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Abstract
Interpretability is a key challenge in foster-
ing trust for Large Language Models (LLMs),
which stems from the complexity of extract-
ing reasoning from a model’s parameters. We
present the Frame Representation Hypothesis,
a theoretically robust framework grounded in
the Linear Representation Hypothesis (LRH)
to interpret and control LLMs by modeling
multi-token words. Prior research explored
LRH to connect LLM representations with
linguistic concepts, but was limited to single
token analysis. As most words are composed of
several tokens, we extend LRH to multi-token
words, thereby enabling usage on any tex-
tual data with thousands of concepts. To this
end, we propose that words can be inter-
preted as frames, ordered sequences of vectors
that better capture token-word relationships.
Then, concepts can be represented as the
average of word frames sharing a common
concept. We showcase these tools through
Top-k Concept-Guided Decoding, which can
intuitively steer text generation using concepts
of choice. We verify said ideas on Llama 3,
Gemma 2, Phi 3, and Qwen-2-VL families,
demonstrating gender and language biases,
exposing harmful content, but also potential
to remediate them, leading to safer and more
transparent LLMs. Code is available at this
https url.

1 Introduction

Interpretability in deep learning aims to elu-
cidate how neural networks derive predictions.
As models grow complex, understanding internal
mechanisms gets challenging. By identifying fac-
tors contributing to the output, we can foster trust,
safety, fairness, and improve capabilities (Hooker
et al., 2019).

This study aims to enhance interpretability
and control of LLMs by encoding human-
comprehensible linguistic concepts. LLMs rep-
resent text through tokens, which can be a word,
part of a word, or even a character, as per models’
design. In contrast, humans better understand text
through concepts, cognitive symbols that depict
reality, often grouping objects, events, or further
abstractions based on shared characteristics. We
then provide tools to represent concepts within
LLMs, allowing explanations suited to our mental
models.

Prominent studies that offer such tools are based
on the Linear Representation Hypothesis (LRH):
It suggests linear operations on token vectors can
explain model behavior, with concepts represented
as vectors in LLM feature space (Templeton et al.,
2024). For instance, we can identify the con-
cept female as the average of token vectors
like f (woman) or f (queen). Thus, token vec-
tors encode more than just lexical data: They
also represent linguistic concepts (Mikolov et al.,
2013).

Nevertheless, LRH’s concepts are 1-dimensional,
constraining them to single-token words, which
are a minor fraction of any given language (Bau
et al., 2020). As exemplified in Figure 1, con-
cepts like vegetarian is exclusively linked
to multi-token words, such as meatless or
herbivore. Since most words are multi-token,
LRH cannot always be applied in interpretability
tasks effectively.

To address this shortcoming of LRH, we pro-
pose a new framework based on a key empirical
observation: Our experiments show over 99% of
words among several languages are composed of
linearly independent token vectors. This finding
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Figure 1: Frame Representation Hypothesis Overview:
Tokens are vectors, which combine into words as
multi-dimensional frames. In turn, Concept Frames are
centroids of word sets.

indicates they are not only matrices, but k-frames—
ordered sequences of independent vectors living
in manifolds and possess several useful mathe-
matical properties for language modeling. Thus,
we assume all words to be frames, formalized
as the Frame Representation Hypothesis (FRH).
Hereafter, we use the terms k-frame and frame
interchangeably.1

Starting from the postulate of FRH, we define
a Word Space, where words are represented as
frames, and equip it with a correlation formula
that preserves the token whitening mechanism
introduced by LRH (Park et al., 2023), allow-
ing us to compute concepts and measure semantic
relationships. Following Figure 1, the frame repre-
sentation lets us identify words, such as meatless,
meat, and meatball as distinct geometrical ob-
jects, although they have tokens in common. Then,
Concept Frames like vegetarian or carni-
vore are centroids of word sets sharing those
concepts.

Furthermore, we introduce Top-k Concept-
Guided Decoding (Figure 2), which controls text
generation by selecting the tokens which maxi-
mize a chosen concept. For example, the concept
vegetarian would guide input I like to I like fruits
if the top-3 options were beef, football, or fruits.
This algorithm aligns model outputs with desired
concepts, a practical prototype for FRH that allows
meaningful LLM understanding.

1We note that while the term frame is used in cognitive
linguistics for the theory of frame semantics (Fillmore, 1976),
in this work, frame and k-frame refer to geometric structures.

Figure 2: Top-k Concept-Guided Decoding Overview:
Top-k sentence candidates are derived from the model
logits, and we chose the one which maximizes the
correlation with the target Concept Frames. The process
is repeated in a loop until the desired number of tokens
is reached.

To that end, we leverage the Open Multilingual
WordNet (OMW) (Bond and Foster, 2013) as a
source of synonyms to build concepts. We use
over 50M words among multiple languages to
build over 100,000 Concept Frames, enabling rich
model understanding in a diverse yet inexpensive
manner.

In short, FRH formally extends the LRH to
multi-token words. We show its validity both
from the theoretical and empirical points of view.

Our primary contributions are as follows:

1. Frame Representation Hypothesis as an ex-
tension of LRH to multi-token words by
defining them as k-frames, thereby ad-
dressing the limitations of single-token
representations.

2. Proposal of Concept Frames to represent
linguistic concepts from a set of Word
Frames.

3. Development of Top-k Concept-Guided De-
coding, a proof-of-concept application to
steer text generation using chosen con-
cepts and expose model biases or potential
vulnerabilities.

This document contains offensive exam-
ples illustrating LLM safety tasks. Please read
selectively.
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2 Related Work

We briefly review LLM interpretability, control-
lable text generation, and k-frame usage in the
field.

Language Models Interpretability The wide-
spread adoption of LLMs brought attention to
the need for understanding their inner-workings,
risks, and limitations. Several studies identified
common LLM properties: Linear Representation
Hypothesis, which encodes model knowledge as
vectors (Mikolov et al., 2013) for explanation
and editing (Wang et al., 2024), and Superposi-
tion Hypothesis (SH), which assumes specialized
information is superimposed in feature spaces
(Elhage et al., 2022). Causal inference also of-
fers insights by identifying statistical cause-effect
structures (Geiger et al., 2021). LRH implicitly
incorporates causal principles via local coun-
terfactual pairs, providing a geometric view
to elements of causal theory, while our pro-
posed Top-k Concept-Guided Decoding simulates
a causal intervention do-operation. These ap-
proaches underpin Sparse Autoencoders, that learn
interpretable concept dictionaries from parameters
based on SH (Elhage et al., 2022), whereas our
approach maps representations using WordNet
(Miller, 1995). However, both derive concepts
from model parameters and might trigger spuri-
ous associations from training data (Liang et al.,
2024). For a comprehensive survey, see Ferrando
et al. (2024).

Controllable Text Generation Controllable
Text Generation (CTG) employs tools that en-
able LLMs to generate text adhering to predefined
conditions, such as stylistic features like rhythm
(Ghazvininejad et al., 2017), sentiment (Krause
et al., 2020), formality (Khalifa et al., 2021), key-
word inclusion, reasoning (Wang et al., 2023), or
safety guidelines (Kadavath et al., 2022). CTG
prioritizes quality, fluency and diversity of the
generated text, while adhering to the specified
control parameters, enhancing LLM applicability
(Wei et al., 2025). While methods involving costly
retraining or finetuning exist (Zhang et al., 2023a),
inference-time techniques that avoid parameter
modification are common, including prompt en-
gineering (Zhang et al., 2023b), latent space
manipulation (Liu et al., 2024), and decoding-time
interventions (Yang and Klein, 2021). LRH en-
ables directly steering outputs through linear

interventions for knowledge editing (Belrose et al.,
2023), while our proposal guides text genera-
tion by maximizing a certain concept. Evaluating
CTG systems requires assessing both text quality
and control fidelity (Ke et al., 2022), but com-
parisons depend heavily on the task, making it
difficult to compare techniques without concrete
controllability goals (Xie et al., 2023).

Subspaces and Frames in Machine Learning
Subspaces are used for dimensionality reduc-
tion, feature extraction (Fukui et al., 2023),
classification (Watanabe, 1967), interpretability
(Valois et al., 2024), and modelling text sentences
(Shimomoto et al., 2021). Their invariance to
selection of basis is advantageous for represent-
ing clusters, but limiting for ordered structures.
k-frames represent ordered sequences of vec-
tors and are used to model redundant and
oriented data, being applied in error correction
(Kovacevic and Chebira, 2008), signal decom-
position (Casazza et al., 2013), and optimization
problems (Mankovich and Birdal, 2023). To the
best of our knowledge, k-frames were never ap-
plied in NLP to model concepts as proposed here.

3 Preliminary

We now introduce our proposal’s background.
Vectors are denoted as bold lowercase letters,
e.g., v; matrices as bold uppercase letters, e.g.,
M; monospace lowercase letters for tokens, e.g.,
x; vector spaces with calligraphic letters, e.g., U ;
words with sans serif uppercase uppercase letters,
e.g., W; and concepts with monospace uppercase
letters, e.g., C.

3.1 k-frames
A k-frame is a sequence of k linearly inde-
pendent vectors in R

d, represented by F ∈
R
d×k, rank(F) = k. The set of all k-frames in

R
d constitutes the non-compact Stiefel manifold

St(k, d). Manifolds are structures in which dis-
tance, geodesics, and more may be defined, so we
can compute geometrically meaningful relation-
ships between distinct k-frames (Edelman et al.,
1998). The set of all frames up to rank q forms
the q-complete Stiefel manifold CSt(q, d) =⋃q

i=0 St(i, d)—a disjoint union of Stiefel man-
ifolds—where the null frame St(0, d) ≡ ∅

is defined as our space’s origin. Intuitively,
CSt(q, d) is a stratified structure, so its base
is the null frame.
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3.2 Rays

A ray R is a directed half-infinite line, also known
as 1-dimensional convex cone, half-line, or axis,
defined by a vectorv ∈ R

d and its scalar multiples
R(v) = {αv | α ≥ 0}. A ray is represented
by a normalized vector v′ = v/‖v‖, which is
also a point in St(1, d). A single dimensional
subspace contains two rays, and their correlation
is measured as the cosine of the angle θ between
their normalized vectors (Mathematics, 2016)

ρ(R(v),R(u)) =
〈v〉〈u〉
‖v‖‖u‖ = v′
u′ = cos θ.

(1)

Moreover, notice that the correlation shown in
Equation (1) is connected to the inner product –
projection of one vector onto another. In this work,
we use the term ‘‘projection’’ when calculating
correlation with unnormalized vectors.

3.3 Large Language Models

LLM models process text by converting it into
a sequence of tokens, embedding them into its
own vector space and processing this sequence of
vectors through its hidden layers to a final vector
representation, which is unembedded into the most
likely token to continue the input sentence. A
simple version of such pipeline is illustrated in
Figure 2.

A token is a single element of a textual se-
quence, represented by a number x ∈ V in a
predefined vocabulary V ⊂ Z

+. In that sense, the
model’s tokenizer converts text input x into token
t-tuple (x1, x2, . . ., xt) ∈ Vt. The LLM
then starts in the embedding layer, which maps
each token number a ∈ V to an unique embedding
vector e(a) ∈ E ∼= R

d, each of which is a column
of the embedding matrixWE ∈ R

d×|V|. Therefore,
the output of this layer is the t-tuple of embed-
ding vectors e(x) = (e(x1), e(x2), . . . , e(xt)).
Next, e(x) is processed by the DNN hid-
den transformer layers into the feature vector
h(x) = h(e(x1), e(x2), . . . , e(xt)) ∈ H ∼= R

d.

Then, the LLM converts h(x) into a token num-
ber. The unembedding vector of token b ∈ V is
u(b) ∈ U ∼= R

d, a row of the unembedding ma-
trix WU ∈ R

|V|×d, which also identifies each
token to a unique vector in high-dimensional
space U .

Finally, the probability of a token y ∈ V be-
ing next in a text sentence x is determined with
softmax

p(y|x) ∝ exp(u(y)
h(x)). (2)

In practice, the space dimension d can range
from 1024 to 16384, while the vocabulary V
usually contains from 50,000 to 300,000 tokens.

3.4 Linear Representation Hypothesis
We now concentrate the discussion into the
geometry of H and U and their relationships.

Mikolov et al. (2013) first introduced the Lin-
ear Representation Hypothesis within the domain
of word embeddings, observing that linear vec-
tor operations could reveal underlying semantic
and syntactic relationships, such as u(female)−
u(male) + u(brother) ≈ u(sister). Thus,
there is an indication that difference vectors can
encode abstract concepts like ‘‘gender’’, leading
to the hypothesis that all models might repre-
sent information linearly. From an interpretability
point of view, one may leverage these concepts to
analyze the model knowledge or control its output.

With that in mind, Park et al. (2023) observed
pairs of tokens building the same difference
vector in LLMs unembedding spaces, e.g.,
u(female)−u(male) ≈ u(queen)−u(king) ≈
u(wife)−u(husband). By averaging these token
pairs, they were able to obtain a vector approximat-
ing a direction the model reserves for a ‘‘gender’’
concept.

Formally, a direction can be represented as a
ray. Therefore, the literature hypothesizes every
concept C the model knows should have its own
rayR(s′C) ⊂ U of concept vector s′C ∈ U . Concept
vectors are computed as the normalized mean of
difference vectors of counterfactual pairs

u′
C =

nC∑
i

(ui(C = 1)− ui(C = 0)), (3)

s′C =
u′
C

‖u′
C‖

, (4)

where ui(C = 1),ui(C = 0) is a counter-
factual token pair, so C = 1 indicates one
concept direction while C = 0 its opposite,
e.g., concept English ⇒ Spanish(C =
0) is computed using difference vectors like
u(good)−u(bueno), u(bad)−u(malo), while
Spanish ⇒ English(C = 1) is the opposite
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vector. Notice that the order of the concepts is
arbitrary, so Spanish ⇒ English would also
be a valid concept, yet with a difference of sign.

Hereafter, concepts connect to each other
through linear operations. The correlation ρ of
concepts A,B is a probe for model understanding

ρ(A,B) = 〈s′A〉s′B = s′
A Ms′B, (5)

where M = Cov−1(WU) is a whitening ma-
trix that defines the LRH inner product, placing
unrelated concepts as orthogonal to each other.

3.5 WordNet
The Open Multilingual WordNet (OMW) is
a collaborative project that intersects cognitive
psychology, linguistics, and computer science
to create an interconnected network of lexical
databases (Bond and Foster, 2013; Fellbaum,
1998; Harabagiu et al., 1999). At its core are
synsets and lemmas. A synset, short for ‘‘syn-
onym set’’, is a group of words or phrases that
may share the same meaning. For example, {car,
automobile, auto} forms a synset, which can be
uniquely identified as car.n.01, i.e., the 1st
dictionary meaning of the word car as a noun
(Miller et al., 1990).

A lemma, on the other hand, is a canonical
form, e.g., run, runs, ran, and running are all
represented by the lemma run (Fellbaum, 2010).
In OMW, synsets from different languages are
linked to their equivalent English ones, allowing
for cross-lingual connections. Therefore, the En-
glish synset car.n.01 will also include Spanish
lemmas, such as coche or automóvil (Bond and
Paik, 2012). Each lemma can belong to multiple
synsets, reflecting its different meanings, making
OMW a powerful NLP tool (Wagner, 2010).

4 Frame Representation Hypothesis

In this section, we introduce our theoretical
framework. Proofs are provided in Appendix A.

4.1 Linear Decomposition of Tokens
LRH posits that concepts are linearly encoded
within LLMs feature spaces. Moreover, the Su-
perposition Hypothesis (SH) suggests that models
encode information in a superposition of concepts
because the number of possible concepts signifi-
cantly exceeds space dimensionality (Elhage et al.,
2022), a phenomenon visible in Figure 3. This is
formalized as a linear combination of vectors at
Postulate 4.1.

Figure 3: Uniform Manifold Approximation and Pro-
jection (UMAP) (McInnes et al., 2018) of the 10k most
frequent single-token English words for Gemma 2.
While some points are clearly separated, others overlap
due to the Superposition Hypothesis (SH). For example,
ad is a token in the unrelated words advertisement,
admit, adventure, etc., while restaurant is a single
token and it is not found in other words.

Postulate 4.1. Let u(y) be the unembedding rep-
resentation of token y ∈ V , then it is a linear
combination of concept vectors s

u(y)− u0 =

s∑
i

aisi, (6)

where ai ∈ R, s is the number of all concepts
known by the model, and u0 is a meaningless
vector—an offset element from the fact that not
all tokens might hold meaning, e.g., [PAD] or [EOS],
implying we need to remove the meaningless part
of each token vector. Heuristically, u0 should be
the unembedding vector average, so that E[u(y)−
u0] = 0. Also, {si}ni=1 is not a basis: Words can
be grouped in several ways, e.g., antonyms or
synonyms, making concepts interdependent.

Therefore, a concept is the centroid of a set of
tokens sharing that same concept. Let {yj}nj=1 be
a set of tokens sharing a common concept s, we
estimate the concept as the token average2

s ∝
∼

n∑
j=1

u(yj)− u0. (7)

4.1.1 Combined Concepts
We connect Concept Estimation (7) to the ray
R(s′C) of a concept C by separating Equation (3)
into two sums, each its own concept. Therefore, a
concept C has representation R(s′C), where s′C is a
normalized counterfactual concept pair difference,

s′C =
sC−1 − sC−0

‖sC−1 − sC−0‖
, (8)

2Hereafter consider all tokens to be already debiased.
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Figure 4: Histogram of lemma token count among all
OMW lemmas. The dashed vertical bar indicates the
75% percentile for each model family.

indicating some concepts are formed by other
concepts. For example, a set of tokens sharing
the meaning of female builds sfemale, while
another sharing the concept of male builds smale,
forming

s′male⇒female ∝ sfemale − smale, (9)

which leads us to understand some concepts as
building blocks for Combined Concepts.

4.2 Generalizing from Tokens to Words

The previous discussion can leverage WordNet to
determine concepts. WordNet’s structure overlaps
with LLM representations (Moskvoretskii et al.,
2024a,b; Park et al., 2024), and OMW synsets are
sets of multilingual lemmas sharing a meaning,
making it well suited for Equation (7). Neverthe-
less, Section 4.1 only deals with single-token
words, which accounts for less than 1% of
all OMW lemmas on most LLMs, significantly
limiting estimated concepts quality (c.f. Figure 4).

In order to make LRH theory more relevant
for LLM interpretability, we must generalize
Section 4.1 to words made of multiple tokens.
At first glance, the insight is simple: tokens do not
build concepts – tokens build words – and words
build concepts. Nonetheless, words are sequences
of tokens with a well-defined order, implying we
cannot simply average them to a single vector
or their meaning might be lost, as exemplified at
Table 1. As the following sections demonstrate,
we can work directly with the word matrices by

Synset Lemma

ad.n.01 ad
myth.n.01 mit
admit.v.01 admit
half.n.02 mitad

Table 1: An example of a token pair—ad and
mit—being used to form different words, each
portraying different concepts. The Gemma 2
model family (Google, 2024) tokenizes admit,
in the OMW synset of admit.v.01, into
ad in ad.n.01, and the Polish word mit in
myth.n.01. Concurrently, in opposite order
they form the Spanish word mitad, present in
half.n.02.

understanding them as frames, compute a Concept
Frame from a matrix average and a Combined
Concept as the difference of Concept Frames.

4.2.1 Words as Frames
In practice, every word is split into t indepen-
dent tokens (w1, w2, . . . , wt), and represented in
U as the column matrix of shape d × t from the
concatenation of sub-word unembedding token
vectors

W = (u(w1) u(w2) . . . u(wt)) . (10)

First, consider the following principle about the
nature of word matrices. Let two token vectors
a,b ∈ U . If these vectors were collinear, mean-
ing b = αa for some α ∈ R, then Equation (2)
would consistently assign higher probabilities to
one token over the other regardless of input. This
would effectively make some tokens redundant,
as they would never be the most probable choice
in any context.Such a scenario contradicts the as-
sumption that each token learned by the model
must have some context in which it is the optimal
choice, i.e., all learned tokens must be meaningful
and usable. Notice, however, that we only consider
tokens learned by the model instead of full vocab-
ulary because it might contain tokens never seen
during training or not properly learned. We as-
sume the model has learned all tokens from words
in its supported languages. Thus, we conclude no
two token vectors are collinear.

In that sense, word matrices as in Equation (10)
are constrained so that no token vector u(wi) can
be expressed as a scalar multipleαu(wj) of another
token vector, for any α ∈ R. This non-collinearity
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constraint defines a locally Euclidean open subset
of Rd×t, thereby forming a manifold. The softmax
operation in DNN training ensures the space of all
words acquires a manifold structure.

While non-collinearity is a necessary condition,
it does not enforce W as full-rank—the t token
vectors may exist in a subspace of dimension
less than t. However, we assume rank deficiency
may compromise expressiveness and computa-
tional stability, suggesting the need for additional
constraints.

From an NLP perspective, unique word rep-
resentations are essential. If a word was not a
linearly independent matrix, we could eliminate
dependent tokens until made full-rank, yielding an
alternative representation of the same word in U .
However, this sacrifices word uniqueness, which
is undesirable for consistent language modeling.

To address these concerns, we propose mod-
eling words as k-frames, i.e., we assume
W ∈ St(t, d). Then, all word matrices are sup-
posed full-rank. Our empirical investigation (c.f.
Section 5.1) supports this framework, revealing
that over 99% of words in OMW exhibit lin-
ear independence among their token vectors. This
assumption is facilitated by the high dimension-
ality of U , easily representing words as full-rank
matrices.

4.2.2 Frame Correlation
Each word has its own token count t, so each
belongs to a St(t, d), where t = 1, 2, . . . , k, i.e.,
k is the max number of tokens in any word.
Thus, we can define the set of all words the Word
Space as CSt(k, d). Let A = (a1 . . . at1) ∈
St(t1, d),B = (b1 . . . bt2) ∈ St(t2, d) be in
CSt(k, d), we employ the asymmetric Procrustes
distance (Ye and Lim, 2016; Mandolesi, 2022) as
the space metric,

d∗p(A,B) =

√√√√t1 + t2 − 2

min t1,t2∑
j

ajMbj , (11)

where M comes from Equation (5).
Hereafter, we can propose frame correlation

by applying the law of cosines to generalize
Equation (1) only in terms of distance functions:

ρ(A,B) =
‖A‖2P + ‖B‖2P − d∗p(A,B)2

2‖A‖P‖B‖P
(12)

=

∑min t1,t2
j ajMbj√

t1t2
, (13)

where ‖A‖P = d∗p(A,∅) =
√
t1, ∅ is the null

frame (origin) of CSt(k, d), so rank(∅) = 0.
Such correlation can measure relationships as

similar (positive), unrelated (null), or opposite
(negative). For instance, yeah and yes are similar
words and should have correlation close to 1, while
yes and bubble are orthogonal, but antonyms
such as yes and no would be negatively correlated.

4.2.3 Concept Frame
We estimate concepts as the Fréchet mean of
a word set—the point minimizing the distance
to each word—effectively capturing the concept
they collectively represent (Marrinan et al., 2014).

Let {Wi}ni=1 be a set of words, Wi =
(u(wi1) u(wi2) . . . u(wiki)) ∈ St(ki, d), and
let S = (s1 s2 . . . sk) ∈ St(k, d), k =
max ki be the Concept Frame, it is determined as

S = argmin
S∈St(k,d)

n∑
i=1

d∗P
2(Wi,S) (14)

= argmax
sj∈St(1,d)

n∑
i=1

ki∑
j=1

u(wij)

Msj . (15)

We can extend the sum at Equation (15) from
ki to k by noticing its equivalence to having
u(wij) = 0 for all ki < j ≤ k. Let’s define W′

i =
(u(wi1) u(wi2) . . . u(wiki) 0 0 . . . 0)
as the right-padded Wi with k− ki zeros. Thus,

S = argmax
sj∈St(1,d)

n∑
i=1

k∑
j=1

W′
ij


Msj (16)

= argmax
sj∈St(1,d)

k∑
j=1

(

n∑
i=1

|W′
ij


)Msj (17)

= argmax
S∈St(k,d)

tr(W̄′
MS), (18)

where W̄′ =
∑n

i=1 W
′
i is the padded word sum.

Finally, Equation (18) is the Procrustes prob-
lem, which Schönemann (1966) has solved with

S = UV
, (19)

and W̄′
M = UΣV
 is the SVD decomposition
of the padded word sum. Hence, under the Pro-
crustes distance the Concept Frame is the solution
of a Procrustes problem.

4.2.4 Combined Concept Frames
In Section 4.1.1, we defined Combined Concepts
as concept vector differences, which we extend
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to FRH by placing them in the Stiefel manifold.
In other words, given a pair of Concept Frames
A,B ∈ St(k, d), we can build the Combined Con-
cept Frame D = D(B,A) ∈ St(k, d) by enforcing
it to be the frame closest to B−A:

D = argmax
D∈St(k,d)

tr
(
(B−A)
MD

)
(20)

= UDV


D
, (21)

where (B−A)
M = UDΣDV


D

is the SVD.

4.3 Concept Probing

The framework established for U can be ex-
tended to the feature space H by reinterpreting
Equation (2) as logit p(y|x) = ρ(u(y),h(x)).
Thus, the correlation between u(y) and h(x) can
be understood as a linear probe from space U
to H.

Consequently, there is a correspondence be-
tween frames in U and H. Let a Feature Frame H
be the last k feature vectors of the input sequence

H(x) = (ht−k+1 ht−k+2 . . . ht) ∈ St(k, d),

we probe x for Concept Frame S ∈ St(k, d) using
the correlation defined at Equation (12),

logit p(S|x) = ρ(S,H(x)). (22)

4.4 Top-k Concept-Guided Decoding

We can leverage concept probing as a mecha-
nism for Controllable Text Generation (CTG) via
Concept-Guided Text Generation (Figure 2). This
approach can be implemented with sample-based
decoding methods, such as Top-k sampling, first
generating a set of k potential tokens from which
the next token is randomly selected. We propose
to alter such process wherein the next token xt+1

of input sequence x = (x1, x2, . . . , xt) is the one
which maximizes its respective Feature Frame
correlation onto a target Concept Frame S,

xt+1 = argmax
i∈{1,2,...,k}

ρ(S,Hi(x)). (23)

This methodology can align model output with a
desired concept and serves as a practical prototype
for FRH, showing how to direct text generation
and understand model behavior meaningfully.

Figure 5: Relative Rank as a function of token count for
all OMW lemmas and model families. As token count
increases, some OMW lemmas are compound names,
phrases or expressions, and not words. If constrained to
words, over 99% of them are full-rank. Phi 3 has lower
overall rank for longer lemmas than other models.

5 Experiments

In this section, we validate FRH for words and con-
cepts, showing guided generation of sentences. We
use Llama 3.1 (Meta, 2024), Gemma 2 (Google,
2024), and Phi 3 (Microsoft, 2024) LLM families
and OMW only with supported languages. Further
discussion is available in the Appendices.

5.1 Frame Representation Hypothesis

FRH posits that LLMs encode words as frames.
We can empirically evaluate this hypothesis by
analyzing if words are made of linearly indepen-
dent vectors, which we can measure by computing
its rank. In Figure 5, we see near-maximum matrix
ranks for lemmas comprising up to 3–4 tokens,
which is the token count that represents words.
In OMW, lemmas with token counts of 5 and
beyond mostly represent compound words and
expressions, implying the frame representation
fits 99.8% words. Notably, Phi 3 shows a rapid
rank decrease beyond token count of 5, likely
due to its high proportion of lemmas with large
token count, making non full-rank lemmas more
common (c.f. Figure 4).

Furthermore, given that we propose using
OMW synsets to build Concept Frames, we must
verify if these synsets fit the model representation
or not. To that end, we can compute the projec-
tion (unnormalized correlation) of Word Frames
onto their corresponding Concept Frames for all
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Figure 6: Distribution of Word Frame projection
lengths. Random frames have near-zero projection
with any Concept Frame, while words show positive
projections onto associated Concept Frames.

OMW synsets and lemmas. Figure 6 reveals that
random frames are consistently unrelated to con-
cept frames across models, while words exhibit
positive projections onto their associated concepts.

Moreover, we must verify if FRH is capa-
ble of dealing with ‘‘noisy’’ tokens. Particularly,
tokens that are part of several different words,
such as ism being part of words like criticism,
realism, journalism. Traditional LRH methods
struggle with these tokens because they are su-
perpositions of several concepts, leading to noise
in Equation (7), i.e., concepts which don’t corre-
late with the tokens that built it. For example, to
obtain a vector representation of admit, it would
be required to average ad and mit, but this is un-
likely to yield a vector that accurately represents
the intended concept of admit.v.01, as seen in
Table 1.

Theoretically, FRH solves this problem by
avoiding vectors and keeping the matrix represen-
tation intact. In Figure 7, we compare correlations
between concepts and its words for OMW synsets
containing lemmas with tokens ism, ment and
ship. We find that while some concepts show
low correlation with its words, FRH distribution
is skewed to higher correlations than LRH, which
indicates it more robustly deals with tokens be-
longing to several concepts. Thus, concepts are
better represented as frames rather than vectors.

These findings support FRH consistency with
models’ internal representations and suggest

Figure 7: Distributions of Word-Concept Correlation
for concepts that contains the tokens ism, ment,
and ship. These tokens introduce noise in the LRH
concept estimation based on averages, while in FRH
this problem does not occur.

LLMs inherently correlate with OMW. In the
following experiments, we use lemmas up to 4
tokens to ensure our theory is applied only for
full-rank matrices.

5.2 Guided Generation

We explore applied FRH with Concept-Guided
Decoding, exposing biases and vulnerabilities.

5.2.1 Qualitative Analysis

We first compare model outputs on a few inputs
and concepts likely sensitive to biases. Figure 8
demonstrates the impact of concept-guidance on
the characterization of men by Llama 3.1 8B In-
struct. With no guidance, the model focuses on
family roles. When guided by the Concept Frame
woman.n.01 - man.n.01, this tendency is
seemingly amplified. However, a more significant
shift in narrative occurs when guided by the op-
posite concept of man.n.01 - woman.n.01,
emphasizing a perceived importance as family
providers.

At Figure 9, the unguided model’s char-
acterization of women primarily enumerates
family roles, which may be interpreted as a
balanced output when juxtaposed with the de-
fault answer for men at Figure 8. Despite
that, woman.n.01 - man.n.01 makes the
model emphasize biological traits. Conversely,
man.n.01 - woman.n.01 highlights leader-
ship roles and esteemed social positions.
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Figure 8: Concept-guided generation examples when
the model is prompted to describe men.

Figure 9: Concept-guided generation examples when
the model is prompted to describe women.

The stark contrast in each example suggests
that, when guided by D(B,A), the model attempts
to maximize attributes it associates with the first
concept B while minimizing A. These illustrate
how to influence text generation, exposing bi-
ases and stereotypes within the model’s learned

Figure 10: Concept-guidance applied for harmful gen-
eration examples. We compare guidance of the same
concept harm.v.01 - safe.n.01 when token
vectors (LRH) are used versus Word Frames (FRH).

representations. Notably, most generations stayed
fluent, but elevated values of k can lead to in-
coherent text, a known issue of top-k sampling
(Holtzman et al., 2020), visible in Appendix B.1.

Additionally, we found that Concept Guidance
can expose vulnerabilities, including harmful con-
tent generation. Figure 10 shows how concept
harm.v.01 - safe.n.01 effectively jail-
breaks LLMs. However, notice this selection of
concept was made by naively basing ourselves
on the notion that we should maximize harmful
concepts while minimizing safety ones.

5.2.2 Quantitative Analysis

A comprehensive understanding necessitates a
quantitative study. Notwithstanding, there is much
discussion in the literature about how evaluation
of interpretability methods should be conducted,
with some arguing that a strong theoretical ba-
sis far outweighs a choice of metrics that could
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Figure 11: Concept probing evolution for 3
levels of Top-k Concept-Guided Decoding with
Llama 3.1 70B AWQ (Lin et al., 2023). The
guidance with woman.n.01 - man.n.01 and
black.n.01 - white.n.01 is able to counter
the LLM tendency to maximize man.n.01 and
white.n.01 respectively when unguided.

be naively maximized by yet another black box
model. Besides, it is more concrete to measure
applications of said methods and use those to
assess interpreter trustworthiness (Nauta et al.,
2022). To that end, we use a multilingual in-
struction dataset to ensure a minimum of 1000
sentences for each model supported language. We
use concepts woman.n.01 - man.n.01 and
black.n.01 - white.n.01 for our analy-
sis. Resource constraints limited our investigation
to these few concepts, though we expect results are
comparable across similar conceptual domains.

Initially, we focused on the evolution of gen-
erated sentences across distinct values of k. As
visible in Figure 11, all sentences start with
minimal projection (unnormalized correlation)
to the chosen concept, evidenced by near-zero
projection length. Notably, the unguided out-
put tends to minimize the correlation with our
selected concepts, i.e., it naturally generates
text closer to man.n.01 and white.n.01
if no guidance is executed. However, the algo-
rithm demonstrated capacity to steer the output
toward the desired concept with increasing ef-
fectiveness as k increased, showing k can
regulate guidance strength. This behavior is in-
dicative of biases in LLM generation. Yet, Top-k
Concept-Guided Decoding is able to remediate
it for woman.n.01 - man.n.01, stabilizing
projection around 0 in k = 3, while inverting the

Figure 12: Concept probing evolution during model
generation for the 8 languages supported by Llama
3.1 70B using Top-k Concept-Guided Decoding with
k = 2. Hindi and Thai are clearly more susceptible to
the concepts than other languages.

tendency forblack.n.01 - white.n.01 in
k ≥ 2.

Next, we examine concept-guided genera-
tion across Llama 3.1 supported languages. We
find most languages exhibit comparable patterns,
with Hindi and Thai serving as notable excep-
tions (Figure 12). These demonstrate significantly
higher susceptibility to guidance and are the only
non-european ones, suggesting the model treats
said languages differently (Meta, 2024). Never-
theless, under black.n.01 - white.n.01,
English seems to be slightly more flexible, keep-
ing a stable zero projection, which is a possible
sign of how the model was more carefully fine-
tuned for this language. Further investigation is
shown in Appendix C.2.

Finally, we verify the effectiveness of Top-k
Concept-Guided Decoding as a jailbreaking tool.
We use the SafeBench dataset proposed for the
FigStep jailbreak method (Gong et al., 2025)
containing 500 harmful queries spanning sev-
eral categories, such as malware development,
quackery, fraud and violence. Then, we evaluate
instruction compliance rate as the percentage of
queries the model followed the harmful instruc-
tions. For each generated output, we use regular
expressions and substring matching to detect if the
output contains refusal cues, like ‘‘sorry’’ or ‘‘I
am unable to’’, or repetition loops. We employed
Claude Sonnet 3.7 (Feb/2025) to determine 100
refusal expressions.

In Table 2 (top), we compare the compliance
rates for several models between vanilla text
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LLM Text LRH (token) Ours

Gemma 2 2B 55.4% 57.2% 51.0%
Gemma 2 9B 29.6% 35.6% 55.0%
Llama 3.2 1B 70.2% 74.6% 86.8%
Llama 3.2 3B 70.6% 77.8% 82.0%
Llama 3.1 8B∗ 85.6% 81.0% 82.4%
Llama 3.1 70B∗ 75.4% 80.6% 83.6%
Phi 3 mini 73.4% 90.0% 93.6%
Phi 3 small 69.4% 69.8% 75.8%
Phi 3 medium 65.0% 74.0% 80.6%

Average 66.1% 71.2% 76.8%

VLM Text FigStep Ours

Qwen2-VL 2B 26.8% 97.6% 81.8%
Qwen2-VL 7B 19.8% 91.6% 85.6%
Qwen2-VL 72B 23.4% 96.0% 94.6%
Llama 3.2 11B 54.2% 83.4% 90.4%
Llama 3.2 90B∗ 66.4% 77.4% 94.0%

Average 38.1% 89.2% 89.3%

∗: 4-bit

Table 2: Compliance Rates on SafeBench. Top
table shows results for several LLMs, compar-
ing (from left to right) simple text input, Top-k
Concept-Guided Decoding with token vectors,
and our proposal with Word Frames. Bottom ta-
ble shows results for Vision-Language Models
(VLMs), comparing text input, FigStep (Gong
et al., 2025), and our approach. For each row
within its table, bold numbers represent the highest
value and underlined numbers the second highest.

prompt, Top-k Concept-Guided Decoding using
tokens versus using Word Frames (our method)
under guidance of harm.v.01− safe.n.01. We
observe that Word Frames enable systematic com-
pliance with harmful queries, surpassing vanilla
text and traditional LRH token vectors. Further-
more, Table 2 (bottom) compares our method
against the FigStep Vision-Language Model
(VLM) jailbreaking technique (Gong et al., 2025),
revealing comparable average performance. This
demonstrates our technique’s effectiveness is on
par with model exploitation methods, validat-
ing both Top-k Concept-Guided Decoding and
FRH through alignment with LLM representa-
tions, while also highlighting the ease with which
some models can be exploited.

6 Limitations

While this work brings forth important inter-
pretability results, it is important to highlight our
study faces several limitations.

First, Top-k Concept-Guided Decoding steers
continuously through the entire generation, which
we note to promote unnecessary verbosity,
potentially delaying sentence termination as
end-of-sentence tokens are unlikely to maximize
concept scores. This persistent steering is imprac-
tical and requires tuning for selective application
during generation. Similarly, this decoding strat-
egy served as a FRH proof-of-concept, but is
limited by the same constraints as Top-k sam-
pling, so elevated k seems to increase the chances
for repetition loops.

Second, the usage of substring matching to
measure compliance in Table 2 can be brittle and
potentially over-strict, but it proves most effective
for evaluating instruction compliance compared to
alternatives: Manual checking introduces repro-
ducibility challenges due to evaluator judgment
variability (Gong et al., 2025), and language model
evaluation is less reliable since intelligent LLMs
may avoid harmful queries (Zou et al., 2023).
Despite that, additional research is necessary to
properly assess the ‘‘helpfulness’’ of responses to
harmful queries. Also, resource constraints forced
4-bit quantization for some models in this ex-
periment, potentially increasing their vanilla text
compliance with harmful queries inadvertently.

Third, using WordNet for concept definition,
while convenient and cost-effective compared to
manual curation (Park et al., 2023), has draw-
backs. WordNet’s lexical relationships may not
align with the model’s internal representations,
potentially yielding statistically incorrect or noisy
concepts and contributing to some low correla-
tions seen in Figure 7. Defining concepts from
model activations might offer far greater concept
precision even if more expensive.

7 Conclusions

This study proposes the Frame Representa-
tion Hypothesis, an extension of the Linear
Representation Hypothesis positing LLMs en-
code words and concepts as k-frames living in
Stiefel Manifolds. We provide a framework for
LLM interpretability via concept probing and
concept-guided decoding, revealing biases and
harmful vulnerabilities in state-of-the-art LLMs.
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This work is an initial exploration, and further re-
search is made necessary to understand its extents.
In particular, we have yet to explore higher order
Combined Concepts, which could reveal richer
relationships, especially if integrated with Dic-
tionary Learning techniques. In conclusion, FRH
represents a promising avenue for interpretability,
leading to novel developments in safe, trustworthy
and reliable AI systems.

8 Ethical Statement

This research aims to enhance LLM transparency
and safety, facilitating the detection and analysis
of model biases, e.g., Figures 8 and 9. However,
we acknowledge concept-guided decoding, while
useful for probing vulnerabilities, demonstrably
enables the generation of harmful content and
model jailbreaking, e.g., Figure 10 and Table 2.
This presents a dual-use risk. The authors em-
phatically discourage this tool usage for malicious
purposes yet it is necessary to acknowledge its
potential for misuse. We advocate for responsi-
ble development and deployment of such tools
and more studies are warranted to comprehend
their extent with further examples available at
Appendix B.1.
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A Mathematical Details and Proofs

A.1 Linear Decomposition of Tokens
Lemma A.1 (Concept estimation). Let {yj}nj=1

be a set of tokens sharing a common concept s,
we can estimate the concept as

s∝∼

n∑
j=1

u(yj)− u0, (24)

with error of order O( 1√
n
).

Proof. Let uj = u(yj). If {uj}nj=1 share a com-
mon meaning s, then by Postulate 4.1 every uj is
represented as

uj − u0 =
s∑
i

aisi = ajs+
n∑

si �=s

aisi, (25)

where aj is the coefficient of s for the token uj .
Then,

n∑
j=1

uj − u0 =

n∑
j=1

(ajs+
∑
si �=s

aisi) (26)

=

n∑
j=1

ajs+

n∑
j=1

n∑
si �=s

aisi (27)

= as+
n∑

j=1

n∑
si �=s

aisi (28)

= as+O(
1√
n
), (29)

where a =
∑n

j=1 aj and
∑n

j=1

∑n
si �=s aisi is a

rough estimate of the sample mean, which should

tend to zero with error equal to the standard error
of the mean (SEM), considering the common
concept factors more distinctly than the others. �

Proposition A.1 (1st-order Concepts). A concept
C has ray representation R(s′C), where s′C is a
normalized counterfactual concept pair difference:

s′C =
sC−1 − sC−0

‖sC−1 − sC−0‖
. (30)

Proof. Following Equation (4), the unembedding
representation of a concept C is computed as a
normalized mean of counterfactual pairs. Thus,

u′
C =

nC∑
i

(ui(C = 1)− ui(C = 0)) (31)

=

nC∑
i

ui(C = 1)−
nC∑
i

ui(C = 0) (32)

=

nC∑
i

(ui(C = 1)− u0) (33)

−
nC∑
i

(ui(C = 0)− u0) (34)

= sC−1 − sC−0, (35)

where sC−1 =
∑nC

i (ui(C = 1) − u0) and
sC−0 =

∑nC
i (ui(C = 0) − u0) are concepts for

each counterfactual pair item. Then, normalizing
u′
C gives s′C at Equation (30). �

A.2 Frame Representation Hypothesis
A.2.1 Rays and Subspaces
Let v,u ∈ R

d be two vectors, angle θ between
them, their respective rays and 1-dim subspaces
are two distinct structures which can be general-
ized to points in Grassmann manifolds differing
only by choice of distance. Rays use the chordal
Frobenius distance, also known as the Procrustes
distance (Mandolesi, 2022), given by

dP(R(v),R(u)) = ‖v − u‖F = 2 sin
θ

2
, (36)

where ‖·‖F is the Frobenius norm, making the
Frobenius inner product the space inner product.

In this context, correlation (1) is induced by the
choice of distance and norm:

ρ(R(v),R(u)) =
〈v,u〉F

‖v‖F‖u‖F
(37)

= cos θ, (38)
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where we use the term ‘‘correlation’’ to indicate a
generalization of the traditional cosine similarity
beyond just vectors.

On the other hand, their respective subspaces
[v], [u] are compared using the projective distance

dP([v], [u] = ‖vv
 − uu
‖F (39)

=
√

1− cos2 θ. (40)

Thus,

ρ([v], [u] =
〈vv
,uu
〉F

‖uu
‖F‖uu
‖F
(41)

= cos2 θ. (42)

A.2.2 Combined Concept
Geometrical Interpretation

We show a geometrical interpretation of the Com-
bined Concept Frame, illustrated in Figure 13.

Proposition A.2. Let A,B ∈ St(k, d) be Concept
Frames (19). Then, D(B,A) is the frame which
best approximates the direction of the geodesic
from A to B at its midpoint.

Proof. Let γ(t) = A exp(tΩ) be the geodesic
connecting A and B, Ω = log(A
B) ∈ R

k×k.
Given the matrix exponential MacLaurin se-
ries exp(X) =

∑∞
n=0X

n/n!, we find that the
derivative of the geodesic at the midpoint is

γ′(1/2) = A exp(Ω/2)Ω (43)

= A

∞∑
n=0

Ωn+1

n!2n
(44)

= A

(
Ω+

Ω2

2
+ . . .

)
. (45)

Similarly,

B−A = A(expΩ− I) (46)

= A

∞∑
n=1

Ωn

n!
(47)

= A

(
Ω+

Ω2

2
+ . . .

)
. (48)

The series match to second order. Therefore, if
A and B are not unrelated concepts, B − A ≈
γ′(1/2). Since D(B,A) is the closest frame to
B − A, D(B,A) simultaneously approximates
the direction of the geodesic at the midpoint. �

Figure 13: Illustrations of Difference Frames on the
Stiefel manifold. Top: Frames A and B are pro-
jected onto tangent space at the midpoint M (frame
mean). Difference subspaces are represented by arrows
connecting M to each Logarithm Map. Bottom: Dif-
ference Frames are approximately equivalent to the
gradient of the geodesic between the two frames at
the midpoint M = γA→B(1/2) = γB→A(1/2), thereby
B −A ≈ γ′

A→B(1/2), while A− B ≈ γ′
B→A(1/2).

B Top-k Concept-Guided Decoding

B.1 Text Completion Examples
These are Text Completion samples from Llama
3.1 8B. We show extra examples of the guided
decoding mechanism, including text completions
and harmful instructions. The grey area is the input
and the remaining text model output.
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Text Completion samples from Gemma 2 9B:

Samples from Llama 3.1 8B Instruct show-
ing the effect of increasing k given the same
input prompt with concept of good.n.01 –
evil.n.01. Fluency and coherence diminish as
k becomes too elevated.

1454



Samples from Llama 3.1 8B Instruct on
the SafeBench dataset under the guidance of
harm.v.01 –safe.n.01. We see that in some
cases an incomprehensible loop starts to avoid fol-
lowing the harmful request. This could be worked
around by trying a different concept.
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C Extra Experimental Results

C.1 Experimental Settings

Experiments were conducted on a single Nvidia
H100 80Gb GPU, so the largest Llama 3.1 405B
was not considered. The multilingual instruction
dataset was compiled from questions sourced from
the Aya Dataset (Singh et al., 2024), supplemented
with additional samples in Italian from SQuAD
Italian (Croce et al., 2018), German and Thai from
XQuAD (Artetxe et al., 2019), and Hindi from
MLQA (Lewis et al., 2020), ensuring a minimum
of 1000 sentences for each of the 8 languages
supported by Llama 3.1 models. Gemma 2 and
Phi were restricted to English samples, following
their official language support.

C.2 Top-k Concept-Guided Decoding
Language Comparison

We analyze the strength of the steering effect with
respect to the k factor. Figure 14 shows that ac-
tually most languages are similarly affected on
average, but as visible at Figure 15, the standard
deviation of the steering effect is higher for Hindi
and Thai, which noisy patterns, indicating limita-
tions on the model’s own ability at handling these
languages.

Figure 14: Growth of steering effect for the 8 languages
supported by Llama 3.1 8B Instruct using top-k guided
generation. Rescaled for visibility.

Figure 15: Growth of steering effect standard deviation
for the 8 languages supported by Llama 3.1 8B Instruct
using top-k guided generation.

C.3 Top-k Concept-Guided Decoding
Model Comparison

Furthermore, we use the concept relative pro-
jection—difference of guided and unguided
projection to the concept—to measure guidance
susceptibility among several model families
(instruct versions) and various parameter counts.
In Figure 16, we see that most models seem equally

Figure 16: Concept relative projection for several model
families and parameter counts.
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Figure 17: Concept relative projection for several model
families and concept guides.

susceptible to guidance among parameter counts
with the exception of Phi 3 small, its middle sized
model, which show great variability. Curiously,
guidance susceptibility is almost equal for lower
parameter count models, indicating convergence
of representations.

In Figure 17, we compare the same effect for
two different concept guides, and find the bulk
of the distribution is still close to zero, showing
that most examples are not so susceptible, which is
expected since most input sentences are indeed un-
related to these concepts. However, there is slight
more variance with woman.n.01−man.n.01
that with black.n.01 − white.n.01 for all
models. Besides, in accordance to Figure 16, we
see Phi 3 has much higher variance on average.

1458


