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Abstract

Transformers have dominated sequence pro-
cessing tasks for the past seven years—most
notably language modeling. However, the in-
herent quadratic complexity of their attention
mechanism remains a significant bottleneck as
context length increases. We review and distill
the recent efforts to overcome this bottleneck,
including advances in (sub-quadratic) attention
variants, recurrent neural networks, state space
models, and hybrid architectures. We criti-
cally analyze approaches regarding compute
and memory complexity, benchmark results,
and fundamental limitations to assess whether
the dominance of pure-attention transformers
may soon be challenged, which we consider
possible, particularly in domain-specific and
edge-device applications.

1 Introduction

The transformer architecture is a foundational
breakthrough in Natural Language Processing
(NLP) (Vaswani et al., 2017), forming the backbone
of most Large Language Models (LLMs) (Brown
et al., 2020) and is a reliable architecture choice for
predictable performance scaling laws (Kaplan et al.,
2020; Hoffmann et al., 2022). Its self-attention
mechanism (Bahdanau et al., 2015) projects inputs
into queries (Q), keys (K), and values (V ), en-
abling efficient pairwise token interactions:

Attention(Q,K, V ) = softmax

(
QK⊤
√
dk

)
V

Despite providing direct O(1) paths between any
pair of tokens, computing the full n× n attention
matrix incurs O(n2) time complexity, increasing
latency and compute costs as the input length n
grows (Vaswani et al., 2017). While efficiency im-
provements to standard attention mostly focused on
caching and memory layout (see Appendix A.5), its
core problems have motivated research efforts into

Figure 1: The four types of dot-product attention al-
ternatives identified in our survey, including examples.
We further divide hybrid concepts (striped and fusion
hybrids), and sub-quadratic attention variants (approxi-
mate and sparse attention) each in two major classes.

sub-quadratic sequence-modeling operators to re-
place attention, aiming to improve efficiency while
retaining strong task performance. These include
sub-quadratic attention variants (Katharopoulos
et al., 2020), Recurrent Neural Networks (RNNs)
(Beck et al., 2024), State Space Models (SSMs)
(Gu and Dao, 2023; Gu et al., 2022), and hybrids
thereof (De et al., 2024).

This paper reports on the overarching narrative
of developing alternatives to transformers, reviews
the most impactful milestones and new primitives,
and examines whether the transformer dominance
may soon be challenged. Our main contributions
are:

(1) A review of the most relevant (sub)-quadratic
attention variants, recurrent state models,
SSMs, and hybrid architectures. An overview
can be found in Figure 1.

(2) A comparative analysis of time and mem-
ory complexity for training and inference of
sequence-modeling mechanisms, as well as
reported benchmark results for SOTA models.
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(3) A critical analysis of strengths, tradeoffs, and
limitations, with an informed perspective on
when and where pure attention-based trans-
formers may be surpassed.

Our methodology is described in Appendix A.1.

2 Related Review Work

While several recent and concurrent works over-
lap with aspects of our scope, they differ in focus
and conclusions. Schneider (2025) discusses hy-
pothetical post-transformer architectures without
restricting to sub-quadratic complexity or state-of-
the-art performance. Wang et al. (2024c) review
approaches for handling longer input sequences,
and Tiezzi et al. (2025) examine alternative archi-
tectures from a recurrent-processing perspective.

Several surveys provide overviews of efficient
transformers and LLMs in general (Tay et al., 2022;
Miao et al., 2025; Huang et al., 2024; Wan et al.,
2024; Miao et al., 2024; Tang et al., 2024), but
often emphasize linear attention variants when con-
sidering alternative architectures. Focused surveys
address specific subgroups, such as SSMs (Somvan-
shi et al., 2025; Wang et al., 2024b) and recurrent
models (Tiezzi et al., 2024), or specific domains
like computer vision (Patro and Agneeswaran,
2025) and time series forecasting (Kim et al., 2025),
whereas our emphasis is on NLP tasks and all sub-
quadratic alternatives to attention-based models.
Existing surveys also frequently give extensive full
historical lineages of the discussed models (e.g.,
Sun et al., 2025), while we focus on practical rele-
vance in recent applications and research. Finally,
Strobl et al. (2024) provide an overview of works
on transformer expressivity, which relates to our
discussion of architectural limitations in Section 8.

3 Non-Recurrent O(n2−ϵ) Attention

Categorizing sub-quadratic attention alternatives is
challenging due to overlapping ideas and mecha-
nisms. We organize them as non-recurrent atten-
tion variants, recurrent state models, SSMs, and
Hybrids according to their main design motivation,
though some fall into several categories.

3.1 Approximate Attention

These mechanisms, including linear attention, re-
duce computational cost by using approximations
such as kernel functions or low-rank factoriza-
tion. Kernel-based linear attention reformulates

self-attention as a linear dot-product in feature
space, achieving O(n) complexity (Katharopou-
los et al., 2020; Zhuoran et al., 2021). However,
a poorly chosen kernel can result in reduced ex-
pressivity. Sequential cumulative summation can
also slow inference in causal settings, as seen in the
Performer (Choromanski et al., 2020). Low-rank
methods—e.g., Linformer (Wang et al., 2020)—
similarly achieve O(n) complexity, but their effec-
tiveness depends on the selected rank. Notably, the
Performer performs worse on autoregressive gener-
ation than for masked language modeling (MLM),
and the Linformer is not applicable to decoder-
based modeling in general. The Attention Free
Transformer (AFT) (Zhai et al., 2021) replaces dot
product self-attention by learned position biases.
The biases are added to the keys and values, and
the result is multiplied by the query element-wise,
which is an advantage for large model sizes. Later,
Hyena (Poli et al., 2023) generalizes the work of
AFT by combining multiplicative element-wise gat-
ing with implicit long convolutions. 1

However, while these variants are important
foundational works, they are generally no longer
competitive with more recent architectures. Recent
competitive variants, such as ReGLA (Lu et al.,
2025b), Hedgehog (Zhang et al., 2024), and RoFly
(Ro et al., 2025), improve efficiency while also
enhancing expressivity. Log-linear attention (Guo
et al., 2025) extends linear attention through a loga-
rithmically growing set of hidden states, providing
a trade-off between efficiency and expressiveness.

3.2 Sparse Attention

Sparse attention mechanisms focus computation on
a subset of the sequence using fixed or learnable
patterns. Sparse Transformers (Child et al., 2019)
pioneered sparse factorizations of the attention ma-
trix, reducing complexity to O(n

√
n). Local (slid-

ing window) attention restricts computation to a
window around each token and is often paired with
global attention, as in Longformer (Beltagy et al.,
2020), to regain expressivity by allowing selected
tokens to attend globally. Other variants, such as
strided or random patterns, are often combined
(e.g., Zaheer et al., 2020). While some sparse pat-
terns achieve O(n) time and memory complexity,
they may underperform on tasks requiring fine-
grained global dependencies and often require task-

1Hyena, however, includes a recurrent operator with a time
complexity of O(NL log2 L) (Poli et al., 2023)
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specific tuning. Learnable and adaptive sparsity pat-
terns (e.g., Correia et al., 2019) can address these
limitations. More recent examples of sparse atten-
tion are MoBA (Lu et al., 2025a) or NSA (Yuan
et al., 2025): NSA uses hardware-aligned sparse at-
tention kernels and a learned gating mechanism to
combine sliding attention, compressed attention for
coarse-grained patterns, and selected attention for
important token blocks (Yuan et al., 2025). MoBA
is inspired by Mixture-of-Experts (MoE) systems,
divides the context into blocks, and uses a dynamic
gating mechanism to selectively route query tokens
to the KV blocks most relevant to them (Lu et al.,
2025a).

4 Recurrent State Models

Recurrent Neural Networks (RNNs) process se-
quences by maintaining a fixed-size state updated
at each time step, allowing them to model tempo-
ral dependencies (Yu et al., 2019). Long Short-
Term Memory (LSTM) networks (Hochreiter and
Schmidhuber, 1997) mitigate the vanishing gradi-
ent problem through a complex gating mechanism,
while Gated Recurrent Units (GRU) (Cho et al.,
2014) offer a simpler alternative with similar per-
formance and lower computational cost. RNN vari-
ants offer linear autoregressive generation, but suf-
fer from (1) varying degrees of vanishing/exploding
gradients, (2) limited training parallelism, and (3)
lack of expressivity due to a representation state
not scaling with context length (Yu et al., 2019).

While the following models are not RNNs per
se, they recurrently update a state in the form of
a matrix (in contrast to single vectors in classic
RNNs) where the influence of earlier inputs decays
over time, thus a formulation as such a model is
possible. These successors partly mitigated the lim-
itations named above, starting with Katharopoulos
et al. (2020), which introduce linear attention.

4.1 Gated Attention Models

Instead of attending to a full key-value matrix of
previous outputs, gates can recombine a fixed con-
text state that tokens attend to with new outputs.
The Retentive Network (RetNet) (Sun et al., 2023)
builds on linear attention, improving the perfor-
mance by applying exponential decay to the hidden
state before the RNN update. It introduces the re-
tention mechanism for sequence modeling, whose
parallel representation (for efficient training) re-
sembles self-attention but replaces the softmax op-

eration by a Hadamard product, data-independent
exponential decay, and GroupNorm. This enables a
recurrent representation and consequently low-cost
O(1) inference per token. Moreover, a chunkwise
recurrent representation combines parallel encod-
ing within chunks with recurrent summarization to
efficiently model long sequences with linear com-
plexity.

Successively, Gated Linear Attention (GLA)
Yang et al. (2024a) introduces data-dependent
gates and the hardware-efficient algorithm Flash-
LinearAttention. This enabled GLA Transformers
to perform competitively with full attention for
small-scale language models at the time and came
with no significant perplexity degradations when
using a model trained on 2000 tokens on sequences
longer than 20000 tokens, which demonstrates their
effectiveness at length generalization. Since the
gating computation per token depends only on the
current token and the learnable parameters, it re-
mains parallelizable.

DeltaNet (Schlag et al., 2021; Yang et al., 2024b)
is a linear transformer variant that retrieves and up-
dates a value vector associated with each key using
an update rule similar to the delta rule. DeltaNet
employs a diagonal plus low-rank (DPLR) state-
update mechanism similar to S4, enabling efficient
parallelization across the temporal dimension and
significantly improving training efficiency. Gated
DeltaNet (Yang et al., 2025b) builds upon this and
introduces the gated delta rule, which integrates gat-
ing for adaptive memory control. Similarly, Goose
(RWKV-7) (Peng et al., 2025), the latest RWKV
version, integrates a generalized delta rule, vector-
valued gating, in-context learning rates, and a re-
laxed value replacement rule. The initial RWKV-4
(Peng et al., 2023) uses token shift and builds on
AFT (Zhai et al., 2021) by using channel-wise time
decay vectors instead of global interaction weights.
See Li et al. (2025b) for a detailed overview.

4.2 Lightning Attention (LA2)

Lightning Attention-2 (Qin et al., 2024b) divides
attention into intra-block (standard attention) and
inter-block (linear attention via kernel tricks) com-
putations. This divide-and-conquer strategy ad-
dresses the slow training of causal linear attention—
caused by sequential cumulative sums—by com-
bining efficient intra-block processing with fast,
kernel-based inter-block calculations. LA2 keeps
a fixed-size hidden state and is considered a data-
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independent decay variant. While the forward pass
of LA2 resembles RetNet’s chunk-wise retention
algorithm (Sun et al., 2023), LA2 additionally in-
cludes the backward pass, incorporates IO-aware
optimizations from FlashAttention, and enhances
GPU performance through tiling. Both forward
and backward passes have time complexity O(nd2)
(Qin et al., 2024c). Although TransNormerLLM
(Qin et al., 2024a) is tailored for Lightning Atten-
tion, LA2 itself is model-agnostic. MiniMax-01
(MiniMax et al., 2025) uses LA2 and reports that,
under a fixed compute budget, it enables more pa-
rameters and tokens, achieving lower loss than stan-
dard softmax attention.

Other models that belong in this section, namely
the xLSTM (Beck et al., 2024) and HGRN families
(Qin et al., 2023), are described in Appendix A.2.

5 State-Space-based Models

State Space Models (SSMs), originally from con-
trol theory for modeling dynamic systems via state
variables (Kalman, 1960), have emerged as promis-
ing sub-quadratic alternatives to transformers. A
key aspect is their dual perspective: a recurrent
formulation enables O(n) inference, while a con-
volutional view allows for O(n log(n)) training
via efficient FFT-based convolutions. Note that the
models are listed in this separate subsection, not as
a concept distinct from recurrent state models, but
for their importance in current research.

5.1 Structured SSMs

Structured SSMs impose a specific mathematical
structure—such as low-rank or diagonal-plus-low-
rank forms—on state transition and input matri-
ces, enabling efficient and expressive modeling of
long-range dependencies. S4 (Gu et al., 2022) in-
troduces the use of a Highly Predictive Polynomial
Projection Operator (HiPPO) matrix for initializ-
ing the state transition. This approach enables the
construction of global convolution kernels that can
efficiently encode long-term dependencies. At the
time of release, S4 matched the performance of
transformers (Gu et al., 2022). S5 (Smith et al.,
2023) simplifies and extends S4 by replacing its
diagonal block structure with dense matrices. Ad-
ditionally, S5 leverages an efficient parallel scan,
removing the need for S4’s convolutional and fre-
quency domain computations and streamlining ker-
nel computation.

5.2 Selective SSMs

Mamba (Gu and Dao, 2023) advances SSMs
by replacing fixed transition matrices with input-
dependent functions, increasing flexibility and ex-
pressivity. Its core is the Mamba block, which
combines the ideas of H3 (Fu et al., 2023) and
gated MLP blocks by adding a convolution and an
SSM to the main branch of the gated MLP. Effi-
cient implementation is achieved via kernel fusion,
parallel scan, and recomputation.

Mamba2 (Dao and Gu, 2024) further unifies
structured SSMs with attention mechanisms, en-
abling the application of transformer-style opti-
mizations. It uses modified Mamba blocks for
tensor parallelism and introduces the State Space
Dual (SSD) layer as the inner SSM, which, in its re-
current form, is a selective SSM with single-input
single-output structure. This design slightly re-
duces expressivity but significantly improves train-
ing efficiency on modern accelerators.

6 Hybrids

(a) Striped Hybrid (b) Fusion Hybrid

Figure 2: Different types of hybrids. (a): block types
using different primitives are connected in series. (b):
block types are connected in parallel.

Hybrid architectures combine different
primitives—such as SSMs, attention, and RNNs—
to leverage their strengths while mitigating
the limitations of individual approaches (see
Sections 8.1 and 8.2). Such hybrids are usually of
a striped (i.e., alternating primitives in series) or
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a fusion nature (i.e., primitives are calculated in
parallel, combining their outputs). See Figure 2
for reference.

6.1 O(n2) Hybrids
SSM + Quadratic Attention Several works
demonstrate that combining SSM and attention
layers often outperforms using either one alone:
For instance, Dao and Gu (2024) show that in-
tegrating SSD layers, attention, and MLPs can
surpass pure Transformers or Mamba-2. Jamba
(Lenz et al., 2025) merges transformer, Mamba,
and MoE layers into a striped hybrid, achieving per-
formance comparable to Llama-2 70B or Mixtral,
but has 2–7x longer context windows, 3x higher
throughput, fewer total parameters (52B, 12B ac-
tive), and reduced KV cache memory (32GB vs.
4GB for 256K tokens). Other examples are Mam-
baFormer (Park et al., 2024), another striped hybrid,
and Hymba (Dong et al., 2025), combining fusion
and striped hybrid patterns.

Lightning Attention + Quadratic Attention
MiniMax et al. (2025)’s MiniMax-01 series com-
bines lightning attention with an MoE approach.
To address LA2’s limited retrieval, their Hybrid-
lightning architecture replaces LA2 with O(n2)
attention every eight layers, resulting in a striped
hybrid. MiniMax-Text-01 was competitive with
SOTA models like GPT-4o or Claude-3.5-Sonnet
at the time of release, supporting context windows
up to 1M tokens during training and 4M during
inference at reasonable cost. However, it still strug-
gles to follow multilevel instructions due to sparse
training data.

Gated Attention + Quadratic Attention Kimi
Linear (Team et al., 2025) uses Kimi Delta At-
tention (KDA), a linear attention mechanism that
refines the gated delta rule with fine-grained gating.
The proposed architecture has three 3 KDA layers
for every global attention (MLA) layer.

6.2 O(n2−ϵ) Hybrids
De et al. (2024) propose the Real-Gated Linear
Recurrent Unit (RG-LRU), a gated LRU (Orvieto
et al., 2023) variant without complex transforma-
tions in the recurrence, as these do not improve
language modeling in practice. RG-LRU, a fusion
hybrid of local attention and linear recurrence, is
used for sequence mixing in a recurrent block, re-
placing MQA. Griffin, using RG-LRU, achieves
higher inference throughput and lower latency on

long sequences than MQA Transformers (De et al.,
2024). On benchmarks, Griffin-3B outperforms
Mamba-3B, and Griffin-7B and 14B are competi-
tive with Llama-2 despite using much less training
data. Griffin is also used as the base for Recurrent-
Gemma (Botev et al., 2024).

Another notable sub-quadratic hybrid is Samba
(Ren et al., 2025), a striped hybrid combining slid-
ing window attention and Mamba/SSM layers.

6.3 Novel Architecture Design Concepts

Memory System Design Recent models increas-
ingly integrate several memory types (Irie et al.,
2025; Nunez et al., 2025). Titans (Behrouz et al.,
2024) introduce meta in-context neural long-term
memory, storing surprising data at test time, and
combine core attention-based short-term, neural
long-term, and persistent task memory modules.

B’MOJO (Zancato et al., 2024) generalizes trans-
formers and SSMs by blending permanent, short-
term, fading, and long-term memories, with a slid-
ing attention mechanism to aggregate information.
Both models show good results versus transformers
on several benchmarks (see Table 2).

Tailored Architecture Search Thomas et al.
(2024)’s STAR framework unifies popular se-
quence model architectures under the theory of
Linear Input-Varying systems (LIVs), creating a
larger and more structured search space for model
design. Given target metrics such as cache size, per-
plexity, or device latency, STAR uses gradient-free
evolutionary algorithms to automatically search the
LIV space and generate architectures optimized
for several objectives, outperforming highly-tuned
transformer and hybrid models on various quality
and efficiency frontiers. A recent model realized
through STAR (with slight modifications) is the
edge model LFM2 (LiquidAI, 2025).

Another example of architectural search is Post-
NAS (Gu et al., 2025), which enables an explo-
ration of attention block designs building on pre-
trained transformer models.

7 Complexity and Benchmark Analysis

Moving beyond the qualitative analysis in the previ-
ous sections, this section focuses on quantitative re-
sults and directly compares model architectures in
terms of complexity and benchmark performance.
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Method Training Inference

Time Space Parallel Time Space

FFT-Convolution O(Bnd log(dn)) O(Bnd) Yes O(nd log(nd)) O(nd)
RNN O(Bnd2) O(Bnd) No O(d2)2 O(nd)
Vanilla Transformer O(B(n2d+ nd2)) O(B(n2 + nd)) Yes O(n2d+ d2n) O(n2 + nd)
LSH (Reformer) O(Bd2n logn) O(Bn logn+Bnd) Yes O(d2n logn) O(n logn+ nd)
FAVOR+ (Performer) O(Bnd2 log d) O(Bnd log d+Bd2 log d) Yes O(nd2 log d) O(nd log d+ d2 log d)
Linear Transformer O(Bnd2) O(B(nd+ d2)) Yes O(nd2) O(nd+ d2)
Lightning Attention O(Bnd2) O(B(nd+ d2)) Yes O(nd2) O(nd+ d2)
Channel-wise O(Bnd2) O(Bnd) Yes O(nd) O(d)
AFT (RWKV-4)
Hyena-3 O(Bnd log(dn)) O(Bnd) Yes O(nd log(n+ d)) O(nd)
S4 O(Bnd log(dn)) O(Bnd) Yes O(d2) O(nd)
Mamba3 O(B(nd2 + nd log(nd))) O(Bnd) Yes O(nd2 + nd log(nd)) O(nd)

Table 1: Overview on time & space complexities for training on a single batch and inference of a single token of
different sequence-modeling mechanisms. n: sequence length; d: hidden dimension; B: batch size

7.1 Complexity Comparison
We compare the complexities of selected sequence-
modeling mechanisms in Table 1. It is important to
note that these complexities are sometimes domi-
nated by feed-forward neural networks in the full
model, e.g., in S4, which have a time complexity of
O(nd2). Except for RWKV, which can process a
single query at a time at inference, models are lower
bounded on memory complexity by storing the se-
quence in its entirety. Many of these algorithms
rely on projections, thus requiring at least O(nd2)
operations, often serving as an upper bound for
time complexity. Another major influence on time
complexity is the use of FFT convolutions, as used
in SSM-based models for training, which requires
O(nd log(dn)) computational steps, binding the
algorithm to log-linear time.

7.2 Benchmark Performance
In Table 2, we provide a performance comparison
of previously mentioned sub-quadratic models with
recent high-performing quadratic attention models.
We chose a frequently used configuration variety:
two table sections comparing models with param-
eter sizes of 0.7-1.5B and 14-70B (total param-
eter count for MoE models) across eight promi-
nent benchmarks. For the model and benchmark
sources, see Appendix A.3. In the 0.7-1.5B range,
several edge models compete for the top scores.
In particular, Samba and RWKV7-World3 signifi-
cantly outperform the full attention Llama 3.2 and
Qwen2.5 in several instances. In the midrange (14-
70B), no pure sub-quadratic models are present

2Assuming the sequence has been processed already, only
necessary once

3We consider an entire Mamba layer here, including pro-
jections

anymore; merely the hybrids Griffin and Jamba
remain, with only the latter realistically compet-
ing with Qwen2.5 and Llama3.1. In the evaluation
of frontier (100B+) models, we refer to the LM-
sys Chatbot Arena (Chiang et al., 2024) instead
of a custom-made table. Across all benchmarks
(accessed on 2025-10-02), only MiniMax-Text-01
(MiniMax et al., 2025) appears in the top-30 rank-
ing once4, specifically in the WebDev Arena leader-
board. In the top 10, no model is known to be built
on alternative architectures.

Note that the benchmark comparison should only
be taken as a rough overview. Public leaderboards
and benchmarks are highly volatile, and scores re-
flect only the status at the given timestamp. More-
over, unstandardized benchmarking makes compar-
ing architectures throughout the literature difficult
(see Appendix A.3 and Limitations for details).

8 Fundamental Architectural Limitations

Both quadratic attention and sub-quadratic archi-
tectures face fundamental limitations that cannot be
overcome by scaling parameters or training. In this
section, we discuss these inherent restrictions. Gen-
eral limitations of language models (e.g., Wheeler
and Jeunen, 2025) are beyond this survey’s scope.

8.1 Limitations of Attention
General Theoretical Expressivity The standard
transformer forward pass belongs to the log-time
uniform TC0 circuit complexity class (Merrill
and Sabharwal, 2023). This fundamentally lim-
its its ability to simulate finite automata or solve

4There have been new developments between initial and
camera-ready submission, some Hybrids actually reached the
top 20 of the Text, and top 5 of the WebDev leaderboard, see
Section 9.2.
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Model Benchmark Selection

0.7-1.5B Size MMLU LMB ARC-E ARC-C Wino. Hella. PIQA

Titans-MAG 760M - 41.0 68.2 36.2 52.9 48.9 70.3
Griffin 1B 29.5 - 67.0 36.9 65.2 67.2 77.4
Llama3.2* 1B 32.1 63.0 - - 60.7 63.7 -
GLA 1.3B - 46.9 57.2 26.6 53.9 49.8 71.8
HGRN2 1.3B - 49.4 58.1 28.1 52.3 51.8 71.4
Mamba2 1.3B - 65.7 61.0 33.3 60.9 59.9 73.2
xLSTM[1:0] 1.3B - 57.8 64.3 32.6 60.6 60.9 74.6
BMoJo-Fading 1.4B - 45.4 52.3 26.6 53.3 46.0 70.0
RWKV7-World3 1.5B 43.3 69.5 78.1 44.5 68.2 70.8 77.1
Qwen2.5* 1.5B 60.9 63.0 75.5 54.7 65.0 67.9 75.8
Samba 1.7B 48.0 - 79.3 48.2 72.9 49.7 77.1

14-70B Size MMLU BBH GSM8K ARC-C Wino. Hella. HumanEval

Griffin 14B 49.5 - - 50.8 74.1 81.4 -
Qwen* 14B 79.7 78.2 90.2 67.3 81.0 84.3 56.7
Jamba 52B 67.40 45.40 59.9 64.40 82.5 87.1 29.30
Mixtral* 56B 70.6 - 60.4 59.7 77.2 84.4 40.2
Llama3.1* 70B 79.5 81.0 95.1 68.8 85.3 88.0 48.2
Qwen2.5* 72B 86.1 86.3 95.8 72.4 83.9 87.6 59.1

Table 2: Performance comparison of recent pure quadratic attention LMs (highlighted with *) and subquadratic
models of similar size. Best results for each parameter category are marked in bold, second-best results are
underlined. Model names are in bold or underlined when they scored first or second at least once. Results are
accuracy-based and rounded to one decimal point. For sources, see Section A.3

graph connectivity—necessary for state tracking
and multi-step reasoning (Merrill and Sabharwal,
2024). In practice, such tasks are tractable for
short contexts (e.g., by using transformers of depth
O(logC) for context length C), but remain infeasi-
ble for unbounded inputs under standard complex-
ity assumptions. To scale up these capabilities, the
model dimension must grow with the task complex-
ity, as is also highlighted in related work (Hahn,
2020; Sanford et al., 2023).

Allowing intermediate steps, i.e., Chain of
Thought (CoT) (Wei et al., 2022), increases trans-
former expressivity w.r.t. the number of steps. Li
et al. (2024) show that with T CoT steps, constant-
depth transformers with O(logn) embeddings can
solve any problem solvable by boolean circuits
of size T . Additionally, Qiu et al. (2025) prove
that prompting is Turing-complete: for any com-
putable function, a finite-size transformer can com-
pute it with an appropriate prompt. However, these
enhancements also introduce new drawbacks, as
shown by Bavandpour et al. (2025); Peng et al.
(2024); Saparov et al. (2025).

Length Generalization Transformers struggle to
extrapolate, i.e., to generalize from shorter training
context sizes to longer test sequences. In addi-
tion to being limited by memory constraints, the
transformer architecture has fundamental length-

generalization limits caused by positional encod-
ings (Kazemnejad et al., 2023). While transformers
without position encodings (NoPE) seem to be an
alternative and work for longer sequences than ex-
plicit encodings, they still impose a context length
limit (Wang et al., 2024a).

Building upon Huang et al. (2025)’s framework
to analyze length generalization, Veitsman et al.
(2025) show that, if pretraining is done right, cer-
tain capabilities w.r.t. length generalization of trans-
formers can be improved, but fundamental limita-
tions persist. For models like SSMs and B’MOJO,
the length generalization is instead limited by the
capacity of the recurrent state.

For Huang et al. (2025)’ s framework or more de-
tails on limitations of attention, see Appendix A.4.

8.2 Limitations of Sub-Quadratic Alternatives

Sub-quadratic architectures share some limitations
with quadratic attention—e.g., SSMs are also in the
complexity class TC0 (Merrill et al., 2024). Fur-
thermore, these models introduce additional new
challenges due to the inherent difficulty of com-
pressing sequence context into a reduced state.

This finite state capacity has strong implications
for “lookup table” tasks (e.g., MQAR (Arora et al.,
2024a), hopk (Sanford et al., 2024)), where such
information is part of the input, as SSMs cannot re-
call an arbitrary amount of information previously
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seen (Arora et al., 2024b; De et al., 2024; Jelassi
et al., 2024), even though recent work (Grazzi et al.,
2024) shows that some improvements can be made,
as seen in Mamba (Gu and Dao, 2023).

A similar problem occurs in linear RNNs, which
are highly sensitive to the context order, making
prompt engineering critical—selection and recall
become harder as input order varies (Sutskever
et al., 2014; Arora et al., 2024c). RNNs require
Ω(N) space for reliable recall (Arora et al., 2024b),
and constant-memory models cannot perform asso-
ciative recall or solve tasks like q-sparse averaging
or copying, unlike shallow transformers (Sanford
et al., 2024; Jelassi et al., 2024; Wen et al., 2025).

Backurs and Indyk (2018) prove that under
SETH (which implies P ̸= NP ), edit distance can-
not be computed in subquadratic time, setting a fun-
damental limit on sequence comparison efficiency
for any such architecture. Under the same assump-
tion, Alman and Yu (2025) show that document
similarity tasks inherently require quadratic time.

8.3 Implications

The limitations applying to alternative architectures
mostly subsume the limitations of transformers.
This implies that while sub-quadratic alternatives
significantly enhance efficiency and lower compu-
tational costs, they do not fundamentally surpass
transformers in theoretical expressivity.

9 Discussion

In this section, we synthesize insights from our
review to discuss whether sub-quadratic and hybrid
alternatives start claiming meaningful territory.

9.1 Current Landscape

Despite the reviewed advances in alternative ar-
chitectures, at the time of writing, most frontier
general-purpose models strongly rely on full atten-
tion mechanisms. No model scoring in the top 10
on LLMSys (Chiang et al., 2024) is known to be
sub-quadratic or a hybrid, showing that the “Trans-
former++” remains the default choice when com-
pute is not a limiting factor. We have also seen
that full attention is free from many limitations
that apply to alternative architectures (Section 8.2),
adding to the extent of their superiority.

However, the picture changes for edge models,
where compute, memory, and latency are tightly
bound, and alternative architectures have gained
substantial traction. Especially hybrids, such as

Samba (Ren et al., 2025) or RWKV7 (Peng et al.,
2025), offer favorable inference properties. They
can meet resource constraints by offloading local or
intermediate computations to more efficient mod-
ules, while maintaining reasonable generalization
and global context modeling via attention. For
the edge, we also increasingly see differentiated
memory modeling with newer models, like Titans
(Behrouz et al., 2024) and B’MOJO (Zancato et al.,
2024), segmenting memory into short-term, long-
term, and permanent storage, assigning specialized
mechanisms to each.

In the mid-size regime, hybrids like Jamba (Lenz
et al., 2025) show promise, though they remain a
minority and do not outperform well-tuned trans-
formers. Their advantages are domain-specific,
tied to scenarios where efficiency provides tangi-
ble gains. In general, the maturity of transformer
infrastructure also makes switching to other archi-
tectures costly due to ecosystem inertia (Brem and
Nylund, 2024). However, work that enables the
conversion of pretrained transformers to alternative
architectures without retraining, such as RWKV,
starts lowering these barriers.

Regarding the types of hybrids we see, striped
and fusion, there is no clear tendency in current
research to use one over the other, since this choice
highly depends on what primitives are combined.
Using full attention in a fusion hybrid comes with
no gains in efficiency, while combinations of purely
subquadratic primitives can benefit from fusion to
balance out their different disadvantages compared
to full attention.

Together, these trends signal a shift toward ar-
chitectural diversity. While transformers remain
dominant, alternatives are finding footholds in spe-
cific use cases and operational niches.

9.2 Outlook

At the frontier, full attention is likely to remain
central for the foreseeable future. Still, even
these models may begin incorporating hybrid ele-
ments, especially for memory management or task-
specific routing. In this sense, we also anticipate
model routing and Mixture of Architectures (MoA)
paradigms to become more relevant. The shift is
not toward replacement, but toward building flexi-
ble systems from a growing set of specialized prim-
itives, an idea that has already been surfaced by Yu
et al. (2025), Varangot-Reille et al. (2025) and Fu
et al. (2024), and continues to gain traction.
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Several new open source models that interleave
sparse and global attention (so O(n2) hybrids)
were released between the initial and camera-ready
submission of our work. As of 2026-05-13, they
are in the very top of both the WebDev (up to top 5)
and Text (up to top 20) Chatbot Arena leaderboards,
reinforcing our expectations: Some examples are
Mimo-v2.5-pro (Xiaomi MiMo Team, 2026) and
Gemma-4-31b (Google, 2026) that both use sliding
window attention combined with global attention,
GLM-5.1 (Zeng et al., 2026), which switches from
global to sparse attention after mid-training, and
Deepseek-V4 (DeepSeek-AI, 2026), which uses a
striped hybrid architecture comprising compressed
forms of sparse and global attention.

10 Conclusion

Through our review of recent subquadratic archi-
tectures, we have highlighted the most promising
alternatives to full attention for sequence modeling
in NLP. Our analysis shows that sub-quadratic ele-
ments introduce valuable tradeoffs in efficiency and
latency, particularly in edge and mid-sized deploy-
ments, but do remain fundamentally constrained in
generality compared to transformers. We do not ex-
pect pure subquadratic architectures on the frontier
for the foreseeable future, but see Hybrids catching
up fast.

Limitations

As a focused and concise survey, our work comes
with several limitations. We restrict our analysis to
language models, and therefore, our findings may
not generalize to other modalities such as vision,
audio, or multimodal systems. Additionally, the
performance comparison presented in Table 2 is
limited in its language coverage, as it focuses pri-
marily on English. There is also a slight variation
in training data and procedure across the bench-
mark results of the models we report on, which is
explained in Section A.3. Finally, while aimed at
identifying and synthesizing all relevant literature,
researchers with a different focus could consider
some missing works more significant.
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A Appendix

A.1 Survey Methodology

Our survey followed a two-fold methodology: First,
to determine which alternative model architectures
to include, we began with a set of seed papers
drawn from recent articles in the field, namely
Wang et al. (2024c), Gu and Dao (2023), Sun
et al. (2023), and Tay et al. (2022). From this
base, we employed a backward and forward snow-
balling strategy: we examined the references cited
within these seed papers (backward snowballing)
as well as subsequent papers that cited them (for-
ward snowballing). This iterative process enabled
us to trace the development and recurrence of spe-
cific architectural primitives over time and across
various research communities. Architectures that
consistently reappeared in recent high-impact pub-
lications were included in the main body of our
review. Architectures with limited recurrence and
marginal impact were excluded.

Second, for the chapter discussing the funda-
mental limitations of quadratic and sub-quadratic
architectures, we conducted a systematic literature
review. This involved querying several academic
databases with the search term

("fundamental limitation") AND ("transformer"
OR "attention" OR "subquadratic") AND ("natural
language processing" OR "NLP" OR "language
model")

to identify relevant theoretical and empirical
work. The results, i.e., number of hits for each
platform, and the search space (full text or abstract
only), are stated in the following:

• ACL: 300 (full text)

• Semantic Scholar: 258 (full text)

• Google Scholar: 4430 (full text)*

• IEEE: 4 (abstract)

We then condensed our findings and reported on
the very core of limitations that the other findings
build upon. Secondary limitations were moved to
Appendix A.4. *For Google Scholar, we used addi-
tional filtering to address the high number of hits
and relatively low overall relevance. The SLR cut-
off was 2025-06-18, but we continued to include
relevant individual papers until the paper submis-
sion.

A.2 Honorable Mentions
In our work, we have encountered various inter-
esting and previously impactful subquadratic ar-
chitectures, which, however, we were not able to
include in the main body of this paper. This was
usually due to a combination of limited space and
our findings that these architectures were outper-
formed by others before they became relevant in
the long run. For completeness, this section gives a
brief overview of these works.

• Extended Long Short-Term Memory (xL-
STM) xLSTM (Beck et al., 2024) enhances
the LSTM architecture by incorporating state
expansion, normalization, and stabilization
techniques and also using exponential gating
and matrix memory. It stacks two specialized
LSTM modules: sLSTM, with scalar memory
and update mechanisms for efficient state mix-
ing and tracking, and mLSTM, with matrix
memory and a covariance-based update rule
for improved memorization and parallelism.
The mLSTM’s matrix memory supports tasks
like Multi-Query Associative Recall. xLSTM
has linear time and constant memory com-
plexity, but incurs overhead from complex
memory operations, only partially offset by
hardware-aware optimizations.

• HGRN The Hierarchically Gated Recurrent
Neural Network (HGRN) (Qin et al., 2023)
consists of stacked layers comprising token-
mixing (HGRU) and channel-mixing (GLU)
modules. Unlike S4 or RWKV-4, HGRN also
uses data-dependent, dynamic decay rates via
forget gates, allowing lower layers to focus
on short-term and higher layers on long-term
dependencies. Learnable lower bounds on
forget gates prevent vanishing gradients. To
address limited recurrent state size, HGRN2
(Qin et al., 2024d) expands the state non-
parametrically, improving scaling and outper-
forming Mamba on Long Range Arena (Tay
et al., 2021), though pretrained transformers
like LLaMA (Touvron et al., 2023) still per-
form better on long-context tasks. HGRN2
has been scaled to 3B parameters.

A.3 Benchmark Score Sourcing
The exact methodology through which benchmark
scores are reported on in the literature referenced
throughout this survey varies strongly. Table 2 rep-
resents our best effort at consolidating these results
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without introducing yet another evaluation suite.
We chose to use the scores from Yang et al. (2025a)
for Qwen2.5 and Llama 3.1, and Peng et al. (2025)
for Llama 3.2 and RWKV7, due to their consistent
evaluation approach. For all other models, we gath-
ered the results from their original technical papers,
ensuring consistency to the best of our knowledge.
Nevertheless, some inconsistencies, namely in the
number and type of tokens used during training,
and differences in the number of shots for some
task/model combinations, remain.

The model references are as follows: Titans
(Behrouz et al., 2024), Griffin (De et al., 2024),
GLA (Yang et al., 2024a), HGRN2 (Qin et al.,
2024d), Mamba2 (Dao and Gu, 2024), xLSTM
(Beck et al., 2024), BMoJo (Zancato et al., 2024),
RWKV7 (Peng et al., 2025), Samba (Ren et al.,
2025), Jamba (Lenz et al., 2025), Qwen2.5 (Yang
et al., 2025a), Llama3.1 (Grattafiori et al., 2024),
Mixtral (Jiang et al., 2024).

The references for the benchmarks are MMLU
(Hendrycks et al., 2021), Lambada (Paperno et al.,
2016), PIQA (Bisk et al., 2020), BBH (Suzgun
et al., 2023), ARC-E and ARC-C (Clark et al.,
2018), Winogrande (Sakaguchi et al., 2021), Hel-
laSwag (Zellers et al., 2019), GSM8k (Cobbe et al.,
2021), and HumanEval (Chen et al., 2021), all used
scores are accuracy based.

A.4 Additional Limitations of Attention
In this section, we list interesting additional limi-
tations that were not included in the main body of
the paper.

• Hahn (2020) prove that pure attention Trans-
formers cannot handle bracket matching, it-
erated negation, or non-counter-free regular
languages on long inputs, nor emulate stacks
or arbitrary finite-state automata (unless lay-
ers or heads scale with input length).

• Sanford et al. (2023) show that single-layer,
multi-head Transformers require polynomi-
ally more heads or dimensions to solve cer-
tain triple detection tasks, and likely struggle
with higher-order tasks like Match3 (Sanford
et al., 2023) without hints or augmentation.
However, most real-world sequence problems
decompose into pairwise relationships, align-
ing well with transformer capabilities.

• Huang et al. (2025) propose a theoretical
framework to investigate length generaliza-

tion in causal transformers that use learnable
absolute positional encodings. By introducing
constraints on how positional information can
be utilized, their framework allows them to
derive results for multilayer models. They for-
mally prove problems with poor length gen-
eralization, such as copying sequences con-
taining repeated strings. Although it remains
an open question whether the expressivity
of transformers goes beyond the complexity
class TC0, their findings suggest a potential
distinction between problems solvable within
TC0 and those for which length generaliza-
tion is feasible with absolute positional encod-
ings.

• Bavandpour et al. (2025) investigate system-
atic lower bounds on the number of CoT
steps required for various algorithmic prob-
lems within a hard-attention setting. Their
analysis demonstrates that the required CoT
length must necessarily scale with the input
length, thereby constraining the ability of
self-attention models to solve these tasks effi-
ciently with small inference-time compute.

• Peng et al. (2024) prove that a single trans-
former layer is not able to do function com-
position if the domain size of the functions is
larger than the dimension parameters of the
transformer. Moreover, they show that if we
leverage CoT, the model needs to generate
a Ω(

√
n) long prompt to solve iterated func-

tion composition, with n being the number
of tokens in the prompt. They assume that
multi-layer transformers struggle as well.

• Saparov et al. (2025) argue that transformers
with standard training will not have robust
searching and planning abilities, no matter
their number of parameters. For small graphs,
a model with effectively limitless and ideal-
ized training data can learn to search. Nev-
ertheless, according to them, even if a model
can use search in-context (i.e., CoT), it still
struggles with search on larger graphs.

• Han et al. (2024) show that linear attention is
not injective, often assigning identical atten-
tion weights to different queries and causing
semantic confusion. They also demonstrate
that linear attention struggles with effective lo-
cal modeling, a strength of softmax attention.
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Moreover, the low-rank nature of linear atten-
tion’s feature map can further hinder modeling
of complex spatial or local information (Fan
et al., 2025).

A.5 Modern O(n2) Attention
The core principle of quadratic attention has not
changed much in recent years. However, system-
level improvements significantly influence the dis-
cussion and use of attention today. Although these
methods are not the focus of our work since they do
not change the O(n2) bottleneck, many attention
variants deliver substantial practical speedups with
no reduction in quality compared to standard atten-
tion. We briefly cover the most common techniques
to establish a fair context for the later discussion of
alternative architectures.

KV Cache Optimizations During inference, at-
tention’s keys and values are often cached to
avoid redundant computation, making efficient
key-value (KV) cache management key for reduc-
ing memory requirements. Multi-Query Attention
(MQA) (Shazeer, 2019) and Grouped-Query Atten-
tion (GQA) (Ainslie et al., 2023) share key and
value matrices across attention heads, reducing
cache size by a constant factor at the cost of re-
duced expressivity. Multi-Head Latent Attention
(MLA), introduced by DeepSeek (DeepSeek-AI
et al., 2024; DeepSeek-AI et al., 2025), shares a
latent matrix among heads, which is projected back
individually, achieving similar cache savings with
better performance than MQA and GQA. Refer
to Li et al. (2025a) and Luohe et al. (2024) for a
detailed overview of KV cache techniques.

The Paged Attention algorithm (Kwon et al.,
2023) enables the storing of attention keys and val-
ues in non-contiguous paged memory. More specif-
ically, it improves inference memory efficiency by
partitioning the KV cache into fixed-size pages and
tracking them via a page table, boosting throughput
2–4× and eliminating padding.

Flash Attention FlashAttention (Dao et al.,
2022) and its successors exploit GPU memory hi-
erarchies to make attention both faster and more
memory-efficient, reducing memory usage to be lin-
ear in sequence length and delivering 2–4× runtime
speedups over strong baselines. FlashAttention-2
(Dao, 2024) improved thread work partitioning for
further speedup (as proven by GPT-style (Brown
et al., 2020) LLM training), while FlashAttention-3
(Shah et al., 2024), specialized for Hopper GPUs,

adds asynchrony and low-precision operations for
an additional 1.5–2× boost.

Forgetting Attention The Forgetting Trans-
former (FoX) (Lin et al., 2025) modifies standard
softmax attention by adding a learned forget gate
that controls how strongly past tokens remain avail-
able. Instead of treating all previous context equally
persistently, it applies a decay factor so that older
or less relevant information gradually fades. FoX
can improve long context language modeling and
length extrapolation, but still computes the full at-
tention matrix, so it remains quadratically scaling
with context length. Forgetting Attention is com-
patible with the FlashAttention algorithm.
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