
1. I n t r o d u c t i o n  

W h e n  a l a n g u a g e  i s  a n a l y z e d  i n  a c c o r d a n c e  w i t h  a p h r a s e  

s t r u c t u r e  g r a m m a r ,  i t  i s  c u s t o m a r y  to  r e g a r d  a t e r m i n a l  s t r i n g  

x a s  g r a n ~ m a t i c a l  a c c o r d i n g  t o  a g r a m m a r  G i f  o n e  c a n  s t a r t  f r o m  

t h e  i n l t i a l  s t r i n g  o f  t h e  g r a m m a r  a n d  a p p l y  t h e  r u l e s  of  G ,  s u c c e s -  i 

s i v e l y  r e w r i t i n g  s t r i n g s  u n t i l  x i s  o b t a i n e d .  W i t h  t h e  r e s u l t i n g  

d e r i v a t i o n  o f  a g e n e r a t e d  s t r i n g  x..., a s t r u c t u r a l  d e s c r i p t i o n  of  x 

i s  a s s o c i a t e d  c o n s i s t i n g  of  a l a b e l e d  b r a c k e t i n g  w h i c h  i n d i c a t e s  t h e  

n o n t e r m i n a l  s y m b o l ( s )  r e w r i t t e n  t o  o b t a i n  s u b s t r i n g s  of x .  W h e n  

a p h r a s e  s t r u c t u r e  g r a m m a r  c o n t a i n s  o n l y  c o n t e x t - f r e e  r u l e s ,  

e a c h  g e n e r a t e d  s t r i n g  c a n  b e  a n a l y z e d  a n d  i t s  s t r u c t u r a l  d e s -  

c r i p t i o n s  c o m p u t e d  w i t h  c o n s i d e r a b l e  e f f i c i e n c y .  In  t h e  e v e n t  

t h a t  s o m e  r u l e s  a r e  c o n t e x t - s e n s i t i v e ,  h o w e v e r ,  n o  g e n e r a l  

a n a l y s i s  p r o c e d u r e  o f  c o m p a r a b l e  e f f i c i e n c y  i s  k n o w n .  In  t h i s  p a p e r  

I d i s c u s s  a m e a n s  f o r  a l l o w i n g  t h e  u s e  of  c o n t e x t - s e n s i t i v e  r u l e s  

i n  t h e  d e s c r i p t i o n  o f  c o n t e x t - f r e e  l a n g u a g e s  to  t h e  e n d  of  p r o v i d -  

i n g  g r e a t e r  e c o n o m y  of  d e s c r i p t i o n  a n d  a n a l y s i s .  I w i l l  s h o w  t h a t  

i f  p h r a s e  s t r u c t u r e  g r a m m a r s  a r e  a l l o w e d  t o  d e f i n e  l a n g u a g e s  i n  

a d i f f e r e n t  w a y  t h a n  i s  u s u a l ,  t h e n  c e r t a i n  c o n t e x t - f r e e  l a n g u a g e s  

c a n  b e  a n a l y z e d  m o r e  q u i c k l y ,  u s i n g  l e s s  s t o r a g e  t h a n  u n d e r  t h e  

s t a n d a r d  i n t e r p r e t a t i o n ,  a l t h o u g h  n o  n o n c o n t e x t - f r e e  l a n g u a g e s  

c a n  b e  s o  a n a l y z e d .  F u r t h e r m o r e ,  t h e  n e w  w a y  in  w h i c h  a g r a m -  

m a r  d e f i n e s  a l a n g u a g e  s e e m s  to  b e  a m o r e  a d e q u a t e  r e c o n s t r u c -  
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t i o n  of  t h e  u s e  to  w h i c h  c o n t e x t - s e n s i t i v e  r u l e s  w e r e  p u t  i n  i m m e d -  

l a t e  c o n s t i  t u e n t  a n a l y s i s .  

A s s u m e  we  a r e  g i v e n  a p h r a s e  s t r u c t u r e  g r a m m a r  G a n d  a 

s t r i n g  x a n d  we  a s k  w h e t h e r  i t  i s  p o s s i b l e  to  a n a l y z e  x in  a c c o r -  

d a n c e  w i t h  t he  r u l e s  o f  G.  T h e  a n s w e r  i s  in  t h e  a f f i r m a t i v e  i f  G 

a s s i g n s  s o m e  l a b e l e d  b r a c k e t i n g  t o x  a s  i t s  s t r u c t u r a l  d e s c r i p t i o n .  

T h i s  s u g g e s t s  t h a t  we  t h i n k  of  x a s  b e i n g  p r o v i d e d  w i t h  a n  a r b i -  

t r a r y  w e l l , f o r m e d  l a b e l e d  b r a c k e t i n g  ~ a n d  c h e c k  w h e t h e r  e a c h  

p h r a s e  of x d e t e r m i n e d  b y  a m a t c h e d  p a i r  of  l a b e l e d  b r a c k e t s  in  

: : i s  d i v i d e d  i n t o  s u b p h r a s e s  i n  a c c o r d  w i t h  t h e  r u l e s  of  G.  F o r  a 

p h r a s e  to  s a t i s f y  a r u l e  R of  G,  t h e  m a t c h e d  p a i r  of  b r a c k e t s  d e t e r -  

m i n i n g  t h a t  p h r a s e  m u s t  e n c l o s e  t h e  p a r t i c u l a r  s e q u e n c e  of  p h r a s e s  

a n d  m e m b e r s  of  G f s  t e r m i n a l  v o c a b u l a r y  t h a t  ~ s a y s  t h e  p h r a s e  

m a y  i m e d i a t e l y  c o n t a i n .  F u r t h e r m o r e ,  i f  R i s  c o n t e x t - s e n s i t i v e  

w i t h  c o n t e x t  ~_i_" " ' ~ m  ----~1" " " ~--n' t h e n  i m m e d i a t e l y  to  t h e  l e f t  
n 

( r i g h t )  in  x of  t h e  p h r a s e  i n  q u e s t i o n  m u s t  be  a s e q u e n c e  y l . . . y m  

( Z l . . . z )  of  s t r i n g s  s u c h  t h a t  (a) Yl =¢t i  (z_j -- Sj) i f  --~i (-~j) i s  i n  
- -  " - T I  n "  ~ - - *  

the terminal vocabulary and   _)isa p h a s e  of type 
d d 

a c c o r d i n g  to t he  l a b e l e d  b r a c k e t i n g  ¢p of  x i f  a i (~.) i s  i n  t h e  n o n -  

t e r m i n a l  v o c a b u l a r y ,  f o r  1 < i < m ( 1  < j < n)~. If  s o m e  w e l l -  
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f o r m e d  l a b e l e d  b r a c k e t i n g  of x i s  a n a l y z a b l e  by G in  t h i s  f a s h i o n ,  

we  c a n  t h i n k  of i t  a s  a s t r u c t u r a l  d e s c r i p t i o n  a s s i g n e d  to  x by  G -- . 

If G i s  c o n t e x t - f r e e ,  the  l a n g u a g e  a s s o c i a t e d  w i t h  i t  in  t h i s  r a t h e r  
w 

n a t u r a l  f a s h i o n  i s  c l e a r l y  the  s a m e  a s  the  l a n g u a g e  g e n e r a t e d  by  

G in  the  u s u a l  f a s h i o n  and  the  s t r u c t u r a l  d e s c r i p t i o n s  a s s i g n e d  to  

s t r i n g s  by  G a r e  the  s a m e  in  the  two c a s e s .  If G c o n t a i n s  r u l e s  

w i t h  n o n n u l l  con t ex t ,  h o w e v e r ,  i t  i s  no t  o b v i o u s  w h e t h e r  the  l a n g u -  

age  a s s o c i a t e d  i n  the  above  m a n n e r  i s  the  s a m e  a s  the  l a n g u a g e  

g e n e r a t e d .  So t h a t  we c a n  i n v e s t i g a t e  t h i s  q u e s t i o n ,  l e t  u s  p r o c e e d  

w i t h  p r e c i s e  d e f i n i t i o n s  of the  n e w  c o n c e p t s  w h i c h  h a v e  a p p e a r e d  

i n f o r m a l l y .  

Z. D e f i n i t i o n s  

F o r  f a m i l i a r  c o n c e p t s  I w i l l  s i m p l y  r e f e r  to  d e f i n i t i o n s  in  the  

l l t e r a t u r e  (cf .  P e t e r s  and  R i t c h i e ,  1969b). R e c a l l  t ha t  a ( c o n t e x t -  

s e n s i t i v e )  p h r a s e  s t r u c t u r e  g r a m m a r  i s  a n  o r d e r e d  q u a d r u p l e  

(V T, V_~, S__, I~ ) SUCh t h a t  ~T a n d ~  a r e  f i n i t e ,  n o n e m p t y ,  d i s j o i n t  

s e t s  ( the tern~-inal  v o c a b u l a r y  and  n o n t e r m i n a l  v o c a b u l a r y ,  r e s -  

p e c t i v e l y ) ,  S i s  a m e m b e r  of V 
- -  - - N  

m 

f i n i t e  s e t  of r u l e s  of the  type  (i), 

( the  i n i t i a l  s y m b o l )  and  R i s  a 

- _ -I_ ~ _ 
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where > O, m, n >  O, A EVb/, y., CL , S EV U~(l<i< , 
_ ~ - j  - k  - T  . . . .  

1 < j < m,  I <  k < n )  and  ~ > ,  / a n d  ~ a r e  s p e c i a l  s y m b o l s  no t  

in  VTUV_N. The  r u l e  (l) i s  o f t en  w r i t t e n  a s  (2). 

T he  n o t a t i o n  (I) m o r e  c l e a r l y  b r i n g s  out  the  p o s s i b i l i t i e s  f o r  

i m m e d i a t e  c o n s t i t u e n c y  a l l o w e d  by the  r u l e  and  the  c o n t e x t u a l  

c o n d i t i o n s  i m p o s e d  by  t he  r u l e  on  t h o s e  p o s s i b i l i t i e s .  L e t  L = 

f'[A J _A E__NV } a n d R - -  {]A I _A E VN. ~ b e  s e t s  of l e f t  and  

r i g h t  l a b e l e d  b r a c k e t s .  

D e f i n i t i o n  I: A l a b e l e d  b r a c k e t i n g  ( f i n i t e  s t r i n g  o v e r  V T ~ . J R  ) ~ 
m 

is  s a i d  to  be  w e l l - f o r m e d  ff (i) ~ E_V T ,  (ii) ~_ = [A ~-]A or  

( i i i )  ~ = ~_wj w h e r e  ~ and  _w a r e  w e l l - f o r m e d  l a b e l e d  b r a c k e t i n g s  

and  A E V ~ .  

The  l a n g u a g e  g e n e r a t e d  by  G ( w r i t t e n  L(_G)) and  the  s e t  of 

s t r u c t u r a l  d e s c r i p t i o n s  g e n e r a t e d  by  G ( w r i t t e n  L(G)) a r e  a s  

u s u a l  (cf.  P e t e r s  and  R i t c h i e ,  1967b, D e f i n i t i o n s  in  § 2), A s e t  

_L of s t r i n g s  is c a l l e d  a c o n t e x t - s e n s i t i v e  l a n g u a g e  i f  t h e r e  i s  a 

p h r a s e  s t r u c t u r e  g r a m m a r  ~ s u c h  t h a t  L =  L(G).  A p ~ a s e  s t r u c -  

t u r e  g r a m m a r  _G is c o n t e x t - f r e e  i f  e v e r y  r u l e  (1) of G h a s  

m --- n = 0 ( i . e .  Ct I . . .  a = ~ " ' "  ~n = e,  ~vhere e i s  the  e m p t y  
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s t r ing) .  A se t  L of s t r i n g s  is  a c o n t e x t - f r e e  l anguage  if t he r e  is  
w 

a c o n t e x t - f r e e  g r a m m a r  G such  that  L -- = L(G). 

Def in i t ion  2: A t r i p l e  (~--1' ~ ' ~-3) is  c a n e d  a nod__.e of a we l l -  

f o r m e d  l abe l ed  b r a c k e t i n g  ~ if ~ -- ~-1 ~ ~ and t he r e  a r e  A E ~N 
- -  - -  - 2  - - 3  - -  _ 

and a w e l l - f o r m e d  l abe l ed  b r a c k e t i n g  ~ such  that  ~--2 -- [A ~- ]A" 

The node  (~ I '  ~--7.' ~3 ) s a t i s f i e s  ru l e  (I) if t he re  a r e  l abe l ed  

b r a c k e t i n g s  ~-0 '  ~---1 . . . . .  ~--m' ~ . . . . .  a_~ n ,  X_ 0 , ~ . . . . .  _Y, 

. . . . .  ~ ' --P0' --Pl . . . . .  P--n' --~I . . . . .  ~ such  that  
- i _  - ~ _  _ _ - _ _ 

(i) ~_i=~.0o'1.~.1... O'm~m, ~Z =[_A'X.o~I_Y,i ..- ~j_')C(L. ]_A 
and~ =~ Zl~. . .  ,~._~p. --3 

(ii) ~x__j, p E(LUR)*,I<i<m, O<j<~., O<k<_~-i a , ~ d  

~_i,-"~_i ~ Z~ 
(iii) ~ =}[ . (~. , ] , ~ CL. E -~N (O1 'we11- f ° rmed) j  I <  i <  m ,  

- C ~  ~ ~ - 

-~_ ,i<j< ~and 
~-j_ C-'~-J -~=IEY ~.']y., if ~ ~ v (~j, ~on-formed 

--T , l < k < n .  
:~r5 ~-~ ~ 'well-formed . . . . .  

Def in i t ion  3: The deb racke t ing  func t ion  d is  the h o m o m o r p h i s m  

f r o m  (V_T U h U R )* onto ~ T *  def ined by 
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a_. if~v T 
(i) d(ct) = -- and 

e ,  i f a  E L U R  

(ii) d(v$_._) = D(cp)d(~) fo r  any l a b e l e d  b r a c k e t i n g s  ¢p and ~_. 

A l a b e l e d  b r a c k e t i n g  ¢p is  a n a l y z e d  by G if d(cp) E VT~, if t h e r e  

is  a w e U - f o r m e d  l a b e l e d  b r a c k e t i n g  ~ s u c h  tha t  ~ =  IS ~-- ]S and 

if e v e r y  node  of Cp s a t i s f i e s  s o m e  m e m b e r  of R. We say  tha t  a 

s t r i n g  x is  p a r s e d  by G if t h e r e  i s  a ] a b e l e d  b r a c k e t i n g  ¢p s u c h  

tha t  cp is  a n a l y z e d  by G and d(cp) = x. The s e t  of l a b e l e d  b r a c k e t -  

ings  a n a l y z e d ' b y  G wi l l  be  w r i t t e n  A ( ~  and the  s e t  of s t r i n g s  

p a r s e d  by G wi l l  be w r i t t e n  P(G).  

The  L a n g u a g e s  P a r s e d  by P h r a s e  S t r u c t u r e  G r a m m a r s  

We can th ink of the  l a b e l e d  b r a c k e t i n g s  a n a l y z e d  by a p h r a s e  

s t r u c t u r e  g r a m m a r  G as  be ing  s t r i n g s  o v e r  a t e r m i n a l  v o c a b u -  

l a r y  w h i c h  is  the  union of CJs t e r m i n a l  v o c a b u l a r y  and i t s  s e t  

of l e f t  and r i g h t  l a b e l e d  b r a c k e t s .  We m a y  then  a s k  wha t  type  

of l anguage  A(G) is .  T h e o r e m  1 p r o v i d e s  the a n s w e r  tha t  A(G) 

is  a c o n t e x t - f r e e  l anguage  and f r o m  th i s  T h e o r e m  3 .8  of P e t e r s  

and R i t c h i e  (1969a) f o l l ow s  i m m e d i a t e l y  as  C o r o l l a r y  1. We 

now p r o c e e d  to s t a t e  t h e s e  r e s u l t s .  

T h e o r e m  l: ~f G is  a p h r a s e  s t r u c t u r e  g r a m m a r ,  then  A(G) 
i 
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i s  a c o n t e x t - f r e e  l a n g u a g e .  

• V , S , 1~) b e  a n y  p h r a s e  s t r u c t u r e  P r o o f :  LetG_ -- (V T -  
~ N  

g r a m m a r  a n d  l e t  L a n d  R b e  t h e  c o r r e s p o n d i n g  s e t  o f  

l e f t  a n d  r i g h t  l a b e l e d  b r a c k e t s .  T o  p r o v e  t h e  t h e o r e m ,  i t  

s u f f i c e s  to  d e s c r i b e  a p u s h d o w n - s t o r a g e  a u t o m a t o n  M 

w h i c h  a c c e p t s  A(G) s i n c e  p u s h d o w n o s t o r a g e  a u t o m a t a  ~ a c c e p t  

j u s t  t h e  c o n t e x t - f r e e  l a n g u a g e s  ( C h o m s k y ,  1963, T h e o r e m  

6 ) .  I w i l l  d e s c r i b e  t h e  a u t o m a t o n  M i n f o r m a l l y  s i n c e  t h i s  

w i l l  p r o v i d e  m o r e  i n s i g h t  i n t o  i t s  o p e r a t i o n .  F o r m a l  

c o n s t r u c t i o n  of  M f r o m  t h i s  d e s c r i p t i o n  i s  a s t r a i g h t f o r w a r d  

• a n d  t e d i o u s  e x e r c i s e  a n d  i s  t h e r e f o r e  o m i t t e d .  

I~ c a n  r e c e i v e  a s  i n p u t  a n y  s t r i n g  o v e r  V U L U R .  
w T 

I t s  p u s h d o w n - s t o r e  c a n  c o n t a i n  s y m b o l s  f r o m  ~T U ~N U I ~ U R ' ,  

w h e r e  1~ t i s  a s e t  of  s y m b o l s  e a c h  c o r r e s p o n d i n g  to  t h e  s t r i n g  

r e s u l t i n g  f r o m  i n s e r t i n g  a s i n g l e  ITpointer"  ( I )  in  t h e  l e f t -  

c o n t e x t  p o r t i o n  c~ a r u l e  (e .  g.  (3)) o r  to  t h e  s t r i n g  r e s u l t i n g  

f r o m  i n s e r t i o n  of  a 1 i n  a n y  s t r i n g  w h i c h  i s  t h e  r i g h t -  

c o n t e x t  Qf a r u l e  of  R ( e . g .  ~--1 " ' "  I ~ . . . .  ~ )- 
m - ' I  - ~ 1  

(3) A~> ,r ... ,~ I I~ 
- -  - I  - -  CLI . . . . . .  ~ --i - -m ~ ' ' "  ~ " - n  
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M c o n t a i n s  a f i n i t e  s e t  o f  s t a t e s  s u f f i c i e n t  to  " r e m e m b e r "  

t w o  t a b l e s :  a r u l e  t a b l e  a n d  a r i g h t - c o n t e x t  t a b l e .  T h e  r u l e  

t a b l e  p l a y s  a d u a l  r o l e ;  i t  i s  u s e d  to  d e t e r m i n e  i h a t  a n o d e  o f  

t h e  i n p u t  i s  t e n t a t i x e l y  i n d i c a t e d  a s  s a t i s f y i n g  a r u l e  o n l y  i f  t h e  

l e f t - c o n t e x t  o f  t h a t  r u l e  i s  i n d e e d  s a t i s f i e d  w h e n  t h e  l e f t  b r a c k e t  

d e t e r m i n i n g  t h e  n o d e  i s  r e a c h e d  i n  t h e  i n p u t  a n d  i t  i s  u s e d  t o  

s t o r e  a n  i n d i c a t o r  a t  t h a t  p o i n t  w h i c h  w i l l  a l l o w  M to  c h e c k  a s  

t h e  i n p u t  i s  r e a d  f u r t h e r  w h e t h e r  t h e  i m m e d i a t e  c o n s t i t u e n c y  

a n d  t h e  r i g h t - c o n t e x t  o f  t h e  n o d e  a r e  a s  r e q u i r e d  b y  t h e  r u l e .  

T h e  r i g h t - c o n t e x t  t a b l e  i s  u s e d  in  c h e c k i n g  w h e t h e r  t h e  r i g h t -  

c o n t e x t  of  a r u l e  t e n t a t i v e l y  i d e n t i f i e d  a s  b e i n g  s a t i s f i e d  b y  a 

n o d e  d o e s  i n d e e d  a p p e a r  i m m e d i a t e l y  to  t h e  r i g h t  of  t h e  r i g h t  

bracket determining that node. For each rule (I) of 1~, the rule 
m 

t a b l e  c o n t a i n s  m ~- 1 p o s i t i o n s  a n d  t h e  i t h  p o s i t i o n  c o n t a i n s  a n  

e n t r y  c o n s i s t i n g  e i t h e r  o f  t h e  s y m b o l  (3) o r  t h e  s y m b o l  (4).  

. . .  i 

T h e  r u l e  t a b l e  w i l l  b e  u p d a t e d  a s  t-he i n p u t  i s  r e a d  s o  t h a t  w h e n  

a n y  p o s i t i o n  c o r r e s p o n d i n g  to  a n y  r u l e  (I) o f  R c o n t a i n s  t h e  m 

e n t r y  (3),  t h e n  i m m e d i a t e l y  to  t h e  l e f t  i n  t h e  i n p u t  of  t h e  s c a n n e d  

s y m b o l  i s  a s t r i n g  a n a l y z a b l e  a s  c~ 1 . . .  cLi. j T h u s  i f  a p o i n t e r  
m 

a p p e a r s  in  t h e  e n t r y  o f  a p o s i t i o n  i m m e d i ' a t e l y  to  t h e  l e f t  o f  t h e  

s y m b o l  ~ ( d a s h ) ,  t h e n  t h e  l e f t - c o n t e x t  o f  t h e  c o r r e s p o n d i n g  
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r u l e  i s  s aUs£ i ed  a t  t ha t  po in t  in  the  input .  It i s  c l e a r  t ha t  t h e  r u l e  

t a b l e  r a n  be  " r e m e m b e r e d "  in  a f i n i t e  s e t  of s t a t e s .  F o r  e a c h  d i s -  

t i n c t  s t r i n g  ~ . . .  J3 a p p e a r i n g  a s  t he  r i g h t - c o n t e x t  of a ~eule in  R,  

the  r i g h t - c o n t e x t  t a b l e  c o n t a i n s  n÷1_. p o s i t i o n s  the  i_th one of w h i c h  

 tain either the entry_ i.., or : . . .  I. When 

the  r i g h t  b r a c k e t  d e t e r m i n i n g  a node  i s  r e a c h e d  in the  input ,  a 

p o s i t i o n  c o r r e s p o n d i n g  to  t he  r i g h t - c o n t e x t  of the  r u l e  w h i c h  w a s  

t e n t a t l v e l y  i d e n t i f i e d  a s  be ing  s a t i s f i e d  a t  the  node  r e c e i v e s  a p o i n t e r  

to  the  l e f t  of i t s  l o f t m o s t  s y m b o l .  As  the  input  i s  r e a d  f u r t h e r ,  

p o i n t e r s  a r e  a d v a n c e d  to  t he  r i g h t  in  t h i s  s t r i n g  a s  e a c h  " " s u c c e s s i v e  

p o r t i o n  of the  con t ex t  a p p e a r s  u n d e r  the  s c a n n i n g  head .  T h i s  

a l l ows  M to c h e c k  w h e t h e r  the  t e n t a t i v e l y  i d e n t i f i e d  r u l e  i s  i n d e e d  

s a t i s f i e d  by  the  node .  !IReme~nberingW' the  r i g h t - c o n t e x t  t a b l e  a l s o  

r e q u i r e s  only  a f i n i t e  n u m b e r  of s t a t e s .  

When s t a r t e d  in  i t s  i n i t i a l  s t a t e  s can n i n g  the  l e f t m o s t  s y m b o l  

on the  input  t ape  w i t h  an  e m p t y  p u s h d o w n - s t o r e ,  _M p r i n t s  S on the  

s t o r e  and i n i t i a l i z e s  i t s  t a b l e s  as  fo l lows :  fo r  e a c h  r u l e  (1) of 1~ 
m 

a c o ~ r e s p o n d i n g  p o s i t i o n  of t he  r u l e  t a b l e  r e c e i v e s  the  e n t r y  (4) 

and  e a c h  p o s i t i o n  of the  r i g h t - c o n t e x t  t ab l e  r e c e i v e s  an  e n t r y  w i th  

a p o i n t e r  a t  i t s  e x t r e m e  r igh t .  At  e a c h  s u c c e s s i v e  s t e p  of i t s  

c o m p u t a t i o n ,  M p e r f o r m s  w h i c h e v e r  one  of the  o p e r a t i o n s  ( 5 ) . . .  

(8) i s  p o s s i b l e  in  v iew of t he  top  s y m b o l  on i t s  p u s h d o w n -  

s t o r e ,  the  s c a n n e d  s y m b o l  on i t s  input  t ape  and the  co n t en t s  
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of  i t s  t a b l e s .  If n o n e  of  t h e  o p e r a t i o n s  c a n  b e  p e r f o r m e d ,  M 

b l o c k s  a n d  f a i l s  to  a c c e p t  t h e  i n p u t .  S i n c e  M i s  n o n d e t e r m i n i s t i c ,  

a p a r t i c u l a r  i n p u t  s t r i n g  i s  a c c e p t e d  if  s o m e  c o m p u t a t i o n  o f  

M on  t h a t  i n p u t  t e r m i n a t e s  i n  t h e  a c c e p t i n g  s t a t e  w i t h  a n  e m p t y  

p u s h d o w n - s t o r  e.  

(5) If y o u  s e e  a n o n t e r m i n a l  s y m b o l  A ,  on  t o p  o f  t h e  p u s h d o w n -  

s t o r e  i f  t h e  s c a n n e d  i n p u t  s y m b o l  i s  [A a n d  i f  s o m e  r u l e  t a b l e  
m 

p o s i t i o n  c o n t a i n s  t h e  e n t r y  (3) w i t h  A to  t h e  l e f t  o f  t h e  a r r o w  a n d  

a p o i n t e r  i m m e d i a t e l y  to  t h e  l e f t  of  t h e  d a s h ,  t h e n  (i) a d v a n c e  t h e  

i n p u t  t a p e  o n e  s q u a r e ,  ( i i )  r e m o v e  t h e  symbol A f r o m  t h e  t o p  of 

the pushdown-store .  (iii) for every r ~ e  table entry ~ - - >  _ 6 1 . . . & /  

--~I " " " ]A . . . ~ ~ V  . . . V n o n d e t e r m i n i s t i c a l l y  d e c i d e  w h e t h e r  to  
- - - v  - - 1  - - w  

l e a v e  i t  u n c h a n g e d  o r  to  c h a n g e  i t  to  B _ - - >  t l . . .  8 u /  [ ~ - - I ' ' "  

~.~v--~1 . . .  v a n d  i n s e r t  i n  t h e  p u s h d o w n - s t o r e  t h e  s i n g l e  s y m b o l  

B - - >  5 . -- . . . . . .  - - I " ' "  ~ / -~i '" A l .L -~_~  ~ (iv) for every 

r i g h t - c o n t e x t  t a b l e  e n t r y  _81 . . .  [ A . . .  5 n o n d e t e r r n i n i s t i c a l l y  
- k  

d e c i d e  w h e t h e r  to  l e a v e  i t  u n c h a n g e d  o r  to  c h a n g e  i t  to  8_1 . . , 8 k ] 

and insert  tm single symbol 6 1 . . .  _A I . . .  8 k in the p . shdown-  

s t o r e  a n d  (v) i n s e r t  in  t h e  p u s h d o w n - s t o r e  t h e ~ +  2_ s y m b o l s  

[ k l  " ' "  ~-~n' ] A '  -Y . . . . .  Y--I ( s o  t h a t  Y-'I is, o n  t op ) .  

(6) If yOu s e e  a m e m b e r  a o f  V on  t o p  o f  t h e  p u s h d o w n - s t o r e ,  
- -  - T  
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i f  t h e  s c a n n e d  i n p u t  s y m b o l  i s  a a n d  if e v e r y  r i g h t - c o n t e x t  t a b l e  

e n t r y  h a s  a p o i n t e r  e i t h e r  a t  i t s  e x t r e m e  r i g h t  o r  i m m e d i a t e l y  to  

t h e  l e f t  of  a n  a ,  t h e n  (i)  a d v a n c e  t h e  i n p u t  t a p e  one  s q u a r e ,  ( i i )  

f o r  e v e r y  r u l e  t a b l e  e n t r y  (3) c h a n g e  i t  t o  A - - - ~  --YI " ' "  -Y / 

l . . .  ° r  t ° C 4 )  o r  

t h e  I i s  n e x t  to  t h e  d a s h ,  ( i i i )  f o r  e v e r y  e n t r y  _51 . . .  ~ a . . .  _.5 k 

i n  t h e  r i g h t - c o n t e x t  t a b l e  c h a n g e  i t  t o  5 . . . 5 k ] a n d  e n t e r  
--1 

5 . . .  a [ . . .  5 i n  t h e  a p p r o p r i a t e  t a b l e  p o s i t i o n  a n d  ( iv)  r e m o v e  
- -1  - -  - - k  

t h e  

(7) 

I a 

sql l l~r  e ,  

a n d  ( i i i )  

a f r o m  t h e  t o p  of t h e  p u s h d o w n - s t o r e .  

If  a r i g h t  b r a c k e t  ]A i s  on  t o p  of t h e  p u s h d o w n - s t o r e  a n d  i f  

i s  t h e  s c a n n e d  i n p u t  s y m b o l ,  t h e n  (i)  a d v a n c e  t h e  i n p u t  t a p e  one  

( i i )  r e m o v e  t h e  s y m b o l  ]A f r o m  t h e  t o p  of t h e  p u s h d o w n - s t o r e  

i f  e v e r y  r i g h t - c o n t e x t  t a b l e  e n t r y  h a s  a p o i n t e r  a t  i t s  

e x t r e m e  r i g h t ,  t h e n  n o n d e t e r m i n i s t i c a n y  d e c i d e  w h e t h e r  o r  n o t  

t o  e n t e r  t h e  a c c e p t i n g  s t a t e .  

(8) If y o u  s e e  a m e m b e r  of 1~ t o n  t o p  of t h e  p u s h d o w n - s t o r e ,  t h e n  

e n t e r  i t  i n  t h e  a p p r o p r i a t e  p o s i t i o n  of t h e  r u l e  t a b l e  o r  t h e  r i g h t -  

c o n t e x t  t a b l e .  

L e t  ~ b e  a n y  l a b e l e d  b r a c k e t i n g  i n  ~ ) .  S i n c e  ~ i s  

a n a l y z e d  b y  Cb e v e r y  n o d e  ( ~ I '  ~Z '  ~-3 ) of ~ s a t i s f i e s  s o m e  r u l e  i n  

_R, s a y  (I)° B y  D e f i n i t i o n  2, ~_ c a n  b e  f a c t o r e d  i n t o  T~_fs, a ' s ,  [A , 
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X_'s, w_Bs, ]A ' ~ Bs a n d  _~'s w i t h  t he  a p p r o p r i a t e  p r o p e r t i e s .  B u t  

t h e n  a s  M s c a n s  t h e  f i r s t  s y m b o l  of  a i t  c a n  a d v a n c e  a p o i n t e r  p a s t  
- -  - - I  

a in  i t s  r u l e  t a b l e  ( a n d  s t o r e  t he  r e s u l t i n g  s y m b o l  i f  ~I i s  a - l  

m e m b e r  of  V ). C o n t i n u i n g  in  t h i s  f a s h i o n ,  M c a n  a d v a n c e  a 

p o i n t e r  a c r o s s  t h e  e n t i r e  l e f t - c o n t e x t  of  (l) s i n c e  i f  a n y  c~ i i s  in  

_V N, t h e  s y m b o l  (3) a p p e a r s  in  t h e  p u s h d o w n - s t o r e  j u s t  b e l o w  t h e  

]~i d e t e r m i n i n g  t h e  n o d e  w h i c h  s a t i s f i e d  t h i s  p o r t i o n  of  t h e  e n v i r o n -  

m e n t  a n d  t h u s  w i l l  b e  r e e n t e r e d  in  t h e  r u l e  t a b l e  f o r  f u r t h e r  a d v a n c e -  

m e n t  of t he  p o i n t e r  j u s t  a f t e r  t h e  c o r r e s p o n d i n g  ]CLi h a s  b e e n  

s c a n n e d  on  t h e  i n p u t  t a p e  a n d  h e n c e  j u s t  in  t i m e  f o r  ~ i  +I to  b e  

s p o t t e d .  5o  t h e  p o i n t e r  i n  t h e  l e f t - c o n t e x t  of  (I) w i l l  be  i m m e d i a t e l y  

to t h e  l e f t  o f  t he  d a s h  w h e n  t h e  f i r s t  s y m b o l  of ~-2 i s  s c a n n e d .  A t  

t h i s  t i m e  t h e  A w h i c h  c a n  be  on  top  of  t he  p u s h d o w n - s t o r e  c a n  b e  

r e m o v e d  and replaced bY_~l "'" Z ]A I --~l''" 4 "  then  as each 

i s  s c a n n e d  M c a n  p r o c e e d  u l t i m a t e l y  r e m o v i n g  t h e  ]A f r o m  t h e  

p u s h d o w n - s t o r e  and  e n t e r i n g  ] --~I " " " - n  ~ in  t h e  r i g h t - c o n t e x t  

t a b l e .  T h e  p o i n t e r  c a n  b e  a d v a n c e d  a c r o s s  t h e  ~j  ~s j u s t  a s  

a c r o s s  t h e  a~s  a n d  t h u s  t h e  r i g h t - c o n t e x t  t a b l e  w i l l  c o n t a i n  no  
- - ' i  

b a r  to a c c e p t a n c e  of  ~ w h e n  t h e  e n d  of  t h e  i n p u t  t a p e  i s  r e a c h e d .  

F o r  t h i s  r e a s o n  A4 a c c e p t s  cp. 

F o r  t h e  o t h e r  d i r e c t i o n ,  l e t  ~ b e  a n y  s t r i n g  w h i c h  i s  
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a c c e p t e d  by M ,  i t  i s  c l e a r  t h a t  ~ m u s t  be w e l l - f o r m e d .  L e t  

(~--1' ~Z'  ~--3 ) by a node  of {p_. C o n s i d e r  a c o m p u t a t i o n  by which  

I~ a c c e p t s  q~ and l e t  (I) be  the r u l e  wh ich  was  u t i l i z ed  by o p e r a t i o n  

(5) when  the f i r s t  s y m b o l  of ~ was  scanned  on the input  tape .  

F r o m  the  d e s c e i p t i o n  of M one can  f ind the  ~Is , a_ts, [A' _~'s 

®.'s, ]A O's and Y' s of Def in i t ion  2 and thus  d e t e r m i n e  that  the 

node s a t i s f i e s  r u l e  (I). But  s i n c e  (~--1' ~--2' ~--3 ) was  any node of 

~ ,  ~ is  a n a l y z e d  by G, comp le t i ng  the  s k e t c h  of the p roo f  of the 

t h e o r e m .  

C o r o l l a r y 1 :  F o r  e v e r y  p h r a s e  s t r u c t u r e  g r a m m a r  _G, P(G) is  a 

c o n t e x t - f r e e  l anguage  and c o n v e r s e l y .  

P r o o f :  L e t  G be  any p h r a s e  s t r u c t u r e  g r a m m a r .  By T h e o r e m  1, 

A(G_) i s  a c o n t e x t - f r e e  l anguage .  By Def in i t ion  3, P(G) is  the i m a g e  

of A(G) unde r  the h o m o m o r p h i s m  d. The c o n t e x t - f r e e  l anguages  

a r e  c l o s e d  under  h o m o m o r p h i s m  (Chomsk'y,  1963, T h e o r e m  31). 

T h e r e f o r e  P(G) is  a c o n t e x t - f r e e  l anguage .  F o r  the c o n v e r s e ,  l e t  

G by any c o n t e x t - f r e e  g r a m m a r .  C l e a r l y  L(G) GA(G) s ince  any 

l a b e l e d  b r a c k e t i n g  that  can  be obta ined  by r e w r i t i n g  the i n i t i a l  

s y m b o l  of G is  a n a l y z e d  by G. But  A(_G) ~ L(G) a l s o  s ince  a top  to 

bo t tom,  l e f t  to r i g h t  d e r i v a t i o n  of any ~ E A(G) can  be ob ta ined  by 

r e a d i n g  off the  l e f t  l a b e l e d  b r a c k e t s  of q~_ Thus L(G) --- A(G) and 
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• o L(G) = d(L(G)) = d(A(_G)) = P(~). 

R e m a r k :  F o r  a n y  p h r a s e  s t r u c t u n r e  g r a m m a r  G ,  a p u s h d o w n - s t o r a g e  

a u t o m a t o n  M '  a c c e p t i n g  I ~ G )  c a n  be  o b t a i n e d  f r o m  t h e  a u t o m a t o n  

M d e s c r i b e d  i n  t h e  p r o o f  o f  T h e o r e m  1 b y  a l t e r i n g  o p e r a t i o n s  (5) 

a n d  (7) s o  t h a t  t h e y  a p p l y  r e g a r d l e s s  o f  w h a t  i n p u t  s y m b o l  i s  

s c a n n e d  a n d  do  n o t  m o v e  t h e  i n p u t  t a p e .  

4o A p p l i c a t i o n s  

In  a c o n t e x t - f r e e  g r a m m a r ,  t h e  o n l y  w a y  t o  e x p r e s s  

g r a m m a t i c a l  a g r e e m e n t  b e t w e e n  p h r a s e s  w h i c h  a r e  n o t  i m m e d i a t e  

c o n s t i t u e n t s  of  t h e  s a m e  p h r a s e  i s  b y  i n t r o d u c i n g  a d d i t i o n a l  

n o n t e r r n i n a l  s y m b o l s  a n d  r u l e s  i n t o  t h e  g r a m r a a r .  F o r  e x a m p l e ,  

t h e r e  a r e  g o o d  r e a s o n s  to  s p l i t  a n  E n g l i s h  d e c l a r a t i v e  s e n t e n c e  

i n t o  a s u b j e c t  n o u n  p h r a s e  a n d  a p r e d i c a t e  v e r b  p h r a s e .  T h e  

n o u n  p h r a s e  w i l l  c o n t a i n  t h e  s u b j e c t  n o u n  a s  a c o n s t i t u e n t  a n d  t h e  

v e r b  p h r a s e  w i l l  c o n t a i n  t h e  m a i n  v e r b  of  t h e  s e n t e n c e .  N o w  t h e  

n o u n  a n d  v e r b  m u s t  a g r e e  i n  n u m b e r  a n d  p e r s o n  a n d  w i t h  t h e  

const i tuency d e s c r i b e d  t h e  o n l y  w a y  to  a c h i e v e  t h i s  ef fect  w i t h  c o n -  

t e x t - f r e e  r u l e s  i s  b y  m e a n s  o f  r u l e s  s u c h  a s  (9) .  

(9) S--> NP VP 
s g  sg 

S~> NPpl VPpl 
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N P  - - ~  Det  sg Nsg 

N P p l - - >  De t  Np l  

V P  ~ V 
sg sg 

V P p l ~ >  Vpl  

VP --> V NP 
sg  sg  

V P p l ~ >  Vpl  N P  

N P  - - >  N P  sg  

N P  - - >  N P  

It would  be  b e t t e r  to  u se  c o n t e x t - s e n s i t i v e  r u l e s  such  as  in (10) to 

d e s c r i b e  t h e s e  c o n s t r u c t i o n s .  

(10) S - - >  N P  V P  

N P - - >  Det  N 

N--> Nsg 

N - - >  Nll  1 

V P ~ >  V 

VP--> V N P  

V - - >  Vsg  / Nsg  

V~> Vp1 / Np1 

If we  a r e  c o n c e r n e d  only wi th  ana lyz ing  c o n t e x t - f r e e  l anguages ,  we 

can  u s e  s u c h  r u l e s  to p a r s e  s e n t e n c e s  r a t h e r  than to g e n e r a t e  them.  

S t r a i g h t f o r w a r d  m o d i f i c a t i o n  of ex i s t i ng  c o n t e x t - f r e e  ana ly s i s  
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c o m p u t e r  p r o g r a m s  s u c h  a s  t h a t  of  E a r l e y  (1969) w i l l  p e r m i t  t h e m  

to  h a n d l e  a r b i t r a r y  p h r a s e  s t r u c t u r e  g r a m m a r s  w i t h  t h e  s a m e  

e f f i c i e n c y  t h e y  p o s s e s s  f o r  c o n t e x t - f r e e  g r a m m a r s .  T h u s  f o r  e a c h  

g r a m m a r  G ,  t h e r e  i s  a c o n s t a n t  ~G s u c h  t h a t  E a r l e y t s  p r o g r a m  c a n  

p a r s e  a n  i n p u t  s t r i n g  of  l e n g t h  n i n  a n  a m o u n t  o f  t i m e  n o  m o r e  

t h a n  k n 3 B u t  ~-G d e p e n d s  o n  t h e  n u m b e r  of  r u l e s  i n  G,  s o  u s i n g  
- ' G - -  ° 

f e w e r  c o n t e x t - s e n s i t i v e  r u l e s  r a t h e r  t h a n  m o r e  c o n t e x t - f r e e  r u l e s  

c a n  s p e e d  u p  p a r s i n g  b y  a c o n s t a n t  f a c t o r .  T h i s  g a i n  in  s p e e d  

c o u l d  be  o f  s i g n i f i c a n c e  i n  n a t u r a l  l a n g u a g e  p r o c e s s i n g  s i t u a t i o n s .  
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