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Abstract

Recent years have produced a small but rapidly
growing set of results where Large Lan-
guage Models (LLMs)—usually embedded in a
search-and-verification loop—advance the state
of the art on problems previously regarded as
"open" in the pragmatic sense of lacking a best-
known construction, bound, or proof certifi-
cate. This paper surveys that emerging line
of work with a Big Picture emphasis: what
makes these successes possible, what should
count as "solved", and what design patterns
generalize? We (i) propose an evidence ladder
for interpreting "LLM solved an open prob-
lem" claims, (ii) map mathematical subfields
by difficulty dimensions that matter for LLM-
based discovery, (iii) curate a timeline of key
breakthroughs leading to verifiable discovery
systems, and (iv) synthesize the techniques and
frameworks—tool use, retrieval, search, and
verification—that repeatedly appear in success-
ful case studies. We give particular attention to
formal-methods backends common in security
and verification contexts, including Linear Tem-
poral Logic (LTL) and Satisfiability Modulo
Theories (SMT) solvers, as scalable middle-
layer verifiers between lightweight tests and
proof assistants. We close with an evaluation
and reproducibility checklist aimed at making
the next wave of claims easier to trust, repro-
duce, and build upon, while separating peer-
reviewed or certificate-backed results from fast-
moving community reports that are useful sig-
nals but not yet stable evidence.

1 Introduction

The phrase “LLMs solve open problems” is simul-
taneously exciting and misleading. Exciting, be-
cause in a few settings LLM-driven systems have
produced artifacts that are objectively better than
prior best-known ones: new extremal combinato-
rial constructions, improved numerical bounds, or

*Equal contribution.
†Correspondence: aifen.sui@huawei.com.

certified inequalities. Misleading, because “open
problem” conflates many different notions of dif-
ficulty, and because LLMs almost never act alone.
Most credible successes are not one-shot “proof
writing”; they are closed-loop discovery systems
that turn an LLM into a proposal generator whose
outputs are filtered by an external evaluator.

Mathematics is a particularly revealing arena
for this phenomenon. Recent perspective work
on generative modeling for mathematical discov-
ery makes a complementary systems-level case for
treating learned models as proposal generators in
checkable search loops (Ellenberg et al., 2025). Un-
like many NLP tasks, math often comes with (or
can be engineered to have) strong correctness tests:
a candidate construction can be checked against
constraints; a numerical bound can be verified by
code; a formal proof can be validated by a proof
assistant. This makes math a natural testbed for
the broader scientific question: when do generative
models become reliable discovery tools?

Survey scope. We focus on LLM-driven systems
that (a) claim progress on problems where the sta-
tus quo was “best known” or unknown in the lit-
erature or community benchmarks, and (b) pro-
vide an evaluator or certificate that can in principle
be checked independently. We intentionally de-
emphasize purely anecdotal “ChatGPT proved X”
stories unless they culminate in an externally veri-
fiable artifact.

Contributions.

• Evidence ladder. We define tiers of evidence
for “solved” and connect them to reproducibility
expectations.

• Hardness map. We analyze which dimensions
make math hard for LLM systems and argue that
verifiability is the dominant factor in current suc-
cesses.
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• Breakthrough timeline. We summarize key
milestones from transformers to tool use to evo-
lutionary search that culminate in verifiable dis-
covery.

• Technique taxonomy. We distill recurring
frameworks—LLM+search+verifier, retrieval
over formal libraries, test-time adaptation—and
outline how they interact.

• Community signals. We record how non-paper
announcements, problem wikis, and social-media
discussions should be handled without confusing
attention with verification.

How the axes fit together. The figures and tax-
onomies below are intended as coordinates of one
reference architecture, not as independent lists. Fig-
ure 1 asks how strong the evidence is; Figure 3 asks
whether the target domain admits a cheap verifier;
Figure 2 locates that verifier by rigor and cost; and
Figure 5 shows how generation, search, and check-
ing interact. The timeline in Figure 4 is therefore
best read as a sequence of improvements to com-
ponents of the same loop, with milestone citations
and component labels made explicit in Tables 4–5.

2 What should count as “an open
problem solved by an LLM”?

A central aspect of this topic is definitional. In ev-
eryday mathematical practice, an “open problem”
can mean anything from “nobody knows the exact
answer” to “the best known bound might be im-
provable” to “no proof exists.” Moreover, the role
of the LLM can range from minor assistance (e.g.,
drafting exposition) to being the main generator of
candidates in an automated loop.

2.1 A practical evidence ladder
Figure 1 summarizes a spectrum of claims. The
ladder does not rank mathematical importance; it
ranks how directly a reader can verify that the sys-
tem achieved a new result.

We operationalize the ladder as tiers (Table 1).
The goal is not to police language, but to make
papers easier to compare and reproduce.

2.2 Community-reported claims
A practical complication is that influential claims
often appear first on Mathstodon, GitHub wikis,
LinkedIn, Hacker News, personal pages, or shared
chat transcripts, before a conventional paper exists.
We treat these as community signals: useful for

discovering what problems people are discussing,
but not sufficient evidence by themselves. For the
community examples below, we used the Erdős
wiki and Problem #728 forum as problem-status
sources, Mathstodon and Hacker News as discus-
sion fora, and LinkedIn posts as examples of social
amplification rather than as independent validators
(Terence Tao and contributors, 2026; Erdős Prob-
lems community, 2026; Tao, 2026; Hacker News
contributors, 2026; Boland, 2026; Hoefler, 2026).
Recent examples include the Erdős-problems com-
munity wiki, which explicitly labels AI contribu-
tions as full, partial, or incorrect; the public discus-
sion of Erdős Problem #728 and related factorial-
divisibility questions; and Knuth’s “Claude’s Cy-
cles” note on decomposing a directed toroidal grid
into Hamiltonian cycles (Terence Tao and contribu-
tors, 2026; Tao, 2026; Sothanaphan, 2026; Knuth,
2026; Morrison and contributors, 2026). A paral-
lel, more curated example is the GPT-5.2 learning-
curve monotonicity case, where a public company
post pointed readers to a technical write-up on an
open statistical-learning question (OpenAI, 2025).
LinkedIn posts and other reposts amplified these
examples quickly, but their role in this survey is
pointers to the problem and artifact, not indepen-
dent validation (Boland, 2026; Hoefler, 2026).

2.3 Why verification dominates
Across surveyed systems, the strongest results are
those where verification is cheap relative to gener-
ation. This echoes earlier work on verifier-based
scaling (e.g., generating many candidates and se-
lecting with a verifier) in mathematical reasoning
benchmarks such as GSM8K and MATH (Cobbe
et al., 2021; Hendrycks et al., 2021). In discov-
ery settings, the same idea becomes a closed-loop
optimization: generate, evaluate, mutate, repeat.

2.4 Verifier spectrum: rigor vs. throughput
Even when a problem is “verifiable,” verifiers differ
sharply in (i) soundness/rigor and (ii) evaluation
cost per candidate. This trade-off strongly shapes
which mathematical areas see early progress: sys-
tems gravitate toward regimes where they can test
many candidates per unit compute while retaining
meaningful correctness guarantees.

Figure 2 summarizes a practical landscape. In
practice, the main “sweet spot” for present-day
open-problem progress is typically certificates
and deterministic checkers (Tier B/C): they are
much more rigorous than heuristic scoring, and far
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Survey stance: “open problem solved” claims are strongest when the artifact reaches the top rungs.

Figure 1: An evidence ladder for interpreting “LLM solved an open problem” claims. The most trustworthy claims
reach the upper rungs via formal verification or independently checkable certificates.

Tier What the paper provides

A (formal) A formal proof checked by a proof assistant (e.g., Lean/Coq/Isabelle), or a proof-carrying artifact
where verification is fully automated.

B (certified) A machine-checkable certificate (e.g., explicit construction + deterministic checker, inequality
certificate, or reproducible code proving a bound).

C (reproducible
best-known)

A new best-known result backed by an open evaluator, strong baselines, and ablations; verification
may still rely on extensive computation but is independently runnable.

D (suggestive) Plausible conjectures, heuristics, or partial progress without a verifiable certificate; valuable, but not
“solved.”

Table 1: Evidence tiers for “open problem” claims. This survey focuses on A–C.

cheaper than full proof-assistant search.

3 Which area of mathematics is
“hardest”?

The question “which area of math is the hardest
to solve” is underspecified: hardest for humans,
for automated provers, or for LLM-based systems?
Here we answer it in a way that is actionable for
system design: hardest for current LLM-centric
discovery loops.

3.1 Difficulty dimensions that matter for
LLM systems

One useful way to decompose this is:

• Verifiability: Is there a cheap, unambiguous
checker? (unit tests, constraints, proof assistant)

• Formalization barrier: Can the object be repre-
sented in code or a formal language without huge
overhead?

• Search topology: Does improvement require
exploring an enormous combinatorial space with
sparse rewards?

• Abstraction depth: Do solutions require intro-
ducing new concepts, definitions, or multi-lemma
scaffolding?

• Data availability: Is there enough training sig-
nal (text, code, formal libraries) aligned with the
target domain?

Figure 3 maps common mathematical areas
along two dominant axes: verifiability and long-
horizon abstraction/search. The takeaway is that
what looks “hard” to humans can be comparatively
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Rigor / soundness

Evaluation cost
/ candidate

Heuristic checks
unit tests, constraints

e.g., FunSearch; AlphaEvolve

Symbolic solvers
CAS, SMT/LTL,
geometry engines

e.g., AlphaGeometry

Certificates + checkers
explicit witnesses / bounds

e.g., Gilbert–Pollak

Proof assistants
Lean, Coq, Isabelle

e.g., LeanDojo; AlphaProof

Human review
peer / expert

(slow, flexible)

High throughput
but weaker guarantees

Strongest verifier
but expensive search

cheap & noisy

costly & rigorous

Figure 2: Verifier regimes plotted by approximate evaluation cost and rigor. Different “open-problem” case studies
land in different parts of the space; the most scalable successes tend to combine cheap checking with strong
guarantees.

Community
signal

Problem discussed and how we use it

Erdős wiki /
forum / Math-
stodon

Problem #728 and related number-
theoretic problems; upgrade only when
a Lean file, checked write-up, or problem-
page status supports the claim.

Knuth page /
GitHub reposi-
tory

Hamiltonian-cycle decomposition of a di-
rected toroidal grid; a public construction
plus linked Lean verification is treated dif-
ferently from a bare claim.

LinkedIn / HN
amplification

Useful for noticing fast-moving claims
(e.g., Erdős #728, “Claude’s Cycles”),
but remains Tier D unless it points to a
checker, proof, or citable artifact.

Table 2: How non-paper community signals are incor-
porated without lowering the evidence standard.

accessible to an LLM+verifier loop if the problem
admits an objective checker.

3.2 A defensible answer

Under this lens, the most difficult areas for current
LLM-based systems are those combining: (i) low
verifiability (or extremely expensive checking), (ii)
high abstraction depth, and (iii) weak alignment be-
tween natural language descriptions and executable
representations. This includes large parts of anal-
ysis (e.g., PDE regularity), arithmetic geometry,
and deep parts of algebraic number theory. By
contrast, extremal combinatorics, constructive fi-
nite geometry, and some inequality/bounding prob-

lems are comparatively accessible because they can
be posed as “find an object” with a deterministic
checker.

4 A timeline of breakthroughs towards
verifiable discovery

The emergence of credible “LLM solves open prob-
lem” results did not happen at once. It is the
product of several strands: transformer scaling
(Vaswani et al., 2017; Brown et al., 2020), bet-
ter prompting and decoding for multi-step reason-
ing (Wei et al., 2022; Wang et al., 2023), math-
specialized LMs (e.g., Minerva) (Lewkowycz et al.,
2022), tool-use paradigms (Yao et al., 2023; Schick
et al., 2023), and mature verification infrastructure
(proof assistants and benchmark tooling).

How to read the timeline. The color of a mile-
stone indicates which part of the closed loop it pri-
marily strengthens: model capability, tool/verifier
infrastructure, or the discovery loop itself. For
example, chain-of-thought and self-consistency
strengthen proposal generation and sampling; Re-
Act, Toolformer, LeanDojo, and SMT-style back-
ends strengthen the executor/verifier interface; Fun-
Search, AlphaEvolve, and the Gilbert–Pollak work
instantiate the full generate–check–search pattern.
This is the link between the timeline, the verifier
spectrum, and the framework diagram.
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Figure 3: A qualitative hardness map for LLM-based discovery. The regime with high verifiability and long-horizon
search (top-right) is where many credible “open-problem” improvements have appeared so far.

From reasoning to discovery. Chain-of-thought
prompting and sampling-based decoding improved
multi-step reasoning on math benchmarks (Wei
et al., 2022; Wang et al., 2023), and specialized
pretraining further improved mathematical compe-
tence (Lewkowycz et al., 2022). But benchmark
reasoning is still far from open-ended discovery.
The shift to discovery required (a) making the tar-
get object executable (code, proof assistant, or cer-
tificate), and (b) engineering a feedback loop so the
model can iterate.

Specialized mathematical LMs. In parallel, sev-
eral efforts trained or adapted LLMs specifi-
cally for mathematics. Minerva demonstrated
that large-scale pretraining and math-focused data
can substantially improve quantitative reasoning
(Lewkowycz et al., 2022). Open models such as
Llemma illustrate a complementary direction: re-
leasing weights, training data mixtures, and tooling
to enable reproducible research on mathematical
LMs (Azerbayev et al., 2023b).

Formal theorem proving accelerates (and sup-
plies stronger verifiers). Recent progress in for-
mal reasoning systems highlights an important
point for this survey: proof assistants are not only
an evaluation tool but increasingly a platform for

closed-loop training and search. HyperTree Proof
Search introduced a transformer policy coupled
with a structured proof search algorithm for neural
theorem proving (Lample et al., 2022). Large-scale
synthetic-data efforts such as DeepSeek-Prover
show how to build formal training corpora in Lean
4 (Xin et al., 2024). AlphaProof demonstrates
reinforcement-learning-based formal reasoning at
a medal level on IMO problems (paired with Al-
phaGeometry2) (Hubert et al., 2026). While these
systems are not usually presented as “solving open
research conjectures,” they materially expand the
feasibility of Tier A claims.

5 Key techniques and frameworks

Across the literature, LLMs rarely “solve” research
problems in a single shot. The most credible
progress comes from closed-loop systems that turn
an LLM into a proposal generator and use an ex-
ternal evaluator to filter, score, and iterate. This
section distills the recurring building blocks.

5.1 Core design: generate–check–search
Most successful systems implement some variant
of:

Generate many candidates; automati-
cally evaluate them; use feedback to

14



time1957–2016:
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Logic Theorist

(ATP)

2017
Transformer
architecture

2020
GPT-3
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(ReAct,
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FunSearch
(cap sets
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AlphaEvolve
+ large-scale
exploration
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reasoning
(verifiers)

2026
TTT-Discover
(new bounds)

2026
Gilbert–Pollak
new certified
lower bound

Foundations LLM capability Formal / tools Verifiable discovery

Figure 4: A compressed timeline of milestones leading to verifiable LLM-driven mathematical discovery. “Discov-
ery” systems typically combine an LLM proposal mechanism with automated evaluation loops; Tables 4–5 attach
citations and component labels to the milestones.

guide further generation.

At the simplest end, this looks like best-of-N se-
lection with a verifier (Cobbe et al., 2021). At the
discovery end, the “verifier” is an executable objec-
tive (constraints, tests, certificates, or proof kernels)
and the outer loop is an explicit search algorithm.

5.2 Executors and tool use

Tool use makes candidate artifacts executable:

• Program execution / simulators provide pre-
cise feedback (scores, counterexamples) and are
central to program-search discovery (e.g., Fun-
Search) (Romera-Paredes et al., 2024).

• Symbolic engines (CAS/SMT/geometry solvers)
can act as fast verifiers and structured executors
(e.g., AlphaGeometry) (Trinh et al., 2024).

• Proof assistants provide the strongest verifiers,
enabling fully checkable Tier A claims, but intro-
duce a formalization barrier; recent work increas-
ingly treats them as a platform for learning and
search (e.g., LeanDojo; AlphaProof) (Yang et al.,
2023; Hubert et al., 2026).

General tool-use paradigms (prompted or learned)
such as ReAct and Toolformer help connect LLM
reasoning to external actions (Yao et al., 2023;
Schick et al., 2023).

5.3 Formal-methods backends: LTL and SMT

Linear Temporal Logic (LTL) is relevant when
the candidate object is not a single expression
but a trace-producing process: a protocol, strat-
egy, search controller, or transition system. Safety
properties (“bad states never occur”) and liveness
properties (“a desired event eventually occurs”) can

be stated in LTL; bounded model checking then re-
duces finite-horizon LTL obligations to SAT/SMT
instances and returns counterexamples that are di-
rectly useful as feedback to an LLM loop (Pnueli,
1977; Biere et al., 1999).

Satisfiability Modulo Theories (SMT) solvers
generalize SAT with theories such as arithmetic,
bit-vectors, arrays, and uninterpreted functions,
making them a natural middle layer between unit
tests and proof assistants (Barrett and Tinelli, 2018;
de Moura and Bjørner, 2008). In the framework of
Figure 5, an LLM can propose an invariant, lemma
schema, constraint encoding, or program fragment;
an SMT/LTL backend can then (i) reject it with
a model or counterexample, (ii) certify bounded
instances, or (iii) simplify the remaining proof obli-
gation before a proof assistant checks the final theo-
rem. This is why SMT/LTL are especially relevant
to verifiable discovery: they turn informal mathe-
matical intent into structured, relatively cheap obli-
gations with actionable feedback.

5.4 Search controllers
When naive sampling is insufficient, systems add
structure:

• Evolutionary search over programs or code ed-
its (FunSearch; AlphaEvolve) (Romera-Paredes
et al., 2024; Novikov et al., 2025).

• Tree search over structured partial solutions
(e.g., proof states in formal math) (Lample et al.,
2022).

• (Test-time) adaptation / RL when the evaluator
provides dense feedback in a specific environ-
ment (e.g., AlphaProof; TTT-Discover) (Hubert
et al., 2026; Yuksekgonul et al., 2026).
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System / paper Domain What improved? Tier Verifier / artifact

FunSearch
(Romera-Paredes et al.,
2024)

Constructions New best-known con-
structions on checkable
problems

C Program evaluator as fitness; exe-
cutable code artifacts.

AlphaGeometry
(Trinh et al., 2024) Geometry IMO-level geometry

solving (checkable
proofs)

B/C Symbolic engine + neural guidance;
proof traces checkable by solver.

AlphaEvolve
(Novikov et al., 2025) Mixed Objective-driven

rediscovery + improve-
ments

C Task-specific evaluators; tracked
code edits and scores.

Gilbert–Pollak bound
(Ke et al., 2026) Optimization /

geom.
New certified lower
bound (Steiner ratio)

B Certificate-checking pipeline; inde-
pendently verifiable bound.

Erdős Problem #728
(Sothanaphan, 2026) Number theory Formalized resolu-

tion of a factorial-
divisibility problem

A Lean proof attributed to GPT-5.2 Pro
+ Aristotle; informal write-up and
community tracking.

Claude’s Cycles
(Knuth, 2026) Combinatorics Hamiltonian-cycle de-

composition for a di-
rected toroidal grid

A/B Public construction plus linked Lean
verification and follow-up variants.

Table 3: Representative case studies illustrating how LLMs (in systems) can yield verifiable progress.

5.5 Retrieval over mathematical libraries

A repeated bottleneck—especially in formal
settings—is premise selection: retrieving relevant
lemmas and definitions. Open infrastructure such
as ProofNet (informal↔formal pairs) and Lean-
Dojo (interaction + corpora + benchmarks) makes
retrieval and proof-search research more repro-
ducible (Azerbayev et al., 2023a; Yang et al., 2023).

5.6 A reference architecture

Figure 5 summarizes a reusable “discovery loop.”
Different projects vary in their executors and veri-
fiers, but the overall control flow is stable.

6 Representative case studies

Table 3 lists representative exemplars that reach
evidence tiers A–C. The common thread is that
the “result” is an independently checkable artifact:
code, a certificate, or a formal proof object. For
the Gilbert–Pollak entry, we distinguish the classi-
cal Steiner-minimal-tree conjecture from the newer
verifier-backed lower-bound claim (Gilbert and Pol-
lak, 1968; Ke et al., 2026).

7 Best-practices checklist for verifiable
discovery claims

To make “open-problem” claims comparable and
reproducible, we recommend reporting:

• What was open: precise statement of the target
(problem family, n-range, constraints) and the
prior best-known baseline.

• Verifier/evaluator: complete spec plus code (or
proof kernel) needed to check candidates; tests
against known instances.

• Artifacts: best candidate pro-
grams/proofs/certificates and scripts to reproduce
the reported numbers.

• Compute + search budget: number of evalua-
tions, LLM calls, wall-clock, and search hyper-
parameters.

• Robustness + novelty: reruns with different
seeds; adversarial tests; leakage/overlap checks
when relevant.

• Human-in-the-loop disclosure: manual steps
required to reach the final artifact.

• Community-claim trail: for social-media or
problem-wiki announcements, include the canon-
ical problem page, transcript/checker link, and
current status (full/partial/incorrect/pending).

8 Open challenges

Even in the verifiable regime, major challenges
remain:

• Beyond cheap verifiers: most of mathematics
lacks a fast checker; progress may require new in-
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Problem spec
theorem / objective

constraints + metrics

Proposer
LLM generates

candidates

Controller
search / evolution

reflection / planning

Executor
run code / CAS

proof assistant / sim

Verifier
tests / certificates
formal checker

Archive
best-so-far

traces + premisesArtifact
program / proof

write-up

Human loop
inspect, simplify,
publish, formalize

prompting candidates runs / proofs

scores
certs

best
retrieval (memory)

counterexamples
gradients

curation
reward / critique

re-prompt
mutate

Design principle: maximize verifiability.
Closed-loop search turns “hallucinations” into
proposals that are filtered by a rigorous evaluator.

Figure 5: A generic closed-loop framework for verifiable LLM-driven discovery. The strongest “open problem”
results appear when the verifier is strong and cheap, and when the archive (memory) enables rapid iteration.

termediate representations or hybrid human+AI
workflows.

• From finite-n to theorems: turning best-known
constructions/bounds into general statements
(and proofs) is still hard.

• Novelty and significance: correctness is not the
same as importance; we need better novelty track-
ing and human-facing inspection tools.

• Community norms: clearer standards for attri-
bution, failure reporting, and maintaining open
repositories of problems with evaluators.

9 Conclusion

Current systems remain limited, particularly out-
side domains with strong evaluators. Where strong
evaluators exist, however, they can be powerful en-
gines for exploring large search spaces and produc-
ing independently checkable improvements. Taken
together, these case studies suggest that progress is
driven less by “better prose reasoning” and more by
systems design: executable representations, strong
verifiers, retrieval over libraries, and structured
search.

Limitations

This survey is a snapshot of a fast-moving area
and should not be read as an exhaustive catalog of
every community-reported claim. We deliberately
emphasize cases with public artifacts, checkers,
certificates, or formal proofs, which means that
less-verifiable but potentially important mathemat-

ical assistance is underrepresented. The evidence
ladder also compresses many distinctions: a for-
mally checked result can still depend on problem
formalization choices, and a reproducible computa-
tional result can still be sensitive to implementation
details or search budgets. Finally, several recent
examples are tracked through community pages,
technical notes, and preprints whose status may
evolve.
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#728: A writeup of Aristotle’s Lean proof. CoRR,
abs/2601.07421.

Terence Tao. 2026. Recently, the application of AI tools
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Figure 6: A multi-track timetable of milestones. Each track emphasizes a different ingredient needed for verifiable
discovery: model capability, reasoning methods, tool/verifier integration, and discovery systems.

Year Milestone Component Relevance to verifiable discovery

1956 Logic Theorist (ATP) Foundations Early template: symbolic search + correctness rules; foreshadows “generate +
check” workflows.

1977 Linear Temporal Logic (Pnueli, 1977) Formal methods Specifies trace properties such as safety and liveness, which matter when
LLM-generated artifacts are protocols or transition systems.

1999 Bounded model checking (Biere et al.,
1999)

Verification Reduces bounded LTL checking to SAT, producing counterexamples that can
guide search.

2008/2018 SMT solvers (de Moura and Bjørner,
2008; Barrett and Tinelli, 2018)

Verification Solvers over arithmetic, bit-vectors, arrays, and uninterpreted functions pro-
vide a cheap middle layer between tests and proof assistants.

2017 Transformer (Vaswani et al., 2017) Models Scaling-friendly architecture underpinning modern LLMs and in-context rea-
soning.

2020 GPT-3 scaling (Brown et al., 2020) Models Demonstrates few-shot learning and broad competence that later supports
mathematical coding/reasoning.

2021 MATH dataset (Hendrycks et al., 2021) Benchmarks High-signal benchmark for multi-step symbolic reasoning; drives solver and
verifier training.

2021 Training verifiers (Cobbe et al., 2021) Verification Establishes verifier-style scaling: sample many candidates, filter with
learned/engineered verifiers.

2022 Chain-of-thought prompting (Wei et al.,
2022)

Reasoning Improves long-horizon reasoning via intermediate steps; foundation for later
self-critique / reflection loops.

2022 Self-consistency (Wang et al., 2023) Decoding Sampling-based aggregation turns stochastic generation into a selection prob-
lem (proto-verifier scaling).

2022 Minerva (Lewkowycz et al., 2022) Math LMs Math-focused training increases quantitative competence, a key ingredient for
program-level discovery.

2022 HyperTree Proof Search (Lample et al.,
2022)

Formal search Structured proof-state search coupled with learning, bridging theorem proving
and modern ML.

Table 4: Timetable (foundations): milestones that enabled LLM-based math discovery and verifiable reasoning.
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Year Milestone Component Relevance to verifiable discovery

2023 ReAct (Yao et al., 2023) Tool use Couples reasoning with actions (tool calls), enabling executable feedback
loops.

2023 Toolformer (Schick et al., 2023) Tool learning Shows how tool usage can be learned, not only prompted; supports scalable
executor integration.

2023 ProofNet (Azerbayev et al., 2023a) Autoformalization Paired informal/formal data for evaluating statement translation and proof
generation.

2023 LeanDojo (Yang et al., 2023) Infrastructure Standardizes interaction with Lean and retrieval; makes premise selection +
proof search reproducible.

2023/2024 FunSearch (Romera-Paredes et al., 2024) Discovery LLM-guided evolutionary program search surpasses best-known constructions
on checkable problems.

2024 AlphaGeometry (Trinh et al., 2024) Neuro-symbolic Strong symbolic engine paired with learned guidance solves hard geometry
reliably.

2024 DeepSeek-Prover (Xin et al., 2024) Formal data Large-scale Lean 4 proof data, improving feasibility of RL/search in formal
environments.

2025 AlphaProof (Hubert et al., 2026) Formal RL Medal-level formal reasoning; highlights strict verifiers + RL in formal math.
2025 AlphaEvolve (Novikov et al., 2025) Discovery Evolves codebases with evaluators; applies beyond math to algorithm discov-

ery and optimization.
2025 Mathematical exploration at scale

(Georgiev et al., 2025)
Discovery Validates exploration at scale (successes + failures) to support scientific norms.

2026 TTT-Discover (Yuksekgonul et al., 2026) Test-time RL Learns at test time to optimize one environment; complements evolutionary
approaches.

2026 Gilbert–Pollak lower bound (Ke et al.,
2026)

Certified progress Certificate-checking pipeline pushes a certified bound on a long-stagnant
problem.

2026 Erdős Problem #728 (Sothanaphan, 2026;
Terence Tao and contributors, 2026)

Formal/community Illustrates the path from community report to Lean-formalized artifact and
curated status tracking.

2026 Claude’s Cycles (Knuth, 2026) Formal/community Public problem note, construction, and linked Lean verification for a
Hamiltonian-cycle decomposition problem.

Table 5: Timetable (verifiable discovery era): milestones where LLMs are embedded in evaluator- and certificate-
driven loops.

Closed-loop discovery
LLM proposes →

evaluator checks →
search/learning updates

Evaluator/spec mismatch
Symptoms: “improvements” do not trans-
late to the intended math object; hidden
assumptions.
Mitigations: publish formal spec; add
randomized/adversarial tests; independent
re-implementation; sanity-check against
known cases.

Reward hacking / loopholes
Symptoms: brittle solutions; exploits to
pass tests; silent undefined behavior.
Mitigations: differential testing; fuzzing;
constraint tightening; penalize complexity;
cross-check with secondary verifiers.

Search collapse
Symptoms: mode collapse to a narrow
family; premature convergence; “local
optimum” artifacts.
Mitigations: diverse initialization; novelty
bonuses; population-based search; archive
of elites; temperature schedules.

Proof/rigor gap
Symptoms: convincing-looking proofs
with subtle gaps; unverifiable claims; non-
portable arguments.
Mitigations: prefer executable certificates;
tighten verifiers; incremental formalization;
proof-assistant kernels for final claims.

Survey takeaway: scalable discovery requires both good feed-
back signals and defenses against optimization pathologies.

Figure 7: Common failure modes in LLM-based discovery loops and practical mitigations.
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