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Abstract

Large language models (LLMs) have shown
excellent mastering of human language but still
struggle in real-world applications that require
mathematical problem-solving. While many
strategies and datasets to enhance LLMs’ math-
ematics are developed, it remains a challenge
to simultaneously maintain and improve both
language and mathematical capabilities in de-
ployed LLM systems. In this work, we tai-
lor the Self-Critique pipeline, which addresses
the challenge in the feedback learning stage of
LLM alignment. We first train a general Math-
Critique model from the LLM itself to provide
feedback signals. Then, we sequentially em-
ploy rejective fine-tuning and direct preference
optimization over the LLM’s own generations
for data collection. Based on ChatGLM3-32B,
we conduct experiments on both academic and
our newly created challenging dataset, MATH-
USEREVAL. Results show that our pipeline sig-
nificantly enhances the LLM’s mathematical
problem-solving while still improving its lan-
guage ability, outperforming LLMs that could
be two times larger. Related techniques have
been deployed to ChatGLM, an online serving
LLM. Related evaluation datasets and scripts
are released at https://github.com/THUDM/
ChatGLM-Math.

1 Introduction

Large Language Models (LLMs) (Brown et al.,
2020; Chowdhery et al., 2022; Kaplan et al., 2020;
Scao et al., 2022; Touvron et al., 2023a; Zeng et al.,
2022; Anthropic, 2023) have garnered widespread
attention for their remarkable proficiency in var-
ious linguistic tasks such as text summariza-
tion(Hermann et al., 2015; Volske et al., 2017;
Narayan et al., 2018; Li et al., 2022), question an-
swering (Hendrycks et al., 2021a; Kwiatkowski
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Avg. of GSM8k AlignBench

Model & MATH Language

DeepSeek-67B-Chat (DeepSeek-Al et al., 2024) 58.3 7.11
DeepSeek-67B-Chat-DPO (DeepSeek-Al et al., 2024)  57.7 (-1.2%)  7.60 (+6.8%)

InternLM2-Chat-20B (Team, 2023) 57.2 7.68
Math-InternLM2-20B (Team, 2023) 60.2 (+5.1%) 6.53 (-14.8%)

ChatGLM3-32B-SFT-2312 524 7.37
+ RFT&DPO 61.6 (+17.5%) 7.80 (+5.85%)

Table 1: Our self-critique pipeline enables simul-
taneous improvement of language and mathemati-
cal abilities. Previous alignment methods enhance
language but could potentially impair mathematical
abilities (DeepSeek-Al et al., 2024), whereas math-
specialized models could harm language capabili-
ties (Team, 2023).

et al., 2019; Bisk et al., 2020), and role-playing
conversations (Tu et al., 2024; Zhou et al., 2023a;
Shao et al., 2023). Furthermore, their potential in
addressing complex problems requiring mathemat-
ical reasoning (Yu et al., 2023; Wang et al., 2023;
Luo et al., 2023) has expanded their applicability
across real-world missions (Liu et al., 2023b; Bai
et al., 2023b).

Despite these advances, optimizing LLMs to ex-
cel simultaneously in language understanding and
mathematical problem-solving presents a notable
challenge. The prevalent reinforcement learning
from human feedback (RLHF) approach primarily
enhances text generation based on reward mod-
els reflecting human preferences (Touvron et al.,
2023a; Ouyang et al., 2022; Touvron et al., 2023b).
Although this method boosts the quality of the gen-
erated text, it often overlooks the accuracy and log-
ical coherence essential for solving mathematical
problems, leading to a discrepancy in performance
known as the "alignment tax"(Askell et al., 2021)
when applied to mathematical reasoning (refer to
Table 1). Conversely, attempts to bolster LLMs’
mathematical capabilities typically entail super-
vised fine-tuning (SFT) that inadvertently dimin-
ishes their linguistic versatility, posing a dilemma
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for practical applications of LLM systems (Team,
2023; Yu et al., 2023; Luo et al., 2023; Yue et al.,
2023).

Pipeline: Self-Critique. This paper introduces a
novel approach aimed at enhancing LLMs’ linguis-
tic and mathematical skills without compromising
one for the other. Our strategy deviates from tra-
ditional RLHF by incorporating a Math-Critique
model derived from the LLM, which evaluates its
mathematical outputs. This self-critique mecha-
nism enables the model to learn from Al-generated
feedback specifically tailored to mathematical con-
tent (Bai et al., 2022; Lee et al., 2023). Our method-
ology comprises two primary phases:

» Stage 1: Rejective Fine-tuning (RFT) (Yuan
et al., 2023) employs a rejection sampling tech-
nique, wherein responses failing to meet Math-
Critique standards are discarded, while the rest
undergo further fine-tuning. This stage aims to
enhance the model’s accuracy and consistency in
mathematical responses while ensuring diversity
among the selected answers.

* Stage 2: Direct Preference Optimization
(DPO) (Rafailov et al., 2023) extends the im-
provement process by directly learning from
pairs of correct and incorrect answers, further
refined through Math-Critique, focusing on the
most challenging questions from the previous
stage.

Benchmark: MATHUSEREVAL. To accurately
assess LLMs’ capabilities in solving real-world
mathematical problems, we develop the MATH-
USEREVAL dataset. It features a diverse range of
questions, extending beyond academic exercises
to include practical application scenarios, thereby
better-reflecting user needs compared to traditional
academic math datasets (Zhao et al., 2020; Wang
etal., 2017; Cobbe et al., 2021). We leverage both
GPT-4-turbo and our Math-Critique model for com-
prehensive scoring.

In summary, our contributions include:

* The introduction of the Self-Critique pipeline, a
novel framework that elevates both the mathemat-
ical and linguistic capabilities of LLMs through
self-generated feedback, thereby eliminating the
need for external supervisory models and manual
annotations. This approach has been validated
on a ChatGLM3-32B model, achieving unpar-
alleled performance on the MATHUSEREVAL,
Ape210k (Zhao et al., 2020), MATH (Hendrycks

et al., 2021a), and the linguistic tasks of Align-
Bench (Liu et al., 2023a).

* The creation of the MATHUSEREVAL bench-
mark, tailored to assess LLMs on complex, open-
ended mathematical queries relevant to real-
world applications, setting a new standard in eval-
uating practical mathematical reasoning capabili-
ties.

* A detailed analysis of the key factors contributing
to enhancing mathematical proficiency through
the Self-Critique pipeline, offering insights into
future directions for autonomous model improve-
ment.

2 Related Work

LLM for Math Problem-Solving. Various ap-
proaches have been explored to enhance the mathe-
matical problem-solving abilities of language mod-
els. Prompting Methods, initiated by Chain of
Thought prompting (Wei et al., 2023a; Cheng et al.,
2023), have been refined for detailed reasoning,
with enhancements from (Yao et al., 2023; Besta
et al., 2023; Yang et al., 2023a). Supervised Fine-
tuning and Reinforcement Learning (RL) are also
pivotal, with high-quality supervisory data from
works like (Luo et al., 2023; Yuan et al., 2023;
Chern et al., 2023; Yu et al., 2023; Yue et al.,
2023; Zhang et al., 2024) directly improving ca-
pabilities. RL’s potential in general domains is
shown by (OpenAl, 2023; Touvron et al., 2023a;
DeepSeek-Al et al., 2024; Lightman et al., 2023;
Luo et al., 2023; Wang et al., 2023), despite chal-
lenges in applying the DPO algorithm (Rafailov
et al., 2023) for mathematical tasks. For a detailed
comparison with similar works, refer to Table 2.

Mathematical Evaluation. Complex reasoning
tasks, such as mathematics, are key indicators of
language model capabilities (Koncel-Kedziorski
et al., 2016; Polu and Sutskever, 2020; Hendrycks
et al., 2021b; Fu et al., 2023). The GSM8k (Cobbe
et al., 2021) and MATH (Hendrycks et al., 2021b)
datasets are widely used benchmarks. Some
sets (Ling et al., 2017; Zhong et al., 2023) fo-
cus on pure math prowess, while others (Mishra
et al., 2022; Suzgun et al., 2022) combine math
with other abilities. In Chinese, CM17k (Qin
et al., 2021), CARP (Zhang et al., 2023a),
Math23K (Wang et al., 2017) and CMath (Wei
et al., 2023b) target elementary and middle school
math, while AgiEval (Zhong et al., 2023) and
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Table 2: Compare ChatGLM-Math with other works
with General or Math improvement. We are the first to
generate and critique training responses without human
annotators and external LLMs.

Domain SFT Data RL RL w/o w/o Self—Gen.Se]f_Cri_
Selection Reward Method HumanEx. LLM Training
Instruct GPT  General - RM PPO 4
Self-Instruct General By Rule - v v v
Alpagasus General By ChatGPT - v v
RLAIF General  RM RM POV
SPIN General DPO-like v
Metamath Math Answer - - v
WizardMath Math  Answer  IRM+PRM  PPO v/ v
. Math & . .
ChatGLM-Math Math-Critique Math-Critique  DPO v/ v v v

General

Table 3: Compare MathUserEval with other Math
benchmarks. “MC” refers to multiple-choice.

Multiform  Eval.
Answer Metric

Domain

pre-High High Col- Cross
School Schoolledge Subj.

Language

Benchmarks Data Source

Chinese

Ape210k annotators v v EM
Cmath books & exams v v EM
CMI7K books & exams v/ v EM
CARP books & exams v v EM
TAL-SCQ5K unknown v v MC Acc.
GSM8k annotators 4 EM

MATH math competition v EM

ANE NN NN

v/ Model Judge

4
real-user scena- v v/ J /
(w/ CoT)

MathUserEval = .
rios & exams

GaoKaoBench (Zhang et al., 2023b) present exam-
level challenges. However, these datasets are in
fixed formats, and simple perturbations can signif-
icantly impact performance (Kumar et al., 2021;
Zhou et al., 2023b). Thus, performance on these
datasets must reflect real-world user questions. For
detailed comparisons with similar benchmarks, re-
fer to Table 3.

3 Math-Critique: A General Critic for
Math

Definition. We propose Math-Critique, an evalua-
tion model inspired by large models used for assess-
ment (Ke et al., 2023; Zheng et al., 2023). It scores
mathematical responses based on questions and ref-
erence answers, providing explanatory analysis and
a score from 1 to 10. Unlike traditional reward mod-
els, Math-Critique enhances judgment accuracy by
incorporating reference answers and explanatory
analysis inspired by thought chains. Responses are
categorized into four types: entirely incorrect (1-2),
partially correct methodology with errors (3-5), ac-
curate conclusion with flawed methodology (6-8),
and wholly correct (9-10). Math-Critique can be
defined as:

MC(Q,R,A) — (Critique, Score)

Q is the question, R is the reference answer, and
A 1s the evaluated answer. We used two evalua-

tion methods: average score evaluation, computing
the mean critique scores, and hard-split evaluation,
classifying answers as passing or failing based on
a correctness threshold and then calculating the
proportion of correct answers.

Data Collection. Our construction method in-
volves the following steps:

* We designed the scoring rules and intervals for
mathematical responses.

* We filtered a dataset from the training data, in-
cluding questions, reference answers, and model
responses. We utilized model sampling answers
from multiple sources, including different ver-
sions of ChatGLM and other models.

* We employed CritiqueLLM (Ke et al., 2023)
to annotate the dataset, selecting annotations
that represented the best and worst scoring ex-
tremes from these models, and directly used these
pseudo tags for training. This step generated a
total of 10k annotated data entries.

* For results with scores in the middle range, we
selected a portion for manual annotation into
four categories and then mapped these outcomes
to a 10-point scale, generating S5k annotated data.
We also divided an 800-sample test set into the
same method.

4 The Self-Critique Pipeline

Overview. Based on the construction method of
Math-Critique, this section introduces the Self-
Critique pipeline. This pipeline is a weakly super-
vised iterative training method for enhancing math-
ematical abilities originating from a single model.
Initially, we train a Math-Critique model using the
base model and concurrently train a basic Chat
Model using the fundamental SFT dataset. Sub-
sequently, we employ the Math-Critique model to
supervise the fine-tuning of the Chat Model through
rejection sampling. The outcome of this step can
serve as a new base model to update both the Math-
Critique model and the rejection sampling super-
vised fine-tuning model. Building upon these steps,
our final action involves utilizing the latest Math-
Critique model to sample contrast data and then
proceeding with DPO training. In the following
formula, we use MC to represent MathCritique.

In these steps, the data construction for the Math-
critique-base involves a small amount of manual
annotation. However, this batch of annotations is a
one-time effort, as only this batch of annotated data
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Question and References
are sampled from our
Math Dataset.

Questions

References Sample multiple

candidate answers
from our model.
Generate the pseudo tag
from CritiqueLLM and
manually label it.

Pseudo Tag &
Human Label

v

Instruction: Act as a judge ...
Question: A has three cigenvalues 0, 3,
and 5,

Reference:... x =kut 1/3* v+ 1/5 * w.
. . Model Answer: ...x = pu + \frac{1} {3}
The data is used to train v+ \frac{1} {5} w.where p is any real

the Math-Critique model number

from the base model. The  Response:

Score in response refers Analysis: The Al assistant's answer...
to the quality of the Score: 9

model answer.
Math-Critique Model

(1) Train Math-Critique

Answers are scored by
Math-Critique model.

Select better model
responses for training
our rejected sampling
supervised fine-tuning
model (Critique-RFT
model).

Question

(2) Train Critique-RFT Model

Questions

Sample questions were Qitcstions

incorrectly
during step (2) from
our Critique-RFT
model.

Answers are reranked
by the Math-Critique
model. Best and worst

-m -»- (" Chosen |
answers are labeled as
Chosen and Rejected :E D

Critique-RFT TrainingSet | 77T * """""""

Select Chosen and Critique-DPO Training Set
Rejected answers for . Response-Chosen
training Critique- [ Gresiton ] [Rcsponsc—chcclcd ]
DPO Model.

Response

(3) Train Critique-DPO Model

Figure 1: Self-Critique pipeline for ChatGLM-Math. It comprises three steps: training the Math-Critique model,
utilizing Math-Critique judgements for sampling, followed by two stages of training: Critique RFT and Critique
DPO. Throughout the entire process, only a minimal amount of manual involvement is required during the Math-
Critique training phase. Subsequent steps can be fully automated and do not depend on external supervisory models.

is needed as a bootstrap for the remaining itera-
tions. After that, inference and automatic model fil-
tering can complete all remaining steps. Replacing
manual annotation with inference can significantly
reduce the time required for each iteration from the
base model to the final chat model.

4.1 Stage 1: Rejective Fine-tuning

We utilized a rejection sampling method based on
Math-Critique. We found that both the sampling
range and the model influence the outcomes during
the rejection sampling process. Specifically, we
designed the following sampling principles:

* Pre-deduplication: Cluster question embeddings
from the training set and evenly sample across
categories, ensuring a diverse range of questions
without repetition.

* Post-sampling deduplication: We conducted a
selection process after 5-10 sampling iterations
based on the results from Math-Critique. After
essential deduplication, we chose the responses
only in cases where there were correct and incor-
rect responses to the same question.

Following the process outlined above, we have
obtained the Critique-RFT dataset:

1
Dgpr = {(Qi,aij) | » 2 MC(0ir) < 1
and MC(a;j) > correct-bound
In this dataset, g; denotes the ith sampled ques-
tion, with each question undergoing n samplings.
a;; represents the jth response to the ith question.
MC refers to Math-Critique score. ’correct bound’
denotes the minimum acceptable score for a correct
answer, generally set at 0.7.

4.2 Stage 2: Direct Preference Optimization

We employed the DPO method to enhance model
capabilities after Critique RFT. The primary advan-
tages are its simplicity in constructing data flows,
stability, and speed during training. The DPO
method directly compares the correct and incor-
rect answers to the same question. In our approach,
both answers are sampled from the model post-
RFT, which we found to be critically important.

Our DPO data filtering process is similar to Cri-
tique RFT, with the sole difference being the con-
struction method of DPO training pairs. For the
selection of DPO pairs, under the premise that there
is at least one correct and one incorrect answer, we
choose the data pair with the most significant dif-
ference in Math-Critique scoring results.

Following the process outlined above, we have
obtained the Critique-DPO dataset:

L5 MC(aiz) < 1,
MC(ac) > cor.-bound,

(Qia aC; a/r) (
C(ar) < rej.-bound

Dppo =

=<

In this dataset, each element is a tuple, where
@; 1s the ith sampled question. For every question
¢i, sampled n responses, each denoted by a;,. The
Math-Critique (MC) score is computed for each re-
sponse a;,, and the average of these scores must
be less than 1. The chosen answer for each ques-
tion, a., is the one that exceeds the ’correct-bound’,
which is a predetermined threshold indicating a
satisfactory level of correctness, often set above a
specific value. Conversely, a, represents the an-
swer that falls below the ’rejected-bound’, which is
the threshold below which answers are considered
incorrect or unsatisfactory.
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4.3 Training

Math-Critique Training We employ the base
model of ChatGLM3-32B (Zeng et al., 2022; Du
et al., 2022) as the initial Math-Critique base model.
After each iteration, the model currently refined
through SFT (Supervised Finetuning) or Critique
RFT will be used as the base. We use a learning
rate 3e-6 and a batch size 128.

Critique-RFT Training During the Critique RFT
phase, each of our finetuning iterations includes the
datasets from previous stages after deduplication,
which also encompasses the initial sft dataset. We
merge Drpr and Dgpr in this phase. The Dspr

dataset encompasses many routine tasks and can be
substituted with an open-source instruction finetun-
ing dataset. To eliminate the potential interference
of this dataset on the final results, we compared the
impact of including or excluding the sft data in our
ablation study. We finetune a base LLM model 7y
by standard max-loglikelihood loss. In this stage,
we use a learning rate 2e-5 and finetune for 8000
steps with a batch size of 64.

Critique-DPO Training During the Critique-DPO
phase, it was observed that the direct use of DPO
loss led to instability in the training process. To
mitigate this issue, a cross-entropy loss for the cho-
sen answer was introduced as a regularization term
to the total loss. The loss function we used is:

Lopro(T0; Tref) = —E(g; acm0,are)~Doro

7"'G(GJ(:ho‘(]i) 7"-G(Clrej‘(h')
logo [ Blog ~0\%eholi) _ gy, Toldrejldi)
|: s ( s Wref(“cho’Qi) 8 Wref(arej ’%)

Lou(m; Tref) = —E(g,a00)~D [108 (T9(acholq:))]

[fmerge = X Lppo + LcE

In this context, A represents the coefficient of the
cross-entropy loss for the chosen answer in the
total loss. Commonly, we experiment with val-
ues in {0.5, 1, 1.5}. Another critical coefficient is
B, which measures the penalty intensity of DPO
for incorrect answers. Owing to the addition of a
regularization term, the value of this coefficient is
higher than that of the standard DPO, with our test-
ing range for this value being {0.5, 1, 2}. Besides
these, the overall learning rate is set at 1e-6. The
experimental section will report the optimal results
under these coefficient settings. We train 500 steps
with a batch size of 64 in this stage.

Table 4: The composition of the MATHUSEREVAL data
set. We divided the test set into three categories: Ele-
mentary and Advanced Mathematics. For calculating
the total score, we used the macro-average score. Dia.
refer to dialogues.

Category Sub-Category  Size Source
Calculate 75
Algebra 113 .
Elementary Geometry 31 Dia.
Trigonometry 73
Discrete Math 45
Probability 46 .
Advanced Linear Algebra 58 Dia.&Exams
Calculus 54

S MATHUSEREVAL: Benchmarking
LLMs’ Math Reasoning in Application

MATHUSEREVAL is a test set designed for real-
use scenarios, addressing user concerns and more
challenging mathematical problems. Some data
originates from university examination questions,
while others come from simulated dialogues. In
the latter, annotators posed math-related questions
using large models based on their daily experiences
and observations.

Based on the distribution of the collected data,
we divided the test set into two main categories, El-
ementary and Advanced, and eight sub-categories.
Given that Calculate Applications are less challeng-
ing and closely aligned with the scope of previous
public datasets, we selected fewer questions from
this category. The quantity of questions in each of
these categories is as shown in Table 4. All ques-
tions are posed in an open-ended format. Possible
answers include a single number, multiple numbers,
or mathematical expressions.

We offer two evaluation methods: GPT-4-1106-
Preview (OpenAl, 2023; Liu et al., 2023a; Zheng
et al., 2023) evaluation and Math-Critique evalua-
tion. The former adopts the alignbench (Liu et al.,
2023a) evaluation method for a more accurate, fair,
and accessible approach; the latter uses the Math-
Critique method described earlier.

6 Experiment

6.1 Data Collection

The primary sources of our data collection in-
clude public datasets and publicly available middle
school and university examination questions. We
selected English data prompts from the GSM8k and
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Question: In a 400-meter running race, if the
diameter of the first semicircular track is 72.6
meters and the width of each lane is 1.25 meters,
how far apart should the starting points of the
first and second lanes be to ensure fairness in the
competition?

Solution: The length of the first curve of the track:

3.14 x 72.6 = 227.964 (meters),
The length of the second curve of the track:

In a 400-meter running race, to ensure fairness, it is
necessary to consider the impact of the curve radius on
the distance that athletes run.

Since the starting point of the first runner is on the
diameter, its circumference is w x 72.6 meters.

For the second lane, ... (More Steps)

Taking m as approximately 3.1416, we get a distance
difference of 3.1416 x (75.1 - 72.6) meters = 3.1416 x
2.5 meters = 7.854 meters.

Therefore, the starting points of the first and second
lanes should differ by 7.854 meters to conduct the

First, we need to calculate the radius of the first track.
Since the diameter is 72.6 meters, the radius would be
72.6 meters divided by 2, equaling 36.3 meters.

Next, we need to determine the -+ (truncated)

So, the starting points of the first and second lanes

3.14 x (72.6 = 2+ 1.25) x 2 =235.814 (meters);
The difference between the two curves: 235.814 -

race more fairly.

should be 2.5 meters apart for the race.

227.964 = 7.85 (meters); [

Math-Critique Score: 9

) ( Math-Critique Score: 1 ]

(1) Given question and reference answer

(2) An example response adopted by RFT stage

(3) An example pair adopted by DPO stage

Figure 2: Training data examples. The data we generate is divided into two categories, originating from the questions
and references within existing datasets. We have constructed separate data for RFT and pairwise DPO training.

MATH training sets, using the original dataset re-
sponses as standard answers. We used the provided
answer formats as the common answers for pub-
licly available middle school and university exam
questions without further processing. Details of
our training data are provided in Appendix F.

6.2 Evaluation Setting

Evaluation Datasets. In our research, we pri-
marily tested the MATHUSEREVAL dataset, de-
rived from simulated dialogue records and actual
exam papers, offering diverse question styles and
real-world relevance. Additionally, we tested aca-
demic datasets: GSM8k (Cobbe et al., 2021) and
MATH (Hendrycks et al., 2021b) for English, and
Ape210k (Zhao et al., 2020) and Cmath (Wei et al.,
2023b) for Chinese. We also used the Hungar-
ian National Exam (Paster, 2023) as an Out-Of-
Distribution test set, and the Chinese language com-
ponent of AlignBench (Liu et al., 2023a) and full
MT-Bench (Zheng et al., 2023) to evaluate general
linguistic capabilities.

Base Model. Since we couldn’t determine whether
the open-source models had undergone instruc-
tion fine-tuning specifically for the math domain,
we chose ChatGLM3-32B-SFT-2312 as our base
model for training. This model has been thoroughly
pre-trained but only partially fine-tuned with in-
structions. Additionally, we carefully removed all
instruction data related to solving math problems.

Baselines. Since most of our work is conducted in
Chinese, we selected three categories of baselines:
open-source mathematics models, open-source Chi-
nese models, and leading proprietary models. For
the open-source mathematics models, we chose
SkyMath (Yang et al., 2023b), MetaMath (Yu et al.,
2023), and Internlm2-Math (Team, 2023). To ef-
fectively compare with the best Chinese models,

we selected Qwen-Chat (Bai et al., 2023a), Yi-
Chat (Yi, 2023), DeepSeek-Chat (DeepSeek-Al
et al., 2024), and InternLM?2 (Team, 2023). We
also report the results for GPT-4-1106-Preview,
GPT-4-0613, GPT-3.5-Turbo (OpenAl, 2023), and
Claude-2 (Anthropic, 2023).

Metrics. For all datasets, we used the results of
greedy inference performed once. For academic
datasets, we report self-reported results of corre-
sponding models and the highest zero-shot/few-
shot results from the OpenCompass and MATH-
USEREVAL websites. For the math subset of
AlignBench (Liu et al., 2023a) and our MATH-
USEREVAL test set, we report scoring results from
GPT-4-Turbo and Math-Critique. More details on
evaluation settings are in Appendix C.

6.3 Main Results

Table 5 shows that our model scored 4.23 on MATH-
USEREVAL, 89.4 on Ape210k, and 40.6 on MATH,
surpassing all published models and achieving near-
top performances on Cmath and GSM8k. Addition-
ally, it scored 73 on the Hungarian Test, the highest
among known parameter models.

Using ChatGLM3-32B-SFT-2312 as our base-
line, the RFT phase significantly improved perfor-
mance across all math datasets, while the DPO
phase enhanced performance on open-ended math
problems like MATHUSEREVAL, the Hungarian
Exam, and AlignBench. Despite minimal improve-
ment on MT-Bench, parity was maintained, preserv-
ing English capabilities given the predominantly
Chinese training data.

Compared to proprietary models like OpenAlI’s
GPT series, GLM-4 demonstrates competitive
or superior performance, surpassing GPT-4-1106-
Preview in the Ape210k and AlignBench bench-
marks, indicating strengths in mathematical reason-
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Table 5: Main Result. All results reported are the highest achieved in zero-shot or few-shot settings and are based
on greedy decoding. The best models are marked in bold and the underline signifies the second best model.

Chinese English General
Models #params -
P MathUserEval Ape210k Cmath GSM8k MATH 1unga AlignBenchy ;oo
Overall Elementary Advanced -ran Language

GPT-4-1106-Preview (OpenAl, 2023) N/A 573 5.07 6.81 842 893 93.6 53.6 92 8.29 9.32
GPT-4-0613 (OpenAl, 2023) N/A  4.14 3.34 533 83.6 865 914 458 68 7.59 9.18
GPT-3.5-Turbo-0613 (OpenAl, 2023) N/A 342 3.04 4.07 704 768 782 28.0 41 6.82 8.36
Claude-2 (Anthropic, 2023) N/A  3.29 2.63 4.35 72.8 805 88.0 - 55 6.78 8.06
GLM-4 N/A  5.11 4.86 5.43 93.5 89.0 918 490 75 8.38 8.62
Skywork-13B-Math (Yang et al., 2023b) 13B 2.66 2.75 2.54 744 713 723 170 39 5.58 4.12
InternLM2-Chat (Team, 2023) 20B  3.25 3.00 3.68 720 80.7 79.6 3438 48 7.68 8.21
Math-InternLM2 (Team, 2023) 20B 3.17 3.08 3.37 75.2 78.5 82.6 377 66 6.53 6.09
Yi-Chat (Yi, 2023) 34B  2.64 2.49 2.87 65.1 717 760 159 39 6.18 6.54
DeepSeek-Chat (DeepSeek-Al et al., 2024) 67B  3.24 2.76 3.84 76.7 80.3 84.1 326 58 7.11 8.35
MetaMath (EN) (Yu et al., 2023) 70B - - - - - 823 26.0 35 - 4.28
Qwen-Chat (Bai et al., 2023a) 72B  3.87 3.99 3.67 717.1 881 764 318 52 7.29 6.43
ChatGLM3-32B-SFT-2312* 32B  3.25 3.03 3.60 780 798 758 29.0 39 7.37 8.05
+RFT 32B  4.01 3.86 4.26 87.0 853 824 395 58 7.42 8.03
+RFT, DPO 32B  4.23 4.01 4.59 894 856 826 40.6 73 7.80 8.08
+0.98 +0.98 +0.99 +114 58 6.8 +11.6  +34.0 +0.43 +0.03

Table 6: Ablation Study for 32B model. All results
are fine-tuned from our 32B base model. We selected
Metamath training set as baselines that we consider
comparatively strong. MATHUSEREVAL is scored with
Math-Critique model.

Chinese English

Method

MATHUSEREVAL  Ape210k*

GSM8k MATH*

Metamath (Yu et al., 2023) 2.80 75.8 719 35.6
ChatGLM3-32B-SFT + RFT 3.74 87.0 824 395
- Real scenarios & Academic 3.29 85.9 74.8 27.6
- Real scenarios 3.29 74.6 774 36.0
- Academic 3.72 75.8 81.0 36.2
ChatGLM3-32B-SFT + RFT & DPO 4.37 89.4 82.6 41.0
- Real Scenarios & Academic 4.14 87.8 81.5 37.8

* Ablated experiments are conducted on 500-sample

test subsets.
ing and cross-linguistic generalization.

6.4 Analysis

Ablation of data composition. Table 6 presents
the results of ablation experiments using the Meta-
math (Yu et al., 2023) training set as a base-
line. After applying Critique-RFT, we found that
using only academic datasets resulted in poorer
performance on real-life scenario-based MATH-
USEREVAL and academic test sets compared to
integrating real-life scenario data. Additionally, in-
troducing English data significantly improved per-
formance on English datasets without negatively
impacting Chinese capabilities.

During the Critique-DPO phase, the ablation ex-
periments showed that adding math-specific DPO
data significantly enhances mathematical capabili-
ties compared to using general DPO data. We did
not test the impact of Real scenarios and Academic
data separately, as questions that the model could
solve were removed in previous stages, leaving

1.0 | s ChatGLM3-32B-SFT-2312 + RFT&DPO
ChatGLM3-32B-SFT-2312 + RFT
—e— ChatGLM3-32B-SFT-2312

I o o
> o ©

Hard-split pass rate

e
[N]

o
S)

1 2 3 4 5 6 7 8 9
Avg Score of all Models

Figure 3: The Relationship between Different Boosting
Methods and Problem Difficulty. The horizontal axis
displays the average score of MATHUSEREVAL across
24 models (scored by GPT-4-1106-Preview), which we
regard as a representation of problem difficulty. The ver-
tical axis represents the hard-split scores of the models
on these questions.

insufficient data for a complete training session.

Relationship between Different Boosting Meth-
ods and Problem Difficulty. Figure 3 illustrates
the relationship between the average accuracy of
each question in MATHUSEREVAL across all 24
models tested (including some intermediate mod-
els) and the hard-split scores of the four GLM series
models. The average accuracy is considered indica-
tive of the question’s difficulty level. The RFT step
improves performance across almost all difficulty
levels, with the most significant gains for questions
averaging scores between 4 and 6. The DPO step
mainly enhances performance on questions with
average scores between 5 and 7.

Impact on general capabilities. To develop a gen-
eral model with strong mathematical capabilities,
we evaluated our results using Alignbench (Liu
et al., 2023a), showing our model surpasses similar
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Figure 4: Results of Hungarian Exam and Average

Scores of GSM8k and MATH.
Table 7: Evaluation for Math-Critique Model. We re-

port "Acc" as the accuracy of the model in determin-
ing whether an answer is correct, as well as the Pear-
son, Spearman, and Kendall correlation coefficients for
Math-Critique in comparison with human annotations
in a four-category classification.

Model Acc. Pearson Spearman Kendall
GPT-3.5-Turbo 62.1 31.8 335 30.1
GPT-4-0613 90.2 80.5 78.1 71.0
Math-Critique-32B  90.5 80.4 77.1 70.2

baselines in Chinese language capabilities and ex-
cels compared to other Chinese mathematical and
general models (Table 5). Using MT-Bench (Zheng
et al., 2023) for English general capabilities, we
found that despite over 90% of our training data
being in Chinese, our model’s English performance
remained largely unaffected.

Effectiveness of Math-Critique. In evaluating
Math-Critique’s effectiveness, we annotated an
800-question test set into four categories and val-
idated it against Chinese high school exams and
MATHUSEREVAL. Empirical experiments showed
that Math-Critique-32B outperformed GPT-3.5-
Turbo in judgment accuracy and correlation with
human annotations, comparable to GPT-4-0613,
as shown in Table 7. More details are shown in
Appendix D .4.

Comparsion with tool-using models. Tool-
using aids in solving difficult math problems, but
fine-tuning on tool-using data harms LL.M’s gen-
eral abilities. As shown in Table 8, we tested
similar-sized models using tool or code calls, in-
cluding Mammoth-34B (Yue et al., 2023), Tora-
34B (Gou et al., 2023), and Openmath-34B (Tosh-

Table 8: Performance comparison with tool-using mod-
els. Note that Mammoth-34b, Tora-34b, and Openmath-
34b are trained based on CodeLLaMA-34b.

Model GSM8k MATH MT-Bench
Mammoth-34B (Yue et al., 2023) 72.7 436 5.45
Tora-34B (Gou et al., 2023) 80.7 51.0 4.27
Openmath-34B (Toshniwal et al., 2024) 80.7 48.3 2.32
CodeLLaMA-34B (Roziére et al., 2024) 53.3 239 6.47
ChatGLM3-32B-SFT-2312 + RFT & DPO 82.6  40.6 8.08
niwal et al., 2024), on GSM8k, MATH, and

mt-bench datasets. Our model significantly sur-
passes these in terms of language capabilities. Al-
though all use CodeLLaMA-34B as the base model,
CodeLLaMA-34B-instruct’s mt-bench score is
6.47, suggesting their lower scores might result
from poor timing in external tool usage, impacting
their general domain response abilities.

Out-Of-Distribution Test. Following the Grok-
1 approach, we evaluated our model’s mathemat-
ical capabilities on the Hungarian national final
exam (Paster, 2023), an OOD dataset with 33 ques-
tions. As shown in Figure 4, human expert evalua-
tion revealed scores of 57 for the 32B RFT model
and 73 for the DPO model. Notably, correct an-
swers in Chinese were scored appropriately, con-
sidering the model’s primary language.

Relationship between RFT and DPO phrase.
While the gains from the DPO phase may seem
smaller than the RFT phase, two main factors ex-
plain this. First, RFT is a simplified version of
DPO, so extensive learning during RFT reduces the
visible improvements in the DPO phase. Second,
by enhancing generalization, DPO significantly
boosts performance on Out Of Domain (OOD) test
sets, like MathUserEval and Hungarian-exam. Ad-
ditionally, DPO consolidates the model’s under-
standing of previously learned problems, ensuring
more accurate responses within its capabilities.

7 Conclusion

In this paper, we present Math-Critique, a method
for evaluating mathematical problem correctness,
and Self-Critique, aimed at enhancing language
models’ mathematical skills without supervision.
Our experiments in English and Chinese show a
32B parameter model achieving state-of-the-art re-
sults among open-source models, surpassing pro-
prietary models like GPT-4-0613 on the MATH-
USEREVAL test set. This approach was key in de-
veloping GLM-4, boosting performance on datasets
such as MATHUSEREVAL, GSMS8Kk, and the Hun-
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Limitations

Graphic thinking and drawing abilities. Our
purely linguistic model struggles with tasks requir-
ing drawing or understanding images. For instance,
it correctly lists, but cannot accurately draw, a topol-
ogy of numbers requiring divisors in the Hungary
Test. Integrating multimodal input and output com-
ponents could address these issues, which is a di-
rection we plan to explore.

Precision calculation capability. The model may
deviate up to 5% for problems needing multiplica-
tion, division, or exponentiation of numbers with
three or more decimal places, similar to GPT-4
without an integrated code interpreter. This funda-
mental limitation might not be resolved by merely
increasing the model size. Utilizing external com-
putation tools or code interpreters can solve this
problem, though our focus here remains on pure
language models. We aim to tackle these precision
issues in future work.
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A Case Study
A.1 Case Study of Math-Critique
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Table 9: Math-Critique Example (1)

Question Ux+x =X T R R EE 2/ -

Question What is the original function of 1/x+x cubed.
(Translate)

Reference B, BATTLUR 1o+ 23 EHE A o + 23, REFIFR RECR 2 1= R £ K
SIFEHERHEREEE . Bk, TA1152):

1
/(gf1 + 2%)dz = /xildm + /:v3d:c =In|z| + 1554 +C,

Hep ¢ BAERSHE . BHib, 1/2 + 23 BEEER In [z + 12+ C-

Reference First, we can rewrite 1/x + 23 as 27! 4 23, and then use the derivation principles of power
(Translate) functions and polynomial functions to find its original function. Specifically, we get:

1
/(ac_l + 2%)dx = /x_ldx + /m3dx =In|z| + ZLLA +C,

where C is the indefinite integral constant. Therefore, the original function of 1/z + 22 is
In|z| + $2* + C.

Model ~ An- ZEREHL f(z) = L+ 2° BEREC ORERD) | BT ED BN X PO TR

swer by gre FT L1, HFHEHRE In|z| (AR o SHF a3, Bl TR LR AR B A

GLM4 BN, BN T 2 (K neq — 1) , HFREE ””"“ - B, 2 B R R
oL KX E R AEI, BATEE f(2) ’J)‘izéﬁ.

1 4
/<+x3>d:r—ln|:v|+x+0
x 4

HepC 7571]":1 ?ﬁﬁl ?*%%%E%XEZW (BT z =0 W&, BA L&
JT?'?@IT:C_OQHEJETZFA El’]

Model To find the primitive function (indefinite integral) of the function f(z) = % + 23, we need to
Answer integrate these two terms separately. For %, the original function is In || (natural logarithm).
(Translate) For z3, we can use the 1ntegrat10n rule of the power function, that is, for x" (where neq — 1),

the or1g1na1 function isZ— 77 - Therefore, the original function of 23 is £-. Adding the original
functions of these two terms, we get the original function of f(x):

1. 4
/<+x3>d:v—ln|m|+m+0
x 4

where C' is the integration constant. This result means that within the domain (except for the
case of x = 0, since % is undefined at « = 0), f(x)Aprimitive functionof. Since In |x|

is undefined at = = 0, the original function is also discontinuous at x = 0.

Critique Re- AIEJ]?E’J@KEIF%’?@@%DﬁQEﬂ ' IETHARRE T Q0T SRAF LS 2 R B I R R - ATBS)
sult FE L A5 AT ?FW\, ?i‘?)ﬁ%%?ﬁllﬂ‘ﬂ*%?lﬂﬁﬂ, BENT IR -
FHith, REB/E—"1E50-. H‘— )

Critique The Al assistant’s answer is very accurate and detailed, and it correctly explains how to
Result solve the original function of a given function. The Al assistant first integrates the two
(Translate) parts of the function separately and then adds their results to obtain the original function.

Therefore, I would give it a high sc@7dRating:[[9]]




Table 10: Math-Critique Example (2)

Question ZMAEREATE = MFIE(H0,3,5, SR REFER &5 5 hu,v,w, ML RHAX = v + wiEEN?
Question The third-order matrix A has three eigenvalues 0, 3, and 5, and the corresponding eigenvectors are u, v, and w
(Translate) respectively. What is the general solution to the linear equation system Ax = v + w?

Reference BEFFEARREE3,5, MR AFER & u,v,w- ZEAEHAx=v+w, FIITLIS{EAu=0%*u, Av

=3%v, MAw=5%*w. FTLIA(/3*V)=v,A(1/S*w)=w, ZAPIMHEINEAZ v+1/5*w)= v +w. XFEHAx
=v+w, FTELB * v+ 1/5* wiEAx = v + wil—DFiE, FNAu=0, FrlluEAu=0fEMER, FitA
TEAX = v + wHOEMEEx =ku+ 1/3 * v+ 1/5 % we

Reference A given matrix A has eigenvalues 0, 3, and 5, and the corresponding eigenvectors are u, v, and w. For the linear

(Translate) system of equations Ax = v + w, we can write Au=0 * u, Av =3 * v, and Aw =5 * w. So A(1/3*v)=v, A(1/5*w)=w,
adding the left and right sides gives A(1/3*v+1/5*w)=v + w. And because Ax =v + w, 1/3 * v + 1/5 * w is a special
solution of Ax = v + w. Because Au = 0, so u is the basic solution system of Au = 0, so the equation Ax The general
solution of = v + w is x =ku+ 1/3 * v + 1/5 * w.

Model An- BRI A = DFHEES AN 0,3,5, R MEHE &5 3R u,v,w. BREWTERA Ar =

swer by v+ w FRERRE, T DIRIAREEMRIEME0EE . B8, TATFE Av = 30 fl Aw = 5w-

ChatGLM3- U, o Fw S BREHEE 37 5 W REHERE . LEATRH Az = v+ w ALES N Az —v—w =05

32B-Math %mﬂ DRz S5z =putqutrw, EFpqr2RHERE. ¥ RATE Az —v—w =0, &I1E
1.

Alpu+qu+rw) —v—w=0
o BT vl w BREMETRAFHENE (BB AR MFMEE) | EUSarrmE—rTfE2 3¢g—1 = 0
Mbor—1=0. BEXWIHE, BOHE g=1Ffr=1=1. FH, 78 Az = v+ w FEFR:

T =pu-+ lv + lw
TR
Hrp p RAERERE. PR, EREREEGE:

1 1
r=pu-+ -vV-+-w

3 5
X u BAHEE 0 X R ARHER 2, v F1 w 2 BIRHEE 3 1 5 MM AHER & . p 2%, 7
DABUAE AT {H -
Model Given the three eigenvalues of the third-order matrix A are 0, 3, 5, the corresponding eigenvectors are u, v, w. To
Answer find the general solution to a system of linear equations Az = v + w, we can exploit the properties of eigenvalues
(Translate) and eigenvectors. First of all, we know Av = 3v and Aw = 5w. Therefore, v and w are the eigenvectors

corresponding to the eigenvalues 3 and 5 respectively. The system of linear equations Ax = v + w can be rewritten
as Az — v — w = 0. We can write z as * = pu + qu + rw, where p, g, r are the undetermined coefficients.
Substituting  into the equationAz — v — w = 0, we get:

Al(pu+qu+rw) —v—w=0

... Therefore, the general solution of equation Ax = v + w is:
+ ! + !
r=pu+ -v+ -w
puT gty
Where p is any real number. So, the general solution is in the form:
n 1 I 1
r=pu+-v+-w
paT3vTy

Hereu is the eigenvector corresponding to the eigenvalue 0, v and w are the eigenvectors corresponding to the
eigenvalues 3 and 5 respectively. p is any real number and can take on any value.

Critique Re- AL T AR E R PR, O SRR T AN R A4 AL (EL RN AL ) 2 A P SOOR R PG A I, IR JEE
sult AT TP R, ORRARES, Gl E RPN, REHXERRCATRE, REEE
XEERA . XNERANCOER, TERA, REE T IR AEERETIP B, SRS LS TR R A0 T AR X
ANEE . 5SBERML, AIBTREREIMEAMAN, BRIA VA FREEREEER . 7

2 191
Critique Re- The Al assistant’s answer is very detailed. It first explains how to use the properties of eigenvalues and eigenvectors
sult (Trans- to solve this problem, and then goes through the detailed steps, including rewriting the equation, writing x in the
late) form of undetermined coefficients, and then converting these The coefficients are substituted into the equation and

finally the coefficients are solved. This answer is not only accurate but also in-depth, providing detailed explanations
and steps so the reader can understand how to solve the problem. Compared with the reference answers, the Al
assistant’s answers are more detailed and in-depth, so I think the quality of the Al assistant’s answers is very high.
Rating: [[9]].
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Table 11: Math-Critique Example (3)

Question T IR FE4x-3y=12,%x=0,1,2,3/] y=
Question Quadratic equation 4x-3y=12, when x=0,1,2,3, y=
(Translate)

Reference B 2O — IR J7 Hax-3y=12I0 5 Ry R A2 4x3y=12 3y = 4x + 12 y =
4/3)x - 4 Hx=00F, y=(-4); Hx=1KF, y=(4/3)-4=-8/3; Hx=2], y=(8/3)-4=-4/3;
Hx=3Mf, y=(4)-4=0- FHIt, Hx75HH0~ 1~ 2~ 30, yHI{ES I H-4- -8/3- -

4/3F10 -
Reference Rewrite the linear equation 4x-3y=12 into the expression of y: 4x-3y=12 -3y =-4x + 12y
(Translate) = (4/3)x - 4 When x= When 0, y=(-4); When x=1, y=(4/3)-4=-8/3; When x=2, y=(8/3)-4

=-4/3; When x=3, y=(4)-4=0. Therefore, when x is 0, 1, 2, and 3 respectively, the values of
y are -4, -8/3, -4/3, and O respectively.

Model An- *%57E 0 IRFTFR4x - 3y = 12 * FExE i h 44 R HOEUE, /T LIS By fE: *x =0 1L

swer by ANREBE: 3y=12,y=-4*x=1RATTEBEE]: 4-3y=12,3y=8,y=2%x=2

Claude-2 RATEEF]: 8-3y=12,-3y=4,y=0*x =3 RAFEEF:12-3y=12,-3y=0,y
=2 % 2% |, %x=0,1,2,30F yIKIRSET-4,-2,0,2 - FTLAN LIRS -4,-2,0,2 -

Model * Given a linear equation of two variables: 4x - 3y = 12 * Replace x with the given value,
Answer you can get the value of y: * x = 0 Substitute into the equation, you get: -3y =12,y =-4 *x
(Translate) = 1 Substituting into the equation, we get: 4 - 3y = 12, -3y = 8, y = -2 * x = 2 Substituting

into the equation, we get: 8 - 3y = 12, -3y =4, y = 0 * x = 3 Substituting into the equation,
we get: 12 -3y =12, -3y =0, y =2 * In summary, when x=0,1,2,3, y is equal to -4 in turn
,-2,0,2. So you should fill in:-4,-2,0,2.

Critique Re- AIBJFHJEIEATELRHHI 7R Sx=18, ABFERMBITE Hy=-2, 1M

sult SCPn B ROZ Zy=-8/3- [, Zx=30F, AT RMITE Hy=2, WEbr ERZ
Fey=0- B, ABYFHREEEEREFRE LA . IR, AL FHEE
FELEFFIEARE R B R IEWR), EIrAIARRe M it By, H4eH T8 MxE
KERLEIY(E - SRR, AIBIF RS BRE — LR, HEMRRM T —2FH
HIER - Blit, JEBABIFRIEEIT 2R3 W [[3]]

Critique There was an error in the calculation process of the Al assistant’s answer. When x=1, the Al
Result assistant incorrectly calculates y=-2, when it should actually be y=-8/3. Likewise, when x=3,
(Translate) the Al assistant incorrectly calculates y=2, when it should actually be y=0. Therefore, the

Al assistant’s answers have problems with accuracy and depth. However, the Al assistant’s
answer is correct in structure and level of detail. It explains in detail how to calculate the
value of y and gives the corresponding y value for each x value. Overall, although the
Al assistant’s answers contained some errors, they still provided some useful information.
Therefore, I would rate the Al assistant’s answer a 3. Rating: [[3]]
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from the standard answers, specifically regarding
fraction expression and the selection of unknown
variables. These differences are equivalent, yet
traditional evaluation methods struggle to judge
them accurately. However, Math-Critique correctly
scored these two examples and provided reasonable
evaluations.

In the example from Table 11, the model made a
mistake in the calculation process. Math-Critique
accurately pinpointed the error location, and since
the model correctly solved a part of the problem,
Math-Critique awarded a score of 3 points.

A.2 Case Study of Mathematical Models

Here are a few comparisons between ChatGLM3-
32B-Math(ChatGLM3-32B-SFT-2312 +
RFT&DPO) and other models. In the exam-
ple from Table 12, the problem is a math question
of Chinese junior high school difficulty. During the
solution process by GPT-4-0613, an error occurred
in solving the equation. ChatGLM3-32B-SFT-
2312 did not correctly understand the question.
ChatGLM3-32B-Math correctly listed the equation
and accurately solved it using the factorization
method.

In the example from Table 13, both GPT-4-0613
and ChatGLM3-32B-Math provided the correct an-
swers, but the difference lies in that ChatGLM3-
32B-Math offered a very detailed derivation pro-
cess. We believe that detailed derivation aids in
understanding for users and helps prevent errors
that may occur during the model’s step-skipping.

In the example from Table 14, originating from
the Hungry Test, ChatGLM3-32B-Math correctly
conducted the analysis and provided the solution.
In contrast, Qwen-Max, despite being accurate in
most processes, made a simplification error in the
expressions for S6 and S7, leading to an incorrect
result despite precise calculations.

A.3 Case Study of Errors

In the first error example shown in Table 15,
ChatGLM3-32B-Math correctly listed the matrix
equations but made a mistake in transferring terms
during the complex calculation process. This led
to an incorrect solution despite the overall process
being correct.

In the second example shown in Table 16, the
question includes an image. This question origi-
nates from MATH, and although the image is pro-
vided in Asymptote code, the language model still
struggles to understand the meaning of the image.

[Instruction]
R AP XA TR TR PR A BB TIPS o IREITRAN AL SE IR B R BT E . 2L
VEREUL B — W IERE . JF P RE T 1 (47 S PR MR AT 43

DyEe: 1-2, bR I FLARE LR PR IR BDARE WIDF A6 (8 LT 0 45 o

2538 35, b o AEFAEHR S o B

3)5pH: 68, ik AR o

5% 910, i

AIAEE M. R

VESI PN
iy PR R IR A

L, WA
YEC AR HIRLL S

M PY . HE[(X-1)(X-2)]=1, MA%T2
Reference Answer]

CREAARA S MR L, b, HIERE. E[OX-D(X-2))=1, L E[(X-1)(X-2)]=E[X"2]-3E[X]+2=1

[The Start of A
BERHLAS st X R

A PO, FRAVRIHEIFRA S5 1 W A EX %5 F A
AR 2 RA14T

J7 % Var[ X% F Lo

o FRATAT LR S0 AR IF (X-1)(X-2), ARJRA6 25 002 (e AR ) o
2

JETF )
E[X"2-3X+2] =1
FA 15058 E[X"2) = Var[X] + (E[X])"2, HE[X]=%, BEit. Ff 1oL E(X 218 k02 + 1, 3 LA E[X] = A

BibL. A
M2 +A-3h+2=1

FREL. ABfEL
[The End of Assistant's Answer]

Figure 5: Prompt Template with an example for Math-
Critique Model.

This demonstrates a deficiency in our model’s abil-
ity to process images. In fact, within the MATH test
set, for questions that include images, our model’s
accuracy rate is only 23%, significantly lower than
the 40% accuracy rate across the entire dataset.

In the third example shown in Table 17, we can
observe certain deficiencies in the computational
accuracy of the language model. In the first column
of the table, the model correctly calculates the mul-
tiplication of integers and a single decimal. Still,
in the second column, when calculating 424*1.06,
the model incurred an error of approximately 0.2%.
This error led to subsequent calculations being in-
correct due to the accumulation of errors.

B Prompt Template

In Figure 5, we present the Chinese version exam-
ple of the prompts utilized by Math-Critique and
the corresponding English translations. In practical
application, we employ the Chinese version of the
prompts for all inquiries.

C Evaluation Settings

C.1 Evaluation Settings for Academic
Datasets

Given our focus on evaluating zero-shot capabili-
ties, traditional methods of answer verification fail
to provide accurate assessments. Consequently,
we have adapted our evaluation methodology as
follows:

1. Extract the final sentence of the response (de-
marcated by a double newline character) or
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Table 12: ChatGLM3-32B-Math Example (1)

Question ER— WA R TR 2, PIEF R G A AU N34, SRX AR

Question Given a two-digit number where the tens digit is 2 greater than the units digit, and the product of the digits is 34 less
(Translate) than the number itself, find this two-digit number.

Reference VXA ECN10x+y (xRRTOLEL, yRARDED TETE%'JJBT@ (1) x=y+2 (TAEL0L

K2 (2) xy= 10x+y - 34 (P BORA EL SCAWJMAUJ\M) (1) ARA 2) ABE: (y+2)y =
10(y+2)+y-348 B85 2 + 2y = 11y 4+ 20 — 34, BHE ¢ — 9y + 14 = 0, BB y=7 5l y=2.F7
PAx=7+2=98lix=2+2=4F7 LUX MCHITEE42. 5% 97842

Reference Let the two-digit number be 10z + y (where « is the tens digit and y is the units digit). According to the problem:

(Translate) (1) x = y + 2 (the tens digit is 2 greater than the units digit) (2) zy = 10z + y — 34 (the product of the digits is
34 less than the number itself). Substituting (1) into (2) gives: (y + 2)y = 10(y + 2) + y — 34, which simplifies
to 4% + 2y = 11y + 20 — 34, and further simplifies to y*> — 9y + 14 = 0. Solving the equation yields y = 7 or
y=2.Thus,z =7+ 2 =9orz =2+ 2 = 4, making the number 97 or 42. Answer: 97 or 42.

GPT-4- B PAECH 10x+y, Eifxch g, yh s IREE, JOTEUTITHANE: x=y+2 (T

0613 BFHNMEFAR2) xy=10x +y - 34 xﬂﬁf\/g&%ﬂ’ﬁﬂttaz WAIEUN34) KN RAAE AT
2, BATER: (y+2)y = 10y +2) +y - 34X HEE, ?ﬂaﬂﬁ?ﬂy 4. Ry =4RABE—1 TR, TA1E
Flx =60 ATLL, X ANPAECE6S -

GPT- Let the two-digit number be 10z + y, where z is the tens digit and y is the units digit. According to the problem,
4-0613 we have two equations: = = y + 2 (the tens digit is 2 greater than the units digit) and zy = 10z + y — 34 (the
(Translate) product of the digits is 34 less than the number itself). Substituting the first equation into the second, we get:

(y+2)y = 10(y + 2) + y — 34. Solving this equation yields y = 4. Substituting y = 4 back into the first equation
gives « = 6. Therefore, the two-digit number is 64.

ChatGLM3- WX WAECH 10a + b, EF o 2T, o &2 00T . RIBEE, BRITEUTFHASEE: 1+

32B-SFT RORF AR FE R 2, Ba—=b+22. Wﬂﬂwﬁ’ﬁrﬂttﬁ WNLE 34, Bl ab < 10a + b — 34 31,
TR NAMX TR . WE— Sl Bl1BE a — b+ 2. 5 o BHGES A Kld, RITE
F: b(b+2) < 10(b+2) — 34 %ﬁ#lm%_ N b2 420 < 106420 — 34 6% +2b < 7b — 14 Viﬁ
B * —bb+14 <O XR—P—TL U\T$T BT LUORMEX N AEABE o vuE - R0 e
El: (b—1)(b—14) < 0 R\—TL KRG X PMERT, BAVEGE b ROIZAERHMRZE, Bl 1<b< 14
BEEETFa=0b+2 BaZ—" 0%t El1<a<9) , FTEL b XH/NTF 9. Fitt b KA HEBUE S
2,3,4,5,6,7,8 MAEFRNROE b FIEE—ME, HIRHRA o TIPS Ho=28, a=0, XK
B a WO ESk; o b =30, a=1, XUATHE o WTEUEHER;, . Hb=7F, a=5, XK
JEESR, HH o f b OFRR: 35, BRSEH 35 /N34, fEMIE R . FFLUX A FIAIEGR 57 -

ChatGLM3- Let the two-digit number be 10a + b, where « is the tens digit and b is the units digit. According to the problem, we
32B-SFT have two conditions: 1. The tens digit is 2 greater than the units digit, i.e., @ = b + 2 2. The product of the digits is
(Translate) 34 less than the number itself, i.e., ab < 10a + b — 34 Now let’s solve these two equations. From the first condition,

we get a = b+ 2. Substituting a into the second condition, we get: b(b + 2) < 10(b + 2) — 34 Expanding and
simplifying this inequality gives: b2 4 2b < 10b+20 — 34 b® 4+ 2b < 7b — 14 Rearranging gives: b*> — 5b+ 14 < 0
This is a quadratic inequality, which we can solve to find the range for b. Factoring gives: (b — 1)(b — 14) < 0
According to the properties of quadratic inequalities, we know b should be between the two roots, i.e., 1 < b < 14.
However, since a = b + 2 and a is a tens digit (1 < a < 9), b must be less than 9. Thus, the possible values for b
are 2,3,4,5,6,7,8. Now we check each value of b to find the corresponding a and the two-digit number. When
b = 2, a = 0, which does not meet the requirement for a to be a tens digit; when b = 3, a = 1, which also does not
meet the requirement; ... when b = 7, a = 5, which meets the requirement, and the product of a and b is 35, indeed
less than 35 by 34, meeting the problem’s requirement. Therefore, the two-digit number is 57.

ChatGLM3- BOXNPALECH 10a + b, Ho o B TAECE, o BOEE - RIEBE &G, BATEUTIHATIRE: 1
32B-Math THREF TR 2, fla=b+2- 2. W&&I%B’\ﬁﬂttiﬂﬁmé&w 34, B ab = (10a +b) — 34-

BATAT LA S ARRAE A EREX AR . ¥ a =0+ 2 RANE A HRE, BE b(b+2) =
10(b + 2) + b — 34 BFF M. 6% + 20 = 10b + 20 +b— 340> +2b = 11b — 14 BIEE— "Ik
B 0 —9b+14 = 0 XN ZIKARE, BATTLUEE M BEICRETE: (b-7)(0b—2) = 0FLL, biIE
AL T8 2. Rb=7, Ma=b+2=9, FILUXIHAEGRT- WRb=2 Ma=b+2=4,
FrLLXAPIAEGR 42 BIE, XPIAEGR 42 57 97 -

ChatGLM3- Let the two-digit number be 10a + b, where a is the tens digit and b is the units digit. According to the problem
32B-Math conditions, we have two equations: 1. The tens digit is 2 greater than the units digit, i.e., a = b + 2. 2. The product
(Translate) of the digits is 34 less than the number itself, i.e., ab = (10a + b) — 34. We can solve this problem by substituting

the first equation into the second. Doing so gives: b(b+2) = 10(b+ 2) 4+ b — 34 Expanding and simplifying yields:
b% +2b = 10b+ 20 + b — 34 b* 4+ 2b = 11b — 14 Rearranging into a quadratic equation gives: b> — 9b+ 14 = 0
This quadratic equation can be solved by factoring: (b — 7)(b — 2) = 0 Thus, b can be either 7 or 2. If b = 7, then
a = b+ 2 =9, making the two-digit number 97. If b = 2, then @ = b + 2 = 4, making the two-digit number 42.
Therefore, the two-digit number could be either 42 or 97.
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Table 13: ChatGLM3-32B-Math Example (2)

Question P MBS EGA, BEAZEFIMERN1/9, AREMBAL EMMESARE EBA EMMERIAS,
MP(AYET?

Question Given two independent events A and B, where the probability of neither A nor B occurring is 1/9, and the probability

(Translate) of A occurring without B equals the probability of B occurring without A, what is P(A)?

Reference HAER: P(AB) = P(BA)HIP(A)(1-P(B))=P(B)(1-P(A)) FTLIP(A)=P(B) X P(AB) = } FiliP(4) = %
JRLAP(A) = 2

Reference From the problem statement: P(A and not B) = P(B and not A), i.e., P(A)(1-P(B)) = P(B)(1-P(A)). Thus, P(A) =

(Translate) P(B). Also, P(neither A nor B) = 1/9. Therefore, P(not A) = 1/3, leading to P(A) = 2/3.

GPT-4- BWAR LR p, BAERIMER Juq, WA, BENLZERRI(1-p)(1-q)=1/9, AZETBIL LK)

0613 BRAp(l-q), ANLZEBLZERMMEN(-p)q. BB, p(l-q=(1-p)q, M#Ep=q. Fp=qAl-p)1-
=119, B —p)?=1/9, EBp=2/38ip=-1/3- HTMRAGENG, Frllp=2/3, EIPA)=2/3-

GPT- Let the probability of A occurring be p, and the probability of B occurring be q. Then, the probability of neither A

4-0613 nor B occurring is (1-p)(1-q) = 1/9. The probability of A occurring without B is p(1-q), and the probability of B

(Translate) occurring without A is (1-p)q. From the problem, p(1-q) = (1-p)q, leading to p = q. Substituting p = q into (1-p)(1-q)
= 1/9 gives (1 — p)? = 1/9, resulting in p = 2/3 or p = -1/3. Since probability cannot be negative, p = 2/3, i.e., P(A)
=2/3.

ChatGLM3- HEFAL LR RPA), FHEBRENIREAP®) . CHAFBHIMTL, FBAHFANLEMBLLE

32B-SFT EIEERAPB)(1-P(A)), AL ETIBAR ERIE NPA)(1-P®B)) - RIEME 51, AREMBALAER

MR GARLEBLXERMERMEE, Bl PA)(1-P(B)) = P(B)(1-P(A)) HHTAFIBMHE M., Ffi 17l LK b
A P(A) - PAAP(B) = P(B) - PB)P(A) I T AFIBAJHERHRRAE G 1K), EARIKEPA) =P(®B) - A
ST BRI N —ERIREAFIBR R — D, BB TR LUG MR B s R 2 (R kS
RFERES . BIEE, BATAGE T B, BERLZEMMERN1/9. XEIRE: P(A)*PB)=1/9 H
FPA) =P®B), FATATLLEX N ERGH: P(A)? = 1/9 KNP RER, BTl e LbBfE0RINZ 7] . M
—HERX M EARERER: P(A) = =(1/9) = 1/3 HIt, PA)=1/3- BERPA) =P®B), IFAP®B)HE

T1/3-
ChatGLM3- FHEAL LR IPA), FHEBLEMMERNP®B) . MIEEE, FITATLUIIHLTRR: 1. HEEARM
32B-Math FHBEALEMMER 19, B

PARZEHBALE) = P(ARKZE) x PBAEE) = (1 - P(A) x (1—- P(B)) = é

2. BEAREMBREBAL LR S EMANL AT HEHBLEMBRMAE, 1.
P(AREHBRESE) = P(ARNEAEHBAE)
BRI, BATE:
P(ARAEHBALAE) = P(A) x (1 — P(B))

PARKEEBARE) = (1 - P(A)) x P(B)
T X MRS, AR LUSE]:

P(A) x (1= P(B)) = (1 - P(A)) x P(B)

MEFHATERATHE: 1. (1 - P(A) x (1 - P(B)) = 2. P(A) x (1— P(B)) = (1 - P(A)) x P(B) &
ATRT DUE X P4 T RER R HP(A)FIPB)E - B 5E, WE AT AT LUEE.

P(A) — P(A) x P(B) = P(B) — P(A) x P(B)
P(4) = P(B)
SEMEBHARB BRI . B, RV RS R
(1= P(A) x (1 - P(A)) = 5

(1- P(A) = ¢

HCP 7R3
1—P(A):% H 1-PA)=-Z

MR EATEN T, FATRBUEE:

FTLL, AL A RIMERP(A)SE T2/3 -
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Table 14: ChatGLM3-32B-Math Example (3)

Question

The first term of an arithmetic sequence is 18. The sum of the first six terms of the sequence
is equal to the sum of the first seven terms.Show that the sum of the first 13 terms of the
sequence is 0 and calculate the 13th term of the sequence.

Reference

If the sum of the first six terms of a sequence is equal to the sum of the first seven terms
then the seventh term must be 0. Let d be the common difference of the sequence. Now 18 +
6d=0andsod=-3.al3 =18 + 12*%(-3) =-18

ChatGLM3-
32B-Math

Let’s denote the common difference of the arithmetic sequence as d. The formula for the
n-th term of an arithmetic sequence is a,, = a; + (n — 1)d, where a; is the first term and n
is the term number.

Given that the first term a; = 18, the formula for the n-th term becomes a,, = 18+ (n—1)d.
The sum S, of the first n terms of an arithmetic sequence is given by the formula S,, =
5[2a1 + (n —1)d].

According to the problem, the sum of the first six terms (S¢) is equal to the sum of the first
seven terms (.S7). We can write this relationship as:

Se = S7

S2-18+ (6 —1)d] = Z[2- 18 4+ (7 — 1)d]
3[36 -+ 5d] = 1[36 + 6d]

108 +15d = £ - 36 + % - 6d

108 + 15d = 126 + 21d

Now, we solve for d:

15d — 21d = 126 — 108

—6d = 18

d=-3

Now that we have the common difference d = —3, we can find the 13th term a3:
aj3 =18+ (13 —-1) - (=3)

ais = 18—12-3

ais = 18 — 36

ais = —18

Now, let’s find the sum of the first 13 terms 513 using the formula:
Si3=5[2-18+ (13— 1) - (=3)]

Siz = (36 — 12 3]
Si3 = (36 — 36]
Si=%-0
S13:0

So, the sum of the first 13 terms of the sequence is indeed 0, and we’ve also calculated that
the 13th term of the sequence is —18.
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Table 15: ChatGLM3-32B-Math Error Case (1)

Question The matrices

2 a Lp

and 10
3 1
-3 -1 ic 8
are inverses. Enter the ordered pair (a, ).

Reference (6, — % )
ChatGLM3- | Two matrices are inverses if their product is the identity matrix. The identity matrix for a
32B-Math 2x2 matrix is

01

So, we need to find the values of a and b such that

[\
S
—
(=
Ju—
o

-3 -1

&les
o=

We can calculate the product as follows:

2 a —4c b B 2(—15) +als)  2b+a(y)
-3 -1 2 4 -3(—%) - () -3b—1(3)

This gives us the equations 2(—1—16) + a(l%) =1,
2b+a(3) =0,

3(—) ~1(5) =0

—3b-1(3) =1

Simplifying, we get —§ + 3¢ = 1,

26+ ¢ =0,

3 _3 9

16~ 16 ’

—3b-1=1

From the third equation, we have § = 2b. Multiplying both sides by 8, we get a = 16b.
Substituting into the first equation, we get

3(16b)
—= =1
8 + 16 ’
which simplifies to 30 = g. Therefore, b = %.
Substituting into the second equation, we get
5 160
2(—=)+—=0
(24) + 8 ’
which simplifies to b = —1%.. This is consistent with our previous calculation, so b = 2—‘1 is
the correct value.
Finally, substituting into the fourth equation, we get
) 1
—3(=)—<-=1
which simplifies to ¢ = %. 9753

1
Therefore, (a,b) = <167 ;) :




Table 16: ChatGLM3-32B-Math Error Case (2)

Question n the graph below, each grid line counts as one unit. The line shown below passes through

the point (1001, n) (not shown on graph). Find n.

Y
e
e
P
e
7
T
P

(note: the graph was written in Asymptote code in original question)
Reference 575
ChatGLM3- | The line passes through the point (1001, 7n), which means that when z = 1001, y = n.
32B-Math We can find the slope of the line by looking at the change in y divided by the change in x

between two points on the line.

If we consider the point (999, 7) and the point (1001, ), the change in z is 1001 — 999 = 2
and the change in yisn — 7.

Since the line passes through the point (1001, ), we can say that the slope of the line is
n—"7

\7\726 know that the line also passes through the point (0, —2.71), so we can use this point
to find the slope of the line. The change in x is 0 — (—10) = 10 and the change in y is
—2.71 — (=7) =4.29.

Now we can set the two slopes equal to each other and solve for n:

nf7_4.29
2 10

Cross multiplying gives:
10(n—7)=2-4.29

10n — 70 = 8.58
Adding 70 to both sides gives:

10n = 78.58
Finally, dividing both sides by 10 gives:

9754, _ 7858

But since the grid lines count as one unit, we need to round 7 to the nearest whole number.
7.858 is closer to 8 than itis to 7, so n = .




Table 17: ChatGLM3-32B-Math Error Case (3)

Question In the year 2018 factory A produced goods worth 500 million forints, while factory B
produced goods worth 400 million forints. According to their long-term plans, factory A
will increase production by 5% each year, while factory B will increase production by 6%
per year.
The above plans were published on an economy website. A debate started in the comment
section of the article: one user claimed that the difference between the volumes of production
between the two factories would get smaller and smaller in the next couple of years.
Calculate the missing values of the table below and show that the above claim is not true.
| Year | Production volume of factory A (million Ft) | Production volume of factory B (million
Fo) |
! ! ! !
2018 1500 1400 |
12019111
12020111
12021111
Reference | Year | Production volume of factory A (million Ft) | Production volume of factory B (million
Fo)
! ! ! !
12018 1500 14001
12019 152514241
12020 1551.31449.41
12021 1578.81476.4 1
The difference between the production values in the given years:
525 - 424 =101,
551.3-449.4=101.9 and
578.8 —476.4 = 102.4 (million forints).
As the difference between the production values is increasing (in the period in question), the
statement is, in fact, false.
ChatGLM3- | To calculate the production volumes for the years 2019, 2020, and 2021, we will apply the
32B-Math percentage increases to the production of each factory.

For Factory A: - 2018 production: 500 million Ft - 5

For Factory B: - 2018 production: 400 million Ft - 6

Let’s fill in the table:

| Year | Production volume of factory A (million Ft) | Production volume of factory B (million
Ft) |

| | | |

120181500 1400 |

120191500 * 1.05=5251400 * 1.06 = 424 |

120201525 * 1.05 =551.251424 * 1.06 = 448.24 |

12021 1551.25 * 1.05 = 578.96 1 448.24 * 1.06 = 475.92 |

Now, let’s analyze the data. The difference in production between the two factories in 2018
was 100 million Ft (500 million - 400 million).

- In 2019, the difference is 21 million Ft (525 million - 424 million). - In 2020, the difference
is 23.31 million Ft (551.25 million - 448.24 million). - In 2021, the difference is 23.94
million Ft (578.96 million - 475.92 million).

The difference is not getting smaller; in fact, it is increasing slightly each year. This is
because the rate of increase for Factory A (5%) is lower than the rate for Factory B (6%).
The claim made in the debate that the difference would get smaller and smaller is not true
based on these figures.
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prompt the model with "Therefore, the answer

"

1S .

2. For numeric standard answers, the response
undergoes the following recognition process:
fractions or decimals in LaTeX format, and
regular fractions, decimals, or integers. We
compute the numerical result and compare it
with the standard answer. A discrepancy less
than (1e-6) is deemed correct.

3. For standard answers that are strings (exclu-
sive to the MATH dataset): identify the con-
tent following "xxx is" or an equality sign,
or within boxed{}. The evaluation considers
whether the normalized strings match.

For the English datasets GSM8k and MATH, our
principle for selecting results is as follows:

1. If the model itself reports results on these two
datasets, we choose the higher of either the
zero-shot or few-shot results.

2. If the model does not report its results, we
utilize the results reported by OpenCompass,
again selecting the higher of the zero-shot or
few-shot outcomes. This applies to models
such as GPT-4-0613, GPT-3.5-Turbo-0613,
Yi-6B-Chat, and Qwen-Chat-7B. Should there
be any omissions from the above sources, re-
sults will not be reported.

For the Hungarian Exam results, we had anno-
tators score them according to a grading standard,
which is referenced from (Paster, 2023). It’s noted
that the reported results actually sum the scores
of all questions, making the total score effectively
117. To align with the reported results, we adopted
this scoring method as well.

With reproducibility in mind, all our results were
obtained using a sampling temperature of 0 and
setting the max-seq-length to 4096.

C.2 Evaluation Settings for 2023 Hungarian
national high school finals in mathematics

For the Hungarian national high school finals in
mathematics, we submit the model’s answers to
annotators for marking. For results of models not
listed in (Paster, 2023), we score them based on the
answers provided in (Paster, 2023) according to the
scoring points. We sum the scores of all questions
to present a total score. All annotations are carried

out by two annotators; in case of inconsistency, a
third annotator decides.

Considering the general situation of multiple
models, we do not restrict the language used by
the language models to answer the questions. Any
language used to correctly answer is considered
correct. Additionally, since most questions do not
restrict the form of the answer, we stipulate that
answers are deemed correct as long as they retain
more than one decimal place accurately or are pro-
vided in fraction form.

D Additional Results

D.1 Subcategory Results of MathUserEval

In Table 18, we display the results for all sub-
sets of MathUserEval. The reported results were
evaluated by GPT-4-1106-Preview, with the eval-
uation method consistent with AlignBench. It is
noted that GPT-4-0125-Preview and GPT-4-1106-
Preview still occupy the leading positions. Ex-
cept for Probability, the GLM4 model’s total score
and individual scores surpassed GPT-4-0613. Our
GLM-Math-32B w/ DPO model performed excep-
tionally well in the Elementary category, exceed-
ing GPT-4-0613, but a significant gap remains in
Advanced mathematics. Our Self-Critique train-
ing method showed significant progress in Math-
UserEval, with an overall improvement of 24%.

D.2 Subcategory Results of Alignbench (Liu
et al., 2023a)

Table 19 reports detailed results from the language
capability subsection of AlignBench. Within this,
we present the scores of our four models and have
tested the results for Qwen-72B-Chat (Bai et al.,
2023a), Claude-2 (Anthropic, 2023), and Yi-34B-
Chat (Yi, 2023). Additional results are derived
from the AlignBench paper, and the results for
DeepSeek are taken from its report (DeepSeek-Al
et al., 2024).

D.3 Additional Language Abilities

The paper utilized Alignbench and MTbench as rep-
resentative general capability test sets for Chinese
and English. These are among the most important
general capability test sets for both languages. We
further supplemented our analysis with tests on
MMLU, Ceval, CMMLU, and ARC, famous lan-
guage abilities evaluation benchmarks in Table 20,
confirming no significant decline in our method
across a broader range of general capability tests.
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Table 18: Math-User-Result Result, GPT-4-1106-Preview-rated. All results were scored by GPT-4-1106-Preview,
with the scoring method consistent with AlignBench. All Overall scores were calculated using the macro-average.

Model Overall Elementary Advanced
Avg algebra calculate geo. tri. Avg calculus discrete linear. Prob.
GPT-4-0125-Preview (OpenAl, 2023) 579 526 5.04 7.63 398 459 6.71 7.26 6.62 5.48 7.72
GPT-4-1106-Preview (OpenAl, 2023) 573 507 496 7.00 378 471 6.81 7.39 6.96 5.29 7.91
GLM-4 5.11 486 447 6.56 395 474 543 6.00 5.67 4.26 6.02
ChatGLM3-32B-SFT-2312 + RFT&DPO 4.23 4.01 3.88 5.41 290 3.99 4.59 5.22 4.76 3.38 5.20
GPT-4-0613 (OpenAl, 2023) 4.14 3.34 2.88 4.76 3.17 278 533 5.57 5.49 4.26 6.22
ChatGLM3-32B-SFT-2312 + RFT 4.01 3.86 3.84 5.37 2.57 377 4.26 4.72 4.69 2.98 4.89
Qwen-72B-Chat (Bai et al., 2023a) 387 399 396 4.81 383 334 3.67 4.54 3.71 2.84 3.65
GPT-3.5-Turbo-0613 (OpenAl, 2023) 342  3.04 281 4.07 223 326 4.07 4.83 4.38 3.26 391
ChatGLM3-32B-SFT-2312 3.39 3.35 3.35 4.51 251 3.11 344 4.04 4.38 2.41 3.13
Claude-2 (Anthropic, 2023) 329 263 235 3.63 220 2.53 435 4.56 453 3.29 5.28
DeepSeek-Chat-67B (DeepSeek-Al et al., 2024)  3.24 276  2.21 4.73 212 230 3.84 441 4.82 2.79 3.52
Yi-34B-Chat (Yi, 2023) 264 249 204 3.61 225 227 287 2.80 3.47 2.03 3.41
Table 19: Results of Alignbench (Liu et al., 2023a), Language Part.
Model Language
Avg. Fund. Chi. Open. Writ. Role. Pro.
GPT-4-1106-Preview (OpenAl, 2023) 829 799 1733 8.61 8.67 8.47 8.65
ChatGLM3-32B-SFT-2312 + RFT&DPO 7.80 7.14 690 8.37 8.41 8.09 7.90
GPT-4-0613 (OpenAl, 2023) 759 781 693 742 7.93 7.51 7.94
ChatGLM3-32B-SFT-2312 + RFT 743 637 695 8.03 7.71 797 7.54
ChatGLM3-32B-SFT-2312 738 6.84 7.02 8.08 737 7770 1.27
Qwen-72B-Chat (Bai et al., 2023a) 729 6.63 7.31 7.24 729 759 7.71
DeepSeek-67B-Chat (DeepSeek-Al et al., 2024) 7.11 7.12 652 7.58 720 691 7.37
GPT-3.5-Turbo-0613 (OpenAl, 2023) 6.82 671 581 729 7.03 728 6.77
Claude-2 (Anthropic, 2023) 6.78 687 624 7.08 6.36 6.85 7.31
Yi-34B-Chat (Yi, 2023) 6.18 432 6.05 737 6.00 6.30 7.06

I The ChatGLM3-32B-SFT-2312 is a newer version of the ChatGLM series and not identical
to the model discussed in (Hou et al., 2024), despite sharing the same model size.

Table 20: Performance comparison across different language abilities evaluation datasets.

MMLU CEVAL CMMLU ARC-E ARC-C

ChatGLM3-32B-SFT-2312 0.593 0.602 0.656 0914 0.777
ChatGLM3-32B-SFT-2312 + RFT 0.659 0.751 0.793 0.974 0.924
ChatGLM3-32B-SFT-2312 + RFT & DPO  0.665 0.769 0.793 0.974 0.922

Notably, all additional training data we incorpo-
rated were math-related, with over 90% being in
Chinese. Hence, maintaining the English general
capability performance in MTbench was in line
with our objectives, as we did not claim our model
to be the superior English language model, nor
were we certain of language ability enhancement
without relevant data addition.

Regarding mathematical capabilities, our RFT
and DPO versions outperformed Qwen-math in all
but one math test set, Cmath, and showed an aver-

age improvement of +9.4% and +16.4% across all
math benchmarks. Specifically, within the Math-
UserEval categories, we surpassed Qwen-math in
6 out of 8 categories. Additionally, our model is
only half the size of Qwen-math.

D.4 Effectiveness of Math-Critique

During the manual annotation process, we col-
lected a test set of 800 questions, manually marked
for correctness and procedures, forming a four-
category test set. The output results of Math-
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Critique were mapped to these four categories as
per the instructructions.

We validated the effectiveness of Math-Critique
through empirical experiments with two evaluation
methods: the accuracy of directly scoring to judge
correct/incorrect results and the accuracy of judg-
ing our defined four categories. Test sets were ex-
tracted from Chinese junior and senior high school
exam questions and MATHUSEREVAL, with ex-
perts annotated correct judgments.

The results in Table 7 indicate that our Math-
Critique-32B model significantly surpasses GPT-
3.5-Turbo in both judgment accuracy and correla-
tion coefficients compared to human annotations
and is essentially on par with GPT-4-0613.

D.5 Comparison of Self-improvement
Algorithms

To better compare different self-improvement al-
gorithms, we conducted experiments using the
LLaMA3-8B-instruct model as the baseline. We
sampled the same training data size for the STAR
method and our approach, training for three epochs.
As shown in Table 21, our method improved from
64.5 to 75.3, outperforming the RFT and STAR
methods. We also present the scores for seven addi-
tional test datasets in MAmmoTH (Yue et al., 2023)
in Table 22. The scores for GPT-4 and MAmmoTH-
70B are taken from the original paper. It can be
seen that our method achieves an average improve-
ment from 61.6 -> 72.5 across all seven OOD test
datasets.

In the RFT setting, we applied RFT to the aca-
demic subset of our corpus, specifically GSM8k
and Math datasets. In the STAR setting, we
used the rationalization method described in the
STaR paper, where reference answers were used as
prompts to train on our corpus. Upon reviewing
the composition of our training corpus, which in-
cluded GSM8k and MATH training sets, as well as
Chinese test papers and internet-sourced problems,
we observed that in datasets with high-quality ref-
erence answers like GSM8k and MATH, the STaR
method with rationalization achieved notable im-
provements, though still slightly lower than our
method. However, the STaR method with ratio-
nalization showed minimal or no improvement in
test sets with lower-quality reference answers. This
may be because the model has not yet developed
the ability to derive accurate solutions from low-
quality reference answers.

D.6 Performance on Question Length

As shown in Table 23, we followed MetaMath’s
approach to performing an ablation study on the
question length for GSM8k and MATH. While long
questions remain more challenging for the model
both before and after applying our method, it is evi-
dent that our method enhances performance across
questions of varying lengths.

E Comparsion with other work

E.1 Self-Critique Pipeline

While the thought of self-critique has been pro-
posed, it has not been explored sufficiently in
LLMs’ math problem-solving improvement and
real-world large-scale deployment. We provide a
detailed comparison in Table 2. Thus, our unique
contributions in this work lie in realizing the idea in
a real-world massively deployed LLM via several
novel designs, including:

Application Domain of Math: While previous
works have broadly focused on general language
capabilities, our research is the first to focus on
improving mathematical problem-solving skills us-
ing self-critique methods without affecting general
language abilities.

Unified and Novel Approach for Data Selec-
tion and Reward Construction: We introduce a
novel approach by uniformly using Math-Critique
to select Supervised Fine-Tuning (SFT) data and
construct reward signals for Reinforcement Learn-
ing (RL). This method offers higher critique preci-
sion in the mathematics domain, different from the
varied strategies employed in earlier studies.

Independence from External Support: Our ap-
proach is the first to achieve both: 1. Independence
from human input and more powerful external mod-
els during training, and 2. The generation of train-
ing data and reward signals by a model that has
been fine-tuned from the same foundational model.
This emphasizes our method’s unique capability
for self-sufficiency and self-improvement.

E.2 MathUserEval Benchmark

The MathUserEval benchmark is designed to ad-
dress the limitations of traditional mathematical
benchmarks through:

Data Source: Drawing from real-world user
scenarios and university exams, offering a diversity
closer to actual use.

Difficulty and Domain: This course covers a
wide range of mathematics, from elementary to
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Table 21: Performance comparison across different self-improvement algorithms.

English Test Set AVG-academic

Math23k  Ape210k500 Cmath GSM8k MATH

Models Chinese Test Set
MathUserEval
LLaMAZ3-8B-instruct 24.8 63.4
LLaMA3-8B-instruct+RFT 22.8 57.7
LLaMA3-8B-instruct+STAR 23.2 65.1
LLaMA3-8B-instruct+OURS 33.9 80.9

73.6 74.3 77.6 33.6 64.5
65.4 69.2 79.2 352 61.3
72.8 68.3 83.7 40.3 66.0
84.2 83.5 84.2 43.7 75.3

Table 22: Performance comparison across different self-improvement algorithms on OOD test sets.

AVG AQuA NumGLUE SVA Mat Sim SAT MMLU AVG
GPT-4 - 72.6 - 97.0 - - 95.0 -

MAmmoTH-70B 64.6 65.0 744 824 556 514 66.4 56.7
LLaMA3-8B-instruct 61.6 57.9 62.1 825 515 599 65.0 52.3
LLaMA3-8B-instruct+STAR 70.0 60.2 753 903 56.8 81.5 65.5 60.4
LLaMA3-8B-instruct+OURS  72.5 67.7 73.6  90.6 58.8 852 70.0 61.8

Table 23: Performance comparison across different question lengths on GSM8k and MATH.

. GSMS8k MATHS500
Question length
ChatGLM-32B-SFT ChatGLM Math-32B  ChatGLM-32B-SFT ChatGLM Math-32B
short 81.55% 89.52% 42.17% 57.23%
medium 77.45% 85.19% 24.10% 39.16%
long 68.71% 73.24% 20.83% 26.79%

university level, including computation, equations,
calculus, probability, linear algebra, and discrete
math.

Evaluation Method: Our evaluation caters to
all forms of mathematical questions besides tra-
ditional multiple-choice or exact-match fill-in-the-
blanks, enabling accurate assessment of complex
expressions and proof questions.

F Data Collection

This section introduces the specific composition of
our training data. Aside from simulated dialogue
annotations in our data collection process, all anno-
tators were from the crowdsourcing team, mostly
undergraduate or higher-level students majoring in
science and engineering from China. Annotators
were clearly informed about the data usage and
received fair compensation. All annotated data un-
derwent a second review to ensure accuracy and
the absence of any ethnic issues.

F.1 Training Data for Math-Critique

Most of the data was annotated using results from
CritiqueLLM during the Math-Critique training,

Table 24: Data distribution of Math-Critique training
data.

Label Type Size
Annotation 6500
CritiqueLLM label 8800
Total 15300

but some data was annotated manually. For this
portion, we employed a crowd-sourced annotation
team. After informing them that their annotations
would be used for training or publishing purposes,
we paid them an hourly wage based on the local av-
erage. All of our annotators possess at least a bache-
lor’s degree to ensure they can correctly understand
the requirements of the tasks. We require annota-
tors to provide ratings that meet Math-Critique stan-
dards based on the problems, reference answers,
and model responses. Additionally, they need to
rewrite the feedback content according to these
criteria. Data details are shown in Table 24.
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Table 25: Distribution of the source dataset of training
data for Critique RFT.

Source Dataset Size
Primary 28597
Junior High 21303
Senior High 18917

College 4001

MetaMath 6291
Simulated Dialog 37653

Total 116762

Table 26: Distribution of the source dataset of training
data for Critique DPO.

Source Dataset Size
Primary 23485
Junior High 11304
Ssenior High 11026

College 3801
Simulated Dialog 12741
Total 62357

F.2 Training Data for Critique RFT

In Table 25, We provided the data proportions used
for RFT training. Most of the data comes from
primary and secondary school math problems. We
also supplemented the dataset with MetaMath ques-
tions to include English data and Simulated Dialog
from some of our collaborating annotators. This
part of the data involved inviting a group of an-
notators, including middle school and university
students, to provide the model with math problems
they encountered daily. In total, 116k math instruc-
tion data points went through the abovementioned
screening process.

F.3 Training Data for Critique DPO

As shown in Table 26, after filtering our DPO data
with RFT model responses and Math-Critique, 62k
entries remained for DPO training. It was observed
that the number of problems from primary school,
middle school, and Simulated Dialog decreased
the most. At this stage, we removed all data origi-
nating from academic datasets because we found
that including these data did not yield any benefits
and significantly affected the results of the non-
academic datasets.

F.4 References of MathUserEval Dataset

The standard answers for the MathUserEval dataset
were all written by our crowdsourced annotation

team. During the annotation process, annotators
had access to example solutions from several ad-
vanced models for reference. However, annotators
were required to solve the problems independently
to produce the standard reference answers. All
annotators in this task hold at least a bachelor’s
degree in mathematics or a related field.
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