provides details of the training settings
for our FOVER-PRMs.

Balanced labels. The last steps of the solutions
in FOVER-40K includes balanced step-level error
labels of 50% of “correct” and “incorrect” labels.
Then, we can perform training on the balanced
label by setting mask_history: True in LLaMA-
Factory, which configures the model to use only
the last step of each conversation during training.

Training parameters. We fine-tune all model pa-
rameters and do not use parameter-efficient tech-
niques. We use the AdamW optimizer (Loshchilov
and Hutter, 2019) and select the learning rate based
on the average Best-of-K performance on the val-
idation tasks: Orca-Math (Mitra et al., 2024) and
two tasks in BBH (Suzgun et al., 2023) (Logical De-
duction (three objects) and Boolean Expressions).
We evaluate models trained with the learning rate
le-6, 2e-6, 5e-6, and le-5, and select the model
with the best average performance on the valida-
tion tasks. We use the parameters in Table 9 in all
models, and we did not conduct hyperparameter
tuning for these parameters. Please refer to the
configuration files in our code for further details.

E.3 Evaluation Settings of Best-of-K

Benchmarks. Table 10 shows sources of reasoning
benchmarks evaluated in Best-of-K in Section 4.

Initial generation prompts. Table 11 shows de-

Zhttps://github.com/RLHF low/
RLHF-Reward-Modeling/tree/main/math-rm

3https://docs.vllm.ai/en/latest/models/
pooling_models.html

*https://github.com/SkyworkAI/
skywork-ol1-prm-inference
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Parameter Value
Number of Epochs 1
Batch size 32
Learning Rate Warm up and Decay Strategy ~ Linear
Learning Rate Warm up Ratio 0.5

Table 9: Hyperparameters for training on FOVER-40K

tailed settings of generating K = 7 responses for
the Best-of-K evaluation in Section 4. We create
new few-shot examples or modify few-shot demon-
strations used in prior work to enhance the quality
and to simplify the post-processing procedure. For
example, we add line breaks between reasoning
steps in all tasks. An example prompt for GSM8K
is provided in Appendix C.1.1. Please also refer to
our code for further details.

E.4 Computational Resources

We use four NVIDIA A100 SXM4 80GB GPUs
for training and inference. Training each 8B-class
model on our dataset takes approximately one hour
using our training data, FOVER-40K. Evaluation
takes considerably more time because the Best-of-
K evaluation requires multiple candidate solutions,
and reproducing all the evaluation in this paper will
take approximately three days.

Verification using Z3 and Isabelle does not re-
quire GPUs and can be run in parallel on CPU-only
servers, enabling efficient and scalable PRM train-
ing data creation. On average, in a single process,
73 verifies all datasets in less than 10 minutes for
the formal logic task, and Isabelle verifies each
step in approximately 3 seconds for the formal the-
orem proving tasks. For annotation, we run one
73 process for formal logic and 40 parallel Isabelle
processes for formal theorem proving on AMD
EPYC 7763 64-core processors.

E.5 Model Access and Software Libraries

LLMs. We use LLMs from Hugging Face Hub. We
use meta-llama/Llama-3.1-8B-Instruct and
Qwen/Qwen2.5-7B-Instruct as base models for
our PRMs. We also use these models to gener-
ate initial responses used in creating FOVER-40K,
and also for generating K = 7 responses in the
Best-of-K evaluation (§4).

Existing PRMs. Details for the PRMs evaluated in
Section 4 are listed in Table 12. We acquire these
models at Hugging Face Hub and use vLLM (Kwon

et al., 2023) to generate reward scores.’

Software libraries. For inference, we use
vLILM (Kwon et al., 2023) for accelerating
LLM inference. For training, we use LLaMA-
Factory (Zheng et al., 2024) for fine-tuning PRMs.

F Ethical Considerations

Social impacts. This research does not involve
human subjects or private data. This paper pro-
poses a method for improving PRMs, which detect
mistakes in LLM responses. We do not expect any
harmful impact.

Dataset. Our dataset, FOVER-40K, is created from
formal verification tools and logic and mathemati-
cal reasoning datasets. We do not expect that our
dataset includes information that uniquely identi-
fies individual people or offensive content.

The use of Large Language Models. In paper
writing, we used LLMs to polish writing. We used
ChatGPT-5 via OpenAl’s web interface.

G Reproducibility Statement and License

The datasets, models, and code are provided
at https://github.com/psunlpgroup/FoVer.

We release our dataset under Creative Commons
Attribution 4.0 International and our code under
Apache License 2.0. Our dataset and code are
based on the following resources. We consider
our license to be (one-way) compatible with all
licenses listed below.

Datasets. FOVER-40K is based on the following
datasets.

FLDx2 (2024): CC BY 4.08

GSMSK (2021): MIT®

MetaMathQA (2024): MIT!?

Big-Math (2025): Apache License 2.0!!

Code and packages. Our code is partially based
on the following resources.

"https://docs.vllm.ai/en/latest/
models/supported_models.html#
reward-modeling-task-reward

8https://github.com/hitachi—nlp/FLD—corpus/
blob/neurips_2025/LICENSE

*https://github.com/openai/grade-school-math/
blob/master/LICENSE

Yhttps://huggingface.co/datasets/meta-math/
MetaMathQA/blob/main/README.md

11https://huggingface.co/datasets/SynthLabsAI/
Big-Math-RL-Verified/blob/main/README.md
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Dataset

Source

AQUA-RAT
AIME (2016-2024)

https://huggingface.co/datasets/openai/gsm8k
https://github.com/hendrycks/math
https://huggingface.co/datasets/deepmind/aqua_rat

https://huggingface.co/datasets/di-zhang-fdu/AIME_1983_2024

FOLIO https://huggingface.co/datasets/yale-nlp/FOLIO
LogicNLI https://huggingface.co/datasets/tasksource/LogicNLI
ANLI https://huggingface.co/datasets/facebook/anli
HANS https://github.com/tommccoy1/hans
MMLU https://huggingface.co/datasets/sam-paech/mmlu-pro-nomath-sml
BBH https://github.com/suzgunmirac/BIG-Bench-Hard/tree/main/bbh

Table 10: Reasoning benchmarks evaluated in the Best-of-K experiments.

Dataset Few-shot Examples for Initial Generation Answer Matching
GSMBK Kojima et al. (2022) ° Exact match after extraction and conversion to integer
MATH Lewkowycz et al. (2022, Appendix D.2) Lewkowycz et al. (2022, Appendix G)
AQuA-RAT Made by us (3-shot) Exact match after extraction
AIME Made by us (3-shot) Exact match after extraction and conversion to integer
FOLIO Made by us (2-shot) Exact match after extraction
LogicNLI Made by us (3-shot) Exact match after extraction
ANLI Made by us (3-shot) Exact match after extraction
HANS Made by us (2-shot) Exact match after extraction
MMLU Made by us (4-shot) Exact match after extraction
BBH Suzgun et al. (2023)° Exact match after extraction

Table 11: Detailed settings for Best-of-K downstream evaluation

PRMs Source Base Datasets Training Data Creation

RLHFlow-Llama3.1-8B-DeepSeek (2024) RLHFlow/Llama3.1-8B-PRM-Deepseek-Data GSMSK, MATH Math-Shepherd (2024)

RLHFlow-Llama3.1-8B-Mistral (2024) RLHFlow/Llama3.1-8B-PRM-Mistral-Data ~ GSM8K, MATH Math-Shepherd (2024)
Qwen2.5-Math-7B-PRM800K (2025) Qwen/Qwen2.5-Math-7B-PRM800K MATH Human annotation

Qwen2.5-Math-PRM-7B (2025)

Qwen/Qwen2.5-Math-PRM-7B

Math-Shepherd (2024) &

Private Data LLM-as-a-Judge

Qwen2.5-7B-Skywork-PRM (2024)

Skywork/Skywork-01-Open-PRM-Qwen-2.5-7B

Hidden Hidden

Table 12: PRMs we evaluate in Section 4.

FLD (2024): Apache License 2.0

Isabelle: BSD-style regulations'3

* Neural theorem proving tutorial (2023): MIT'*

DTV (2024): MIT!

Zhttps://github.com/hitachi-nlp/FLD/blob/
neurips_2025/LICENSE

Bhttps://isabelle.in.tum.de/

14https://github.com/wellecks/ntptutorial/blob/

main/LICENSE

Bhttps://github.com/jinpz/dtv/blob/main/

LICENSE
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