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Abstract

In-context learning (ICL) leverages demonstra-
tions to enhance the performance of large lan-
guage models (LLMs). However, traditional
ICL struggles with complex reasoning mainly
due to superficial, example-level implicit imita-
tion. To address these limitations, we introduce
ThoughtICR, an automated Thought-level
In-Context Reasoning paradigm that shifts
from surface-level examples to more guidance-
oriented thought patterns. Specifically, we first
define atomic reasoning actions and construct
thought patterns on small-scale seed data us-
ing Monte Carlo Tree Search (MCTS). During
inference, we dynamically select appropriate
thought patterns based on target problem at-
tributes, providing explicit guidance for model
reasoning. Thanks to its automated and strate-
gic design, our method enables seamless plug-
and-play integration with various post-training
techniques. Experimental results demonstrate
that our method improves performance across
different model sizes and generalizes effec-
tively across reasoning domains. Using only
small-scale seed data, we achieve 80.6% ac-
curacy on MATH and 62.5% on AMC, sur-
passing GPT-4o’s 77.2% and 57.5%, respec-
tively. Moreover, compared to test-time scaling
methods, our approach reduces computational
costs by over 10×. Our code is available at
https://github.com/jinyangwu/ThoughtICR.

1 Introduction

Large language models (LLMs) have demonstrated
remarkable capabilities across diverse tasks and do-
mains (Zhao et al., 2023; Mohammadi et al., 2025;
Wu et al., 2026a). Their proficiency in complex rea-
soning serves as a critical benchmark for evaluat-
ing fundamental cognitive abilities (Xi et al., 2024;
Besta et al., 2025). However, mastering such multi-
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Let’s think step by step!

(a) Zero-shot Learning

I don’t understand. How 

to solve step by step?

Follow these examples:
Example 1: …

Example 2: …

(b) In-context Learning

I cannot derive a solution 

from the example.

It needs two steps:
Step 1: analysis conditions.

Step 2: decompose it.

(c) ThoughtICR (Ours)

Got it! I have a solution 

to this type of problem!

Figure 1: Solution comparison. (a) Zero-shot learn-
ing relies on a generic “think step by step” instruc-
tion, which is insufficient for detailed reasoning. (b)
In-context learning needs carefully selected examples
but struggles when faced with dissimilar problems. (c)
ThoughtICR offers high-level reasoning patterns, ensur-
ing robust performance across various problems.

step reasoning remains a significant challenge, re-
quiring careful adherence to intricate rules and ad-
vanced problem-solving strategies.

In-context learning (ICL) has emerged as a
promising approach for enhancing LLMs’ reason-
ing capabilities, distinguished by its simplicity and
parameter-free nature (Zhou et al., 2024b). Rooted
in analogy-based learning (Brown et al., 2020),
ICL strategically leverages curated demonstrations
to guide models in uncovering latent patterns and
generating sophisticated reasoning trajectories. A
key advancement in this area is Chain-of-Thought
(CoT) (Wei et al., 2022), which employs prompts
like “let’s think step by step” to facilitate structured
problem-solving (Sprague et al., 2025). Building
on this foundational technique, recent research
mainly focuses on enhancing ICL performance
through prompt instruction optimization (Ramnath
et al., 2025), demonstration selection (Luo et al.,
2024; Agarwal et al., 2025), and test-time scaling
(TTS) (Agarwal et al., 2024; Xia et al., 2025).

Despite these advances, existing ICL paradigms
face three key limitations: (1) Surface-level
Example-based Implicit Imitation. Traditional
ICL relies on superficial example-level mimicry
rather than explicit reasoning guidance, forcing
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models to infer implicit patterns through imita-
tion (Zhao et al., 2024). This surface-level mech-
anism fails to capture deeper reasoning structures
and constrains cross-domain generalization. (2)
Sensitivity to Demonstration Characteristics.
LLMs’ reasoning performance is highly sensi-
tive to demonstration characteristics such as quan-
tity, ordering, and label distributions (Wang et al.,
2023a; Cui et al., 2024), requiring reconstruction
when encountering different task formats (Dong
et al., 2024). (3) Limited Automation and Scal-
ability. Effective ICL typically requires human-
crafted demonstrations or carefully designed se-
lection pipelines (Wang et al., 2024d). Moreover,
while few-shot ICL achieves suboptimal perfor-
mance, sophisticated test-time scaling (TTS) tech-
niques incur substantial computational overhead,
creating a performance-efficiency dilemma.

To address these challenges, we propose
ThoughtICR, an automated Thought-level In-
Context Reasoning paradigm (Figure 1). Our ap-
proach extends traditional ICL by redefining “con-
text” from surface-level examples to higher-order
thought patterns, shifting from example-based im-
plicit imitation to pattern-based explicit reasoning
guidance. ThoughtICR consists of two main com-
ponents: Offline Processing: We introduce five
atomic reasoning actions as fundamental building
blocks: system analysis, one-step thought, chain-of-
thought, divide and conquer, and self-reflection and
refinement. These actions effectively cover the key
behavioral patterns required for complex reasoning
tasks. Using these actions and 200 seed samples,
we apply MCTS to automatically derive high-level
thought patterns. Each derived pattern is then en-
capsulated into a structured “thought card” for ex-
plicit inference guidance. Online Inference: We
dynamically select appropriate thought cards based
on problem attributes and guide model reasoning
using the encapsulated thought patterns. This step
incorporates verification through a process reward
model and self-consistency checks to validate the
final solution. Extensive experiments across nine
benchmarks and seven domains demonstrate that
ThoughtICR significantly outperforms traditional
ICL methods from mathematical to agentic reason-
ing, even achieving comparable results to GPT-4o
with a 7B backbone. Our main contributions are:

• Novel ICL Insight: We transcend traditional
ICL by extending “context” from specific exam-
ples to higher-level abstract reasoning patterns,

advancing the frontier of ICL research.

• Automated and Adaptive Reasoning: We pro-
pose a reasoning framework that automatically
constructs diverse reasoning patterns and adap-
tively applies them based on problem attributes.

• Extensive Experiments and Discussion: Us-
ing Qwen2.5-7B, our method achieves 80.6%
accuracy on MATH and 62.5% on AMC, sur-
passing GPT-4o’s 77.2% and 57.5%, while re-
ducing computational cost by over 10× com-
pared to leading TTS methods. ThoughtICR
also exhibits strong practical applications, in-
cluding cross-domain generalization, plug-and-
play integration with post-training techniques
like GRPO, and efficient test-time scaling.

2 Related Work

In-Context Learning via Examples. In-context
learning allows LLMs to implicitly acquire rea-
soning strategies from demonstrations without pa-
rameter updates (Zhou et al., 2024b; Dong et al.,
2024). Approaches such as CoT (Wei et al., 2022)
guide reasoning with prompts like “think step by
step”, while self-consistency (Wang et al., 2023b)
enhances accuracy by aggregating multiple reason-
ing paths. However, these methods predominantly
rely on example-level analogical learning, which
limits generalization and often necessitates expert
intervention for complex reasoning tasks (Wang
et al., 2023a; Yang et al., 2024c, 2025). In contrast,
our approach emphasizes high-level reasoning pat-
terns over specific examples, enabling automated
and adaptive inference across diverse tasks with-
out human intervention. Notably, this paradigm
synergizes LLMs’ implicit reasoning with explicit
external guidance, yielding robust performance.

Tree-based TTS. LLMs demonstrate strong ca-
pabilities but often struggle with complex reason-
ing tasks (Zhao et al., 2023). Tree-based TTS algo-
rithms have proven effective in expanding search
spaces and strengthening reasoning (Zhou et al.,
2024a). Recent methods like Tree of Thought (Yao
et al., 2023) and Graph of Thought (Besta et al.,
2024) enable non-linear reasoning via multiple
LLM queries, while advanced systems such as Al-
phaMath (Chen et al., 2024) and rStar (Qi et al.,
2025) further enhance reasoning but at consider-
able computational cost. In contrast, ThoughtICR
strategically frontloads computation and leverages
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Figure 2: Flowchart of our method ThoughtICR. This framework consists of two main parts: (1) Thought Card
Construction (Offline); and (2) Adaptive Reasoning and Verification (Online).

prior reasoning patterns, achieving competitive per-
formance with substantially higher efficiency.

3 Methodology

Overview of ThoughtICR. As shown in Figure 2,
our approach consists of two main components.
The algorithm is detailed in Algorithm 1.

• Step 1: Thought Card Construction (Offline):
Leverage MCTS to automatically construct high-
level thought cards from seed data, which pro-
vide explicit guidance for subsequent inference.

• Step 2: Adaptive Reasoning and Verification (On-
line): Dynamically select optimal cards by prob-
lem attributes and verify candidate solutions.

3.1 Preliminary: Action Definition

Understanding human reasoning is crucial for mod-
eling cognitive processes (Jaffe et al., 2023). Prior
work (Kahneman, 2011; Da Silva, 2023) distin-
guishes two cognitive systems: System 1: fast and
intuitive but error-prone; and System 2: slower yet
more accurate. With the emergence of advanced
models like OpenAI o1 and DeepSeek-R1, explor-
ing efficient “System 2” reasoning has attracted
growing attention (Qin et al., 2024; Guo et al.,

2025). Inspired by this, we introduce five atomic
human-like reasoning actions to bridge the gap be-
tween model reasoning and human cognition: Sys-
tem Analysis (SA, a1), One-Step Thought (OST, a2),
Chain-of-Thought (CoT, a3), Divide and Conquer
(DC, a4), Self-Reflection and Refinement (SRR, a5).
These actions capture essential behavioral patterns
for complex reasoning (Wu et al., 2024a). Details
are provided in Appendix C.1.

3.2 Step 1: Thought Card Construction
Based on the action definition, we introduce
“thought cards”–structured reasoning templates that
guide online inference in Step 2 (Sec. 3.3). From
small-scale seed data Q, we first obtain reasoning
paths via MCTS (Phase 1), then abstract them into
thought cards via clustering (Phase 2).
Phase 1: Acquiring Reasoning Paths via MCTS.
As shown in Figure 2, we employ MCTS to it-
eratively explore and generate high-quality rea-
soning trajectories for the seed dataset. This in-
tegrates MCTS’s exploration-exploitation balance
with LLMs’ reasoning capabilities. The rationale
for choosing MCTS over alternative algorithms is
provided in Appendix A.6. Following Wang et al.
(2025), we formulate each question qi ∈ Q as a
search problem, where q is the root node and sub-
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sequent nodes represent reasoning steps (actions
and corresponding outcomes) generated by policy
LLM πθ. We define state St−1 as the trajectory
qi, s1, ..., st−1 with S0 = qi. The next step is sam-
pled as st ∼ πθ(St−1). Each node s is assigned a
reward Q(s) (initialized to zero). When updated,
the reward is propagated back to its parent p via:

Q(p)← (1− α)Q(p) + αQ(s) (1)

where α is a discount factor. For terminal nodes,
following Qi et al. (2025), we adopt majority vot-
ing likelihood as reward, enabling supervision-free
generalization. MCTS involves four operations:

(1) Selection. This operation identifies promis-
ing nodes for expansion. Starting from the root
node, we recursively select children until reaching
a leaf node (maximum depth or answer node). To
balance exploration and exploitation, we use the
Upper Confidence Bounds for Trees (UCT):

UCT (s) =

{
Q(s) + w

√
lnN(p)
N(s) if N(s) > 0

+∞ if N(s) = 0
(2)

where N(s) is the visit count of node s, p is its
parent, and w is exploration weight. The highest
UCT node is selected for subsequent operations.

(2) Expansion. The chosen node s is expanded
by sampling n actions from πθ, and adding the
resulting child nodes {s1, s2, . . . , sn} to the tree.

(3) Simulation. From s, we iteratively explore
until reaching a leaf node sd. To improve effi-
ciency, we employ early termination when sd’s
self-consistency score SC(sd) > c for threshold
c ∈ [0, 1]. This exploits that repeated actions at the
same state likely indicate successful completion.

(4) Backpropagation. Node information is then
updated along path s0, ..., sd. Visit counts are in-
cremented (N(s)← N(s) + 1), and rewards Q(s)
propagate backward to parent p via Equation 1.

Phase 2: Abstracting Paths into Thought Cards.
After MCTS, each seed question yields multiple
valid reasoning paths. We select the optimal path
for each question, then cluster questions with the
same thought patterns to construct thought cards.

Optimal Path Selection. We employ a Value of
Computation (VoC) framework (Russell and We-
fald, 1991) that balances benefits against costs. For
each reasoning path pqi of question qi, the score is:

Score(qi, pqi) = k ·R(pqi | qi)− (1− k) ·C(pqi),
(3)

Algorithm 1 The Algorithm of ThoughtICR

Input: policy model πθ; test question qt; a small-
scale seed set Q

Output: the optimal reasoning trajectory yt
1: Initialize action space A = {a1, a2, a3, a4, a5}
2: Initialize repository D ← [ ]; Cards C← {}
3: for qi ∈ Q do ▷ Step 1 (Offline)
4: Acquire valid paths P ← MCTS(πθ; qi)
5: if P ̸= ∅ then
6: pqi,best ← argmaxp∈P Score(qi, p)
7: D ← D ∪ {(qi, pqi,best)}
8: end if
9: end for

10: C← Abstract(D)
11: Cqt ← Card_Match(qt,C) ▷ Step 2 (Online)
12: yt ← Reason_And_Verify(πθ, qt,Cqt)

where R(pqi | qi) is pqi’s final reward (defined as
leaf node’s Q-value), C(pqi) is reasoning cost (ac-
tion count in pqi), and k ∈ (0, 1) balances reward
and cost. For each question qi, the optimal path is:

pqi,best = arg max
pqi∈Pqi

Score(qi, pqi). (4)

This yields a Question–Path Repository D =
{(qi, pqi,best) | qi ∈ Q} with one-to-one mappings
between each seed question and its optimal path.

Thought Cards Abstraction via Clustering. In-
spired by metareasoning (Russell and Wefald,
1991), we abstract (qi, pqi,best) pairs from D into
thought cards C through clustering. Each card
captures a high-level thought pattern (e.g., a1 →
a2 → a3), characterized by three commonly used
indicators (Lee and Heyworth, 2000; Wu et al.,
2024b): (1) Condition Complexity (CC): prior con-
dition count; (2) Subquestion Count (SC): number
of decomposed subproblems; (3) Problem Seman-
tics (PS): semantic embedding. Questions with
identical thought patterns are clustered together to
form a single thought card. Detailed descriptions
are provided in Appendix C.4.

Card Representation. Finally, each thought card
c ∈ C is defined as:

c =
(
Pattern(pbest), CC, SC, PS

)
, (5)

where Pattern(pbest) is the abstract thought pattern,
and CC,SC,PS are averaged indicators over all
questions mapped to this pattern. We validate the
effectiveness of these indicators in Section 4.6, with
a card example in Figure 8 in the Appendix.

2958



Table 1: Performance comparison with ICL baselines. We provide comprehensive results across nine benchmarks
and seven domains. The best results in each box are highlighted in bold. All models are instruct versions.

Model Method Mathematics Arith. Science Know. Logic Com. Agent Avg.
MATH AMC AIME25 GSM8K GPQA-D MMLU-P LogiQA STG BALROG

GPT-4o

Zero-shot CoT 70.2 42.5 26.7 91.0 53.6 75.3 52.3 74.1 76.4 62.5
Few-shot CoT 76.6 52.5 26.7 94.3 54.0 76.1 53.9 72.5 80.0 65.2
CoT+SC@4 77.2 57.5 30.0 94.3 54.5 77.5 55.8 79.5 80.4 67.4
Ours 84.8 62.5 36.7 96.0 58.1 83.9 62.4 82.2 85.6 72.5

Qwen2.5-14B

Zero-shot CoT 69.8 42.5 10.0 92.4 23.3 55.3 50.6 62.8 60.0 51.8
Few-shot CoT 80.0 45.0 13.3 94.8 28.3 57.9 52.2 53.1 70.0 54.9
CoT+SC@4 76.2 60.0 16.7 94.0 32.3 60.1 54.4 69.7 68.0 59.0
Ours 81.4 65.0 23.3 95.8 44.4 66.7 61.9 77.3 76.8 66.2

Qwen2.5-7B

Zero-shot CoT 64.8 32.5 6.7 86.2 24.3 44.7 40.4 52.8 40.8 43.7
Few-shot CoT 68.6 47.5 6.7 91.6 34.3 46.7 42.5 67.6 46.4 50.2
CoT+SC@4 76.4 50.0 10.0 92.0 34.3 49.2 45.0 73.2 47.6 53.0
Ours 80.6 62.5 20.0 93.7 43.4 57.5 54.4 76.0 56.0 60.5

Qwen2-7B

Zero-shot CoT 36.9 12.5 0.0 76.6 19.7 37.5 38.2 55.3 28.0 33.8
Few-shot CoT 52.9 17.5 3.3 85.7 19.7 41.3 40.5 62.3 30.6 39.3
CoT+SC@4 55.6 20.0 3.3 87.7 26.7 42.9 43.3 65.5 35.4 42.3
Ours 66.8 30.0 10.0 91.8 40.4 48.3 52.1 72.0 43.2 50.5

Llama3-8B

Zero-shot CoT 5.8 5.0 0.0 68.3 11.1 30.9 34.9 57.2 33.8 27.4
Few-shot CoT 17.8 7.5 0.0 74.5 22.7 35.9 39.1 68.4 36.8 33.6
CoT+SC@4 28.8 15.0 0.0 80.6 24.7 41.8 44.0 66.8 37.6 37.7
Ours 46.6 30.0 6.7 89.6 39.4 50.3 50.8 73.4 45.0 48.0

DeepSeek-Dis.-1.5B

Zero-shot CoT 78.4 20.0 16.7 77.3 23.6 53.2 47.3 60.9 30.0 45.3
Few-shot CoT 80.4 25.0 20.0 80.5 27.8 54.6 50.5 61.3 36.8 48.6
CoT+SC@4 82.6 37.5 20.0 84.9 32.3 58.3 53.7 67.5 37.0 52.7
Ours 87.8 52.5 30.0 91.3 40.1 67.2 61.2 73.4 42.8 60.7

3.3 Step 2: Adaptive Reasoning and
Verification

Adaptive Reasoning. During inference, given a
test question qt, we compute its CC, SC, and PS
metrics using a model, and retrieve the top-5 most
relevant thought cards via pattern matching based
on nearest neighbor search (Muja and Lowe, 2014):

NN5(qt,C) = argmin
Cqt⊆C,|Cqt |=5

∑
c∈Cqt

d(qt, c) (6)

where NN5(qt,C) denotes five nearest cards under
distance function d. For CC/SC, we use absolute
differences (e.g., |CCqt − CCc|); and for PS, we
use cosine similarity between qt’s semantic embed-
dings and each card’s associated questions. The se-
lected cards serve as templates that guide the model
to execute corresponding actions sequentially.

Verification. To identify the most accurate so-
lution, we introduce a two-stage process: an off-
the-shelf PRM scores all reasoning paths under the
guidance of top-5 cards, then the top-3 highest-
scoring candidates undergo self-consistency (SC)
checks for final selection. Interestingly, our exper-
iments show that even SC-only verification effec-
tively identifies precise reasoning paths. Detailed
descriptions are provided in Appendix B.5.

4 Experiments

This section presents experimental settings, results,
and analysis. We analyze from five aspects: per-
formance, efficiency, cross-domain generalization,
practical applications, and ablation study.

4.1 Experimental Settings

Datasets. Our evaluation spans seven reason-
ing domains and nine datasets: (1) mathemat-
ics: MATH (Hendrycks et al., 2021), AMC,
AIME25 (Li et al., 2025); (2) arithmetic (arith.):
GSM8K (Cobbe et al., 2021); (3) graduate-level
science: GPQA-Diamond (GPQA-D) (Rein et al.,
2024); (4) general knowledge (know.): MMLU-
ProX (MMLU-P) (Xuan et al., 2025); (5) logic:
LogiQA-v2 (Liu et al., 2023); (6) commonsense
(com.): StrategyQA (STG) (Geva et al., 2021); (7)
agent: BALROG (Paglieri et al., 2025). While
Table 1 reports results on all datasets, our analysis
focuses on MATH, GSM8K, STG, AMC to ensure
comparability with baselines that lack results on
others (e.g., AIME). Details are in Appendix D.2.

Baselines. We evaluate ThoughtICR against
three representative categories: (1) traditional
example-based ICL, including zero-shot CoT (Ko-
jima et al., 2022), few-shot CoT (Wei et al., 2022),
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Figure 4: Comparison with leading tree-based TTS method, rStar.
(a) Performance Comparison. (b) Total Time Cost Per Sample (the
“end-to-end” time cost per sample).

Table 2: Performance comparison with tree-based
TTS methods. The best results are highlighted in bold,
with baseline results sourced from the original papers.

Model Method MATH GSM8K STG Avg.

Qwen2-7B

ToT 53.3 79.0 66.7 66.3
RAP 51.6 82.1 67.3 67.0
ReST-MCTS* 52.4 82.3 64.9 66.5
Ours 66.8 91.8 80.9 79.8

Llama3-8B

ToT 13.6 69.0 60.4 47.7
RAP 18.8 80.5 68.7 56.0
ReST-MCTS* 34.2 75.5 65.0 58.2
LLaMA-Berry 39.6 88.1 - -
rStar 42.9 91.1 71.5 68.5
Ours 46.6 89.6 73.4 69.9

and CoT+SC (Wang et al., 2023b); (2) tree-based
TTS methods, including ToT (Yao et al., 2023),
RAP (Hao et al., 2023), ReST-MCTS* (Zhang
et al., 2024a), LLaMA-Berry (Zhang et al.,
2025), and rStar (Qi et al., 2025); (3) powerful
LLMs like GPT-4o (OpenAI, 2024). We provide
more advanced baselines like 10-shot Reinforced
ICL (Agarwal et al., 2024) in Appendix E.1.

Evaluation Metrics. In line with prior stud-
ies (Wang et al., 2025; Qi et al., 2025), we report
two main metrics: accuracy and average time cost
per sample. More details are in Appendix D.5.

Implementation Details. For GSM8K, MATH,
and STG, we use 200 randomly sampled training in-
stances as seed data and evaluate on respective test
sets. For other benchmarks, we reuse 200 MATH
samples as seed data (details in Appendix D.6).
Note that, unless otherwise specified, Llama3-8B-
Instruct serves as the default policy LLM πθ for
MCTS-based thought card construction in our main
experiments. We verified that using alternative pol-
icy LLMs (e.g., Qwen2.5-7B-Instruct) yields sim-
ilar thought card quality and final reasoning per-
formance, indicating that ThoughtICR is robust to
the choice of policy LLM rather than being model-

dependent.

4.2 Performance Comparison with Baselines
Main Comparison with ICL. Table 1 presents
the main results across different models, datasets,
and domains. We have three key findings:
♢ ThoughtICR Consistently Outperforms Tradi-

tional ICL Baselines. ThoughtICR achieves sub-
stantial improvements across all benchmarks and
models. For instance, Llama3-8B improves from
17.8% (Few-shot CoT) to 46.6% on MATH (2.6×
gain) and from 36.8% to 45.0% on BALROG. This
demonstrates the effectiveness of thought-level
guidance over example-level imitation.
♢ ThoughtICR Generalizes Across Diverse Do-

mains. Despite constructing thought cards mainly
from mathematical seed data, our method general-
izes effectively to diverse domains, including sci-
ence (GPQA-D), logic (LogiQA), and agentic tasks
(BALROG). This validates that high-level thought
patterns capture general, domain-agnostic reason-
ing structures rather than task-specific features.
♢ ThoughtICR Integrates Seamlessly with TTS.

Our approach incorporates self-consistency and
Best-of-N strategy during inference, demonstrating
integration potential with mainstream TTS tech-
niques. This compatibility suggests promising fu-
ture directions for hybrid methods that combine
thought-level guidance with test-time scaling.

Comparison with Tree-based TTS. Table 2
compares ThoughtICR with representative tree-
based TTS methods. Our approach consistently
outperforms baselines across models and datasets,
with notable gains on complex datasets like MATH.
For example, ThoughtICR achieves 79.8% aver-
age accuracy versus the best baseline’s 67.0%
on Qwen2-7B. Unlike traditional TTS methods
that rely on broad exploration, ThoughtICR lever-
ages offline thought cards to guide inference adap-
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Figure 5: Cross-domain generalization results. “ID” and “OOD” denote in-distribution and out-of-distribution,
respectively. “A to B” represents constructing cards from dataset A and testing on B. ThoughtICR shows superior
OOD generalization compared with example-based ICL and SFT methods.

Table 3: Plug-and-play verification. ThoughtICR fur-
ther enhances GRPO-trained Qwen2.5-7B model.

Method MATH AMC GPQA-D Avg.

Base 64.8 32.5 24.3 40.5
+GRPO 78.2 55.0 38.8 57.3

+ThoughtICR 83.4 65.0 44.0 64.2
△ (↑) 6.7% 18.2% 13.4% 12.1%

Table 4: Scalibility verification. We provide perfor-
mance with varying seed data sizes on Qwen2.5-7B.

Seed Data Size 100 200 500 1000

Math Accuracy (%) 76.6 80.6 82.2 83.0
AMC Accuracy (%) 55.0 62.5 65.0 67.5
GPQA-D Accuracy (%) 37.9 43.4 44.9 45.9
Avg. Accuracy (%) 56.5 62.2 64.1 65.5

tively, achieving higher efficiency and accuracy.
We provide more performance comparison in Ap-
pendix E.1 and efficiency analysis in Figure 4.

Comparison with Powerful LLMs. As shown in
Figure 3, Qwen2.5-7B with ThoughtICR achieves
80.6% accuracy on MATH, outperforming GPT-4o
(77.2%). Similarly, Yi-1.5-6B with ThoughtICR
surpasses Yi-1.5-34B. This demonstrates that
ThoughtICR-empowered smaller models can ex-
ceed much larger models. Unlike traditional ICL’s
implicit example-based imitation, ThoughtICR pro-
vides explicit high-level thought patterns that equip
smaller models with advanced problem decomposi-
tion abilities typically found in larger models, thus
enabling superior performance. Additional results
are provided in Table 12 of the Appendix.

4.3 Computational Efficiency Analysis

We compare ThoughtICR with rStar (Qi et al.,
2025), a leading tree-based TTS method that ex-
tensively explores the solution space. Figure 4
presents both performance and computational effi-
ciency comparisons. Our analysis uses comprehen-
sive “end-to-end” time costs per sample, encom-
passing both offline thought card construction and
online inference (details in Appendix E.7).

ThoughtICR achieves competitive performance
with rStar while substantially reducing compu-
tational overhead: 21.8× speedup on GSM8K,

21.0× on StrategyQA, and 7.0× even on the chal-
lenging MATH benchmark. These gains stem from
efficient online inference that adaptively selects ap-
propriate thought patterns rather than exhaustively
searching the solution space. This demonstrates
ThoughtICR’s ability to balance performance and
efficiency, making advanced TTS reasoning more
practical for real-world deployment.

4.4 Cross-Domain Generalization Analysis

Recent studies highlight the critical impact of dis-
tributional bias on LLMs’ reliability (Yuan et al.,
2023; Wang et al., 2024a). Despite strong in-
distribution (ID) performance, models often under-
perform on out-of-distribution (OOD) data (Yang
et al., 2024b), compounded by the difficulty of ac-
quiring sufficient OOD samples.

We evaluate ThoughtICR against ICL and super-
vised fine-tuning (SFT) under OOD scenarios. For
fair comparison, we use the same 200 seed samples
for both thought card construction and SFT. As
shown in Figure 5, while ICL and SFT experience
significant performance degradation, ThoughtICR
demonstrates remarkable resilience across multiple
models and datasets. This robustness stems from
ThoughtICR’s automated construction process and
high-level pattern-based guidance, which together
capture general reasoning structures without hu-
man intervention or task-specific features. We fur-
ther explore weak-to-strong generalization in Ap-
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92.7

73.4

Figure 6: Test-time scaling law verification. We examine the variation in ThoughtICR performance with the
number of selected reasoning guidance-providing thought cards in Section 3.3.

Table 5: Ablation study. We report the performance on Llama3-8B after removing or replacing each component of
ThoughtICR. All modules prove essential for optimal performance.

Model Setting Module GSM8K MATH STG AMC GPQA-D MMLU-P Average △ (↓)
ThoughtICR (Full) - 89.6 46.6 73.4 30.0 39.4 50.3 54.9 -
− w/o T.C. Sec. 3.2 79.9 33.4 63.3 12.5 22.7 35.9 41.3 -13.6
− w/o C.M. Sec. 3.3 84.1 39.2 68.0 20.0 29.3 41.2 46.4 -8.5
− w/ C.M. (subquestion) Sec. 3.3 86.9 42.0 71.5 27.5 35.6 47.9 51.9 -3.0
− w/ C.M. (semantic) Sec. 3.3 86.4 40.2 70.6 25.0 33.2 43.2 49.8 -5.1
− w/o F.V. Sec. 3.3 83.3 40.2 69.6 25.0 32.9 45.2 49.4 -5.5
− w/ F.V. (SC) Sec. 3.3 87.3 42.6 70.3 27.5 36.9 47.8 52.1 -2.8
− w/ F.V. (PRM) Sec. 3.3 88.8 43.8 73.4 30.0 37.3 48.5 53.6 -1.3

pendix E.3, demonstrating that our method can
even enhance GPT-4o’s performance using guid-
ance from weaker models (e.g., Llama2-7B).

4.5 Practical Applicability Analysis

As shown in Table 3, 4, and Figure 6, we examine
ThoughtICR’s compatibility with existing training
paradigms and flexible scalability across real-world
deployment scenarios.

Integration with Post-Training. Similar to ICL
methods like CoT, ThoughtICR operates as a flexi-
ble framework compatible with post-training tech-
niques. We applied ThoughtICR to Qwen2.5-7B
with GRPO training on MATH. As shown in Ta-
ble 3, our framework further boosts performance,
improving average accuracy from 57.3% (GRPO
alone) to 64.2% (GRPO+ThoughtICR). This syn-
ergy suggests that ThoughtICR captures reasoning
patterns complementary to those learned during
post-training, confirming its plug-and-play versatil-
ity. Additional results are in Appendix E.5.

Thought Card Library Scalability. Table 4 an-
alyzes performance sensitivity to seed dataset size
(100 to 1K samples). Results show a clear positive
correlation: average performance consistently im-
proves from 56.5% to 65.5% as seed data increases.
This confirms that our thought card library is ex-
pandable: larger seed datasets enrich the library

and provide more comprehensive reasoning guid-
ance. We use 200 samples by default to balance
performance and computational cost.

Test-Time Scaling. We investigate whether our
method follows test-time scaling laws by varying
the number of selected thought cards during infer-
ence. As shown in Figure 6, progressively adding
more thought cards consistently improves perfor-
mance across all models and benchmarks. This
scaling behavior opens opportunities for adaptive
mechanisms that dynamically determine the opti-
mal number of cards based on task requirements.

4.6 Ablation Study and Other Analysis

Ablation Study. As shown in Table 5, we an-
alyze three core components of ThoughtICR by
replacing: thought cards (T.C.) with random action
combinations; card matching (C.M.) with random
selection, subquestion, and semantic metric; and
final verification (F.V.) with random selection, self-
consistency, and PRM. We observe that removing
any component results in performance degradation.

Other Analysis. We include further results and
analysis in Appendix: performance comparisons
(E.1), combination with reasoning models (E.2),
weak-to-strong generalization (E.3), multi-task sys-
tems (E.4), SFT integration (E.5), accuracy across
problem complexity (E.6), extended ablation (E.9),
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statistical analysis (E.12), and case study (G).

5 Conclusion

We propose ThoughtICR, an automated reason-
ing paradigm that advances ICL from example-
based imitation to thought-level explicit guid-
ance. By employing adaptive, high-level strategies,
ThoughtICR enables LLMs to develop genuine rea-
soning abilities and show impressive performance
across domains, datasets, and models. This work
establishes foundations for generalizable reasoning
frameworks and opens directions for constructing
problem-solving patterns in other domains.

Limitations

Despite ThoughtICR’s promising performance, sev-
eral limitations remain, providing opportunities for
future research directions.

First, our experimental validation primarily fo-
cuses on textual reasoning tasks, leaving open ques-
tions about the paradigm’s applicability to multi-
modal reasoning scenarios. Extending ThoughtICR
to visual-linguistic reasoning contexts and more
realistic agentic tool (skill) use scenarios (Moham-
madi et al., 2025; Wu et al., 2026b; Xia et al., 2026)
represents a compelling avenue for future explo-
ration.

Second, as a flexible training-free framework,
ThoughtICR significantly enhances the reasoning
capabilities of relatively weak models. Future
work could investigate integrating ThoughtICR
with more post-training methods, enabling more
sophisticated reasoning patterns that dynamically
adapt throughout model optimization.
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In this section, we provide a detailed discussion
on ThoughtICR and ICL A.1, theoretical analy-
sis A.3, failure mode analysis of pattern-based ap-
proach A.4, human interpretability A.5, and the ra-
tionale for employing MCTS to construct thought
cards A.6.

A.1 Discussion on ThoughtICR and ICL

In this work, we introduce ThoughtICR, a novel
paradigm within the broader in-context learning
(ICL) framework. Originally proposed by prior
work (Brown et al., 2020), ICL refers to a pro-
cess where the model is provided with natural lan-
guage instructions and/or task examples and is
expected to complete new task instances by predict-
ing subsequent content. Our proposed ThoughtICR
paradigm maintains alignment with this founda-
tional definition while extending its scope through
two main dimensions:

Paradigm Adherence. Although ThoughtICR
introduces a distinct pre-computation phase
through MCTS to systematically construct high-
level thought patterns (termed “thought cards”), the
paradigm fundamentally remains within the ICL
framework. During inference, ThoughtICR lever-
ages these generated thought patterns explicitly
formulated as natural language instructions. This
approach retains the core mechanism of guiding the
model via linguistic context, thus adhering strictly
to the traditional conceptualization of ICL despite
the augmented preparatory step.

Context Redefinition. We significantly expand
the conventional interpretation of “context” within
ICL. Traditionally, “context” refers strictly to
task-specific demonstration examples. In con-
trast, ThoughtICR shifts the focus from concrete
example-driven contexts to more abstract, gener-
alized thought patterns. This redefinition allows
context to transcend task-specific boundaries, en-
abling models to generalize reasoning strategies ef-
fectively across diverse domains and tasks. Conse-
quently, our broader definition enhances cross-task
adaptability, significantly enriching the concept of
context originally outlined by prior work (Brown
et al., 2020).

By redefining context from example-specific
instances to higher-level reasoning abstractions,
ThoughtICR provides a robust, generalizable foun-
dation for enhancing LLM performance, especially
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on complex reasoning tasks. This paradigm exten-
sion paves the way for future research that explores
richer, more flexible contexts, facilitating stronger
generalization capabilities across various problem-
solving scenarios.

A.2 Discussion on ThoughtICR and RLVR
RLVR-based methods (Guo et al., 2025; Yue et al.,
2025; Wu et al., 2025, 2026a) improve reasoning by
internalizing correct reasoning chains through rein-
forcement learning training, thereby enhancing the
model’s intrinsic reasoning probability. In contrast,
ThoughtICR is training-free and improves reason-
ing by providing explicit external strategic guid-
ance in the form of thought patterns constructed
via MCTS. These two paradigms differ in two key
dimensions: (1) Methodology: ThoughtICR re-
quires no parameter updates and operates purely
at inference time, while RLVR requires costly re-
inforcement learning training. (2) Source of im-
provement: ThoughtICR combines external guid-
ance priors with the model’s intrinsic reasoning,
whereas RLVR directly amplifies the probability of
correct internal reasoning chains. Crucially, these
approaches are complementary: ThoughtICR can
be applied on top of RLVR-trained models (e.g.,
GRPO, DeepSeek-R1, OpenAI-o1) to provide ad-
ditional strategic scaffolding, consistently yielding
further performance gains (see Table 15 and Ta-
ble 16).

A.3 Theoretical Analysis
To further understand the advantages of our ap-
proach, we provide a theoretical analysis of why
and when pattern-based methods outperform tradi-
tional example-based methods.

Why Pattern-Based Methods Are More Effec-
tive Than Example-Based Methods. The supe-
riority of our method can be attributed to three core
principles:

Pattern Extraction vs. Implicit Learning.
Our pattern-based approach explicitly
extracts verifiable thought patterns from
examples using Monte Carlo Tree Search
(MCTS), which helps ensure the correctness
of the learned logic. In contrast, standard
example-based methods rely on implicit
pattern learning. This form of implicit
analogical reasoning can often produce
incorrect or flawed patterns, particularly in
complex multi-step reasoning tasks.

Dual-Process Theory and Explicit Reasoning.
Following Kahneman’s dual-process the-
ory (Kahneman, 2011), complex reasoning
is a function of deliberative System 2
processing, not intuitive System 1 thinking.
Example-based In-Context Learning (ICL)
often leans on implicit analogical reasoning,
which is prone to the surface-level matching
errors characteristic of System 1 (Holyoak
and Koh, 1987). Our method, however,
provides structured reasoning scaffolding
through atomic actions. This explicitly
engages System 2 by enabling systematic
problem decomposition and deliberate
thought processes.

Abstract vs. Concrete Learning. Research in
transfer learning has shown that abstract
representations enable superior generaliza-
tion compared to learning from concrete,
surface-level features (Barnett and Ceci,
2002). Our “thought cards” are designed
to capture these abstract, generalizable rea-
soning structures that can be transferred
across a wide range of problems. In con-
trast, raw examples contain domain-specific
details that may lead the model to learn spu-
rious, non-generalizable patterns. This dis-
tinction explains our method’s superior out-
of-distribution performance and the dramatic
improvements observed in smaller models
(e.g., boosting Llama3-8B from 17.8% to
46.6% on the MATH dataset).

When Pattern-Based Methods Excel. Building
on the analysis above, pattern-based methods tend
to perform better under specific conditions. They
offer significant advantages in complex tasks that
can be decomposed into a series of explicit, multi-
step thought patterns. Furthermore, the benefits
of this structured, pattern-based approach become
even more pronounced when the base model has
limited intrinsic capabilities, as the explicit guid-
ance provides essential scaffolding for effective
problem-solving.

A.4 Failure mode analysis of pattern-based
approach

While pattern-based approaches demonstrate
strong performance in structured reasoning, it is
crucial to analyze their limitations. Understanding
these failure modes helps to identify the specific
conditions under which traditional example-based
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In-Context Learning (ICL) remains a more appro-
priate choice.

Limitations of Pattern-Based Methods. The
primary limitation of pattern-based approaches
arises in tasks that are not easily broken down into
explicit, repeatable reasoning structures. This in-
cludes:

Open-Ended Generation Tasks. Creative en-
deavors such as writing essays or compos-
ing poetry do not follow a rigid logical flow.
These tasks rely on creativity, nuance, and a
holistic understanding that cannot be easily
decomposed into predefined patterns.

Ultra-Low-Frequency Problems For novel or
extremely rare problem types, it can be diffi-
cult to find and match an appropriate thought
pattern from the existing knowledge base.
In such "long-tail" scenarios, the lack of a
relevant template may hinder performance.

When Example-Based ICL is More Suitable.
Conversely, example-based ICL is often more ef-
fective and efficient in the following scenarios:

Simple and Solvable Tasks. For straightfor-
ward problems where the model already
possesses the necessary capabilities to find
the answer, providing a few direct examples
is a highly efficient method for prompting
the correct behavior without the overhead of
a complex pattern-matching system.

Tasks Requiring Stylistic Imitation. Many
tasks involve learning and replicating a
specific style, tone, or format that is difficult
to quantify or model as an explicit pattern.
Examples include generating literary texts
in the style of a particular author or drafting
professional emails with a certain etiquette.
In these cases, models can implicitly learn
the desired stylistic nuances from examples
more effectively than from a structured
template.

A.5 Human Interpretability
How interpretable are thought patterns to hu-
man experts? The thought patterns generated by
our method are designed to be highly interpretable
to human experts. This interpretability is further
enhanced when an abstract pattern is applied to a
concrete problem, as it becomes instantiated into a

specific, tangible reasoning process that is easy to
follow and verify. We provide detailed examples
of these instantiated processes in Figures 14-18.

Can domain experts validate constructed cards?
A key advantage of this high interpretability is that
it empowers domain experts to validate and refine
the constructed “thought cards.” For complex or
domain-specific problems, experts can augment
the existing knowledge base by improving current
cards, designing entirely new ones, or introduc-
ing novel, domain-specific reasoning operations.
Our automated card construction framework is de-
signed to seamlessly incorporate such expert-driven
extensions, facilitating a collaborative human-AI
problem-solving process.

A.6 Rationale for Employing Monte Carlo
Tree Search

The selection of Monte Carlo Tree Search (MCTS)
for constructing thought patterns was a deliber-
ate choice made after considering reasoning task-
specific requirements and its comparison with al-
ternative search strategies.

Requirements of Reasoning Tasks. The reason-
ing tasks often involve constructing complex rea-
soning chains from a vast combinatorial action
space. This setting demands an algorithm that can
efficiently search and optimize within such a large
space. MCTS is uniquely suited to the sequential
and logical nature of reasoning scenarios, which
can effectively balance complex trade-offs where
other methods fall short.

Comparison with Classical Search Algorithms.
Finding optimal reasoning paths requires navigat-
ing an exponentially large search space. With an ac-
tion space of 5 atomic actions and sequence lengths
typically up to 8 steps, the number of possible paths
approaches 58 ≈400K. This vast scale renders tra-
ditional graph traversal algorithms impractical for
our use case.

Depth-First Search (DFS) is prone to prema-
ture commitment to suboptimal paths. For
complex, multi-step reasoning problems, an
initial flawed step can lead the search down
an unproductive path from which recovery is
difficult, exhibiting a form of brittleness.

Breadth-First Search (BFS) while more ex-
haustive, typically suffers from combinato-
rial explosion. By exploring all possible
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action combinations simultaneously, it be-
comes computationally intractable for the
vast search space of thought pattern explo-
ration.

MCTS adeptly avoids both pitfalls by using UCT-
guided selection to balance exploration of new
paths with exploitation of promising ones, thereby
identifying effective patterns efficiently. Moreover,
we should note that under unlimited computational
resources with complete enumeration, DFS and
BFS can theoretically guarantee finding the global
optimum through exhaustive search and ultimately
outperform MCTS. However, in our practical sce-
nario, each action search requires invoking the
LLM and depends on the results of previous steps,
making DFS/BFS computationally expensive. For
example, for a seed sample with a reasoning action
sequence of length 5, complete enumeration would
require (5+52+53+54+55=3905) LLM calls, result-
ing in unacceptable computational costs. There-
fore, in our implementation, we compare MCTS
with DFS/BFS under equivalent computational bud-
gets. MCTS achieves a dynamic balance between
exploration and exploitation, more efficiently dis-
covering potential optimal solutions under limited
resources. In contrast, DFS/BFS often yield sub-
optimal solutions under the same budget due to
insufficient search space traversal.

Comparison with Evolutionary and Genetic Al-
gorithms. We also explored alternative heuristic
methods, including evolutionary algorithms (EAs)
such as genetic algorithms (GAs). While these
methods can generate diverse thought patterns, they
face significant challenges in this domain:

Computational Inefficiency EAs require
maintaining large populations of candidate
solutions and evaluating them across
multiple generations, leading to prohibitive
computational costs.

Sequence Coherence Challenges Reasoning
chains demand strict logical coherence
between sequential steps. Genetic oper-
ations like crossover and mutation can
easily disrupt this logical flow, producing
semantically inconsistent or invalid action
sequences.

Fundamental Task Mismatch EAs are highly
effective for tasks like prompt search, which

involves optimizing over a large and uncer-
tain vocabulary space. Our task, thought pat-
tern discovery, operates on a relatively small
and deterministic set of reasoning actions.
For this, the structured, goal-directed search
of MCTS is more efficient.

Key Advantages of MCTS for thought pattern
Discovery. Given the limitations of other meth-
ods, MCTS stands out as the most robust and ef-
ficient framework for our objectives. Its primary
strengths include:

Natural Structural Alignment. The tree struc-
ture of MCTS naturally represents the se-
quential nature of a reasoning process, where
each node corresponds to a distinct reasoning
state.

Efficient Pruning. Through intelligent node se-
lection (UCT) and early termination strate-
gies, MCTS significantly reduces the com-
putational overhead by pruning unpromising
branches while maintaining the quality of the
search.

In summary, MCTS provides the necessary flexi-
bility and efficiency for discovering high-quality,
logically coherent reasoning paths, making it the
superior choice for our framework.

B Preliminaries

This section describes notations (B.1), LLM rea-
soning (B.2), in-context learning (B.3), monte carlo
tree search (B.4), and verification methods (B.5).

B.1 Overall Notations

The definitions for notations are in Table 6.

B.2 LLM Reasoning

LLMs have shown impressive performance across
various reasoning tasks (Zhao et al., 2023), includ-
ing mathematical, commonsense reasoning, and
agentic reasoning. Appropriate reasoning methods
can substantially enhance LLM problem-solving
capabilities, potentially transforming small mod-
els into powerful problem-solvers. Given a pol-
icy model, πθ (a pre-trained LLM) and an input
problem q, π can autogressive generate an output
sequence output = (s0, s1, s2, ..., sT ) by predict-
ing the next token, where s0 := q and ansp = sT .
Each output sequence (s0, s1, s2, ..., sT ) is termed
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Table 6: Notation Table in this paper.

Character Meaning

πθ policy LLM
τD specific task
D demonstration examples of τD in in-context learning
q input question / problem
yp predicted / decoded answer
yg gold standard answer
traj trajectory / solution
T number of reasoning steps
st t-th reasoning step of trajectory traj
St t-th state, which consists of input x and preceding reasoning steps (s1, s2, ..., st−1)
at t-th action based on the previous state St−1

s node s in the tree structure
p parent node of s

Q(s) reward value of node s
pφ process reward model
Q seed data
Qt test data

a reasoning trajectory traj. The conditional proba-
bility distribution of generating the complete rea-
soning trajectory is:

π(traj | q) =
T∏

t=1

π (st | q, s<t) (7)

Following prior works (Hao et al., 2023; Qi et al.,
2025), we can conceptualize LLMs as world mod-
els, with the complex reasoning process formu-
lated as a Markov decision process. Specifically,
when addressing complex reasoning challenges
in real-world scenarios, at each time step t, the
model receives a state St−1, comprising the origi-
nal input problem x and preceding reasoning steps
(s0, s1, s2, ..., st−1). The policy model πθ then gen-
erates the current action at = πθ(Φ(St−1)), which
prompts the LLM to produce the next reasoning
step st. The entire process, from the initial step s0
to the final output sT , naturally forms a complete
trajectory or chain of thought.

Recent research has focused on developing di-
verse methods to enhance LLMs’ reasoning ca-
pabilities, including zero-shot prompting, few-
shot prompting, chain-of-thought (CoT), tree-
of-thought (ToT), and Monte Carlo tree search
(MCTS). These approaches aim to improve overall

performance through the following formulation:

Pπ (yp = yg | Q) = E(s0,s1,··· ,sT )∼Pπ(traj|q) [

P (yp = yg | s0, s1, · · · , sT , q)]
(8)

where P (yp = yg | s0, s1, · · · , sT , q) represents
the probability of obtaining an accurate answer
given the problem q and reasoning trajectory traj.

B.3 In-Context Learning
Originally introduced by previous study (Brown
et al., 2020), in-context learning (ICL) can be de-
scribed as “A process where the model is provided
with natural language instructions and/or a few
examples of a task, and is then expected to com-
plete additional instances of that task simply by
predicting what should come next.” For a task
τD, it typically involves two key components: a
demonstration example space D and a joint prob-
ability distribution P (X,Y ) (Zhou et al., 2024b).
The task demonstration D = (xi, yi)

n
i=1 contains n

example pairs sampled from the joint distribution.
These pairs typically consist of a problem x and the
corresponding solution trajectory traj. Therefore,
the ICL-based reasoning process can be formally
expressed as:

D ∼ P (X,Y ),

yp = πθ(D,x)
(9)
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Figure 7: An illustration of four phases in an iteration of MCTS for complex reasoning tasks (B.4).

Extensive research has focused on constructing
high-quality examples and enriching the demon-
stration space D (Luo et al., 2024; Zhou et al.,
2024b). For example, Chain-of-Thought (CoT) rea-
soning (Wei et al., 2022) incorporates prompts like
“Let’s think step by step” alongside step-by-step
reasoning examples, allowing models to emulate
human-like reasoning and achieve success in com-
plex problem-solving. Self-Consistency (Wang
et al., 2023b) further enhances performance by
generating multiple reasoning paths and selecting
the most consistent answer. Prompt Space (Shi
et al., 2024) optimizes prompt engineering for bet-
ter example-based analogy. Many-Shot ICL (Agar-
wal et al., 2024) enhances performance by scal-
ing sample quantity, which requires substantial
context-processing capabilities and computational
overhead. Increasing sample volume may even
degrade performance by overwhelming model ca-
pacity (Liu et al., 2024).

However, traditional ICL paradigm primar-
ily emphasizes example-level analogical learning,
with performance constrained by the selection of
demonstrations. This typically necessitates hu-
man expert intervention for complex reasoning
tasks (Wang et al., 2023a; Zhao et al., 2024). In
contrast, our approach shifts the focus from specific
examples to high-level thought patterns, expanding
the concept of context. This shift improves gener-
alization, enabling fully automated, efficient infer-
ence without human intervention, even for models
with fewer than 10B parameters. The most relevant
prior work is Buffer-of-Thought (BoT) (Yang et al.,
2024c), which designs task-specific reasoning tem-
plates and retrieves relevant ones based on problem

semantics to guide LLM reasoning. However, BoT
has some potential limitations, and ThoughtICR
differs conceptually in three aspects: (1) Template
Design: BoT uses monolithic templates with one-
to-one problem mapping, which limits flexibility.
In contrast, ThoughtICR employs action-driven hi-
erarchical templates composed of decomposable
atomic action units, enabling modular reasoning
and greater adaptability for complex problems; (2)
Template Construction: BoT relies on task-specific
templates extracted by powerful LLMs (e.g., GPT-
4), while ThoughtICR automatically constructs
task-agnostic thought cards through MCTS based
on atomic reasoning actions. Whether BoT applies
to weaker models like Llama3-8B still remains a
challenge; (3) Template Utilization: BoT retrieves
templates via semantic similarity tailored to spe-
cific tasks, while ThoughtICR uses a comprehen-
sive complexity framework (CC, SC, PS) that more
accurately reflects intrinsic problem characteristics.
These differences enable ThoughtICR to achieve
impressive cross-domain generalization, reduced
dependence on model capabilities, significantly im-
proved computational efficiency, and more flexible
practical applications. We also provide direct ex-
perimental comparisons in Table 22.

B.4 Monte Carlo Tree Search

As a heuristic search algorithm, MCTS has demon-
strated remarkable success in complex reasoning
and decision-making environments (Zhou et al.,
2024a). The algorithm conceptualizes search
spaces as tree structures and has achieved signifi-
cant breakthroughs across various domains, most
notably in game-playing AI such as AlphaGo and
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AlphaZero. The basic MCTS algorithm involves an
iterative search process with four key steps: selec-
tion, expansion, simulation, and backpropagation.
As an example in mathematical reasoning, Figure 7
illustrates the four phases in an iteration, expanding
the tree and then updating reward values.

Leveraging MCTS, recent approaches like
rStar (Qi et al., 2025) exploit LLMs’ intrinsic capa-
bilities for iterative exploration to enhance complex
reasoning. However, these methods employ a uni-
form search process across problems of varying
difficulty and types, which often results in time-
intensive computations. In contrast, our approach
employs MCTS only during the generation of prior
thought patterns (referred to as "thought cards" in
Sec. 3.2) and references these thought cards dur-
ing inference to achieve efficient reasoning. This
design enables ThoughtICR to adaptively match
reasoning strategies to the complexity of each prob-
lem, significantly reducing the time complexity
compared to traditional tree search methods. Addi-
tionally, it maintains a comprehensive search space
and overall performance, thus achieving an optimal
trade-off between efficiency and effectiveness.

B.5 Verification Methods

Selecting the most accurate reasoning trajectory
among multiple candidate solutions presents a crit-
ical challenge. This paper explores a simple yet
effective method: Self-Consistency (SC) and Pro-
cess Reward Model (PRM).

SC Inspired by the intuition that a complex rea-
soning problem typically admits multiple differ-
ent ways of thinking leading to its unique correct
answer, we consider using a simple yet effective
method, self-consistency (Wang et al., 2023b). For
a problem p and its corresponding multiple rea-
soning trajectories TRAJ = (traji, yi)

n
i=1, we

perform voting to find the most consistent answer
in the final answer set:

trajrm = argmax
traj

N∑

i=1

I (yi = y) (10)

PRM PRM (D × S → R+) aims to score each
step st in the reasoning trajectory:

LPRM =
T∑

t=1

yst log(rst) + (1− yst) log(1− rsi)

(11)

where yst is the golden answer (yst = 1 if t-th
step st is correct else yst = 0), and rst is the
PRM output sigmoid score. Specifically, prior
work (Lightman et al., 2024) frames PRM training
as a three-class classification task, where human
annotations categorize steps as ‘good’, ‘neutral’,
or ‘bad’. ReST-MCTS* (Zhang et al., 2024a) in-
tegrates process reward guidance with tree search
to explore efficient solution spaces and synthesize
high-quality trajectories. With a trained PRM, we
can score each step in the reasoning trajectory for a
test question qt. Following prior work (Wang et al.,
2024b), we utilize the minimum score across all
steps to represent the final score of a solution s:

trajrm = argmax
traj

N∑

i=1

I (yi = y) · rm (p, traji)

(12)
where rm (p, traji) is the score of i-th solution
assigned by reward model. Based on the scores
of each candidate solution, we select the trajectory
with the highest final score as the ultimate solution
for qt.

In this paper, we introduce a simple yet effec-
tive two-stage verification method. First, we apply
process-supervision scoring to evaluate each rea-
soning path. The top-3 highest-scoring paths then
undergo self-consistency checks to determine the
final solution. Our experiments in Table 5 confirm
that even these straightforward self-consistency
checks effectively identify precise reasoning chains
without additional supervision. Note that, this pro-
cess does not leak any heuristics towards spe-
cific tasks. The verification mechanism operates
independently from the problem-solving process,
maintaining task-agnosticity. The PRM and self-
consistency check evaluate solution quality based
on general reasoning principles rather than task-
specific shortcuts.

C Algorithm Details

Overview As shown in Figure 2, ThoughtICR
consists of two components: 1) MCTS-powered
thought card construction (offline); and 2) adaptive
reasoning and verification (online). The algorithm
is detailed in Algorithm 1.

C.1 Action Space

Emerging research suggests that the upper bound
of model reasoning capabilities is closely corre-
lated with the available action space (Wu et al.,
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Table 7: Comparison with other tree-based search methods. Note that, most methods contain limited space. In
contrast, we define a rich set of reasoning actions, thus enhancing the upper bound of model reasoning capabilities.

Method Action Space

Tree-of-Thought (Yao et al., 2023)

a2: one-step thought
AlphaMath (Chen et al., 2024)
AlphaLLM (Tian et al., 2024)

ReST-MCTS* (Zhang et al., 2024a)

RAP (Hao et al., 2023) a4: divide and conquer
BEATS (Sun et al., 2024) a1: system analysis, a2: one-step thought, a5: self-refinement

MCTSr (Zhang et al., 2024b)
a3: chain-of-thought, a5: self refinement

LLaMA-Berry (Zhang et al., 2025)

Ours a1, a2, a3, a4, a5

2024a). As illustrated in Qi et al. (2025), exist-
ing approaches typically involve a restricted action
space (Table 7), which may hinder LLM’s full rea-
soning potential. Therefore, we propose a more
expansive framework, which contains five atomic
reasoning actions as follows:

• (a1) System Analysis (SA): Analyzing the over-
all structure of the problem and identifying the
constraints and conditions before addressing
it, thereby clarifying task requirements effec-
tively.

• (a2) One-Step Thought (OST): Generating the
next one-step thought based on the given ques-
tion and the preceding reasoning steps.

• (a3) Chain-of-Thought (CoT): Facilitating step-
by-step reasoning by constructing a logical se-
quence of intermediate thoughts, where each
step incrementally builds on the previous ones.

• (a4) Divide and Conquer (DC): Breaking down
a complex reasoning problem into several
smaller subproblems and progressively solving
them to achieve the overall solution.

• (a5) Self-Reflection and Refinement (SRR): En-
gaging in timely reflection of prior solutions
and implementing necessary refinement during
the reasoning process to ensure accuracy.

C.2 Reward Value in MCTS
For simplicity, we avoid introducing an additional
reward model for scoring. Given the current skep-
ticism regarding the self-rewarding capabilities of
LLMs, alternative methods are necessary. Inspired
by the principle that actions leading to correct an-
swers should be rewarded more frequently, we aim

to increase their likelihood of selection in future
MCTS tree expansions. Following prior work (Qi
et al., 2025), we define the reward value as the
likelihood (or confidence) of self-consistency via
majority voting. Note that this principle applies
only to leaf nodes. The Q-values of intermediate
nodes are initially set to 0 and are dynamically up-
dated during the backpropagation process (Eq. 1).

C.3 Thought Card Visualization

For better visualization, we provide a detailed ex-
ample thought card in Figure 8. Note that, We
ensure thought card quality in a systematic way:
(1) Correctness: During thought card construction,
each problem pairs with its ground truth answer.
The abstract thought on each card represents cor-
rect optimal paths for specific problems. This en-
sures that our thought cards capture thought pat-
terns that lead to correct solutions; (2) Quality: We
select reasoning paths using a VOC-inspired metric
(Equation 3), which balances effectiveness (reward)
with computational cost (sequence length). This en-
sures concise, high-quality thought patterns while
avoiding redundancy.

C.4 Card Matching

Card Matching Metrics. Within our framework,
we introduce three established metrics to guide
card matching: (1) Condition Complexity (CC),
measuring the number of distinctive problem con-
ditions; (2) Subquestion Count (SC), which quan-
tifies the number of decomposable subproblems;
and (3) Problem Semantic (PS), which evaluates
the semantic embeddings of a question’s linguis-
tic features. Note that, we utilize an LLM (e.g.,
Llama3-8B) to compute CC and SC, and a semantic
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Q1: Let x^8 + 3x^4 - 4 = p_1(x) p_2(x) \\dotsm

p_k(x), where each non-constant polynomial p_i(x)

is monic with integer coefficients, and cannot be

factored further over the integers. Compute p_1(1)

+ p_2(1) + \\dots + p_k(1).

Q2: The medians AD, BE, and CF of triangle ABC

intersect at the centroid G. The line through G

that is parallel to BC intersects AB and AC at M

and N, respectively. If the area of triangle ABC is

144, then find the area of triangle ENG.

Q3: The parallelogram bounded by the lines

y=ax+c, y=ax+d, y=bx+c, and y=bx+d has area 18.

The parallelogram bounded by the lines y=ax+c,

y=ax-d, y=bx+c.

Three seed questions that sharing the 
same thought patterns Thought Pattern (Action Sequence)

Card k

1. Average Condition Complexity
2. Average Sub-question Count
3. Problem Semantics

Card Match Characteristics

DC→DC→CoT

1. DC (Divide and Conquer): Breaking down a complex reasoning
problem into several smaller subproblems and progressively
solving them to achieve the overall solution.

2. CoT (Chain-of-Thought): Facilitating step-by-step reasoning by
constructing a logical sequence of intermediate thoughts, where
each step incrementally builds on the previous ones.

Action Description

Abstract 

Figure 8: Thought Card Visualization. On the left, the seed dataset contains 3 questions with the same thought
pattern “DC→DC→CoT”, corresponding to card k on the right. The card includes both the thought pattern and
characteristics used for matching during testing, based on cognitive complexity metrics. When a test question q
matches card k, reasoning follows the corresponding pattern “DC→DC→CoT”.

embedding model BAAI/bge-m31 for PS computa-
tion. Our analysis in Section 4.6 (Table 5) indicates
that CC holds a distinct advantage over other indi-
vidual metrics. Furthermore, as shown in Table 24,
it remains competitive even against more complex
joint metrics. Consequently, we adopt the simple
yet effective CC as our primary metric for its strong
balance of performance and simplicity.

CC Rationale. The effectiveness of CC stems
from its ability to capture a problem’s implicit
logical structure rather than its surface-level in-
formation. Unlike a simple statistical measure,
CC estimates the “prior information load” required
for a solution by assessing the extraction and inte-
gration of implicit conditions and theorems. This
allows it to adeptly handle diverse problem types.
As shown in Table 8, lengthy but logically simple
problems (e.g., arithmetic word problems) often
contain redundant information and thus receive a
low CC score. Conversely, concise but complex
problems (e.g., mathematical challenges) that re-
quire extensive knowledge reconstruction are as-
signed a high CC score, making it a robust indi-
cator of true complexity. To ensure its stability in
practice, our implementation prompts the model to
generate three distinct partitioning strategies for a
given problem, using the average of these partitions
as the final CC value.

1BAAI/bge-m3

C.5 Verification
For verification, we utilize off-the-shelf PRM:
Llama3.1-8B-PRM-Mistral-Data2. By default,
our experimental results are reported based on
PRM+SC verification. Moreover, as demonstrated
in Table 5 in Section 4.6, our method still achieves
notable performance even in scenarios lacking a
readily available verification model, such as when
relying solely on the simple yet effective method,
self-consistency. In future work, we aim to explore
more sophisticated verification approaches to more
precisely select the optimal reasoning trajectory.

D Detailed Experimental Setups

D.1 Models
ThoughtICR is a general approach applicable to
various LLMs. In our experiments, we evaluate its
effectiveness across: Llama3-8B-Instruct (Dubey
et al., 2024), Llama3.1-8B-Instruct (Meta AI,
2024), Yi-1.5-6B-Chat (Young et al., 2024),
Qwen2-7B-Instruct (Yang et al., 2024a), and
Qwen2.5-7B/14B-Instruct (Qwen Team, 2024),
DeepSeek-R1-Distill-Qwen-1.5B (Guo et al.,
2025), and GPT-4o. Unless stated otherwise, all
models are the Instruct version. In Appendix E.5,
we analyze the performance of ThoughtICR com-
bined with base models. By focusing on LLMs
with parameters generally under 10B, we aim to
demonstrate the robustness and efficiency of our
method. We expect that applying ThoughtICR to

2RLHFlow/Llama3.1-8B-PRM-Mistral-Data
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Table 8: Illustrative examples of the Condition Complexity (CC) metric, contrasting a lengthy but simple problem
with a concise but complex one.

Example 1: Long question with low CC (CC = 2) Example 2: Short question with high CC (CC = 4)

Original Question: There are 15 trees in the grove.
Grove workers will plant trees in the grove today.
After they are done, there will be 21 trees. How
many trees did the grove workers plant today?

Original Question: Find the sum of all integer bases
b > 9 for which 17b is a divisor of 97b.

Rephrased Question: Rephrased Question:

• Condition 1: Initially, there are 15 trees in the
grove.

• Condition 2: After Grove workers plant addi-
tional trees, the total number of trees in the grove
will increase to 21. [cite: 1]

• Question: How many trees did the grove workers
plant today?

• Condition 1: Let b be an integer base such that
b > 9.

• Condition 2: 17b represents the number 1× b+7
in base 10, and 97b represents the number 9×b+7
in base 10.

• Condition 3: Number a divides c if there exists
integer k such that c = a× k.

• Condition 4: Find all b > 9 where 17b divides
97b, then sum these bases.

• Question: What is the sum of all integer bases
b > 9 such that 17b divides 97b?

small language models will achieve results compa-
rable to or exceeding closed-source LLMs.

D.2 Datasets
The datasets utilized in this paper are listed in Table
9. Note that, for GSM8K, MATH, and STG, we
use 200 randomly sampled training instances as
seed data and evaluate on their respective test sets
for better analysis in cross-domain generalization
experiments. For other benchmarks, we reuse 200
MATH samples as seed data to demonstrate the
flexibility and generalization of our thought cards
and the reasoning paradigm.

• GSM8K (Cobbe et al., 2021): This dataset
contains 7,473 training and 1,319 testing grade-
school math word problems, which require be-
tween 2 to 8 steps for resolution. The solutions
primarily involve performing a sequence of ba-
sic arithmetic operations (addition, subtraction,
multiplication, and division) to arrive at the fi-
nal answer.

• SVAMP (Patel et al., 2021): Similar to
GSM8K, this dataset contains a 1,000-sample
testing set of elementary-level mathematical
word problems (MWPs). We extract 200 sam-
ples from the 700-sample training set as the

seed dataset and utilize the remaining 300-
sample test set for evaluation.

• MATH (Hendrycks et al., 2021): This dataset
includes 12,500 challenging competition-level
mathematics problems. Each problem is ac-
companied by a complete step-by-step solution,
which can be leveraged to teach models to gen-
erate answer derivations and explanations. Fol-
lowing prior work (Qi et al., 2025; Zhang et al.,
2024a), we utilize MATH500 as our test set for
a fair comparison, a representative and highly
challenging 10% subset of MATH.

• AMC (Li et al., 2025): This dataset con-
tains problems from the American Mathemat-
ics Competitions, specifically focusing on high-
school level mathematical challenges. The
AMC problems typically require sophisticated
mathematical reasoning and creative problem-
solving strategies beyond basic arithmetic. For
our evaluation, we use a subset of 40 care-
fully selected problems that demonstrate di-
verse mathematical concepts and varying com-
plexity levels.

• AIME25 (Li et al., 2025): This dataset fea-
tures problems from the American Invitational
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Table 9: Detailed information on the datasets and test set sizes used in our experiments.

Category Dataset #Test Samples

Mathematical Reasoning
MATH (Hendrycks et al., 2021) 500
AMC (Li et al., 2025) 40
AIME25 (Li et al., 2025) 30

Arithmetic Reasoning
GSM8K (Cobbe et al., 2021) 1319
SVAMP (Patel et al., 2021) 300

Graduate-level Scientific Reasoning GPQA-Diamond (GPQA-D) (Rein et al., 2024) 198

General Knowledge Reasoning MMLU-ProX (MMLU-P) (Xuan et al., 2025) 1351

Logical Reasoning LogiQA-v2 (Liu et al., 2023) 1572

Commonsense Reasoning StrategyQA (STG) (Geva et al., 2021) 687

Agentic Reasoning BALROG (Paglieri et al., 2025) 500

Mathematics Examination, representing some
of the most challenging high-school mathemat-
ics competitions. AIME problems require ad-
vanced mathematical techniques and sophisti-
cated problem-solving approaches, often involv-
ing number theory, combinatorics, and geomet-
ric reasoning. We evaluate on 30 representative
problems that showcase diverse mathematical
domains.

• StrategyQA (Geva et al., 2021): This dataset
comprises 2,780 examples, each consisting of
a strategy question, its decomposition, and sup-
porting evidence paragraphs. We utilize the 687
examples from the test set for evaluation. This
dataset challenges models to perform multi-hop
reasoning across diverse domains of common-
sense knowledge.

• GPQA-Diamond (Rein et al., 2024): GPQA
(Graduate-level Physics Questions and An-
swers) is a PhD-level scientific knowledge rea-
soning benchmark that contains complex ques-
tions requiring advanced domain expertise. The
Diamond subset consists of 198 particularly
challenging questions that test deep scientific
knowledge and sophisticated reasoning capabil-
ities. These questions often require integration
of multiple scientific concepts and principles to
reach the correct solution.

• MMLU-ProX (Xuan et al., 2025): This dataset
extends the Massive Multitask Language Under-
standing (MMLU) benchmark with more chal-
lenging, reasoning-intensive questions across
diverse academic disciplines. The ProX vari-

ant focuses on complex multi-step reasoning
problems that require deeper understanding be-
yond simple factual recall. We evaluate on 1351
Engligh samples spanning various academic do-
mains, such as engineering, law, biology, and
business.

• LogiQA-v2 (Liu et al., 2023): This dataset con-
tains logical reasoning problems that require
systematic deductive and inductive reasoning
skills. The questions test various forms of logi-
cal reasoning including conditional reasoning,
categorical syllogisms, and logical puzzles. We
use 1572 test samples that represent diverse log-
ical thought patterns and complexity levels.

• BALROG (Paglieri et al., 2025): This bench-
mark evaluates agentic reasoning capabilities
through complex, multi-step decision-making
scenarios. Problems require models to reason
about agent behaviors, plan sequences of ac-
tions, and understand causal relationships in dy-
namic environments. We evaluate on the classic
babyai game (500 samples) that test sophisti-
cated agentic reasoning skills.

For the seed dataset Ds, we randomly sample 200
instances from the training sets of each dataset to
construct thought cards. The sampling’s random-
ness ensures algorithmic robustness. Additionally,
only 200 samples are used for tree search, and
cross-distribution transfer capabilities have been
validated in the main text. Therefore, in practical
scenarios, publicly available datasets can be uti-
lized to construct the seed dataset, enabling the
construction of thought cards and final reasoning.
This ensures the generality of the approach.
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Table 10: Statistics of reasoning complexity and action chains across datasets.

Dataset Difficulty Avg. Length of Action Chain Number of Action Chains

GSM8K ⋆ 3.09 35
MATH ⋆⋆ 3.59 42
AMC ⋆ ⋆ ⋆ 3.67 45

Table 11: All hyperparameters utilized in this paper.

Hyperparameter Value Description

temperature 0.8

vllm inference settings
top-p 0.9
top-k 40

repetition_penalty 1.0
max_new_tokens 1024

maximum tree depth dmax 5
MCTS settingsexploration weight w 2.0

predefined terminal threshold c 0.90

balance factor k 0.95 VOC-based optimal path selection

Table 12: Comparison with leading LLMs. The best results in each box are highlighted in bold. Results for all
baseline models are sourced from corresponding official websites when accessible. ThoughtICR (Qwen2.5-7B-
Instruct) outperforms larger models and powerful closed-source models.

Model Size MATH GSM8K Average

Closed-Source Models
GPT-4o-0806 (OpenAI, 2024) - 77.2 96.1 86.6
GPT-4o mini-0718 (OpenAI, 2024) - 70.2 93.2 81.7
Claude-3.5-Sonnet-0620 (Anthropic, 2024) - 71.1 96.4 83.8
Gemini-1.5-Pro (Google DeepMind, 2024) - 67.7 90.8 79.3

Open-Source Models (>30B)
Llama3.1-405B-Instruct (Meta AI, 2024) 405B 73.8 96.8 85.3
Qwen2-72B-Instruct (Yang et al., 2024a) 72B 69.0 93.2 81.1
Llama3.3-70B-Instruct (Meta AI, 2024) 70B 77.0 - 77.0
Llama3.1-70B-Instruct (Meta AI, 2024) 70B 68.0 95.1 81.6
Llama3-70B-Instruct (Dubey et al., 2024) 70B 50.4 93.0 71.7
Yi-1.5-34B-Chat (Young et al., 2024) 34B 50.1 90.2 70.2

Ours (≤14B)
Qwen2.5-14B-instruct (Qwen Team, 2024) 14B 81.4 95.8 88.6
Qwen2.5-7B-instruct (Qwen Team, 2024) 7B 80.6 93.7 87.2
Qwen2-7B-instruct (Yang et al., 2024a) 7B 66.8 91.8 79.3
Yi-1.5-6B-Chat (Young et al., 2024) 6B 57.4 86.4 71.9
Llama3-8B-Instruct (Dubey et al., 2024) 8B 46.6 89.6 68.1
Llama3.1-8B-Instruct (Meta AI, 2024) 8B 58.0 90.7 74.4
DeepSeek-R1-Distill-Qwen-1.5B (Guo et al., 2025) 1.5B 49.0 88.3 68.7

D.3 Card Distribution

We analyze the length and diversity of action chains
across datasets of varying difficulty. As shown in
Table 10, both metrics increase with problem com-
plexity. However, many thought patterns, such as
“decompose and think step by step” remain con-

sistent across datasets. This consistency helps ex-
plain the strong out-of-domain generalization of
thought cards, as demonstrated in Figure 5. Addi-
tionally, not all five actions are required for each
problem. Simpler problems, like Q1 in Figure 2,
may require only one action (CoT ), whereas more
complex problems, like Q4, involve longer chains
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(SA→ OST → SRR→ CoT ). The number and
complexity of actions thus depend heavily on the
specific problem at hand.

D.4 Baselines

For baselines compared in this paper, we conduct
experiments on ICL approaches such as CoT and
self-consistency to record their performance. For
other tree-based methods and closed-source mod-
els, we directly reference their original reported
results when accessible. In cases where reported
results are unavailable but open-source code is pro-
vided, we reproduce experiments following the of-
ficial official settings.

D.5 Evaluation Details

As detailed in the main paper, we evaluate our ap-
proach using two primary metrics. First, we re-
port accuracy as our primary evaluation metric,
where correctness is determined by comparing the
model’s final answer with the ground truth. To en-
sure consistent answer extraction, we require the
LLM to explicitly state its solution following a pre-
defined format (e.g., “The answer is”). Second,
we measure the average reasoning time to assess
our method’s computational efficiency relative to
existing search-based approaches. All time mea-
surements were recorded on the same device (A100
GPUs), thereby ensuring fair comparisons.

D.6 Implementation Details

Setup. Based on the vLLM framework3, all ex-
periments are conducted on a Ubuntu 22.04 ma-
chine equipped with an NVIDIA A100-80GB GPU.
We list hyperparameters in Table 11.

Seed Data Construction. For GSM8K, MATH,
and STG, we use 200 randomly sampled training
instances as seed data and evaluate on their respec-
tive test sets for better analysis in cross-domain
generalization experiments. For other benchmarks,
we reuse 200 MATH samples as seed data to
demonstrate the flexibility and generalization of
our thought cards and the reasoning paradigm.

Pattern Match Metrics. Considering both sim-
plicity and experimental results in Table 5 and Ta-
ble 24, we use CC as the default pattern matching
metric in this paper. We have discussed the detailed
rationale in Appendix C.4, and more advanced set-
tings are left for future work. Note that, we use

3https://github.com/vllm-project/vllm

BAAI/bge-m3 for PS computation, and an LLM
like Llama3-8B for CC/SC computation. Details
are provided in Appendix C.4.

Verification. For the verification module, we
utilize the off-the-shelf RLHFlow/Llama3.1-8B-
PRM-Mistral-Data. More detailed descriptions are
illustrated in Appendix C.5.

E Supplementary Results

This section presents supplementary results and
analysis, including: comparison with powerful
LLMs and baseline methods (E.1), combination
with large reasoning models (E.2), weak-to-strong
generalization (E.3), multi-task system (E.4), inte-
gration with SFT (E.5), performance across prob-
lem complexity (E.6), detailed computational cost
(E.7), Effective and Efficient TTS (E.8), addi-
tional ablation study (E.9), thought pattern anal-
ysis (E.10), hyperparameter sensitivity (E.11), and
statistical validation (E.12).

E.1 Detailed Comparison with Powerful
LLMs and Baseline Methods

Table 12 presents a performance comparison be-
tween our method and leading open-source and
closed-source models. By employing ThoughtICR,
both our 14B and 7B Qwen2.5 models achieve su-
perior results, surpassing many powerful models
with over 100B parameters. Notably, on the chal-
lenging MATH dataset, our method demonstrates
a significant performance advantage, underscoring
its effectiveness in complex reasoning tasks. This
highlights the strength of our approach in achiev-
ing robust reasoning capabilities while utilizing
relatively small models. This experiment aims to
show how our method enables open-source mod-
els to match larger, more powerful counterparts.
We consider this a significant contribution to the
community, as it provides an effective pathway to
democratize high-level reasoning without relying
on massive-scale models.

We have extended Table 1 to advanced ICL meth-
ods (e.g. reinforced ICL), and tree-based methods
(e.g. ToT) for a more comprehensive comparison
in Table 13. Due to some lacking results in the
original papers, we only present results on widely
reported MATH, GSM8K, SVAMP, and Strate-
gyQA. As shown in Table 13, ThoughtICR con-
sistently outperforms advanced ICL methods and
tree-based methods. For example, Llama3-8B’s
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Table 13: Comparison of ThoughtICR’s reasoning performance with tree-based methods and advanced ICL methods
across four benchmarks. “Reinforced ICL” refers to the advanced ICL technique from Many-Shot In-Context
Learning (Agarwal et al., 2024), evaluated with 10-shot examples. “CoT+AS” denotes directly providing a high-level
action sequence in the instruction, and “CoT+Dynamic” uses the original question-path pairs from the five retrieved
thought cards as dynamic examples. ToT and ReST-MCTS* serve as representative baselines from tree-based
methods. The best results in each box are highlighted in bold. All models are instruct versions.

Model Method Mathematics Arithmetic Commonsense Average
MATH GSM8K SVAMP StrategyQA

GPT-4o

CoT+AS 80.8 95.5 94.0 80.8 87.8
CoT+Dynamic 81.8 95.5 94.0 78.4 87.4
Reinforced ICL 81.0 95.5 94.0 77.7 87.0
ToT 75.8 95.2 92.7 75.5 84.8
ReST-MCTS* 78.0 94.6 93.3 76.9 85.7
Ours 84.8 96.0 94.7 82.2 89.4

Qwen2.5-14B

CoT+AS 78.2 94.3 91.7 72.5 84.2
CoT+Dynamic 78.0 94.0 93.7 73.3 84.7
Reinforced ICL 78.8 93.7 93.7 70.3 84.1
ToT 71.4 93.8 92.0 73.3 82.6
ReST-MCTS* 74.1 94.0 92.3 71.4 82.9
Ours 81.4 95.8 93.7 77.3 87.0

Qwen2.5-7B

CoT+AS 77.2 92.7 92.7 71.8 83.6
CoT+Dynamic 77.0 92.4 92.0 72.0 83.3
Reinforced ICL 76.6 91.3 92.0 72.5 83.1
ToT 68.4 91.7 92.1 71.3 80.8
ReST-MCTS* 72.2 92.4 91.7 69.5 81.5
Ours 80.6 93.7 93.0 76.0 85.9

Qwen2-7B

CoT+AS 58.2 87.7 89.7 68.5 76.0
CoT+Dynamic 56.0 88.0 90.7 69.0 75.9
Reinforced ICL 54.8 87.9 91.7 66.8 75.3
ToT 53.3 79.0 85.7 66.7 71.1
ReST-MCTS* 52.4 82.3 86.8 64.9 71.6
Ours 66.8 91.8 92.7 72.0 80.8

Llama3-8B

CoT+AS 32.6 83.0 90.3 68.1 68.5
CoT+Dynamic 38.8 83.3 90.3 69.5 70.4
Reinforced ICL 25.6 81.0 89.0 65.2 65.2
ToT 13.6 69.0 79.8 60.4 55.7
ReST-MCTS* 34.2 75.5 88.0 65.0 65.7
Ours 46.6 89.6 92.7 73.4 75.6

accuracy on MATH improved from 13.6% (ToT)
to 46.6% (ThoughtICR), a 3.4× improvement.

We further compare ThoughtICR with other tree-
based methods that require extensive training data.
As shown in Table 14. Baseline results are di-
rectly sourced from their original papers. To evalu-
ate ThoughtICR’s effectiveness on less-optimized
models, we specifically test on relatively weaker
models including Llama2-7B and Mistral-7B. De-
spite being training-free with only 0.2K seed sam-
ples, ThoughtICR achieves competitive or supe-
rior performance. On Llama2-7B, ThoughtICR
matches Math-shepherd’s 21.6% accuracy while
using 1350× less data (0.2K vs 270K). On Mistral-

7B, ThoughtICR reaches 35.6%, outperforming
MCTS-DPO (34.7%) and AutoPSV (22.2%) de-
spite their reliance on 24K and 7.5K training sam-
ples. These results demonstrate ThoughtICR’s
remarkable data efficiency and robustness across
varying model capabilities, making it particularly
valuable for resource-constrained scenarios.

E.2 Combination with Large Reasoning
Models

Our main results show that ThoughtICR enables
smaller models (7B) to approach the performance
of larger models like GPT-4o, highlighting its po-
tential to enhance reasoning in small models. As
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Table 14: Comparison with other tree-based baselines on MATH. ThoughtICR achieves impressive performance
while requiring minimal seed data (0.2K).

Method Training-free Prior Data Llama2-7B Mistral-7B Llama3.1-8B

Math-shepherd (Wang et al., 2024c) ✗ 270K 21.6 33.0 52.8
RISE (Qu et al., 2024) ✗ 7.5K 10.4 18.4 -
MCTS-DPO (Xie et al., 2024) ✗ 24K - 34.7 -
AutoPSV (Lu et al., 2024) ✗ 7.5K - 22.2 52.2

ThoughtICR (Ours) ✓ 0.2K 21.6 35.6 58.0

Table 15: Performance of ThoughtICR combined with
large reasoning models on the MATH dataset.

Method MATH Acc (%)

QwQ-32B-Preview 90.6
o1-preview 85.5
ThoughtICR (Qwen2.5-7B) 80.6
ThoughtICR (QwQ-32B-Preview) 93.6

Table 16: Performance of ThoughtICR combined
with additional long-CoT reasoning models, including
Qwen3 series, DeepSeek-R1, and OpenAI-o1.

Model Method AIME25 GPQA-D Avg.

Qwen3-4B
Base 63.3 55.6 61.5
+Ours 70.0 60.1 65.0

Qwen3-8B
Base 66.7 61.6 64.2
+Ours 70.0 65.7 67.9

DeepSeek-R1
Base 70.0 71.7 70.9
+Ours 76.7 75.8 76.3

OpenAI-o1
Base 80.0 77.8 78.9
+Ours 83.3 80.8 82.1

shown in Table 15 and 16, it can also be com-
bined with larger reasoning models like QwQ-32B-
Preview for even better performance.

E.3 Weak-to-Strong Generalization

As described in prior work (Yang et al., 2024d), in-
teractions between weak and strong models can be
categorized into three primary paradigms: 1) weak-
to-strong improvement, where models with limited
capabilities can effectively guide the development
of more advanced models, 2) self-improvement,
wherein the weak and strong models are identi-
cal, focusing on designing methods to enhance the
model’s own performance, and 3) knowledge dis-
tillation, which involves transferring the capabil-
ities or knowledge from strong models to weak
models. While our previous analysis demonstrated
ThoughtICR’s effectiveness in knowledge distilla-

tion and self-improvement, here we focus on its
potential for weak-to-strong generalization.

In our experimental setup, we leverage a weaker
model to construct thought cards that serve as rea-
soning guidelines for stronger models, establishing
a weak-to-strong generalization framework. Table
17 presents comprehensive results across different
model configurations. In weak-to-strong scenarios,
our method consistently outperforms CoT base-
lines, achieving superior performance across all
evaluated tasks. Notably, Llama2-7B model can
effectively guide GPT-4o, improving performance
on MATH (81.6% vs. 77.2%) and GSM8K (95.5%
vs. 94.3%). Similar patterns emerge when guid-
ing Qwen2.5-7B and Qwen2.5-14B with Llama3-
8B, yielding average improvements of 4.2% and
7.0% respectively. These results demonstrate that
structured thought patterns extracted by weaker
models can enhance stronger models’ performance,
offering a promising direction for scenarios where
powerful teacher models are unavailable.

E.4 Multi-Task System

Multi-task learning frameworks represent a promis-
ing direction to enahcne general system perfor-
mance. Here, we aim to explore a generalized
system capable of simultaneously handling multi-
ple tasks.

Specifically, we extract 50 examples from each
of three reasoning domains: mathematical, arith-
metic, and commonsense reasoning. These 150
seed data samples are used to construct high-
level thought cards, providing guidance signals
for subsequent inference. As shown in Table
18, ThoughtICR still achieves competitive perfor-
mance, further demonstrating the versatility of our
reasoning paradigm. This provides new insights
for future research on multi-task general systems,
suggesting that exploring high-level patterns across
tasks could represent a promising direction.
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Table 17: Weak-to-strong generalization results. We extract thought patterns using weaker models (▽ left) as
guidance for stronger models (▽ right) during inference. Notably, Llama2-7B successfully improves GPT-4o’s
performance across evaluated tasks.

Method MATH GSM8K SVAMP STG Average △ (↑)
Weak-to-Strong (Llama2-7B→ GPT-4o)

CoT 77.2 94.3 94.0 79.5 86.2 -
ThoughtICR (Ours) 81.6 95.5 94.3 80.4 88.0 +1.8

Weak-to-Strong (Llama3-8B→ Qwen2.5-7B)
CoT 75.5 91.6 92.3 67.6 81.7 -

ThoughtICR (Ours) 80.6 93.7 93.0 76.0 85.9 +4.2

Weak-to-Strong (Llama3-8B→ Qwen2.5-14B)
CoT 80.0 94.8 91.3 53.1 79.8 -

ThoughtICR (Ours) 81.0 95.3 93.7 77.3 86.8 +7.0

Table 18: Multi-task performance of Llama3-8B-Instruct across various reasoning tasks. ‘MT’ refers to generating
mixed thought cards to guide subsequent inference, while ‘ICL’ represents the best performance with few-shot CoT.
We observe that Our approach is also well-suited as a general multi-task reasoning system.

Method MATH GSM8K SVAMP StrategyQA Average

ICL 17.8 74.5 81.0 68.4 60.4
ThoughtICR 46.6 89.6 92.7 73.4 75.6

ThoughtICR-MT 44.2 87.4 91.7 71.2 73.7

Table 19: Integration results of ThoughtICR with SFT on Llama3-8B base models. △ indicates the performance gain
of ThoughtICR compared to the best baseline. The results show that ThoughtICR not only significantly enhances
the performance of base models but also continues to provide substantial improvements even after large-scale
supervised fine-tuning (SFT). This demonstrates the strong compatibility of our method with SFT and its robustness
in boosting reasoning performance across multiple tasks.

Model Setting MATH GSM8K SVAMP StrategyQA Average △ (↑)

Llama3-8B
Zero-shot CoT 5.8 17.7 30.0 9.6 15.8 -
Few-shot CoT 13.2 39.4 56.7 61.1 42.6 -
ThoughtICR (Ours) 34.4 81.4 90.0 70.7 69.1 +26.5

Llama3-8B-Instruct
Zero-shot CoT 5.8 68.3 70.9 57.2 50.5 -
Few-shot CoT 17.8 74.5 81.0 68.4 60.4 -
ThoughtICR (Ours) 46.6 89.6 92.7 73.4 75.6 +15.2

Table 20: Performance variations of Llama3-8B-Instruct and Qwen2.5-7B-Instruct across different difficulty levels
on MATH. We list the result of zero-shot CoT, fewshot CoT+SC, and our method. The best results are highlighted
in bold. △ indicates the performance gain of ThoughtICR compared to the best baseline.

Method 1 2 3 4 5 Average △ (↑)
Llama3-8B-Instruct

CoT 53.5 34.3 22.1 8.2 3.7 17.8 -
CoT+SC 62.5 52.6 38.1 19.5 9.7 28.8 -

ThoughtICR 88.4 75.6 56.2 32.0 16.5 46.6 +17.8

Qwen2.5-7B-Instruct
CoT 95.3 87.7 79.0 67.2 40.3 68.6 -

CoT+SC 95.3 90.0 91.4 73.4 52.2 76.4 -
ThoughtICR 97.7 94.5 92.3 81.1 53.7 80.6 +4.2
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E.5 Integration with SFT

Integrating our framework with supervised fine-
tuning (SFT) presents an opportunity to expand its
applicability and scalability, particularly for com-
plex reasoning tasks. Here, we conduct exploratory
experiments to assess the compatibility between the
two approaches. As shown in Table 19, we evaluate
both pretrained checkpoints and instruction-tuned
versions of Llama3-8B.

Our results show that, when applied to base mod-
els (Llama3-8B), ThoughtICR achieves substantial
performance improvements through its structured
guidance mechanism, significantly outperforming
both zero-shot and few-shot baselines. The per-
formance gains are particularly notable, reaching
improvements of up to 26.6% on average across
multiple benchmarks. More importantly, when inte-
grated with instruction-tuned models, ThoughtICR
continues to deliver remarkable enhancements,
with consistent improvements across all evaluated
tasks, demonstrating strong synergy between struc-
tured reasoning and SFT techniques.

These findings suggest that our reasoning
paradigm can be effectively integrated with SFT
to enhance model performance. In future work,
we plan to explore more sophisticated integra-
tion strategies, such as injecting structured long-
chain reasoning data (i.e., thought patterns en-
coded on thought cards) into the model’s infer-
ence process through SFT. This could involve
techniques inspired by chain-of-preference opti-
mization (CPO) (Zhang et al., 2024c) and Tem-
plateRL (Wu et al., 2025).

E.6 Performance across Problem Complexity

As shown in Table 20, we present the performance
of Llama3-8B-Instruct and Qwen2.5-7B-Instruct
on Zero-shot CoT, Few-shot CoT+SC, and our
method, ThoughtICR, across different difficulty
levels of the challenging MATH dataset. Taking
Qwen2.5-7B-Instruct as an example, our approach
improves performance across all levels, with an av-
erage accuracy boost of 2.6% for the easier levels
1-3. Notably, for the more difficult level 4, the im-
provement reaches +7.7%. This indicates that our
method has the potential to solve more challeng-
ing problems and enhance reasoning performance.
This may be due to the introduction of high-level
thought patterns, which help LLMs find a clearer
solution more quickly.

E.7 Detailed Computational Cost
In this section, we present a more comprehen-
sive analysis of the time cost of ThoughtICR. Ad-
ditionally, we include an extended comparison
with representative tree-based methods to show
ThoughtICR’s high efficiency.

For clarity, we first define the time cost. For
downstream evaluation tasks, the average time
cost per sample is formally defined in Equation
13, where “total offline construction time” repre-
sents the time cost of constructing thought cards
using 200 seed samples, and “total online inference
time” represents the inference time on n down-
stream samples. Importantly, the offline construc-
tion overhead is fixed and independent of down-
stream task scale. As the number of test samples
(n) increases, the amortized offline cost per sam-
ple diminishes. Moreover, in practical deployment
scenarios, users primarily experience the online in-
ference time, which is relatively short due to our
pre-stored high-level thought patterns.

tavg =
total offline construction time

n

+
total online inference time

n
(13)

We conducted experiments on Llama3-8B on
three downstream evaluation tasks: STG, GSM8K,
MATH. The results are shown in Table 21.
ThoughtICR maintains high efficiency while
achieving strong accuracy on downstream tasks.
For example, on the STG task, it achieves the high-
est accuracy while using only 5% of the time re-
quired by rStar, demonstrating the efficiency of the
proposed method. Moreover, While ThoughtICR
incurs higher overhead than traditional ICL, it de-
livers substantial performance gains (e.g., MATH:
28.8%→46.6%), representing an effective test-time
scaling method.

E.8 Effective and Efficient TTS
A central concern in TTS evaluation is whether
performance improvements arise merely from ex-
tended reasoning time rather than from more prin-
cipled reasoning strategies (Yan et al., 2025). To
address this, we conduct comparative experiments
that jointly analyze reasoning time and accuracy
across multiple representative TTS methods.

As shown in Table 22, ThoughtICR consistently
achieves superior accuracy while reducing infer-
ence time compared to baselines such as ToT
and Meta Prompting. For example, on Game of

2984



Table 21: Time cost comparison between ThoughtICR and representative tree-based methods. The best results are
highlighted in bold. ‘off’ and ‘on’ denote average offline and online time cost per sample.

Method STG Acc (%) STG Cost (↓) GSM8K Acc (%) GSM8K Cost (↓) MATH Acc (%) MATH Cost (↓)

Zero-shot 57.2 8.8s 68.3 7.4s 5.8 13.5s
Few-shot CoT 68.4 6.6s 74.5 7.0s 17.8 12.1s
CoT+SC@4 66.8 10.3s 80.6 10.8s 28.8 14.5s

ToT 60.4 567.3s 69.0 623.5s 13.6 809.8s
ReST-MCTS* 65.0 503.5s 75.5 677.8s 34.2 467.2s

rStar 71.5 423.8s 91.1 554.6s 42.9 1105.8s
ThoughtICR 73.4 20.2s (off:6.5 + on:13.7) 89.6 25.5s (off:8.2 + on:17.3) 46.6 159.5s (off:50.8 + on:108.7)

Table 22: Comparison of inference time cost and accuracy across representative TTS methods. Lower cost and
higher accuracy are better. All baseline results are sourced from the original papers. To ensure fair comparison, we
also utilize GPT-4 as the base model following the baseline settings.

Dataset ToT Meta Prompting PAL BoT ThoughtICR (Ours)

Game of 24 Time Cost (↓) 8.73 8.47 5.50 5.17 5.15
Game of 24 Accuracy (↑) 74.0 67.0 64.0 82.4 85.0
MGSM Time Cost (↓) 8.34 8.04 4.81 5.00 3.23
MGSM Accuracy (↑) 86.4 84.8 72.0 89.2 94.8

Table 23: Effectiveness of each atomic action in this paper. We evaluate on Llama3-8B-Instruct.

Action Space Math AMC GSM8K SVAMP GPQA StrategyQA Avg.

{a3} (i.e. CoT) 17.8 7.5 74.5 81.0 22.7 68.4 45.3
{a3, a4} 42.6 20.0 83.5 88.3 30.3 69.9 55.8
{a2, a3, a4} 43.2 22.5 85.2 89.7 32.8 70.3 57.3
{a1, a2, a3, a4} 46.0 27.5 87.3 91.0 36.9 72.6 60.2

All Five Actions (Ours) 46.6 30.0 89.6 92.7 39.4 73.4 62.0

24, ThoughtICR attains 85.0% accuracy with a
cost of only 5.15, outperforming ToT (Yao et al.,
2023) (74.0% at 8.73) and Meta Prompting (Suz-
gun and Kalai, 2024) (67.0% at 8.47). Compared
to PAL (Gao et al., 2023), ThoughtICR operates
within a similar time cost but yields substantially
higher accuracy (e.g., 94.8% vs. 72.0% on MGSM).
Furthermore, when compared to BoT (Yang et al.,
2024c), ThoughtICR still exhibits clear advan-
tages, improving both accuracy and efficiency (e.g.,
85.0% vs. 82.4% on Game of 24 with slightly
lower time cost). These results indicate that
ThoughtICR’s improvements do not simply stem
from longer inference or brute-force scaling. In-
stead, they arise from its automated thought-level
reasoning framework, which leverages structured
thought patterns constructed via MCTS to effec-
tively balance efficiency and performance. In this
way, ThoughtICR represents an efficient and effec-
tive test-time scaling advancement.

E.9 Additional Ablation Study

In addition to the ablation study on modules 1
(thought card construction), and 2 (thought pat-
tern selection, verification) in the main text, we
present additional ablation study on atomic actions
and card matching metrics.

Effect of Each Atomic Action We conduct a de-
tailed analysis to evaluate the effectiveness of our
atomic actions, focusing on the framework’s sen-
sitivity and its generality across different domains.
The results of our ablation study, presented in Ta-
ble 23, highlight two key findings.

First, our framework demonstrates robustness
and is not overly sensitive to the specific com-
bination of atomic actions chosen. As the table
shows, while performance scales with the inclusion
of more actions, various subsets consistently and
significantly outperform the traditional CoT base-
line. This indicates that our framework effectively
leverages any given combination of actions, rather
than depending on one perfect configuration.

Second, our choice of atomic actions is in-
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Table 24: Analysis of joint metric performance with different weighting schemes on Llama3-8B. While some
combinations offer marginal gains, the CC-only default remains a simple yet effective choice.

Metric MATH GSM8K Avg.

Equal weights (CC:1/3, SC:1/3, PS:1/3) 47.4 90.2 68.8
CC-heavy (CC:1/2, SC:1/4, PS:1/4) 47.3 90.5 69.9
SC-heavy (CC:1/4, SC:1/2, PS:1/4) 45.5 87.8 66.7
PS-heavy (CC:1/4, SC:1/4, PS:1/2) 45.1 87.0 66.1

CC only (Our default) 46.6 89.6 68.1

Table 25: Dominant Action Sequences and Their Rationale Across Different Benchmarks.

Dataset Domain Benchmarks Action Chain Ratio (%) Description / Rationale

Arithmetic (GSM8K, SVAMP) CoT 23.8 Simple sequential problems enable direct step-
by-step reasoning.

Mathematical (MATH, AMC) DC → DC → CoT 14.9 Multi-faceted problems benefit from recursive
decomposition before deep reasoning.

Commonsense (StrategyQA) SA→ OST → CoT 16.8 Logic-based tasks require systematic analysis
with insight generation.

Scientific (GPQA) SA→ DC → SRR→ CoT 15.2 Knowledge-intensive tasks require comprehen-
sive analysis, problem decomposition with ver-
ification.

tentionally domain-agnostic, not predefined for
a particular problem type. We evaluate our
method, ThoughtICR, across mathematics, arith-
metic, scientific, and commonsense reasoning tasks
using the same set of five actions: System Analy-
sis, One-Step Thought, Chain-of-Thought, Divide
and Conquer, and Self-Reflection and Refinement.
The consistent performance gains across these di-
verse fields underscore the generalizability of our
approach. For instance, using Llama3-8B, our
method boosts accuracy from 28.8% to 46.6% on
MATH (mathematics), from 80.6% to 89.6% on
GSM8K (arithmetic), and from 66.8% to 73.4% on
StrategyQA (commonsense). This demonstrates
that the atomic actions capture fundamental, cross-
domain reasoning steps.

The study may open avenues for future research,
particularly in developing adaptive action space se-
lection mechanisms for broader problem domains.
We aim to enhance approach generalization by dy-
namically customizing action spaces, with a spe-
cific focus on emerging multimodal perception and
reasoning tasks.

Effect of Card Matching Metrics In addition
to our default metric (CC only), we also explored
the effectiveness of the joint metric. This metric
combines all three cognitive complexity indicators-
Condition Complexity (CC), Subquestion Count
(SC), and Problem Semantics (PS) to create a more

comprehensive ranking for thought card selection.
Specifically, this approach computes the three in-
dicators for an incoming question and then uses
a weighted average to rank and select the most
relevant cards.

To investigate the optimal weighting strategy,
we experimented with several configurations on
Llama3-8B. As shown in Table 24, while certain
combinations showed marginal improvements on
specific datasets (e.g., equal weights on GSM8K),
the simpler CC-only metric demonstrated competi-
tive performance across diverse scenarios. Given
its effectiveness and simplicity, we selected the
CC-only approach as our default strategy. Detailed
analysis of CC are provided in Appendix C.4, and
more complex settings are left for future work.

E.10 Thought Pattern Analysis

A critical aspect of our framework is understand-
ing which thought patterns are most effective for
different problem domains. Based on the statisti-
cal analysis of our experiments, we identified the
most frequently selected action sequence (thought
pattern) for several key benchmarks. Table 25 sum-
marizes the dominant thought patterns on several
representative benchmarks, illustrating a clear tax-
onomy of which strategies are best suited for spe-
cific types of tasks.

The above results reveal a strong correspondence
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Table 26: Hyperparameter sensitivity analysis. The optimal values chosen for this paper are highlighted in bold.

Hyperparameter Setting MATH Acc. (%) StrategyQA Acc. (%)

Balance factor (k)
0.9 49 71
0.95 52 73
1.0 51 72

Early termination threshold (c)
0.8 50 72
0.9 52 73
1.0 49 69

Number of thought cards (n)

1 40 61
3 47 70
5 52 73
10 54 74

between the nature of a problem and its optimal
reasoning structure. For instance, straightforward
arithmetic tasks are efficiently handled by a direct
Chain-of-Thought (CoT) process. In contrast, more
complex domains, such as scientific and mathemati-
cal problems, necessitate more elaborate sequences
involving Systematic Analysis (SA) and Decom-
position (DC) to break down the problem before
reaching the solution. This demonstrates our frame-
work’s ability to adaptively select appropriate, high-
level thought patterns for diverse challenges.

E.11 Hyperparameter Sensitivity

We conduct a sensitivity analysis on our method’s
key hyperparameters. Our model involves three
categories of parameters: (1) vLLM inference set-
tings, following common practice; (2) standard
Monte Carlo Tree Search (MCTS) parameters (e.g.,
exploration weight), following prior work; and (3)
method-specific hyperparameters that require tun-
ing. For the latter, we perform a grid search using
Llama3-8B-Instruct on a dedicated validation set
of 100 problems from the MATH and StrategyQA
training set, which is disjoint from our 200 seed
samples to prevent data leakage. The results of this
tuning process for the balance factor (k), early ter-
mination threshold (c), and the number of thought
cards (n) are summarized in Table 26.

Our analysis reveals that the model’s perfor-
mance is robust across a range of settings. The
balance factor (k), which controls the trade-off
between reward and cost (as seen in Equation 3),
achieves optimal performance at k = 0.95, effec-
tively balancing solution quality with reasoning
complexity. The early termination threshold (c),
which determines when MCTS stops based on con-
sistency, is best set to c = 0.9 to allow for opti-

mal exploration while avoiding premature termina-
tion. Finally, for the number of thought cards (n),
which controls thought pattern diversity, perfor-
mance improves significantly when using multiple
cards. We selected n = 5 as it offers a strong bal-
ance between performance and computational cost,
noting diminishing returns beyond this point.

E.12 Statistical Validation

To statistically evaluate the differences between rea-
soning with and without our ThoughtICR paradigm,
we apply the nonparametric Wilcoxon signed-rank
test (Kotz and Johnson, 1992). This statistical
test is specifically designed to compare two re-
lated samples or repeated measurements when the
data may not follow a normal distribution, mak-
ing it particularly suitable for our analysis. The
Wilcoxon signed-rank test evaluates whether there
is a significant difference between paired observa-
tions through the following procedure:

1. Calculate differences: For each pair of val-
ues Xi and Yi, compute the difference Di =
Xi − Yi.

2. Rank differences: Take the absolute values
|Di| and rank them from smallest to largest,
denoted as Ri. For ties, average ranks are
assigned.

3. Assign signs to ranks: For each pair (Xi, Yi),
assign the sign of Di to its corresponding rank:
R′

i = sign(Di) ·Ri, where sign(Di) = +1 if
Di > 0, −1 if Di < 0, and 0 if Di = 0.

4. Calculate rank sums: Separate the ranks
into positive and negative sums: W+ =∑

Di>0R
′
i and W− =

∑
Di<0R

′
i.
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Table 27: Statistical significance of differences between
reasoning with and without ThoughtICR.

Model Llama3-8B Qwen2.5-14B GPT-4o

p-value 1e-2 2e-2 1e-2

5. Determine test statistic: The test statistic
W is the smaller of the two sums: W =
min(W+,W−).

6. Calculate p-value: The p-value is derived
from the distribution of the test statistic W .

In our analysis, we test the null hypothesis of no
significant difference (H0 : difference = 0) against
the alternative hypothesis of a significant difference
(H1 : difference ̸= 0). We compare model perfor-
mance across multiple tasks and dataset: (1) math-
ematical reasoning: MATH (Hendrycks et al.,
2021), AMC (Li et al., 2025), AIME25 (Li et al.,
2025); (2) arithmetic reasoning: GSM8K (Cobbe
et al., 2021); (3) graduate-level science: GPQA-
Diamond (GPQA-D) (Rein et al., 2024); (4)
general knowledge reasoning: MMLU-ProX
(MMLU-P) (Xuan et al., 2025)); (5) logical reason-
ing: LogiQA-v2 (Liu et al., 2023); (6) common-
sense reasoning: StrategyQA (STG) (Geva et al.,
2021); (7) agentic reasoning: BALROG (Paglieri
et al., 2025).

Following common practice, we use a signif-
icance level of 0.05 (5e-2). As shown in Table
27, all p-values are below 0.05, leading us to re-
ject the null hypothesis (H0). These findings offer
strong statistical evidence that incorporating our
ThoughtICR framework significantly enhances rea-
soning performance across all tested dimensions.

F Prompts

We reference and adapt prompts designed by other
researchers 4 to construct the input prompts for our
five actions in Figure 9-13. To improve readability,
we have applied selective formatting, such as bold
highlighting, to enhance the presentation. Note that,
each prompt has clearly describe the core definition
of the action.

G Case Study

Figures 14-18 present detailed problem-solving
examples employing our method and in-context

4https://github.com/reasoning-machines/
prompt-lib/tree/main and https://github.com/
zhentingqi/rStar/tree/main/prompts

learning. Our approach demonstrates notable ad-
vantages in addressing relatively challenging prob-
lems, effectively leveraging the rich action space
and guidance-providing thought cards to achieve
precise reasoning. For instance, in Figure 14, both
ICL and GPT-4o (results) output incorrect results,
while our method with Qwen2.5-7B-Instruct pro-
vides a logically clear solution process and ulti-
mately arrives at the correct answer.
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<Action Description>

Q: Genghis Khan: founder and first Great Khan of the Mongol Empire. Are more people today related to Genghis 

Khan than Julius Caesar?

A: Given a list of conditions, please answer the question. Condition 1: Genghis Khan was the founder and first 

Great Khan of the Mongol Empire. Condition 2: Julius Caesar was a Roman general and statesman. Question: 

Are more people alive today related to Genghis Khan than to Julius Caesar?

...

<User Input>

Q: given question

Action 1. System Analysis (SA)

<Instruction>

 You are an AI assistant to help me analyzing the overall structure of the problem and identifying the constraints 

or conditions before addressing it. You need to list all constrains as conditions, remember to fully express the 

information in the original question.

Figure 9: Input prompt for action 1: System Analysis (SA).

<Action Description>

Q: There are 15 trees in the grove. Grove workers will plant trees in the grove today. After they are done, there 

will be 21 trees. How many trees did the grove workers plant today?

A: Let's think step by step.

Step 1: Identify the initial number of trees. The problem states there are 15 trees in the grove. (Existing steps)

Step 2: Identify the final number of trees. The problem states that there will be 21 trees after the workers are done 

planting. (one-step thought output)

Q: Leah had 32 chocolates and her sister had 42. If they ate 35, how many pieces do they have left in total?

A: Let's think step by step.

Step 1: Add the number of chocolates Leah and her sister had initially. Leah had 32 chocolates and her sister had 

42 chocolates. So, they had 32 + 42 = 74 chocolates in total. (one-step thought output)

...

<User Input>

Q: given question

Action 2. One-Step Thought (OST)

<Instruction>

A chat between a curious user and an AI assistant. The assistant gives one-step thought to the user's questions. At 

the final step, a conclusive answer is given in the format of "The answer is: <ANSWER>.", where <ANSWER> 

should be a numeric answer, math expression, or bool value ("true" or "false").

Figure 10: Input prompt for action 2: One-Step Thought (OST).
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<Action Description>

Q: There are 15 trees in the grove. Grove workers will plant trees in the grove today. After they are done, there 

will be 21 trees. How many trees did the grove workers plant today?

A: Let's think step by step. There are 15 trees originally. Then there were 21 trees after some more were planted. 

So there must have been 21 - 15 = 6. The answer is: 6.

...

<User Input>

Q: given question

Action 3. Chain-of-Thought (CoT)

<Instruction>

A chat between a curious user and an AI assistant. The assistant gives step-by-step solutions to the user's 

questions. At the final step, a final answer is given in the format of \"The answer is: <ANSWER>.\", where 

<ANSWER> should be a numeric answer, math expression, or bool value ("true" or "false").

Figure 11: Input prompt for action 3: Chain-of-Thought (CoT).

<Action Description>

Q: Genghis Khan: founder and first Great Khan of the Mongol Empire. Are more people today related to Genghis 

Khan than Julius Caesar?Question 1: Four years ago, Kody was only half as old as Mohamed. If Mohamed is 

currently twice as 30 years old, how old is Kody?

A: SubQ 1.1: How old is Mohamed currently?

SubA 1.1: Mohamed is twice as old as 30 years, which means he is 30 * 2 = 60 years old.

SubQ 1.2: What was Kody's age four years ago, given that it was half of Mohamed's age at that time?

SubA 1.2: Four years ago, Mohamed was 60 - 4 = 56 years old, so Kody was half of that, which is 56 / 2 = 28 

years old.

SubQ 1.3: Now we can answer the question: How old is Kody?

SubA 1.3: Kody is currently 28 + 4 = 32 years old. The answer is 32.

...

<User Input>

Q: given question

Action 4. Divide and Conquer (DC)

<Instruction>

Given a question, please decompose it into sub-questions. For each sub-question, please answer it in a complete 

sentence, ending with "The answer is <a numeric answer, math expression, or bool value (true or false).>". When 

the original question is answerable, please start the subquestion with "Now we can answer the question: <original 

question>".

Figure 12: Input prompt for action 4: Divide and Conquer (DC).
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<Action Description>

Question:

Leah had 32 chocolates and her sister had 42. If they ate 35, how many pieces do they have left in total?

Some Steps:

Step 1: Add the number of chocolates Leah and her sister had initially. Leah had 32 chocolates and her sister had 

42 chocolates. So, they had 32 + 42 = 73 chocolates in total.

Step 2: Subtract the number of chocolates they ate from the total number of chocolates they had. They ate 35 

chocolates. So, they have 73 - 35 = 38 chocolates left.

<THINKING>:

Step 1: This step is incorrect. Adding the number of chocolates Leah and her sister had initially results in 32 + 42 

= 74, not 73.

Step 2: This step is incorrect. Since the total was 74 chocolates and they ate 35, the calculation should be 74 - 35 

= 39, not 38.

<CORRECT>: 

Step 1: Add the number of chocolates Leah and her sister had initially. Leah had 32 chocolates and her sister had 

42 chocolates. So, they had 32 + 42 = 74 chocolates in total.

Step 2: Subtract the number of chocolates they ate from the total number of chocolates they had. They ate 35 

chocolates. So, they have 74 - 35 = 39 chocolates left.

...

<User Input>

Q: given question

Action 5. Self-Reflection and Refinement (SRR)

<Instruction>

Given a question, partial solution steps, and potential errors, analyze the solution steps and correct any mistakes.

Guidlines:

1. Evaluate each solution step provided, identifying any errors in logic.

2. For each identified error, explain the reasoning in the <THINKING> section.

3. Provide a corrected solution in the <CORRECT> section.

4. Ensure the final output maintains the specified format.

Purpose:

Help clarify and correct reasoning step-by-step, displaying critical thinking and clear solution paths.  Note: The 

provided solution is generally incomplete; do not attempt to fill in missing parts. Focus solely on analyzing the 

given solution. Maintain the original language style, including formatting and notation of formulas.

Output Format:

 <THINKING>: Use this section to think through and identify any mistakes.

 <CORRECT>: Provide the corrected solution in this section.

Figure 13: Input prompt for action 5: Self-Reflection and Refinement (SRR).
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Question What is the least positive integer multiple of 30 that can be written with only the digits 0 and 2?

Ground 

Truth

Let $M$ be the least positive multiple of 30 that can be written with only the digits 0 and 2.

First, $M$ is a multiple of 10, so its units digit must be 0.

$M$ is also a multiple of 3, which means the sum of its digits must be a multiple of 3.

Therefore, we must take at least three 2's. Since $M$ is minimal, we take exactly three 2's and do not have any additional 0's: $M=\\boxed{2220}$.

#### 2220

ThoughtICR response:Few-shot CoT response:

Let's think step by step.

1. We need a number that is divisible by both 2 and 3.

2. Since the number will only consist of the digits 0 and 2, it won't have

any factors other than powers of 2 and 5.

3. Thus, we want to find the smallest such number that contains at least

one factor of each power of 2 (to include all even numbers) and has a

factor of 3 (so that it is divisible by 3).

4. Let $n = 2^{m} \\cdot 5^p$ for some non-negative integers $m$ and

$p$. The smallest possible value of $n$ occurs when $m=1$, which

means $n = 2 \\cdot 5^p$.

5. Since $5^p$ must contain at least two digits if it is greater than 1, we

know that $p$ cannot be less than 2. So the lowest possible value for $n$

is when $p=2$, giving us $n = 2 \\cdot 25 = 50.$

6. However, this is not the correct solution because we also need our

number to be divisible by 3, and $50$ is not divisible by 3.

7. Instead, let's try adding another factor of 2, so that $n = 4 \\cdot 25 =

100,$ which is divisible by 3.

8. Therefore, $\\boxed{100}$ is the smallest such number.

The answer is: 100

Step 1: Divide and Conquer

SubQ 1.1: What are the factors of 30?    

SubA 1.1: The factors of 30 are 2, 3, and 5. The answer is 2, 3, and 5.

Step 2: Divide and Conquer

SubQ 1.2: What is the smallest digit that needs to appear at least once in our 

number to make sure it's divisible by 30?

SubA 1.2: To ensure divisibility by 30, which includes being divisible by 3 

(sum of digits must be a multiple of 3), we need at least the digit 2 to satisfy this 

condition. The answer is 3.

Step 3: Chain-of-Thought

Let’s think step by step.

1. To find the least positive integer multiple of 30 that can be written with

only the digits 0 and 2, let's consider the factors of 30 as mentioned in Step 1. 

These factors are 2, 3, and 5. 

2. From Step 2, we know that to be divisible by 30, the number must be

divisible by both 3 and 5. For divisibility by 5, the last digit must be 0. For 

divisibility by 3, the sum of the digits must be a multiple of 3.

3. Starting with the smallest possible numbers composed of the digits 0 and 2:

a. **Two-digit numbers**:

20: Sum = 2 (not divisible by 3)

02: Not valid since leading zeros are not allowed

b. **Three-digit numbers**:

202: Sum = 2 + 0 + 2 = 4 (not divisible by 3)

220: Sum = 2 + 2 + 0 = 4 (not divisible by 3)

c. **Four-digit numbers**:

2020: Sum = 2 + 0 + 2 + 0 = 4 (not divisible by 3)

2200: Sum = 2 + 2 + 0 + 0 = 4 (not divisible by 3)   

2220: Sum = 2 + 2 + 2 + 0 = 6 (divisible by 3) and ends in 0 (divisible by 5)

Since 2220 satisfies all conditions (divisibility by 2, 3, and 5), it is the smallest 

such number. Thus, the least positive integer multiple of 30 that can be written 

with only the digits 0 and 2 is \\(\\boxed{2220}\\). 

The answer is:  2220

GPT-4o response:

We are tasked with finding the least positive integer multiple of 30 that can be written using only the digits 0 and 2. A number that is a multiple of 30 must satisfy

two conditions:

1. It must be divisible by 2. 2. It must be divisible by 3.

**Divisibility by 2:**

For divisibility by 2, the last digit of the number must be even. Since the only digits allowed are 0 and 2, the last digit must be 2.

**Divisibility by 3:**

For divisibility by 3, the sum of the digits of the number must be divisible by 3. Since the digits are restricted to 0 and 2, we need to ensure that the sum of the 

digits is divisible by 3.

Let’s start by examining small numbers made up of the digits 0 and 2, checking each for divisibility by both 2 and 3.

**Step-by-Step Process:**

**2:**     a. Last digit is 2 (divisible by 2).    b. Sum of digits is 222, which is not divisible by 3. c. Not divisible by 3.

**20** a. Last digit is 0 (divisible by 2).    b. Sum of digits is 2+0=2, which is not divisible by 3. c. Not divisible by 3.

**22**    a. Last digit is 2 (divisible by 2).    b. Sum of digits is 2+2=4, which is not divisible by 3. c. Not divisible by 3.

**202**  a. Last digit is 2 (divisible by 2).    b. Sum of digits is 2+0+2=4, which is not divisible by 3. c. Not divisible by 3.

**220**  a. Last digit is 2 (divisible by 2)     b. Sum of digits is 2+2+0=4, which is not divisible by 3. c. Not divisible by 3.

**222**  a. Last digit is 2 (divisible by 2)     b. Sum of digits is 2+2+2=6, which is divisible by 3. c. Divisible by both 2 and 3.

Thus, the least positive integer multiple of 30 that can be written with only the digits 0 and 2 is   222

https://chatgpt.com/share/675d6e50-683c-8012-b12d-f07c6ad41031

Example 1 on MATH – Number Theory 

Figure 14: Example 1 about Number Theory on the MATH dataset. GPT-4o results are available at GPT-4o results.
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Example 2 on MATH – Precalculus

Question Suppose sin D = 0.7 in the diagram below. What is DE?

[asy]

pair D,E,F;\nF = (0,0);\nD = (sqrt(51),7);\nE = (0,7);\ndraw(D--E--F--D);

draw(rightanglemark(D,E,F,15));\nlabel(\"$D$\",D,NE);\nlabel(\"$E$\",E,NW);\nlabel(\"$F$\",F,SW);\nlabel(\"$7$\",(E+F)/2,W);

[/asy]

Ground 

Truth

The triangle is a right triangle, so sin D = EF / DF. Then we have that sin D = 0.7 = 7 / DF, so DF = 10.

Using the Pythagorean Theorem, we find that the length of DE is \sqrt{DF^2 - EF^2}, or \sqrt{100 - 49} = \\boxed{\sqrt{51}}.

#### \sqrt{51}

ThoughtICR response:Few-shot CoT response:

Let's think step by step.

1. By definition, sin D = EF / DF, so EF = DF·sin D = 7\\cdot0.7=4.9$.

2. Therefore, the length of segment $DE$ is $\\boxed{4.9}$.

The answer is: 4.9

Step 1: One-Step Thought

Identify the right triangle. Here, it's triangle DEF, where DE is perpendicular 

to EF, making angle DEF a right angle 

Step 2: Chain-of-Thought

Let’s think step by step.

1. From the problem, we know that ΔDEF is a right triangle with ∠DEF =

90^\\circ, and EF = 7. 

2. Given that sin D = 0.7, we recognize that

sin D = opposite / hypotenuse = EF / DF = 7 / DF. 

Thus, DF = 7 / sin D = 7 / 0.7 = 10. 

3. Now, since ΔDEF is a right triangle, we can use the Pythagorean theorem

to find DE: 

DE^2 + EF^2 = DF^2

Substituting the known values, we get：
DE^2 + 7^2 = 10^2

DE^2 + 49 = 100

DE^2 = 51

Taking the square root of both sides, we obtain DE = \sqrt{51}.

Therefore, the length of $DE$ is $\\boxed{\sqrt{51}}$. The answer is: \sqrt{51}.

The answer is:  \sqrt{51}

GPT-4o response:

We are given a right triangle ΔDEF with a right angle at E, an we know that sinD=0.7. We need to find the length of DE.

**Step 1: Identify given information**

The triangle has the following properties:
1.∠DEF=90 ^\\circ (right angle at E) 2. sin D = 0.7 3. The length of side EF=7

Let the sides of the triangle be:
1. DE (the side opposite to angle ∠DEF, which we need to find) 2. DF (the hypotenuse of the triangle)

**Step 2: Use the sine definition**

The sine of an angle in a right triangle is defined as the ratio of the length of the side opposite the angle to the length of the hypotenuse. For angle D, we have:
sin D=opposite / hypotenuse = EF / DF

From the problem, we know that sin D = 0.7 and EF=7, so we can write: 0.7 = 7 / DF

**Step 3: Solve for DF**

To solve for DF, multiply both sides of the equation by DF and then divide by 0.7:    DF = 7/0.7 = 10
Thus, the length of the hypotenuse is 10

**Step 4: Use the Pythagorean theorem**

We now use the Pythagorean theorem to find the length of DE. The Pythagorean theorem states that in a right triangle:  DE^2 + EF^2 = DF^2
Substitute the known values for EF=7 and DF = 10:   DE^2 + 7^2 = 10^2,    DE^2 + 49^2 = 100, DE^2 = 100-49=51

**Step 5: Solve for DE**

Take the square root of both sides to find DE:   DE = \sqrt{51}

Thus, the length of DE is  \sqrt{51}

https://chatgpt.com/share/675d7a3e-ccd4-8012-89b1-71c1f5fd2954

Figure 15: Example 2 about Precalculus on the MATH dataset. GPT-4o results are available at GPT-4o results.
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ThoughtICR response:Few-shot CoT response:

Let's think step by step.

1. First, let's find out how many meters James runs each day. 60 meters

* 3 sprints = 180 meters

2. Now that we know how many meters James runs each day, we can

calculate how many meters he runs in a week.

3. 180 meters per day * 3 days = 540 meters per week

4. So, the total number of meters that James runs every week is 540.

The answer is: 540

Step 1: One-Step Thought

Calculate how many meters James runs per day. 

There are 3 sprints per day, and each sprint is 60 meters. So, James runs 3 x 

60 = 180 meters per day.

Step 2: One-Step Thought

Obtain the total meters that James run every week.

Since this is done 3 times a week, he will run a total of 180 * 3 = 540 meters 

per week. So the answer is:   540 

Example 3 on GSM8K – Arithmetic

Question James decides to run 3 sprints 3 times a week. He runs 60 meters each sprint. How many total meters does he run a week?

Ground 

Truth

1. First, let's find out how many meters James runs each day.

60 meters * 3 sprints = 180 meters

2. Now that we know how many meters James runs each day, we can calculate how many meters he runs in a week.

180 meters per day * 3 days = 540 meters per week

3. So, the total number of meters that James runs every week is 540. The answer is: 540

#### 540

Figure 16: Example 3 about arithmetic on the GSM8K dataset.

ThoughtICR response:Few-shot CoT response:

Let's think step by step.

1. Josh worked out for 4 hours each week for 8 weeks, which is 4 * 8 =

32 hours.

2. Additionally, he worked out for 5 hours for two weeks, so that's 5 * 2

= 10 hours. And he also worked out for 6 hours in one week.

3. Therefore, the total additional hours are 10 + 6 = 16 hours. Adding

these together, the total hours he spent working out is 32 + 16 = 48 hours.

4. The answer is: 48

Step 1: System Analysis

Condition 1: 8-week workout period tracked by Josh. 

Condition 2: Except for specified exceptions, he worked out 4 hours weekly.

Condition 3: For two consecutive weeks, he increased his workout duration 

to 5 hours each week. 

Condition 4: During another week, he worked out for 6 hours. 

Question: Calculate the total number of hours Josh has spent working out 

over the course of these 8 weeks.?

Step 2: Chain-of-thought

Let's break it down step by step.

1. Out of the 8 weeks, there are 2 weeks where Josh exercised for 5 hours

each, totaling 2 * 5 = 10 hours.

2. Additionally, during one week, he exercised for 6 hours.

3. Therefore, subtracting these weeks leaves us with 8 - 2 - 1 = 5 weeks

where he followed the general rule of exercising 4 hours per week, totaling 5 * 

4 = 20 hours.

4. Adding up all the exercise time gives us 10 + 6 + 20 = 36 hours. The

answer is:  36

Example 4 on GSM8K – Arithmetic

Question After tracking his workout routine for 8 weeks, Josh discovered that he had spent 4 hours working out every week except on some occasions. At one point,

he spent 5 hours each for two consecutive weeks. Another time, he spent 6 hours in one week. What is the total number of hours he has spent working out

across the 8 weeks?

Ground 

Truth
1. For 2 weeks, he spent 5 hours each for a total of 5*2 = <<5*2=10>>10 hours

2. In another week, he spent 6 hours; which gives a total of 10+6 = <<10+6=16>>16 hours

3. 2+1 = <<2+1=3>>3 weeks have been accounted for

4. He tracked 8 weeks so there are 8-3 = <<8-3=5>>5 weeks left

5. He spent 4 hours each week for 5 weeks for a total of 4*5 = <<4*5=20>>20 hours

6. The total across the 8 weeks is: 16+20 = <<16+20=36>>36 hours

#### 36

Figure 17: Example 4 about arithmetic on the GSM8K dataset.
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ThoughtICR response:Few-shot CoT response:

Let's think step by step.

1. The Guitar Hero Beatles is rated T (Teen) by the ESRB for

suggestive themes and brief mild lyrics.

2. US third graders are generally around 8-9 years old, which may be

too young for content that might seem mature based on the rating system.

3. The maturity level recommended by the ESRB suggests that it might

be better suited for older children and teenagers.

The answer is: True

Step 1: System Analysis

Condition 1: Guitar Hero: Beatles is a video game based on the music of the 

iconic British band "The Beatles".

Condition 2: Third graders in the United States are generally aged between 

8-9 years old.

Question: Calculate the total number of hours Josh has spent working out

over the course of these 8 weeks.?

Step 2: Chain-of-thought

Let's break it down step by step.

1. Condition 1 indicates that \"Guitar Hero: Beatles\" includes songs from

The Beatles' extensive catalog, which is family-friendly and suitable for young 

audiences

2. However, condition 2 specifies that a typical U.S. third grader is around

8-9 years old . Some later songs might contain mild references that could be

confusing or inappropriate for very young children without explanation. Since

third graders vary widely in maturity level, parental discretion is advised.

3. But overall, Guitar Hero: The Beatles is not considered inappropriate for

this age group.

The answer is: False

Example 5 on StrategyQA – Commonsense

Question Guitar Hero: video game series. Is Guitar Hero Beatles inappropriate for a US third grader?

Ground 

Truth
1. Guitar Hero: Beatles is generally considered appropriate for children, including U.S. third graders, in terms of its gameplay and content.

2. The game features songs by The Beatles, a legendary band with a broad cultural appeal, and the gameplay itself is based on rhythm and music,

which is family-friendly.

3. However, there are some Beatles songs that might have lyrics that could be more suitable for older audiences, but none of them would be

inappropriate for a third grader in terms of content or themes.

#### False

Figure 18: Example 5 about commonsense on the StrategyQA dataset.
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