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Abstract

The Uniform Information Density (UID) hy-
pothesis proposes that effective communica-
tion is achieved by maintaining a stable flow of
information. In this work, we revisit this prin-
ciple in the context of Large Language Model
(LLM) reasoning, asking whether step-level
uniformity reflects reasoning quality. To this
end, we introduce a novel framework to quan-
tify uniformity of information flow at both local
and global levels, using an entropy-based step-
wise density metric. Across experiments on
seven reasoning benchmarks, we see a counter-
intuitive pattern: while high-quality reasoning
exhibit smooth step-by-step transitions (local
uniformity) and structured, non-uniform infor-
mation flow at the trajectory level (global non-
uniformity). The results demonstrate that these
uniformities outperform alternative internal sig-
nals as predictors of reasoning quality, and such
divergence with human communication is not
a model deficiency, but a byproduct of distinct
objectives between human communication and
LLM reasoning. !

1 Introduction

Chain-of-Thought (CoT) reasoning has become
a central technique for enhancing large language
models (LLMs) on complex reasoning tasks (Wei
et al., 2023; Kojima et al., 2023; Chae et al., 2023).
By generating step-by-step rationales, CoT en-
ables models to decompose problems into sim-
pler subproblems and thereby improve accuracy
(Golovneva et al., 2023; Prasad et al., 2023; Yao
et al., 2023). Despite these successes, recent stud-
ies have highlighted the fragility of this approach
(Zhao et al., 2025a). For example, the intermediate
rationales are often logically inconsistent or inco-
herent, and hence models fail to generalize out-of
domain tasks even when producing lengthy rea-
soning traces (Shojaee et al., 2025). This raises a

!Code is released at: https://github.com/

talzoomanzoo/uid-reasoning
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Figure 1: Reasoning as information flow. Human com-
munication distributes information smoothly to respect
channel capacity, enabling successful understanding.
LLM reasoning transmits information across reasoning
steps; failures arise from local overload (sharp spikes)
and underuse (flat trivial trajectory).

critical question: how can we determine whether
LLMs are reasoning effectively, rather than merely
generating superficially coherent text?

Clues may lie in human communication itself;
the psycholinguistic hypothesis of Uniform Infor-
mation Density (UID) proposes that speakers dis-
tribute information as evenly as possible to bal-
ance clarity and efficiency (Fenk and Fenk-Oczlon,
1980; Genzel and Charniak, 2002; Clark et al.,
2023; Jaeger and Levy, 2006). Namely, a rela-
tively uniform flow of information is necessary
for effective communication (Meister et al., 2021;
Aylett and Turk, 2004), aligned with the limits of
human cognitive processing. When this balance
is disrupted by too much or too little information,
communication deteriorates. Motivated by this, we
ask whether a similar principle governs reasoning
in LLMs. As human speakers maintain balanced in-
formation flow to support comprehension, effective
reasoning traces may require comparable unifor-
mity across steps. Recent findings in cognitive
science support this view: Bhambri et al. (2025)
shows that reasoning paths interpretable to humans
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are also easier for models to generate and learn,
suggesting a shared structure between human cog-
nition and machine reasoning.

To investigate this, we focus on analyzing the in-
formation flow of LLM-generated reasoning traces
on challenging mathematical benchmarks. Specifi-
cally, we begin by defining per-step measurements
of information density using entropy of predic-
tive distribution, and examine their relationship
to answer correctness. We then introduce two com-
plementary metrics to quantify uniformity at both
global and local levels. Our experiments reveal a
counter-intuitive pattern: unlike human communi-
cation, successful LLM reasoning exhibits high
local uniformity but low global uniformity. In
our experiments across seven challenging reason-
ing benchmarks and three LLMs, these uniformity
consistently outperform conventional approaches
in identifying high-quality trajectories for Best-
of-N sampling. We find that this divergence is
not a model deficiency, but rather an instrumental
byproduct of the distinct objectives between human
communication and LLLM reasoning.

Overall, our contributions are threefold:

o To our knowledge, we are the first to revisit the
Uniform Information Density (UID) hypothesis
in the context of LLM reasoning.

o Contrary to our hypothesis, we find that rea-
soning patterns characterized by global non-
uniformity and local uniformity in surprisal cor-
relate with reasoning success on challenging
mathematical reasoning tasks.

o Extensive analyses show that deviations from
such patterns serve as a trace-level internal sig-
nal for predicting failure cases, enabling com-
plementary improvements to response-level ag-
gregation and LLM reasoning evaluation.

2 Exploring the Uniform Information
Density Hypothesis in LLM Reasoning

2.1 Background: the UID hypothesis

The UID hypothesis considers language as a sig-
nal transmitted through a noisy channel with lim-
ited capacity (Meister et al., 2021; Tsipidi et al.,
2024). Then, UID posits that speakers aim to con-
vey information efficiently without overwhelming
the listener’s processing resources. Formally, let
an utterance u = [uj,ug, ..., uy| be a sequence
of NN linguistic units, such as words, subwords, or
characters, depending on the granularity of repre-
sentation. For each unit w,,, surprisal is defined as

its unexpectedness, given its previous context:

s(up) log P(uy, | ucy),

where P(u,|u<y,) is the probability of seeing unit
utterance u,, after the earlier sequence u.,, =
[u1,...,up—1]. Intuitively, the unit with high sur-
prisal is very unexpected and therefore hard to pro-
cess for the listener. Then, the total processing
effort for the utterance u is expressed as:

N
Eprocess (ll) X Z S(Un)k +c- N.
n=1

for some constant ¢ > 0 and & > 1. Here, the expo-
nent k encodes the super-linear nature of process-
ing effort, where rare or unexpected units impose
larger effort than predictable ones. Under this for-
mulation, uniform surprisals across units minimize
total processing effort, whereas “spiky” linguistic
signal with highly uneven surprisal values increase
the burden of communication (Meister et al., 2021).

While UID has been validated in human lan-
guage, its implications for machine reasoning re-
main underexplored. LLMs, or more specifically,
recent reasoning models such as Deepseek-R1
(DeepSeek-Al et al., 2025) and Qwen3 (Yang et al.,
2025a) generate step-by-step CoT traces, similar
to how human speech unfold over time. If we treat
each reasoning step z; like a unit with surprisal
s(z;), a single reasoning trace z = [z1, 22, ..., ZN]
can be analyzed in the same way to have the total
reasoning effort as below:

N
Ereason(z) X Z S(Zn)k +c- N.
n=1

Then, a natural question arises: does the UID hy-
pothesis hold for good reasoning patterns in LLMs?
A smooth, uniform surprisal profile may reflect
clear and logical reasoning, while sharp spikes may
signal confusion or errors. Therefore, in this work,
we validate UID hypothesis beyond psycholinguis-
tics to CoT reasoning of LLMs, offering a new lens
on why reasoning models succeed or fail.

2.2 Preliminary analyses: Step-wise
information density in CoTs of LLMs

We start by defining the step-level information den-
sity I D; for a reasoning trace z (21, .-y 2N],
where each reasoning step z; is composed of M; to-
kens, i.e., z; = [z1, ...,z ] We divide the given
reasoning trace into multiple reasoning steps using
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Figure 2: Averaged I D; scores of LLM reasoning traces
on AIME2025. Correct traces show a downward trend
with smooth decay, while incorrect traces show noisy
entropy with unresolved spikes.

\n\n, following Lightman et al. (2023).2 Let p; be
the predictive distribution over the vocabulary V at
the token position t. Then, to characterize I D;, we
consider entropy over tokens in each step:

Hy = — Zpt(v) log p¢(v),

veY

and step-level information density with entropy is:

Justifications for using entropy as a proxy. We
use entropy as a proxy for information density be-
cause it reflects both model confidence and vari-
ability in reasoning; low entropy indicates con-
fident predictions while higher entropy implies
uncertainty between multiple plausible continua-
tions (Shannon, 1948; Kuhn and Johnson, 2013).
Also, in an information-theoretic perspective, en-
tropy quantifies the expected number of bits re-
quired to encode the predictive distribution, where
higher values corresponding to richer informational
content (Cover and Thomas, 2006). Therefore, ag-
gregating entropy across tokens offers a compact
and interpretable signal of reasoning difficulty. Fur-
thermore, our experiments (see Appendix C.1) sug-
gest that using entropy as information density is
more effective, compared to other candidates such
as log-probability and confidence-based methods.

*While we adopt newline-based segmentation, we demon-
strate that our findings are robust to alternative stepwise seg-
mentation strategies in Appendix A.

Figure 2 compares the evolution of I D; between
the averaged reasoning traces for correct and in-
correct solutions in AIME2025, respectively. Here,
correct traces exhibit a clear global trend: entropy
begins with exploratory fluctuations, stabilizes in
mid-trace, and then steadily decays toward near
zero, reflecting a structured process of resolution
and convergence on the final answer. In contrast, in-
correct traces instead displays a flat, noisy entropy
trajectory with occasional sharp spikes.

Motivation for a structural perspective. As we
examine entropy peaks at the level of individual
reasoning traces, we find that interpreting them
solely through the semantic content of the text is
difficult (see Appendix C.2). To be specific, (1) en-
tropy levels in both correct and incorrect traces can
be quite varying, (2) number of transition words
(i.e., But, Alternatively, Wait) may appear more
at correct traces contrary to our intuition, and (3)
wrong reasoning traces may be concise and have
fewer number of steps. More importantly, such
an approach does not provide a consistent basis
for interpretation across various benchmarks, high-
lighting the need for a unified structural perspective.
Building on such motivation, we introduce a frame-
work for measuring the uniformity of information
density in reasoning traces.

2.3 Measuring global and local uniformity of
information density in CoTs of LLMs

To quantify the uniformity of information den-
sity in a reasoning trace, we first distinguish be-
tween two complementary notions of uniformity
that have been discussed in prior psycholinguistic
work (Meister et al., 2021; Collins, 2014). Global
uniformity characterizes whether information is
distributed evenly across the entire trace, corre-
sponding to a relatively stable surprisal level over
long horizons. In contrast, local uniformity cap-
tures whether information changes smoothly be-
tween adjacent steps, reflecting gradual and coher-
ent transitions rather than abrupt jumps. These
two notions capture uniformity in different ways
and therefore diverge substantially in reasoning
traces: a trace may appear globally uniform yet
contain sharp local disruptions, or conversely, ex-
hibit smooth local transitions while concentrating
information unevenly across steps.

Motivated by this distinction, we introduce two
complementary UID-based metrics that separately
operationalize global and local uniformity in LLM
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reasoning traces: (1) global variance and (2) local
step-to-step spikes and falls.

Global uniformity via variance. Global unifor-
mity is measured by the variance of step-level in-
formation density across the entire reasoning trace,
capturing whether the information is evenly dis-
tributed or concentrated in a small number of steps.
Formally, for a reasoning trace z = [z1,...,2n],
let us define the non-negative information den-
sity vector u = [I Dy, ..., IDy]. After min—-max
normalization, where I Dl’- = IMD%NT with m =
minlSiSN IDZ and M = maxj<;<nN IDZ, we ob-
tain the normalized vector u = [ID1,...,I1D].
The variance of the normalized information density
values is then defined as:

N

> (D -n)’,

=1

1

Var(t) = (1)

where © = % Zf\il ID!. High variance indicates
global non-uniformity, where information is un-
evenly concentrated across steps, while lower vari-
ance corresponds to globally uniform traces.

Local uniformity via step-to-step smoothness.
Local uniformity captures how smoothly infor-
mation density evolves between adjacent reason-
ing steps, measuring whether uncertainty is re-
solved gradually or through abrupt transitions.
Given u, we define the step-to-step change as
A; ID; — ID! | for i = 2,...,N, and
compute the mean and standard deviation of the
change sequence as pua = ﬁZfi o A; and

oA = \/ﬁ SN (A — pa)?. To identify sig-
nificant local disruptions, we define thresholds
TT = ua + 7oa and T~ = pua — Toa, wWhere
7 € {2,3}. Then, an upward spike is identi-
fied when A; > T, and a downward fall when
A; < T~. Finally, total local irregularity count is:

N
Sep(@) = Y T[A; > T,
1=2
L B 2
Saoen () = Y I[A; < T7,
1=2

Slocal(ﬁ) = Sup(ﬁ) + Sdown(ﬁ)-

Intuitively, smaller S7,c21 indicates higher local
uniformity, therefore reflecting smoother stepwise
information flow.

These two metrics, Var(1) and Syoca1 (1), pro-
vide complementary trace-level characterization of

how information is distributed and evolved during
reasoning. As reflected in our empirical observa-
tions (Figure 2), correct reasoning traces tend to
exhibit low local disruption (i.e., high local unifor-
mity) alongside structured global non-uniformity
(i.e., low global uniformity), whereas incorrect
traces often exhibit large, abrupt fluctuations in
local uniformity or consistently high and flat global
uniformity that fails to convey informative struc-
ture. This complementary view enables a more pre-
cise diagnosis of reasoning quality beyond token-
wise confidence or entropy measures.

3 Does the UID Hypothesis Hold in LLM
Reasoning Traces?

Setups. For the experiments, we use three
widely adopted open-source reasoning mod-
els, Deepseek-R1-Distill-Qwen-7B (DeepSeek-
Al et al., 2025), Deepseek-R1-Distill-Llama-8B
(DeepSeek-Al et al., 2025), and Qwen3-8B (Yang
et al., 2025a). Also, we use four challenging math-
ematical benchmarks: AIME2025, BRUMO2025,
HMMT2025, and MinervaMath (MM). To demon-
strate the effectiveness as the selection criteria of
Best-of-N, we sample five reasoning traces for each
question, with temperature as 0.6, top-p as 0.95,
and top-k as 20. Then, we calculate their corre-
sponding UID scores, and select the traces with the
highest and lowest scores. We consider the follow-
ing three baselines that leverage internal signals to
find a good logical trail: (1) Self-Certainty (Kang
et al., 2025), (2) High confidence, and (3) Low
entropy. Although we evaluate both 7 =2, 3, we
report only the results of 7 = 3 results in the main
text. Details are presented in Appendix E.

Main results. Table 1 shows that UID-guided se-
lection outperforms non-UID baselines across all
benchmarks, which indicates that, unlike human
communication postulated by the original UID hy-
pothesis, reasoning success in LLMs is best pre-
dicted by a combination of local uniformity and
global non-uniformity in information distribution.

For Deepseek-R1-Distill-Qwen-7B under local
uniformity, the accuracies are improved by +33%
on AIME2025, +4% on BRUMO2025, +25% on
HMMT2025, and +3% on MinervaMath. These
gains are consistent, indicating that smoothing step-
wise information flow reliably benefits reasoning
regardless of task domain.

On the other hand, global non-uniformity also
strengthens performance, particularly on harder
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Table 1: Main results. Performance on four math benchmarks (AIME2025, BRUMO2025, HMMT2025, and
MinervaMath (MM)). Results are averaged over seeds 42, 1234, and 2025 with standard deviations. The best and
second-best scores are highlighted in bold and underline, respectively. Full results are in Appendix F.

| DS-R1-Distill-Qwen-7B | DS-R1-Distill-Llama-88B | Qwen3-88
Methods (}) | AIME25 BRUMO25 HMMT25 MM | AIME25 BRUMO25 HMMT25 MM | AIME25 BRUMO25 HMMT25 MM
Mean Acc. 0.40 0.54 0.24 0.30 0.33 0.40 0.20 023 | 0.67 0.68 0.43 0.34
+0.02 +0.01 +0.00 +0.00 +0.01 +0.02 +0.01 +0.00 +0.01 +0.02 +0.01 +0.01
Self-Cert. 0.48 0.52 0.28 0.30 0.33 0.34 0.19 022 | 0.63 0.71 0.50 0.34
+0.04 +0.04 +0.02 =+0.00 +0.00 +0.02 +0.02 +0.01 =+0.00 +0.02 =+0.03 +0.01
High Conf. 0.48 0.52 0.27 0.30 0.36 0.36 0.21 0.23 | 0.60 0.63 0.42 0.33
+0.04 =+0.05 +0.00 =+0.00 +0.02 +0.03 +0.02 +0.01 =+0.00 +0.03 =+0.06 +0.01
Low Ent. 0.48 0.56 0.24 0.30 0.34 0.37 0.19 022 | 0.60 0.64 0.43 0.33
+0.04 +0.05 +0.02 +0.00 +0.04 +0.06 +0.02 +0.01 +0.00 +0.04 +0.05 +0.01
UID Metrics ()
Loc. non-uni | 0.27 0.39 0.18 0.26 0.36 0.36 0.20 0.23 | 0.63 0.63 0.40 0.34
+0.00 +0.07 +0.04 +0.01 +0.04 +0.03 +0.03 +0.01 +0.00 +0.07 +0.03 +0.01
Loc. uni 0.53 0.56 0.30 0.31 0.39 0.44 0.24 0.23 0.69 0.70 0.48 0.34
=+0.06 +0.02 +0.00 +0.01 +0.04 =+0.06 +0.04 +0.01 =+0.03 +0.03 =+0.04 +0.01
Glob. non-uni | 0.52 0.64 0.26 0.30 0.37 0.36 0.18 0.21 0.70 0.61 0.47 0.33
+0.08 +0.05 +0.04 +0.01 +0.03 +0.04 +0.04 +0.00 =+0.00 +0.06 +0.03 +0.01
Glob. uni 0.33 0.44 0.16 0.28 0.27 0.40 0.27 023 | 0.66 0.68 0.41 0.34
4+0.00 +0.02 +0.04 +0.00 +0.12 +0.06 +0.03 +0.01 +0.02 +0.07 +0.02 +0.02

benchmarks. Compared to Self-Certainty selec-
tion, global non-uniformity yields an additional
+23% improvement on BRUMO2025 and +8% on
AIME2025, while maintaining comparable perfor-
mance on MinervaMath and only marginal degrada-
tion on HMMT2025. Overall, this setting achieves
the strongest average performance, with relative
gains reaching up to 32% over the vanilla accuracy
baseline. Together, these results suggest that local
smoothness and global heterogeneity provides the
most stable and informative criterion for selecting
high-quality reasoning traces.

Similar trends are observed for Deepseek-R1-
Distill-Llama-8B. Under local uniformity, accuracy
improves by approximately 15-20% on AIME2025
and BRUMO2025 relative to the overall-accuracy
baseline, while yielding more modest gains 5—
10% on HMMT2025 and MinervaMath. Enabling
global non-uniformity further enhances perfor-
mance on AIME2025 and HMMT?2025, deliver-
ing an additional 10-15% improvement over Self-
Certainty selection, while remaining competitive
on BRUMO2025 and MinervaMath. These results
indicate that UID-guided selection remains effec-
tive even when the backbone model exhibits weaker
absolute reasoning performance, though the gains
are naturally bounded by model capacity.

Qwen3-8B follows the same qualitative trend,
though with reduced margins. Because its baseline
accuracy is already strong, UID-guided selection
yields more modest gains (approximately 2—-5%
on AIME2025 and BRUMO?2025), while still con-
sistently outperforming entropy- and confidence-
based heuristics. This confirms that UID metrics
generalize across models but naturally offer larger

Table 2: Model size analysis. Performance of Qwen3
models (1.7B, 4B, 8B) on AIME2025. Results are
averaged over seeds 42, 1234, and 2025. The best
and second-best scores are highlighted in bold and
underline, respectively. Full results are in Appendix F.

Methods (}) | Qwen3-1.7B | Qwen3-4B | Qwen3-8B
Mean Acc. 0.35 0.65 0.67
Self-Cert. 0.45 0.73 0.63
High Conf. 0.37 0.62 0.60
Low Ent. 0.37 0.63 0.60
UID Metrics ({)

Loc. non-uni 0.24 0.54 0.63
Loc. uni 0.41 0.69 0.69
Glob. non-uni 0.37 0.66 0.70
Glob. uni 0.33 0.67 0.66

benefits when baseline reasoning quality is weaker.

Takeaway for UID-Guided Selection

Reasoning traces exhibiting local unifor-
mity and global non-uniformity achieve the
highest accuracy, consistently outperform-
ing confidence- and entropy-based selection
across benchmarks.

4 Further Analyses

4.1 Trends across different model sizes

Table 2 presents the results with Qwen3 models of
different sizes (1.7B, 4B, 8B) and reveals clear
scaling trends. As expected, larger models achieve
stronger baselines: mean accuracy increases by ap-
proximately 86% from 1.7B to 4B, with a more
modest 3% relative gain from 4B to 8B. Self-
Certainty shows a similar pattern, rising by 62%
from 1.7B to 4B , followed by a 14% relative de-
crease at 8B, suggesting diminishing returns and
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Table 3: Reasoning performance outside the math do-
main. The best and second-best scores are highlighted
in bold and underline, respectively.

| Ds-R1-Distill-Llama-88 DS-R1-Distill-Qwen-7B

Methods (}) | GPQA-D LSAT-AR LSATLR | GPQA-D LSAT-AR LSATLR

Mean Acc. 0.48 0.43 0.52 0.48 0.55 0.50
Self-Cert. 0.51 0.44 0.52 0.51 0.51 0.49
High Conf. 0.53 0.43 0.51 0.46 0.51 0.51
Low Ent. 0.49 0.42 0.52 0.48 0.51 0.52

UID Metrics ({)

0.44
0.52
047
0.44

0.39
0.46

0.49
0.40

0.49
0.53

0.54
0.50

0.43
0.51
0.50
0.46

0.48
0.62
0.62
0.46

0.46
0.49
0.53
0.46

Loc. non-uni ‘
Loc. uni

Glob. non-uni
Glob. uni ‘

possible overconfidence effects at larger scales.
Despite reduced headroom from stronger base-
lines, UID-based methods continue to provide
meaningful relative improvements. Local unifor-
mity yields consistent gains across all scales, im-
proving performance by 17% for 1.7B, 6% for
4B, and 3% for 8B, indicating that enforcing lo-
cal smoothness stabilizes reasoning regardless of
model size. In contrast, global non-uniformity ex-
hibits a pronounced scaling effect: while the 1.7B
model improves by only 6%, the 4B and 8B models
gain 2% and 4%, respectively, with the 8B model
achieving the strongest overall performance in the
table. These results suggest a size-dependent effect:
smaller models benefit more from local smoothing,
whereas larger models increasingly exploit global
non-uniformity in surprisal distribution.

Takeaway 4.1 for Scaling with Model Size

UID-guided reasoning selection scales with
model capacity.

4.2 Generalization beyond math reasoning

To evaluate generalization beyond mathematical
reasoning, we examine reasoning performance on
non-math benchmarks (GPQA-Diamond (GPQA-
D), LSAT-AR, and LSAT-LR).

Table 4 reports results under different sampling
scales. We observe a consistent tendency for both
DS-R1-Distill-Llama-8B and DS-R1-Distill-Qwen-
7B; UID-based strategies consistently improve over
the mean-accuracy baseline. For DS-R1-Distill-
Llama-8B on GPQA-D, locally uniform UID in-
creases accuracy from 0.48 to 0.52, corresponding
to an absolute gain of +4%p compared to mean
accuracy. Similar trends hold on LSAT tasks: on
LSAT-AR, locally uniform UID improves perfor-
mance by about +7% relative compared to mean
accuracy, while on LSAT-LR, it achieves the best
overall score with a +1%p absolute gain.

Table 4: Sample size analysis. Sample by 3, 5, 10
on AIME using Qwen3-8B. Results are averaged over
seeds 42, 1234, and 2025 with standard deviations. The
best and second-best scores are highlighted in bold and
underline, respectively. Full results are in Appendix F.

Methods ({) ‘ Sample by 3 Sample by 5 Sample by 10

Mean Acc. 0.67 0.67 0.68
Self-Cert. 0.70 0.63 0.62
High Conf. 0.63 0.60 0.57
Low Ent. 0.63 0.60 0.56
UID Metrics (}) |

Loc. non-uni 0.63 0.63 0.53
Loc. uni 0.73 0.69 0.72
Glob. non-uni 0.70 0.70 0.70
Glob. uni 0.70 0.66 0.63

For DS-R1-Distill-Qwen-7B, the effect is even
more pronounced. On LSAT-AR, both locally uni-
form and globally non-uniform UID reach 0.62
accuracy, improving over the mean baseline (55%)
by +7%p, or roughly +12.7% relative improvement.
On GPQA-D, locally uniform UID matches the
strongest non-UID heuristic (self-certainty), while
maintaining a +3—4% relative gain over mean ac-
curacy. On LSAT-LR, globally non-uniform UID
achieves the best score, yielding a +6% relative
improvement compared to the baseline.

Such results show that UID metrics cap-
ture meaningful structural signals even in non-
mathematical reasoning. Rather than merely match-
ing strong confidence-based heuristics, UID-based
selection often yields consistent percentage-level
gains across diverse reasoning benchmarks.

Takeaway 4.2 for Domain Generalization

UID-guided selection yields consistent rel-

ative accuracy gains (5—13%) across non-
math reasoning tasks, demonstrating robust
generalization beyond math domains.

4.3 Trends across different sample sizes

Table 3 reports results under different sampling
scales. Across all regimes, we observe consistently
higher-performing reasoning traces exhibit local
uniformity while remaining globally non-uniform.
This pattern already emerges under the small-
est setting, Sample by 3. Locally uniform traces
achieve 0.73 accuracy, outperforming locally non-
uniform variants by a clear margin. At the global
level, non-uniform traces reach 0.70, while globally
uniform traces do not provide additional gains.
When sampled by 5, locally uniform traces
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Figure 3: Communication prompts induce higher global
variance while yielding smoother local transitions, indi-
cating more explanation-oriented pacing.

achieve 0.69 accuracy, again outperforming locally
non-uniform variants. At the global level, non-
uniform traces reach 0.70, exceeding globally uni-
form ones by approximately 6% relative.

This trend becomes more pronounced as we
scale up to Sample by 10. Locally uniform traces
further improve to 0.72 accuracy, while globally
uniform traces degrade to 0.63, corresponding to
a ~12% relative decrease. Across all sampling
settings, locally uniform traces consistently outper-
form locally non-uniform ones by 3-6 percentage
points, while global non-uniformity remains a key
factor for maintaining high accuracy.

Takeaway 4.3 for Scaling with Sample Size

Effective reasoning benefits from local uni-
formity but global non-uniformity: stable
step-level information flow with trajectory-
level variation yields the highest accuracy,
even under small sampling budgets.

5 Why Does UID Differ between Human
Communication and LLM Reasoning?

Our results show that high-quality LLM reasoning
traces typically exhibit smooth local transitions in

information density together with structured global
non-uniformity. We conjecture that such deviation
from the original UID hypothesis in psycholinguis-
tics is due to different objectives between human
communication and LLM reasoning rather than a
deficiency in model behavior.

o Human Communication: Normative, Listener-
Optimized UID. In human language, UID is a
normative principle of communication. Speak-
ers assume the presence of a listener and aim to
distribute information evenly over time to reduce
processing difficulty under cognitive constraints.
Here, global uniformity is desirable, as sharp
information spikes can overload the listener.

o LLM Reasoning: Instrumental, Computation-
Driven UID. LLM reasoning traces, in contrast,
are typically generated in a listener-free setting.
CoT reasoning reflects an internal computational
process rather than an act of communication.
Consequently, UID in LLMs is better understood
as instrumental: it characterizes how information
is explored and evolved during problem solving,
rather than how information is packaged for an
external recipient. Here, global non-uniformity
is not problematic but expected. High-quality
reasoning traces exhibit initial exploration with
higher entropy, followed by consolidation and a
final commitment phase where uncertainty col-
lapses. These transitions naturally produce un-
even information distribution across steps, which
is captured by higher global variance. In contrast,
incorrect traces tend to show noisy fluctuations
without coherent phase structure.

To verify the role of communicative objectives,
we compare a conventional listener-free reason-
ing prompt with a new listener-aware (communi-
cation) prompt (see Appendix H) that instruct the
model to explain its reasoning to a listener. Under
the same model, communication prompting consis-
tently increases global UID, by approximately 6%
for Qwen3-8B and 11% for DS-R1-Qwen-7B (Fig-
ure 3, top), indicating more explanation-oriented
pacing. Simultaneously, it reduces local UID, with
about a 29% decrease for Qwen3-8B and an 18%
decrease for DS-R1-Qwen-7B (Figure 3, bottom),
reflecting smoother step-to-step transitions with
fewer abrupt spikes and falls.

These findings clarify the role of UID as an eval-
uation signal. High-quality internal reasoning need
not resemble human explanations, and penalizing
global non-uniformity may harm reasoning assess-
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Model Comm. Naive
DS-R1-Distill-Qwen-7B 0.37 0.41
Qwen3-8B 0.63 0.67

Table 5: Performance under comm. and naive settings.

ment even if it improves readability. At the same
time, local smoothness remains a shared indica-
tor of coherence. Consistent with this interpreta-
tion, Table 5 shows that adopting a listener-aware,
communicative style of reasoning leads to a per-
formance decrease, highlighting that communica-
tive optimality and internal reasoning effectiveness
optimize for fundamentally different objectives.
Overall, our suggested UID-based measures are
best interpreted as internal, trace-level diagnostics
of reasoning dynamics, rather than as proxies for
human-likeness or communicative optimality.

Takeaway for Human vs. LLM Reasoning

Human communication is listener-
optimized and therefore favors global
uniformity; LLM reasoning is computation-
driven and naturally exhibits structured
global non-uniformity from phase-based
problem solving. Only local smoothness
reliably indicates reasoning coherence.

. J

6 Related Work

Fragility of CoT and the role of individual rea-
soning steps. CoT prompting improves reason-
ing but remains fragile (Wei et al., 2023; Zhao
et al., 2025a; Kojima et al., 2023; Chae et al., 2023;
Chen et al., 2023). Small, seemingly irrelevant
perturbations in the reasoning chain can sharply
reduce accuracy (Mirzadeh et al., 2025; Tang et al.,
2023), suggesting that models often produce the ap-
pearance of reasoning rather than logically sound
traces (Shojaee et al., 2025). Moreover, longer
reasoning steps do not necessarily reflect the true
difficulty of the problem, and many intermediate
steps can be altered or even removed without chang-
ing the final answer (Lanham et al., 2023). This
raises doubts about the necessity and faithfulness
of these step-by-step explanations. Another line
of research takes a different perspective: rather
than viewing all steps as equally important, it sug-
gests that a small subset of pivotal steps within
CoT traces disproportionately drives predictions
(Bogdan et al., 2025). Attribution methods and
their frameworks identify and highlight these criti-
cal steps, emphasizing the need to understand how

individual steps shape outcomes (Golovneva et al.,
2023; Wu et al., 2023; Bigelow et al., 2024). De-
spite these advances, prior works have no clear
interpretations of what constitutes as a truly good
reasoning pattern.

Intrinsic signals in LLM reasoning. Research
on LLM reasoning has increasingly turned to inter-
nal model signals to gain insight into how reason-
ing unfolds (Zhao et al., 2025b; Zhang et al., 2025).
Many approaches use these signals to improve per-
formance (Zuo et al., 2025), such as self-certainty
(Kang et al., 2025; Zhao et al., 2025b), or confi-
dence (Jang et al., 2025) to refine outputs, or using
entropy-based measures to encourage diverse rea-
soning paths (Zhang et al., 2025; Agarwal et al.,
2025; Gao et al., 2025; Lee et al., 2025; Li et al.,
2025; Zhou et al., 2023). However, these meth-
ods largely treat internal signals as heuristics for
guiding or controlling reasoning, without provid-
ing a principled account of why certain reasoning
traces are more coherent than others. In contrast,
we ground our analysis in the long-standing psy-
cholinguistic theory of Uniform Information Den-
sity (UID) hypothesis, which offers a theoretical
lens for understanding how information is intro-
duced, transformed, and propagated through rea-
soning. Our perspective on information flow in
reasoning traces moves beyond performance heuris-
tics, emphasizing structural properties that charac-
terize coherence and clarify how reasoning differs
from human communication.

7 Conclusion

This paper revisits the long-standing Uniform In-
formation Density (UID) hypothesis in the context
of large language model reasoning. By shifting the
focus from output-level correctness to step-level
information flow, we demonstrate that entropy-
uniformity serves as a meaningful indicator of rea-
soning quality. Our analysis reveals that coher-
ent reasoning traces tend to distribute information
more evenly across steps, while disfluent traces ex-
hibit sharp entropy fluctuations. On the other hand,
non-uniform traces at the global level with higher
variance leads to a more coherent reasoning trace.
These findings bridge psycholinguistic theory with
computational analysis, providing a new lens for
interpreting model reasoning beyond performance
metrics. Ultimately, our work suggests that UID-
inspired measures can guide the design of more
interpretable and trustworthy reasoning systems.
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Limitations

While our study highlights the importance of uni-
formity in identifying coherent reasoning traces,
several limitations and open questions remain.

First, our analysis is primarily restricted to struc-
tured reasoning datasets, which may not fully cap-
ture model behavior in broader settings such as
open-ended dialogue or interactive communication.
Notably, our additional prompting analysis reveals
a systematic difference between listener-free in-
ternal reasoning and listener-oriented explanation:
in naive settings, models tend to produce abrupt
transitions and uneven intermediate steps with rela-
tively low global variation, whereas introducing a
notional listener shifts generation toward smoother
local transitions and higher global variance. These
observations support our interpretation that the di-
vergence between human and model UID arises
from a structural difference between internal rea-
soning and communicative reasoning. While this
analysis provides targeted empirical evidence for
a contrast that, to our knowledge, has not been
explored previously, future work is needed to eval-
uate whether this phenomenon generalizes across
domains, modalities, and interaction settings.

Second, our methodology focuses on token- and
step-level entropy dynamics as proxies for infor-
mation allocation during generation. Although this
perspective offers a tractable and informative view
of reasoning structure, it does not provide a mecha-
nistic explanation of why such differences emerge.
In particular, we do not explicitly connect the ob-
served UID patterns to the underlying properties
of autoregressive decoding, internal information
allocation, or training objectives of large language
models. A deeper mechanistic account linking gen-
eration dynamics to these behavioral signatures
would further enrich this line of work and remains
an important direction for future research.

Broader Impact and Ethical
Considerations

This work contributes to improving the reliability
and interpretability of LLM reasoning by introduc-
ing information-theoretic diagnostics that charac-
terize how information is distributed and evolves
within individual reasoning traces. By treating
reasoning as an internal information-flow process
rather than solely on final answers or cross-sample
agreement, UID-based metrics provide a comple-
mentary, sample-efficient signal for identifying co-

herent versus unstable reasoning trajectories, which
may support safer and more trustworthy deploym-
net of LLMs in settings such as education, scien-
tific problem-solving, and decision support. At
the same time, these metrics are not guarantees of
correctness and should not be interpreted as nor-
mative standards of good or human-like reasoning.
Misuse may arise if UID scores are treated as hard
filters, certification signals, or stylistic constraints,
potentially leading to overconfidence in incorrect
outputs or incentivizing superficial optimization of
reasoning traces without genuine improvements in
reasoning ability. Moreover, as our analysis shows
that effective LLM reasoning diverges from hu-
man communicative UID patterns, applying these
metrics to evaluate human-facing explanations or
across domains beyond those studied may be in-
appropropriate. We therefore emphasize the UID-
based measures are best understood as diagnostic
tools operating within a broader evaluation frame-
work that includes answer verification, aggregation
methods, and human oversight. Responsible use
requires clear communication of their scope, limi-
tations, and probabilistic nature, as well as further
study of their behavior across domains, languages,
and interaction settings.
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A Justification of Segmentation Strategy
and Robustness Analyses

A.1 Justification of newline-based
segmentation

We segment reasoning traces using paragraph
boundaries defined by \n\n. This heuristic aligns
with how large language models structure free-form
reasoning and is widely adopted in prior work.
While explicit empirical validation of step seg-
mentation strategies remains limited, Lightman
et al. (Lightman et al., 2023) employ newline-
separated steps in the PRM800K dataset, where
large-scale human annotation suggests that para-
graph boundaries often align with intuitive subgoal
transitions.

Several recent studies on step-wise rea-
soning and process-level supervision similarly
adopt newline- or paragraph-based segmentation
schemes (Feng et al., 2025; Yang et al., 2025b),
indicating that this approach is a practical and com-
monly accepted default. Importantly, our method
does not rely on the optimality of any single seg-
mentation strategy; instead, we verify robustness
to alternative stepwise segmentation choices in the
following sections.

A.2 Robustness to Fixed Token Window
Segmentation

To evaluate robustness to non-semantic step defini-
tions, we apply a coarse fixed-length token window
segmentation (2048 tokens per step) following Fu
et al. (2025). Table 6 reports UID-conditioned per-
formance across AIME, HMMT, and BRUMO for
Qwen3-8B, DeepSeek-R1-Distill-Qwen-7B, and
DeepSeek-R1-Distill-Llama-8B (seed 42).

Across nearly all model—dataset pairs, the ex-
pected ordering patterns persist: High UID (30) <
Low UID (30) and High UID (var) > Low UID
(var). While we observe an isolated deviation
for Qwen3-8B on BRUMO under variance-based
grouping, the overall trend remains consistent, with
local and global UID signals continuing to distin-
guish higher- and lower-quality reasoning traces.

A.3 Robustness to Semantic Segmentation

We further evaluate robustness under semantic seg-
mentation, where steps are defined using discourse-
level markers such as But, Wait, and Alternatively,
following the classifications mentioned in Aggar-
wal and Welleck (2025). As shown in Table 7, most
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Table 6: Fixed window segmentation (2048 tokens)

‘ Qwen3-8B DS-R1-Distill-Qwen-7B DS-R1-Distill-Llama-8B
Setting ‘ AIME HMMT BRUMO | AIME HMMT BRUMO ‘ AIME HMMT BRUMO
Loc. non-uni (30) 0.77 0.47 0.70 0.40 0.23 0.57 0.40 0.14 0.33
Loc. uni (30) 0.77 0.47 0.70 0.40 0.23 0.57 0.40 0.14 0.33
Glob. non-uni (var) | 0.67 0.43 0.63 0.40 0.30 0.60 0.40 0.27 0.43
Glob. uni (var) 0.63 0.33 0.67 0.27 0.20 0.37 0.27 0.20 0.33

Table 7: Semantic Segmentation

‘ Qwen3-8B DS-R1-Distill-Qwen-7B DS-R1-Distill-Llama-8B
Setting ‘ AIME HMMT BRUMO | AIME HMMT BRUMO | AIME HMMT BRUMO
Loc. non-uni (30) 0.70 0.33 0.60 0.37 0.17 0.40 0.20 0.20 0.43
Loc. uni (30) 0.63 0.47 0.67 0.47 0.27 0.50 0.43 0.23 0.40
Glob. non-uni (var) | 0.60 0.43 0.67 0.27 0.20 0.53 0.30 0.27 0.40
Glob. uni (var) 0.57 0.33 0.67 0.43 0.27 0.47 0.37 0.20 0.40

settings preserve the expected UID-based orderings
under both 30- and variance-based groupings.

We observe minor localized deviations, such as
Qwen3-8B on AIME under the 30 grouping and
DeepSeek-R1-Distill-Qwen-7B on HMMT under
variance-based grouping. However, these devia-
tions are not systematic and do not alter the broader
trend: across AIME, HMMT, and BRUMO, and
across all three model families, High UID (30)
rarely outperforms Low UID (30), while High UID
(var) generally exceeds Low UID (var).

These results indicate that although semantic
segmentation introduces slightly more variabil-
ity—Ilikely due to sensitivity in defining discourse
boundaries—the core UID trends remain stable
across segmentation strategies.

B What Entropy Does and Does Not
Measure

In this work, entropy is used as a tractable proxy
for step-level information density, not as a direct
measure of semantic progress, factual correctness,
or logical soundness. High entropy indicates that
the model is distributing probability mass across
multiple plausible next-token continuations, while
low entropy indicates a more concentrated predic-
tive distribution. However, either regime may arise
in both successful and unsuccessful reasoning: el-
evated entropy can reflect productive exploration
of alternatives, but it can also reflect confusion
or hallucination; conversely, low entropy can in-
dicate confident convergence, but also premature
commitment to an incorrect path. For this rea-

son, we do not interpret entropy magnitude in iso-
lation. Instead, our hypothesis is that the struc-
ture of entropy across steps—whether uncertainty
evolves smoothly and resolves in an organized
way—provides a more reliable signal of reason-
ing quality than raw entropy alone.

C Details of Preliminary Analyses

C.1 Empirical analyses on various internal
signals as a proxy for /D;

We consider three metrics as a proxy for informa-
tion density 1D;: (1) log-probability LFP; as a con-
fidence signal, composed from the average token
log-probability over step ¢, (2) entropy H; as an
uncertainty signal, and (3) confidence gap D; as
divergence signal defined as the difference between
the log-probability of the current and the previous
steps.

Formally, log-probability LP; of a step is the
average token log-probability over step ¢:

b.
1 7
LP,= —n«— 4y

=a;

While token-level entropy H; as

H ==Y pi(v)logpi(v),

veV

step-level entropy H; is defined as

b.
1 1
Hi_bi—ai—l-lZHt

t=a;
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Log-probability gap D; is defined as
D =LP, = LP

We calculate variance over reasoning traces
where each LFP;, H;, and D; is used as a proxy of
1D;, and calculate the accuracy of the traces with
the highest and lowest variance (i.e., the degree
of global uniformity). Results in Figure 4 reveal
that entropy measures the difference between high-
est and lowest trends more profoundly than others
across various models.

1.0 - - -
[ High Variance Confidence Gap

[ Low Variance Confidence Gap

0.8

0.6 1

0.4

0.2 4

0.0 ; ; ;
1.7B 4B 8B

(a) Acc. of traces with max vs. min var in confidence gap
10

[ High Variance Entropy
[ Low Variance Entropy

0.8

0.6

0.2

0.0 , : ‘
1.7B 4B 8B

(b) Acc. of traces with max vs. min var in entropy

1.0

[] High Variance Logprob
[] Low Variance Logprob

0.8

0.6 1

0.4

0.2

0.0

1.7B 4B 8B

(c) Acc. of traces with max vs. min var in log-probability

Figure 4: Empirical results on AIME2025 show that
entropy-uniformity is most effective for identifying
sound reasoning traces.

C.2 Trace-level Reasoning Step Analyses by
Answer Correctness

Figure 5 to Figure 16 are some examples of the
case studies performed. We conduct trace-level
analysis of reasoning steps of single instances of
LLM response to see if we can significantly find
patterns only at the token level by looking at en-
tropy peaks where we define peaks as stpes above
u+ 20 where v and o are, respectively, average and
standard deviations of the entropy value of individ-
ual steps. We use Qwen3-8B on AIME2025 dataset.
For both correct and wrong reasoning traces, we
(1) identify outlier steps on reasoning traces, and
(2) identify their corresponding token-level steps to
see if there are a meaningful differences between
correct and incorrect traces. We also look at the
number of total number of steps of both correct and
wrong reasoning traces.

We identify that only qualitively identifying the
reasoning traces is not enough to effectively dis-
criminate high-and-low quality reasoning. To be
specific, (1) entropy levels in both traces can be
quite varying, (2) number of transition words (i.e.
But, Alternatively, Wait) may appear more at cor-
rect traces contrary to our intuition, and (3) the
number of steps may be shorter and concise at
wrong reasoning traces.

D Sensitivity to Outlier Threshold

We initially chose 7 to be 2 and 3 as mentioned in
our appendix, and reported only 7 = 3 as an intu-
itive "moderate outlier" criterion similar to z-test
to avoid expensive hyperparameter tuning. How-
ever, to further explore the sensitivity of the results
with with respect to the size of 7 that captures local
uniformity, we also ran a broader sweep with 7
€ {2,3,4,5} in Table 15. The results show that in-
creasing 7 makes the disruption criterion stricter as
fewer changes counted as disruptions, but the over-
all conclusions are robust: performance trends and
the relative behavior of Loc. uni vs. Loc. non-uni
do not hinge on a specific choice of k. Therefore,
we justify that our 7 is a statistical thresholding
constant, and not a tuned hyperparameter.

E Implementation Details

E.1 Hyperparameters and GPUs.

We use 2 x H100 GPUs for our main results on
Qwen3-8B (thinking mode) and Deepseek-Distill-
Qwen-7B, and 4 x RTX A6000 GPUs for all others.
Temperature is 0.6, top-p 0.95, and top-k 20, as
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stated in (Yang et al., 2025a) and (DeepSeek-Al
et al., 2025).

E.2 Benchmarks

AIME 2025.> The American Invitational Mathe-
matics Examination (AIME) is a prestigious US
high school math contest consisting of challenging
integer-answer quetions. The AIME 2025 bench-
mark uses problems from the 2025 contests to eval-
uate a LLM’s mathematical reasoning by requiring
a single correct integer answer. The test set used in
our analysis contains of 30 questions.

BRUMO 2025.* The Brown University Math
Olympiad (BRUMO) is a mathematics competi-
tion for students. The BRUMO 2025 benchmark is
built from the problems of the 2025 BRUMO com-
petition, and as part of the MathArena (Balunovié
et al., 2025) benchmark suite, it consists of 30 final-
answer problems. Each requires a unique numeric
or closed-form solution. Unlike proof-based con-
tests, BRUMO problems are evaluated on answer
correctness.

HMMT 2025.° The Harvard-MIT Mathematics
Tournament (HMMT) is a renowned competition
featuring diverse problems in algebra, geometry,
combinatorics, and number theory. The HMMT
2025 benchmark uses newly releassed problems
from the February 2025 tournament, providing a
broader variety of tasks than AIME. The set used
in our analysis contains of 30 questions.
MinervaMath.® The Minerva Math benchamrk
consists of advanced quantitative problems sourced
from university-level STEM courses, including
physics, chemistry, and higher mathematics. The
set used in our analysis contains of 272 questions.
GPQA-Diamond.” GPQA-Diamond (Rein et al.,
2023) is the hardest subset of the Graduate-Level
Google-Proof Q&A benchmark, consisting of 198
multiple-choice questions in biology, chemistry,
and physics. These questions are crafted by do-
main experts and validated by multiple PhD-level
validators to ensure clarity and high difficulty. The
Google-proof design means that even with web

3https://huggingface.co/datasets/opencompass/
AIME2025

*https://huggingface.co/datasets/MathArena/
brumo_2025

5https://huggingface.co/datasets/MathArena/
hmmt_feb_2025

6https://huggingface.co/datasets/math—ai/
minervamath

7https://huggingface.co/datasets/Idavidrein/
gpqa

search, solving them requires deep reasoning rather
than lookup.

LSAT-AR.® The LSAT Analytical Reasoning
(LSAT-AR) benchmark, also known as logic games,
evaluates a model’s ability to perform structured
symbolic reasoning under explicit constraints.
Each problem presents a set of entities together
with a collection of rules, and requires deducing
valid arrangements or assignments that satisfy all
constraints. LSAT-AR problems are designed to
test combinatorial reasoning, constraint satisfac-
tion, and systematic deduction rather than factual
knowledge. The benchmark is widely used to as-
sess logical planning and rule-based reasoning abil-
ities in language models.

LSAT-LR.’ The LSAT Logical Reasoning (LSAT-
LR) benchmark consists of short natural-language
arguments followed by multiple-choice questions
that probe logical validity, assumptions, and im-
plications. Unlike LSAT-AR, LSAT-LR focuses
on informal logical reasoning, including identify-
ing flaws, strengthening or weakening arguments,
and drawing valid conclusions from given premises.
This benchmark evaluates a model’s ability to un-
derstand argument structure, implicit assumptions,
and causal or logical relationships expressed in nat-
ural language.

E.3 Baseline Details

We re-implemented all logic using vLLM, unlike
some of the codes initially released. Our main base-
lines are selection methods that leverage LLMs’
internal signals.

Self-Certainty. This is the implementation of
Kang et al. (2025), where it evaluates LLMs’ rea-
soning by introducing a self-certainty, a confi-
dence score assigned at each reasoning step. Self-
certainty captures whether the model is confident in
its logical steps, and uses Borda Voting to improve
answer selection. Borda Voting ranks outputs by ag-
gregared confidence rather than relying on simple
majority voting used in Self-Consistency (Wang
et al., 2023).

Highest Confidence. This is a naive implementa-
tion that selects the path with the highest oeverall
token confidence in the reasoning trace. Similar
methods have been introduced in (Jang et al., 2025),
where paths for training are selected based on the

8https://huggingface.co/datasets/allenai/
lsat-ar

9https://huggingface.co/datasets/allenai/
lsat-1r
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traces with the highest confidence.

Lowest Entropy. This is a naive implementation
that selects the path with the lowest overall token
entropy in the reasoning trace, driven from the idea
that entropy itself is a measurement of uncertainty.

F Experiment Details

Details of the main experiment Details of all
the experiments carried out on the three seeds (42,
1234, 2025) are in Table 8, 9, and 10.

Details of model size scaling experiment De-
tails of all the experiments carried out on the three
seeds (42, 1234, 2025) are in Table 11.

Details of sample size scaling experiment De-
tails of all the experiments carried out on the three
seeds (42, 1234, 2025) are in Table 12.

G Additional Analyses

G.1 Complementarity with majority voting

Our primary analysis focuses on trace-level selec-
tion, where a single reasoning trajectory is cho-
sen based on internal structural signals such as
information-flow uniformity. In contrast, answer-
level aggregation methods—most notably majority
voting—operate by comparing multiple indepen-
dently generated responses and selecting answers
based on cross-sample agreement. These two ap-
proaches therefore act at different granularities:
UID evaluates how information evolves within a
single trace, whereas aggregation methods exploit
consensus across traces.

To clarify their relationship, we compare UID-
based selectors with majority voting under matched
sampling budgets, and additionally evaluate com-
binations of UID with multi-sample aggregation
in an extended analysis. In particular, we adopt
Borda voting as a lightweight aggregation mecha-
nism over trace-level structural signals. Given N
sampled traces indexed by i € {1,..., N}, each
trace is assigned a rank r; according to a chosen
criterion and converted into a weight

w; = (N =y + 1)P,

with exponent p = 0.5 and N = 3 unless oth-
erwise noted. The selected trace is given by
i* = arg max; w;.

We consider two Borda-based variants. (i) UID-
based Borda voting ranks traces in descending
order of their UID scores, evaluating whether

information-flow uniformity within a trace is pre-
dictive of correctness. (ii) Spikes/Falls-based
Borda voting ranks traces in ascending order of
entropy irregularity, measured as the number of
entropy spikes and falls, to examine whether local
disruptions in entropy smoothness correlate with
performance.

Table 13 reports results across three backbone
models. We find that UID-based selection can be
competitive with majority voting and often comple-
mentary when combined with lightweight aggre-
gation schemes such as Borda voting, consistent
with (Kang et al., 2025).

G.2 Qualitative analyses on reasoning traces
with low and high UID scores

We qualitatively analyze reasoning traces with the
highest and lowest UID scores across the dataset
(Figures 17 and 18). Traces that are globally non-
uniform exhibit the characteristic ebb and flow of
high-quality reasoning, reflecting meaningful shifts
in information density. In contrast, low-variance
traces reveal a failure mode of superficially uniform
but uninformative expansion.

At alocal scale, Figure 19 illustrates a reasoning
trace that is locally non-uniform yet stuck and repet-
itive, despite arriving at the correct answer. Con-
versely, locally uniform traces (Figure 20) avoid
such degenerative repetition and maintain coherent
progress.

H Prompts for Communicative vs. Naive
Prompting

Details of the prompts used for comparing human
communication and LLM reasoning are attached
in Table 14. We evaluated it on AIME2025 bench-
mark, sampled by n = 3.

I Usage of AI Assistants

In preparing this work, we used Al-based writing
assistants to improve sentence structure, correct
grammatical errors, and enhance overall readabil-
ity. These tools were employed solely for language
refinement and did not contribute to the develop-
ment of technical content, research methodology,
or experimental analysis. All scientific ideas, re-
sults, and conclusions presented in the paper were
conceived and authored entirely by the researchers.
Use of Al assistance was restricted to editorial pur-
poses and did not affect the originality or intellec-
tual contributions of the work.
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Qwen/Qwen3-8B : ID Scores Across Steps for aime test with Outliers
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Figure 5: Q6 — Correct Trace Visualization

Outlier Reasoning Steps — step_index & reasoning_text

Dataset: aime « Model: Qwen/Qwen3-8B + Sample ID: 6

If‘l.III-)EE.:( REASONING TEXT

10 Therefore, the pair containing G will be either of the form XG where X is a letter before G, or GX where X is a letter after G.

13 So, how do we compute this probability?

14 First, let's think about the entire process. The letters are randomly grouped into six pairs. Then each pair is ordered alphabetically. Then the six pairs are sorted alphabetically. The last
one is the maximum. So, the question is equivalent to: What is the probability that the maximum pair contains G?

113 Alternatively, maybe there are other cases where the maximum pair contains G. For example, if there is a pair (G, H), but that would require that G is paired with H. However, since H
is a high letter, and if H is paired with G, then the pair is (G, H), which is ordered as GH. But if there is another pair that starts with H, like (H, 1), then that pair would be larger than GH.
Therefore, for GH to be the maximum pair, there must be no pairs starting with H, 1, J, K, or L.

123 To find this, we can think about the possible maximum words.

126 But how does G factor into this?

133 But for G to be the highest first letter, there must be no pair starting with a letter higher than G, i.e., H, I, J, K, L.

146 Wait, this is conflicting with our previous thought. What's going on here?

147 Let me take an example. Suppose all high letters (H-L) are paired with low letters (A-F). Let's say:

164 Therefore, the remaining low letter could be any of the 6 low letters (A-F).

169 However, if X is A, then the pair is AG, and the other pairs are between B-F and H-L. The pair starting with F would be (F, something), which is higher than AG.

170 Therefore, the maximum pair is the pair starting with F, which does not contain G.

198 Wait, but earlier we calculated the probability that all high letters are paired with low letters as 16/231. Let me check if that's consistent.

209 Therefore, the probability that all high letters are paired with low letters is (6 * 5!) /[12!/ (276 * 6!)]

245 So, let's analyze Case 2.

Figure 6: Q6 — Correct Trace Text
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Qwen/Qwen3-8B : ID Scores Across Steps for aime test with Outliers
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Figure 7: Q6 — Incorrect Trace Visualization

Outlier Reasoning Steps — step_index & reasoning_text

Dataset: aime * Model: Qwen/Qwen3-8B + Sample ID: 6

350

ITI;EEF)‘( REASONING TEXT
26 As before, the last word is determined by the pair with the maximum smaller letter. So, for the last word to contain G, either:
52 Alternatively, think of the entire process as follows. For Case 1, where G is the maximum smaller letter, meaning that all letters larger than G (H-L) are paired with letters from A-G,
and G is paired with one of H-L. Then, the rest of the pairings can be arbitrary as long as they satisfy the above condition.
53 But perhaps another approach is better. Let me think.
151 - All letters except G and M.
238 As before, this is possible only if the number of letters larger than M is even. For M =B, D, F.
288 First, total pairings: 121/ (246 * 61) = (479001600) / (64 * 720) = 479001600 / 46080 = 10395.
345 ### Total Number of Pairings

Figure 8: Q6 — Incorrect Trace Text
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Qwen/Qwen3-8B : ID Scores Across Steps for aime test with Outliers
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Figure 9: Q11 — Correct Trace Visualization

Outlier Reasoning Steps — step_index & reasoning_text

Dataset: aime - Model: Qwen/Qwen3-8B « Sample ID: 11

600 700

STEP
INDEX REASONING TEXT
29 1. (x-y)(1+2)<0
M Let me consider each inequality separately.
48 Therefore, combining these, we need to find the regions where these cases hold.
50 But perhaps | need to analyze the inequalities together.
62 But since x + y + z = 75, maybe we can also express variables in terms of others?
88 Case 2:(x-y)<Oand (76 - x-y) > 0.
95 But maybe | need to consider the possible combinations.
137 But maybe there's a relation between x and 1 + x?
153 Therefore, y <-1.
168 From x +y > 76, we have x> 76 - y.
169 Therefore, combining:
171 But since x >y, we also have:
201 But x <-1. Also, X + y < 76. Let me see if these can coexist.
210 Subtracting the second inequality from the first:
228 X +2y>75.
231 But the problem mentions three disjoint convex regions. So, perhaps there's a third case? Wait, maybe there are other possibilities?

Figure 10: Q11 — Correct Trace Text
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Qwen/Qwen3-8B : ID Scores Across Steps for aime test with Outliers

0.7

0.6 -

0.5 4

0.4 4

ID Score

0.3 4

0.2

0.1

0.0 5

'n —&— Entropy
== Threshold (0.032)

=+« OQutlier Threshold (u+20=0.126)
# Outliers (28)

mﬂ

Step Index

Figure 11: Q11 — Incorrect Trace Visualization

Outlier Reasoning Steps — step_index & reasoning_text

Dataset: aime « Model: Qwen/Qwen3-8B + Sample ID: 11

STEP REASONING TEXT
INDEX
5 Let me rearrange the first inequality:

31 Therefore, combining these, we have combinations of these cases. But since the inequalities are connected (they are both part of the same chain), we need to consider the overlap of
the cases.

50 Similarly, for Inequality (2): (x + 2y - 75)(1 + x) <0. Let me denote C=x + 2y - 75and D =1 + x. Then C*D < 0.

62 Alternatively, maybe | can find relations between variables. Let me try to find relations between x, y, z. Let me note that since x +y +z=75,then 1 +x=1+x,and 1 +z=1 + z. Also,
76-x-y=1+75-x-y=1+2z Wait, because z=75-x-Yy,50 76 - x -y = 1 + 2. So, in Inequality (1), (x - y)(1 + 2) < 0. So, that's the same as before.

65 Let me think of Inequality (1): (x - y)(1 +2) <0. Since z=75-x-y, 1 +z =76 - x - y. So, Inequality (1) is equivalent to (x - y)(76 - x - y) < 0. Similarly, Inequality (2) is (y - z)(1 + x) <0.
Let me think about the possible cases.

110 Wait, maybe not. Let me check if these cases are actually regions on the plane.

112 Alternatively, perhaps there's a mistake in my analysis. Let me check again.

130 Case 2: (x<y and z>-1) and (y >z and x < -1). Therefore, x <y > z, with z> -1 and x <-1. So, this is Case 2.

131 Case 3: (x>y and z<-1) and (y <z and x > -1). Therefore, x >y < z, with z <-1 and x > -1. So, this is Case 3.

136 Case 2: x <y >z, with x<-1 and z>-1. So, x is less than -1, z is greater than -1, and y is between x and z? Wait, no. Wait, in Case 2, we have x <y and y > z. So, x <y > z. Since x
<-1and z> -1, then y can be anything? For example, suppose x is very negative, z is slightly above -1, then y is between x and z? Wait, but if x <y and y > z, then y must be greater
than z and greater than x. But z> -1 and x < -1. Therefore, y must be greater than z (which is > -1) and greater than x (which is < -1). Therefore, y > max(z, x). But since z> -1 and x <
-1, then y > z. Therefore, in this case, y >z > -1, and x <-1. So, y is greater than z, which is greater than -1, and x is less than -1. Therefore, possible.

152 So, where is the mistake?

164 x=-1+b>y=77+a-b=>-1+b>77+a-b=>2b-a>78.

174 Equation 2:b - 2a>78

Figure 12: Q11 — Incorrect Trace Text
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Figure 13: Q17 — Correct Trace Visualization

Reasoning Steps — step_index & reasoning_text

Dataset: aime + Model: Qwen/Qwen3-8B + Sample ID: 17

;‘LEE'; REASONING TEXT
2 Each unit square is formed by four unit segments. There are four squares in the grid: top-left, top-right, bottom-left, bottom-right. Each of these squares must have exactly 2 red sides and 2 blue sides. The question is how many
colorings satisfy this condition.

28 For example, the left vertical segment V1T is part of Square A. The left vertical segment V1B is part of Square C. The middle vertical segments V2T and V2B are part of both Square A and B (V2T is part of Square A and B; V2B is part
of Square C and D). Similarly, the middle horizontal segments H2L and H2R are part of both Square A and C (H2L) and Square B and D (H2R). Similarly, the top horizontal segments H1L and H1R are only part of Square Aand B
respectively, and the bottom horizontal segments H3L and H3R are only part of Square C and D respectively. Similarly, the right vertical segments V3T and V3B are only part of Square B and D respectively.

31 - Top horizontal: H1L, H1R - Right vertical: V3T, V3B - Bottom horizontal: H3L, H3R - Left vertical: V1T, V1B

49 Let me denote:

56 If 1 =0, then O = 8. But there are only 8 outer segments, so possible.

66 So, if | can determine the colors of the inner segments, then the outer segments can be determined? Not necessarily, because each outer segment is part of only one square. For example, H1L is part of Square A only. So, if | know the
colors of the inner segments of Square A, and the number of red sides needed for Square A, | can determine the color of H1L and V1T. Wait, but there are two outer segments and two inner segments. Let me think.

67 Suppose for Square A, the inner segments V2T and H2L have some colors. Let me denote:

78 - Let ¢ = color of V2T (inner vertical top)

89 Square C:

99 Wait, for example, suppose for Square A, the inner segments ¢ and a are both red. Then, to have exactly two red sides in Square A, the outer segments H1L and V1T must be both blue. Because total red sides would be 2 (from ¢ and
a) + 0 (from outer) = 2. Alternatively, if ¢ and a are both blue, then the outer segments must be both red. If one of ¢ or a is red and the other is blue, then the outer segments must have one red and one blue. Wait, but how?

175 Alternatively, think of variables:

177 k_A = number of red in {a,c}

188 k_A =0 (since a and ¢ are both B)

229 k_C={a d}=1(a=R, d=B)

256 Then:

387 Wait, earlier we had that O = 8 - 2I. Therefore, O is fixed once | is fixed. However, O is the number of red outer segments. But how does that relate to the constraints?

a7 Alternatively, think of the grid as a graph where each square is a node, and edges represent shared segments. However, not sure.

469 Sum_{squares} |_s = 2| (since each red inner segment is counted twice)

473 But since the inner segments are variables as well, it's complex.

Figure 14: Q17 — Correct Trace Text
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Qwen/Qwen3-8B : ID Scores Across Steps for aime test with Outliers
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Figure 15: Q17 — Incorrect Trace Visualization

Outlier Reasoning Steps — step_index & reasoning_text

Dataset: aime - Model: Qwen/Qwen3-8B « Sample ID: 17

400

STEP
REASONING TEXT
INDEX

30 There are 3 horizontal lines (top, middle, bottom) and 3 vertical lines (left, middle, right). Each horizontal line has two segments, and each vertical line has two segments.

35 Therefore, each square's sides correspond to specific segments. So, for square A: top side is H1V1V2, right side is V2T, bottom side is H2V1V2, left side is V1T.

60 Alternatively, maybe think of the entire grid and consider that each square has two red sides, so maybe there is some kind of cycle or pattern.

74 So inner segments:

93 Wait, maybe my initial assumption is wrong. If | = 1, then O = 6. So there are 6 red outer segments and 2 blue outer segments. However, if we color one inner segment red, then we
need to adjust the outer segments such that each square has exactly two red sides.

99 But each square has two outer sides. For square A, the outer sides are top and left. For square C, the outer sides are left (V1B) and bottom (H3V1V2). Therefore, if we turn one of
these outer sides blue for square A and one of these outer sides blue for square C, but we only have two outer segments to turn blue. However, if we turn, say, the top of square A
(H1V1V2) blue and the bottom of square C (H3V1V2) blue, then that would satisfy both squares. However, we need to check if this affects other squares.

144 Wait, segment A (H2V1V2) is the bottom of square A and top of square C.

146 So, if both A and B are red, then:

178 Therefore, for square A's outer sides: top (H1V1V2) and left (V1T). Similarly, square B's outer sides: top (H1V2V3) and right (V3T). Square C's outer sides: left (V1B) and bottom
(H3V1V2). Square D's outer sides: left (V2B) and bottom (H3V2V3). Therefore, the outer segments for the squares are:

187 For square A: one inner red (bottom) and one outer red (either top or left) => total two red sides.

192 Pair 2: inner segments A (H2V1V2) and C (V2T) are red. Let me analyze.

248 Wait, let me re-examine:

289 For square B: 2 choices (top or right)

364 Total: 2*2 =4.

Figure 16: Q17 — Incorrect Trace Text
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Table 8: Main results. Results of Deepseek-R1-Distill-Qwen-7b on four math benchmarks (AIME2025,
BRUNO2025, HMMT?2025, and MinervaMath). Performance is reported across seeds 42, 1234, and 2025, with
averages and standard deviations (Avg + Std).

Methods () | AIME2025 | BRUMO02025

| 42 1234 2025 Avg+Std | 42 1234 2025 Avg+ Std
Mean Acc. 041 039 041 0404002 |055 053 053 0.54+£001
Self-Cert. 0.50 043 050 0484004 (050 057 0.50 0524004
High Conf. 0.50 043 050 0484004 057 053 047 0.52+005
Low Ent. 0.50 043 050 0484004 |0.60 057 0.50 0.56+005

UID Metrics ({.) ‘
Loc. non-uni 20) | 0.27 0.27 027 027 £000 | 047 033 0.37 0.39 +0.07

Loc. uni (20) 0.53 047 053 051+004| 057 057 057 0.57 000
Loc. non-uni 30) | 027 027 027 0274000 | 047 033 037 0394007
Loc. uni 30) 0.57 047 057 0534006 | 057 057 053 0.56+002
Glob. non-uni (var) | 0.57 043 057 0524008 | 0.60 0.63 0.70 0.64 %005
Glob. uni (var) 033 033 033 0334000 | 047 043 043 0.44+002
Methods (}) ‘ HMMT2025 ‘ MinervaMath

| 42 1234 2025 Avg+Std | 42 1234 2025 Avg+ Std
Mean Acc. 024 023 023 024+000[030 029 030 0.300.00
Self-Cert. 030 027 027 0284002 (031 030 031 0.30 000
High Conf. 027 027 027 0274000 (031 031 031 0314000
Low Ent. 027 023 023 0244002 |030 031 030 0.30£000

UID Metrics ({.)
Loc. non-uni 20) | 0.13 0.20 0.20 0.18+0.04 | 0.27 027 0.27 0.27 4+0.00

Loc. uni (20) 030 030 030 0.3040.00| 030 032 030 0.31=+£0.01

Loc. non-uni 30) | 0.13 0.20 0.20 0.18+£0.04 | 0.26 0.27 0.26 0.26 £0.01

Loc. uni (30) 030 030 030 0304000 | 031 032 031 0.31=+£0.01

Glob. non-uni (var) | 0.30 0.23 0.23 0.26 £0.04 | 0.30 0.31 030 0.30=+£0.01

Glob. uni (var) 020 0.13 0.13 0.16 004 | 028 0.28 0.28 0.28 £0.00
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Table 9: Main results. Results of Qwen3-8B on four math benchmarks (AIME2025, BRUMO2025, HMMT2025,
and MinervaMath). Performance is reported across seeds 42, 1234, and 2025, with averages and standard deviations
(Avg =+ Std).

Methods () | AIME2025 | BRUMO02025

| 42 1234 2025 Avg+Std | 42 1234 2025 Avg+ Std
Mean Acc. 0.66 0.66 0.68 0.67+001|0.67 071 0.67 0.68 %002
Self-Cert. 0.63 0.63 063 0.63+000|070 073 070 0.71 %002
High Conf. 0.60 0.60 0.60 0.604000 |0.63 067 0.60 0.63+003
Low Ent. 0.60 0.60 0.60 0.604000|0.63 0.70 0.60 0.64+ 0.4

UID Metrics ({.) ‘
Loc. non-uni 20) | 0.63 0.63 0.63 0.63+000 | 053 0.70 0.67 0.63 4+ 0.07

Loc. uni (20) 067 0.67 073 0.69+003|067 073 070 0.70 003
Loc. non-uni 30) | 0.63 0.63 0.63 0.63+000 | 0.53 0.70 0.67 0.63 %007
Loc. uni 30) 067 0.67 073 0.694003|0.67 073 070 0.70 £ 003
Glob. non-uni (var) | 0.70 0.70 0.70 0.70+000 | 0.53 0.63 0.67 0.61 % 0.06
Glob. uni (var) 067 0.67 063 0.66+002|0.60 077 0.67 0.68 %007
Methods (}) ‘ HMMT2025 ‘ MinervaMath

| 42 1234 2025 Avg+Std | 42 1234 2025 Avg+ Std
Mean Acc. 044 041 043 0434001 034 034 033 034001
Self-Cert. 0.50 047 053 0504003 | 0.34 035 034 034001
High Conf. 0.50 040 037 0424006 (033 034 033 0331001
Low Ent. 0.50 040 040 0434005 |034 034 032 0.33+001

UID Metrics ({.) ‘
Loc. non-uni 20) | 043 037 040 0.40+0.03 | 035 034 032 0344001

Loc. uni (20) 0.53 040 047 047=+005|034 034 033 034001

Loc. non-uni 30) | 043 037 040 0.40+0.03 | 035 034 032 0.34=+001

Loc. uni (30) 053 043 047 048 +004 | 034 034 033 0.34=£0.01

Glob. non-uni (var) | 0.50 047 043 047 +003 | 0.35 033 032 0.33£0.01

Glob. uni (var) 043 040 040 041=£002| 035 035 031 0.34+002
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Table 10: Main results. Results of Deepseek-R1-Distill-L1lama-8b on four math benchmarks (AIME2025,
BRUMO2025, HMMT2025, and MinervaMath). Performance is reported across seeds 42, 1234, and 2025, with
averages and standard deviations (Avg + Std).

Methods () | AIME2025 | BRUMO2025

42 1234 2025 Avg=£Sud | 42 1234 2025 Avg+Sud
Mean Acc. 032 034 034 033+001 041 037 041 0.40=£002
Self-Cert. 033 033 033 033+000 037 033 033 0.34=£002
High Conf. 0.37 037 033 036=+002|040 033 033 0.36=+003
Low Ent. 033 040 030 034+004 043 030 037 0.37£006

UID Metrics ({) ‘
Loc. non-uni (20) | 0.33 033 040 0.36+003| 040 0.37 037 0.38+£0.02

Loc. uni (20) 037 037 037 0374000037 033 040 0.37+003
Loc. non-uni 30) | 0.30  0.40 037 0.36+£004 | 040 0.33 033 0364003
Loc. uni (30) 033 040 043 0394004050 037 047 0.44 =006
Glob. non-uni 040 033 037 0374003 | 040 030 037 036004
Glob. uni 010 033 037 027+012 047 033 040 0.40 =006
Methods () | HMMT2025 | MinervaMath

42 1234 2025 Avg+Std | 42 1234 2025 Avg+ Std
Mean Acc. 020 0.19 022 0204001 | 023 023 023 0.23=+0.00
Self-Cert. 020 0.7 020 0.19+002]022 022 023 0224001
High Conf. 023 020 020 0214002 (023 023 022 0.23+001
Low Ent. 020 020 0.17 0.19+002|021 023 022 0224001

UID Metrics ({.)
Loc. non-uni 20) | 0.23 023 023 0234000 | 022 025 021 0.23+£0.02

Loc. uni (20) 0.17 020 0.17 0.18=+0.02 | 022 022 022 0.22+0.00

Loc. non-uni 30) | 0.17 0.20 0.23 0.20+£003 | 0.24 021 024 0.23+£0.01

Loc. uni (30) 0.27 020 027 024+004| 024 022 024 0.23+0.01

Glob. non-uni 0.13 020 020 0.18=*0.04 | 021 021 0.21 0.21 £ 0.00

Glob. uni 030 027 023 0.27+003|024 024 022 0.23+001
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Table 11: Model Size Analysis. Results of Qwen3 models (1.7B, 4B, 8B) on AIME2025. Performance is reported
across seeds 42, 1234, and 2025, with averages and standard deviations (Avg £ Std).

Methods (1) \ 1.7B \ 4B \ 8B

| 42 1234 2025 Avg+Std | 42 1234 2025 Avg+Std | 42 1234 2025 AvgStd
Mean Acc. 033 0.34 037 0354002 | 066 0.65 064 0.65+001 | 0.66 0.66 0.68 0.67+0.01
Self-Cert. 040 047 047 0454004 | 077 070 073 0.73+003 | 0.63 0.63 0.63 0.63 0.0
High Conf. 0.33 033 043 0.37+006 | 0.67 057 063 0.62+005 | 0.60 0.60 0.60 0.60+0.00
Low Ent. 033 0.33 043 0374006 | 073 057 060 0.63+0.09 | 0.60 0.60 0.60 0.60-0.00
UID Metrics ({.) ‘
Loc. non-uni (20) | 020 0.30 023 0.24+005 | 0.53 0.57 0.53 0.54+0.02 | 0.63 0.63 0.63 0.63+0.00
Loc. uni (20) 043 043 037 0414004 | 070 0.73 0.70 0.714002 | 0.67 0.67 0.73 0.69+0.04
Loc. non-uni (30) | 020 0.30 023 0.24+005 | 0.53 0.57 0.53 0.54+0.02 | 0.63 0.63 0.63 0.63 +0.00
Loc. uni (30) 043 043 037 0414004 | 070 0.70 0.67 0.69+002 | 0.67 0.67 0.73 0.69=+0.04
Glob. non-uni 0.37 030 043 0374007 | 070 0.63 0.63 0.66+004 | 0.70 0.70 0.70 0.7040.00
Glob. uni 030 0.37 033 0.33+003 | 0.60 073 067 0.67+007 | 0.67 0.67 0.63 0.66-+0.02

Table 12: Sample Size Analysis. Results across different sampling strategies (Sample by 3, 5, and 10) on AIME2025.
Performance is reported across seeds 42, 1234, and 2025, with averages and standard deviations (Avg £ Std).

Methods (|) ‘ Sample by 3 ‘ Sample by 5 ‘ Sample by 10

| 42 1234 2025 Avg+Std | 42 1234 2025 Avg+Std | 42 1234 2025 Avg+Std
Mean Acc. 0.67 0.67 0.67 0.67+0.00 | 0.66 0.66 0.68 0.67+001 | 0.68 0.67 0.69 0.68+0.01
Self-Cert. 0.70 070 0.70 0.70+0.00 | 0.63 0.63 0.63 0.63£0.00 | 0.57 0.63 0.67 0.62+0.04
High Conf. 0.63 0.63 063 0.63+£000 | 0.60 0.60 0.60 0.60£0.00 | 0.57 053 0.60 0.57+0.03
Low Ent. 0.63 0.63 0.63 0.63+000 | 0.60 0.60 0.60 0.60+0.00 | 0.50 0.57 0.60 0.56+0.04
UID Metrics () ‘
Loc. non-uni (20) | 0.63 0.63 0.63 0.63+000 | 0.63 0.63 0.63 0.63+000 | 0.50 0.50 0.60  0.53+0.05
Loc. uni (20) 073 073 0.73 0.73+000 | 0.67 0.67 0.73 0.69+003 | 0.70 0.73 0.73  0.72+0.02
Loc. non-uni (30) | 0.63 0.63 0.63 0.63+0.00 | 0.63 0.63 0.63 0.63+000 | 0.50 0.50 0.60 0.53+0.05
Loc. uni (30) 073 073 0.73 0.73+000 | 0.67 0.67 0.73 0.69+0.03 | 0.70 0.73 0.73 0.72+0.02
Glob. non-uni 070 070 0.70 0.70+0.00 | 0.70 0.70 0.70 0.70+0.00 | 0.70 0.67 0.73  0.7040.03
Glob. uni 0.70 070 0.70 0.70+0.00 | 0.67 0.67 0.63 0.66+0.02 | 0.63 0.63 0.63  0.63+0.00
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Table 13: UID-based selection with response-level aggregation. We use Borda Voting (majority voting under
matched sampling budgets) adopted from Kang et al. (2025) on AIME 2025.

Method (1) | Qwen3-8B | DS-R1-Distill-Qwen-7B | DS-R1-Distill-Llama-8B
Majority Voting | 0.67 0.43 0.27

UID Metrics ({.) ‘

Loc. uni 0.73 0.43 0.40

Loc uni + Borda 0.73 0.43 0.37

Glob. non-uni 0.70 0.47 0.33

Glob. non-uni + Borda 0.70 0.47 0.33

Settings Content

Communication Please answer the following math question as if you are
Prompting explaining it to a listener.

Communicate your reasoning clearly and naturally.

You should provide your final answer in the format
\boxed{YOUR_ANSWER?}.

\n\n Question:\n{question}\n

Naive Prompting Please answer the following math question.

You should provide your final answer in the format
\boxed{YOUR_ANSWER}.

\n\n Question:\n{question}\n

Table 14: Prompts used for Communicative vs. Naive Prompting.
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<think>\nOkay, so I need to find all positive integers n such that n + 2 divides the product 3(n + 3) (n\u0OOb2 + 9), and then sum all
those n's. Hmm, let me think about how to approach this.

\n\nFirst, let me restate the problem in mathematical terms. We need to find all positive integers n where (n + 2) divides 3(n +
3) (n\uO0b2 + 9). In other words, 3(n + 3) (n\uOOb2 + 9) divided by (n + 2) should be an integer. So, mathematically, we can write this
as:\n\n(n + 2) | 3(n + 3) (n\u00b2 + 9)\n\n Which means that 3(n + 3) (n\uOOb2 + 9) mod (n + 2) = 0.

\n\nI remember that when dealing with divisibility conditions, sometimes substituting variables or using modular arithmetic can help.
Maybe I can use the fact that if n \u2261 -2 mod (n + 2), then I can substitute n = -2 into the expression to find the remainder. Let me
try that.

\n\n Let me consider the expression 3(n + 3) (n\u0OOb2 + 9) modulo (n + 2). If I substitute n \u2261 -2, then:\n\nFirst, compute each part
modulo (n + 2):\n\nn \u2261 -2, son + 3 \u226l1 -2 + 3 = 1.

\n\n Similarly, n\u0Ob2 + 9 \u2261 (-2)\u00b2 + 9 = 4 + 9 = 13.\n\n Therefore, the entire expression becomes 3 * 1 * 13 = 39. Therefore,
the remainder when 3(n + 3) (n\uO0Ob2 + 9) is divided by (n + 2) is 39.

\n\n But since (n + 2) divides the product, this remainder must be zero. Therefore, 39 must be congruent to 0 modulo (n + 2). Which

implies that (n + 2) divides 39.

\n\nSo, n + 2 is a positive divisor of 39. Since n is a positive integer, n + 2 must be an integer greater than or equal to 3 (since n
\u2265 1, so n + 2 \u2265 3). Therefore, we need to find all positive divisors of 39 that are \u2265 3, then subtract 2 to get n, and

then sum all such n's. (. . .)

Figure 17: Reasoning trace with the highest variance score, with rich reasoning. math_equal is True

Then:\n\nFrom 3x_{k+1} = x k + z k - 1. \n\nBut z_{k+1} = 1/x {k+1} = 3 / (x_k + z_k - 1). \n\nNot sure if helpful. \n\nAlternatively, maybe
consider the recurrence relation for z_k:\n\nIf z_k = 1/x_k, then:\n\nFrom 3x_{k+l} = x k + z k - 1, so x_{k+l} = (x k + z k - 1)/3. Then

z {k+1} = 3 / (x k + z k - 1). \n\nBut since z_k = 1/x_k, maybe express in terms of z_k:\n\nLet me write x k = 1/z_k. Then:\n\nz_{k+l} = 3 /

(1/z_k + zk - 1) =3/ ( (1 + z k\u00b2 - z k)/z_k ) = 3z_k / (z_k\u00b2 - z k + 1). \n\nSo z_{k+1} = 3z k / (z_k\u0Ob2 - z _k + 1).
\n\nHmm. Not sure if this helps. But maybe there's a pattern here. Let me check for the first few terms.\n\nGiven that x\u2081 = 25/11, so
z\u2081 = 11/25. \n\nThen 2z\u2082 = 3*(11/25) / [ ( (11/25)"2 - (11/25) + 1 ) ] \n\nLet me compute denominator:\n\n( (121/625) - (11/25) + 1
) = (121/625 - 275/625 + 625/625 ) = (121 - 275 + 625)/625 = (471)/625. \n\nTherefore z\u2082 = 3*(11/25) / (471/625) = (33/25) * (625/471)

= (33 * 25)/471 = 825 / 471. Simplify: divide numerator and denominator by 3: 275 / 157. Which is the reciprocal of x\u2082. Indeed, x\u2082
= 157/275, so z\u2082 = 275/157. \n\nSo z\u2082 = 275/157. Then z\u2083 = 3*z\u2082 / (z\u2082\u00b2 - z\u2082 + 1). Let me compute that.
\n\nFirst compute z\u2082\u00b2: (275/157)"2 = 75625 / 24649. Then subtract z\u2082: 75625 / 24649 - 275/157. Let me convert 275/157 to
denominator 24649: 275/157 = (275 * 157)/24649. Wait, 157*157 = 24649, so 275/157 = (275*157)/24649. Wait, but that would be 275*157. Let me
compute that:\n\n275 * 157. Let me compute 275* (150 + 7) = 275*150 + 275*7 = 41250 + 1925 = 43175. Therefore, 275/157 = 43175 / 24649.
\n\nSo z\u2082\u00b2 - z\u2082 + 1 = (75625 - 43175 + 24649)/24649. Let me compute numerator: 75625 - 43175 = 32450; 32450 + 24649 = 57099.
So denominator is 24649. Therefore z\u2082\u00b2 - z\u2082 + 1 = 57099 / 24649. \n\nTherefore z\u2083 = 3*z\u2082 / (57099 / 24649) ) =
3*(275/157) * (24649 / 57099). Let me compute this. \n\nFirst, note that 24649 is 157\u0Ob2. And 57099 was from previous steps. Wait,
earlier when computing x\u2083, we had 57099 / 129525, but maybe not. Anyway, let me compute:\n\nz\u2083 = 3 * (275/157) * (24649 / 57099).
\n\nNote that 24649 = 157\u00b2, so:\n\nz\u2083 = 3 * 275 * 157\u00b2 / (157 * 57099) ) = 3 * 275 * 157 / 57099. \n\nSimplify numerator and
denominator:\n\nLet me compute 3*275 = 825. So numerator is 825 * 157. Let me compute that:\n\n825 * 157. Let me do 800*157 + 25*157 =
125600 + 3925 = 129525. \n\nSo numerator is 129525. Denominator is 57099. Therefore z\u2083 = 129525 / 57099. Simplify this fraction. Let me
check GCD(129525, 57099). \n\nUsing Euclidean algorithm:\n\nGCD (129525, 57099). \n\nDivide 129525 by 57099: 2 times, remainder 129525 -
2*%57099 = 129525 - 114198 = 15327.\n\nGCD (57099, 15327). \n\nAs before, earlier steps showed that GCD (57099, 15327) was 3. Wait, earlier
when we had GCD (57099, 129525) was 3. Let me check again:\n\nWait, GCD(129525, 57099) = GCD(57099, 15327). Then GCD (57099, 15327).
\n\nEarlier steps showed that GCD (57099, 15327) was 3. So divide numerator and denominator by 3:\n\nl29525 / 3 = 43175, 57099 / 3 = 19033.
Therefore z\u2083 = 43175 / 19033. Which is the reciprocal of x\u2083. Indeed, x\u2083 = 19033/43175, so z\u2083 = 43175/19033. \n\nSo this

seems like the pattern is that z_(k} is the reciprocal of x_k.

Figure 18: Reasoning trace with the lowest variance score, showing that the model is stuck. math_equal is False
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n\nAnother possibility: b=24, d=-54. 24*(-54)=-1296.\n\na + c=12.\n\nad + bc= a*(-54) + c*24= -54a +24c= -432.\n\nDivide by 6: -9a +4c=
-72.\n\nFrom a + c=12 \u2192 c=12 -a.\n\nSubstitute into -9a +4 (12 -a) =-72 \u2192 -9a +48 -4a =-72 \u2192 -13a= -120 \u2192 a=120/13.
Not integer. Not good.\n\nAnother possibility: b= -36, d=36. Then b*d= -36*36= -1296.\n\na + c=12.\n\nad + bec= a*36 + c*(-36)=36a -36¢c=
-432 \u2192 36(a - c)= -432 \u2192 a - c= -12.\n\nAlso, a + c=12.\n\nSolving:\n\na + c=12.\n\na - c= -12.\n\nAdding: 2a=0 \u2192 a=0,
c=12.\n\nNow, check ac + b + d=0*12 + (-36) +36=0, which is not 144. So, no.\n\nAnother possibility: b= 144, d= -9. 144*(-9)= -1296.\n\na
+ c=12.\n\nad + bc= a*(-9) + c*144= -9a +144c= -432.\n\nDivide by 9: -a +16c= -48.\n\nAlso, a + c=12.\n\nSo, a=12 -c.\n\nSubstitute into
-a +16c= -48: -(12 -c) +16c= -48 \u2192 -12 +c +16c= -48 \u2192 17c= -36 \u2192 c= -36/17. Not integer.\n\nAnother try: b= 54, d= -24.
54* (-24)= -1296.\n\na + c=12.\n\nad + bc= a*(-24) + c*54= -24a +54c= -432 \u2192 divide by 6: -4a +9c= -72.\n\nFrom a + c=12 \u2192 a=12
-c.\n\nSubstitute into -4(12 -c) +9c= -72 \u2192 -48 +4c +9c= -72 \u219213c= -24 \u2192 c= -24/13. Not integer.\n\nHmm, perhaps I should
try b= 48, d= -27. 48*(-27)= -1296.\n\na + c=12.\n\nad + be= a*(-27) + c*48= -27a +48c= -432 \u2192 divide by 3: -9a +16c= -144.\n\nAlso,
a=12 -c.\n\nSubstitute: -9(12 -c) +l6c= -144 \u2192 -108 +9c +l6c= -144 \u219225c= -36 \u2192c= -36/25. Not integer.\n\nThis is getting
too time-consuming. Maybe I should try a different approach.\n\nAlternatively, perhaps there is a substitution I can make.\n\nWe have
from equation 1: (h -6)72 +k”2=36.\n\nAnd from equation 2: (h +6) (k +6)=72.\n\nLet me let u = h +6 and v =k +6.\n\nThen, equation 2
becomes u*v=72.\n\nEquation 1 becomes (h -6)"2 +k”2=36.\n\nExpress h and k in terms of u and v:\n\nh = u -6, k= v -6.\n\nSo, equation 1
becomes:\n\n(u -6 -6)"2 + (v -6)"2 =36 \u2192 (u -12)"2 + (v -6)"2=36.\n\nSo, equation 1: (u -12)"2 + (v -6)"2=36.\n\nAnd equation 2:
u*v=72.\n\nSo, we have:\n\n(u -12)"72 + (v -6)72=36.\n\nAnd u*v=72.\n\nWe can expand equation 1:\n\nu\u00b2 -24u +144 +v\u00b2 -12v +36=36
\u2192 u\u00b2 + v\u00b2 -24u -12v +180=36 \u2192 u\u00b2 +v\u00b2 -24u -12v= -144.\n\nBut since u*v=72, perhaps we can find u and v such
that u*v=72 and u\u00b2 +v\u00b2=24u +12v -144.\n\nAlternatively, we can write u\u00b2 +v\u00b2 =24u +12v -144.\n\nBut from u*v=72,
perhaps express v=72/u.\n\nSubstitute into u\u00b2 + (72/u)”2 =24u +12*(72/u) -144.\n\nMultiply both sides by u\u00b2 to eliminate
denominators:\n\nu”4 + 5184 =24u”3 +12*72 u -144u\u00b2.\n\nSimplify:\n\nu”~4 +5184 =24u”3 +864u -144u\u00b2.\n\nBring all terms to one
side:\n\nu”4 -24u”3 +144u\u00b2 -864u +5184=0.\n\nHmm, this seems complicated, but perhaps we can factor it.\n\nLet me try possible
rational roots. Possible roots are factors of 5184 over 1, so possible roots include \u00bll, \u00bl2, ..., up to \u00bl5184.\n\nTesting
u=12:\n\nl2"4=20736, -24*12"3= -24*1728= -41472, 144*1272=144*144=20736, -864*12= -10368, +5184.\n\nSo, 20736 -41472 +20736 -10368
+5184.\n\nCompute step by step:\n\n20736 -41472= -20736.\n\n-20736 +20736=0.\n\n0 -10368= -10368.\n\n-10368 +5184= -5184
\u22600.\n\nu=6:\n\n6"4=1296, -24*6"3= -24*216= -5184, 144*36=5184, -864*6= -5184, +5184.\n\nSo, 1296 -5184 +5184 -5184
+5184.\n\nCompute:\n\n1296 -5184= -3888.\n\n-3888 +5184=1296.\n\n1296 -5184= -3888.\n\n-3888 +5184=1296 \u22600.\n\nu=

-6:\n\n(-6) "4=1296, -24*(-6)"3= -24*(-216)=5184, 144*36=5184, -864*(-6)=5184, +5184.\n\nSo, 1296 +5184 +5184 +5184 +5184.\n\nWait, wait,
no. Wait, the equation is u”4 -24u”3 +144u”2 -864u +5184=0.\n\nPlugging u=-6:\n\n(-6)"4=1296.\n\n-24* (-6) *3=
-24*(-216)=5184.\n\nl44* (-6) ~2=144*36=5184.\n\n-864* (-6)=5184.\n\n+5184.\n\nSo, sum: 1296 +5184=6480, +5184=11664, +5184=16848,
+5184=22032. Not zero.\n\nu=8:\n\n874=4096, -24*512= -12288, 144*64=9216, -864*8= -6912, +5184.\n\nCompute:\n\n4096 -12288=
-8192.\n\n-8192 +9216=1024.\n\n1024 -6912= -5888.\n\n-5888 +5184= -704 \u22600.\n\nu=9:\n\n9%"4=6561, -24*729= -17496, 144*81=11664,
-864*9= -7776, +5184.\n\nCompute:\n\n6561 -17496= -10935.

Figure 19: Reasoning trace with the highest number of spikes and falls, with a lot of redundancy and confusions.
math_equal is True

Okay, so I've got this math problem to solve. It says: Find the sum of all integer bases \\( b > 9 \\) for
which \\( 17_b \\) is a divisor of \\( 97_b \\). Hmm, let me try to figure this out step by step.\n\nFirst,
I remember that when numbers are written in a base \\( b \\), each digit represents a power of \\( b \\).
So, for example, \\( 17_b \\) would be equal to \\( 1 \\times b*1 + 7 \\times b*0 \\) in decimal, which is
\\( b + 7 \\). similarly, \\( 97_b \\) would be \\( 9 \\times b*1 + 7 \\times b*0 \\), so that's \\( 9 + 7
\\) in decimal.\n\nThe problem is asking for bases \\( b > 9 \\) where \\( 17_b \\) divides \\( 97_b \\).
That means \\( b + 7 \\) should be a divisor of \\( 9b + 7 \\). So, mathematically, I can write this
as:\n\n\\( b + 7 \\) divides \\( 9b + 7 \\).\n\nNow, when a number \\( a \\) divides another number \\( c
\\), it means that \\( ¢ \\) divided by \\( a \\) leaves no remainder. Another way to put that is \\( ¢
\\mod a = 0 \\). So, I can write:\n\n\\( 9b + 7 \\mod (b + 7) = 0 \\).\n\nAlternatively, \\( 9b + 7 \\)
divided by \\( b + 7 \\) should result in an integer. Maybe I can perform the division to see what that
gives.\n\nLet me try dividing \\( 9b + 7 \\) by \\( b + 7 \\) using polynomial long division or
substitution. Let's see, if I think of it as a division:\n\n\\( (9b + 7) \\div (b + 7) \\).\n\nLet me set
it up:\n\nHow many times does \\( b + 7 \\) go into \\( 9b + 7 \\)? Well, \\( b \\) goes into \\( 9b \\)
exactly 9 times. So, I multiply \\( b + 7 \\) by 9, which gives \\( 9b + 63 \\), and subtract that from \\(
9b + 7 \\).\n\nSo, subtracting: \\( (9 +7) - (9b + 63) = 0b + (7 - 63) = -56 \\).\n\nSo, the division

gives 9 with a remainder of -56.

Figure 20: Reasoning trace with the lowest number of spikes and falls, with simple and concise reasoning.
math_equal is True
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Table 15: 7-sweep results (7 = 1-5). Performance on AIME2025, BRUMO2025, HMMT2025, and MinervaMath
(MM). Results are from seed 42.

| DS-RI-Distill-Qwen-7B |  DS-R1-Distill-Llama-88 | Qwen3-88B
Methods (|) | AIME BRUMO HMMT MM | AIME BRUMO HMMT MM | AIME BRUMO HMMT MM

T=2
Loc. non-uni | 0.23 0.40 0.30 0.27 | 0.33 0.47 0.17 0.26 | 0.70 0.70 0.47 0.27
Loc. uni 0.43 0.43 0.27 0.30 | 0.37 0.50 0.17 0.27 | 0.73 0.67 0.30 0.30
7=3
Loc. non-uni | 0.23 0.40 0.17 0.28 | 043 0.43 0.20 0.27 | 0.70 0.70 0.50 0.28
Loc. uni 0.40 0.47 0.27 0.30 | 0.33 0.53 0.13 0.28 | 0.70 0.70 0.37 0.30
T=4
Loc. non-uni | 0.33 0.50 0.20 0.29 | 043 0.43 0.23 0.28 | 0.67 0.73 0.47 0.29
Loc. uni 0.43 0.47 0.20 0.31 | 0.40 0.57 0.20 0.29 | 0.60 0.67 0.37 0.31
T=5
Loc. non-uni | 0.30 0.43 0.23 0.30 | 043 0.50 0.20 0.29 | 0.67 0.70 0.43 0.30
Loc. uni 0.40 0.50 0.20 0.32 | 0.37 0.53 0.17 0.29 | 0.63 0.67 0.33 0.32
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